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Abstract

In this paper, we determine the permutation properties of the polynomial 2342912 — z44~1
over the finite field 2 in characteristic three. Moreover, we consider the trinomials of
the form 24971 4 £29+1 4+ 23 In particular, we first show that 2 + 2972 — 24971 permutes
Fp with ¢ = 3™ if and only if m is odd. This enables us to show that the sufficient
condition in [34, Theorem 4] is also necessary. Next, we prove that z#4—! 4 z24+1 — 23
permutes F 2 with ¢ = 3™ if and only if m # 0 (mod 4). Consequently, we prove that
the sufficient condition in [20, Theorem 3.2] is also necessary. Finally, we investigate the
trinomial x4~ + 229! + 23 and show that it is never a permutation polynomial of Fg2 in
any characteristic. All the polynomials considered in this work are not quasi-multiplicative
equivalent to any known class of permutation trinomials.
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1. Introduction

Let F, be a finite field with ¢ elements, where ¢ is a prime power. A polynomial
g(z) € Fylz] is called a permutation polynomial (PP) over F, if g(z) is bijective on F,.
Recently, there has been a great interest in permutation polynomials with a few terms,
such as binomials or trinomials due to their simple algebraic structure and extraordinary
properties. Permutation polynomials are also important because of their applications in
areas such as cryptography, coding theory and combinatorial designs. To our knowledge,
the studies on permutation polynomials goes back to work done by Dickson and Hermite
(see, [9,12]). In order to get into the topic, the books on finite fields (see, [23] and
[24, Chapter 8]) could be very helpful for the interested reader. Furthermore, the survey
papers (see, [13,16,33]) could also be very useful as they consist of many of the recent
results on permutation polynomials over finite fields. We refer the interested reader also to
[3,4,11,14,19,21,25] and the references therein for more results on permutation polynomials
over finite fields.

In [34, Theorem 4], Wang, Wu, Yue and Zheng studied the trinomial g(z) = g et
23972 4 x over F,2 where ¢ = 3™ and they showed that if m is odd then g(z) permutes
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49-1 ip characteristic three, where

F 2. In this paper, we first consider f(z) = 2+ 297 -z
f(x) = g(z7"?) (i.e., f(x) is quasi-multiplicative equivalent to g(x)) and prove that f(z)
is a permutation polynomial of F 2 if and only if m is odd. Since the polynomial f(z) is
quasi-multiplicative equivalent to the polynomial given in Theorem 4 in [34], Theorem 3.2
shows that the condition m being odd is in fact necessary and sufficient.

In [20, Theorem 3.2], Li, Qu, Li and Fu studied the polynomial h(z) = x — 229~ +
24" 24+2 gyer F,2 where ¢ = 3™ and they showed that if m # 0 (mod 4) then h(x) is
a permutation polynomial of F. Instead, we consider f(z) = z%~! + 22971 — 23 in
characteristic three, where f(z) = h(229*!) (ie., f(z) is quasi-multiplicative equivalent
to h(x) and this polynomial leads to a very much easier proof) and prove that f(x) is a
permutation polynomial of F . if and only if m # 0 (mod 4). Since the polynomial f(x) is
quasi-multiplicative equivalent to the polynomial given in Theorem 3.2 in [20], Theorem
4.1 shows that the condition m # 0 (mod 4) is in fact necessary and sufficient. Finally, we
consider the trinomial 491 4 229+1 4 23 and prove that it is not a permutation polynomial
of F 2 in any characteristic. None of these polynomials are quasi-multiplicative equivalent
to any other known class of permutation polynomials.

The paper is organized as follows. Section 2 provides the required background used in
the rest of the paper. Section 3 is devoted to the trinomial 22 4+ z972 — 249~! over Fg2
where ¢ = 3™. In section 4 we study the trinomials of the form x49~! + 229+1 + 23 over
Fg2. Finally, in section 5 we investigate the relation of these trinomials with the existing
ones and we show that they are not quasi-multiplicative equivalent to any other known
class of permutation trinomials.

2. Preliminaries

To determine whether a polynomial which is given in the form f(z) = 2"h (x(qn_l)/ d)

permutes Fgn or not, mostly a well known criterion due to Wan and Lidl [31], Park and
Lee [28], Akbary and Wang [1], Wang [32] and Zieve [35] is being used, which is given in
the following lemma.

Lemma 2.1. [1, 28, 31, 32, 35] Let h(z) € Fgn[z] and d,r be positive integers with d
dividing ¢ — 1. Then f(x) = z"h ($(qn_1)/d) permutes Fyn if and only if the following
conditions hold:

(i) ged (r, (¢" = 1) /d) =1,
(ii) z"h (x)(q V4 permutes piq, where pg = {0 € Fh | 6¢ = 1}.

In this paper, we plan to apply Lemma 2.1 over the finite field F 2 with d = ¢+ 1 and
r = 3. Condition (i) of Lemma 2.1 holds as long as ged(r, (¢" —1)/d) = ged(3,¢—1) = 1.
Instead of finding the conditions for which g(z) = 2"h(z)?"! permutes p,+1, we will use
the following idea throughout the paper:

Let z € F2 \ F, be an arbitrary element. For any x € Fy, let ¢: Fy U {oo} — pg41 be

the map defined by ¢ (x) = %, where ¢ (00) = 1. It is not so hard to observe that ¢
T+ z
is one to one from F, U {oco} to pg4+1 and thus onto since the number of elements on both
q_
xlz Z, for any x # 1 with ¢~ (1) = oo.
-

In this setting, we have g(x) = 2"h(x)?"! is one to one on j,+1 and therefore permutes
fig+1 if and only if the map (¢~ o go ¢) is one to one on F, U {co}. In Theorem 3.2 and
Theorem 4.1, we will always have g(1) = 1 when h(1) # 0. Then oo is a fixed-point of
the map (qb_l ogo¢), and it suffices to investigate its action on F,. We note that an
analogous idea has been used in a few more studies before, see for instance [3,25-27].

sides are equal. Then we obtain that ¢! (2) =
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This situation can be easily followed in the diagram below:

—1s [¢]
F,U{oo} 2% F U {oo}

o ot (2.1)

Hg+1 B Hg+1
Moreover, we will make a suitable choice of the element z € F,2 \ F; that results in
simpler computations.
The following definition will be needed in Sections 3, 4 and 5.

Definition 2.2. [30] Two permutation polynomials f(z), g(x) € Fq[x] are said to be quasi-
multiplicative (QM) equivalent, if there exists d € Z, 1 < d < g — 1 with ged(d,q—1) =1
and f(z) = ag(ca®) (mod 29 — x) , where a,c € Fj. If ¢ = 1, then f(z),g(z) € Fy[z] are
called multiplicative equivalent.

The notion of QM equivalence defined above can be rephrased in algebraic terms as
follows: f(z),g(x) € Fylx] are said to be QM equivalent, if there exists hi(z) = ax, ho(z) =
cx? € Fy[z] such that f(x) = (hy o go hy)(x) (mod 29 — z), whered € Z, 1 <d < ¢ — 1
with ged(d,¢ — 1) =1 and a,c € F}.

4q—1

over F ., where

3. Permutation Trinomials of the form 23 4 29%% — z 2

q=3"

Wang, Wu, Yue and Zheng considered polynomials of the form g@’atl _ p34-2 4 o
in characteristic three (see, [34, Theorem 4]). Inspired by their results, we take f(x) =
23 4 29+2 — 4971 and we determine all the necessary and sufficient conditions so that f(x)
permutes [Fo.

Observe that f(z) = x3h(z971), where h(z) = —2* + 2z + 1. We will apply Lemma
2.1, therefore we first note that ged(3,¢ — 1) = 1 when ¢ = 3™. Then, we need to
determine the roots of h(z) in pg41. Note that pg1 NFq = {1, -1} and we already have
h(1) = h(—1) = 1 # 0. Next, we will use the method in [10] to investigate whether h(z)
has roots in fiq41 \ {1, —1} or not. For this, we need the following Lemma.

Lemma 3.1. [10, Lemma 2] The polynomial h(x) has a root in pg1\ {1, —1} if and only
if there exists A € F, such that m(z) = x?+ Ax+1 is irreducible over F, and m(z) divides
h(z).

Proof. The set fig11 \ {1, —1} contains exactly the elements 6 € F 2 \ F, with 77! = 1.
Let 0 € F,2 \F, be such that h(f) = 0 and 677! = 1. As h(x) is a polynomial over Fy, 67
is another root of h(z). Then m(z) = (z —0)(x —09) = 2> — (0 +09) + 09 = 22 + Az +1
divides h(x). Moreover m(x) is the minimal polynomial of # over F, and hence irreducible.
For the converse, assume that an irreducible polynomial m(z) = x? + Az + 1 divides
h(z). The roots 0; and 0y of m(x) = (x — 61)(x — 62) are roots of h(x) as well. As m(x)
is irreducible, the roots lie in Fj2 \ F, and they are conjugates, i.e., 02 = 6. From the

constant coefficient of m(z) we find 1 = 6,6, = 991", O

One can easily verify that if h(x) decomposes as h(x) = —zt+2+1 = (22 +Az+1)(—22+
ax + b), then by comparing the corresponding coefficients we obtain a contradiction from
the equalities a — A =0, A+ a =1 and Aa = 0. Hence, h(z) has no roots in fig11.

Now, for any = € pi,+1 (that is, 297! = 1 which implies that 29 = 1/x), we have the
following:
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44 .3
zt 4’ —1 T+ z -1 x2l—z
ow, let g(x) —x5+x2+x’¢($) " and thus ¢~ () . , where z €

Fg2 \ Fy. Then we have

z+2z\* z+2z\°
x + 24 + x + 24 -1
(go¢)(x) = <:L'+Z>5+<LE+Z>2+<LE+Z>
T+ z9 x + 24 x + 29

(x4 2) x4+ 29) + (2 + 2)3(x + 29)% — (xz + 29)°

= Nl
—(z+ 2P+ (x4 2)2(x+29)3 4+ (v + 2)(z + 29)* (3:-1)
Here, we observe that if we define the numerator of (3.1) as A(z,x), that is,
Az,z) = (z+ 2) (2 + 29) + (2 + 2)* (2 + 29)% — (z + 29)°,
then the denominator of (3.1) of (3.1) is
A(2%,7) = —(z +2)° + (2 + 2)*(z + 29)° + (2 + 2) (z + 29",
: . : A(z, z)
since z € F2 \ Fy, that is, we can write (g o ¢)(z) = INERS) Then
_ 1 ( Az, ) 21A(z,x) — zA(2%, )
1 _ 41 _
6700000 =67 (55 3)) = “Ara —Als) (32)

Here, let us define the numerator of (3.2) as N := 29A(z,z) — 2zA(z9, x) and the denomi-
nator of (3.2) as D := A(z9,z) — A(z,z). Choosing 2¢ = —z, that is, z is the square root
of a nonsquare in F, and computing N, D by substituting 2 = —z we obtain that
1 2
N:z5( z° + —T +2ac> and D = 2°.
Thus,
2

(o~ 1ogogﬁ) —:E +f$ + 2z. (3.3)

The following theorem is our first main result.

Theorem 3.2. Let ¢ = 3™, m € N. The polynomial f(x) = 2% + 292 — 24971 permutes
Fy2 if and only if m is odd.

Proof. Note that, by Lemma 2.1 we have to prove that g(x) = z3h(x)?~! permutes the
set piq+1. Here, we apply the idea we explained in the preliminaries section and hence
show that (¢! o go ¢) permutes F,. For this purpose, using (3.3), we consider the curve
obtained by computing

1 2 1 2
— _ R 2 [ =.,5 = .3 2)
(¢ 1ogogb)(;p)—(¢ 1Ogo¢)(y) _ (Z4x + JU + x) <Z4y +22y + 2y
r—y T —y
1 4 4 1 3 2 2 3 2 2 2
= @ +y) + @y +atyt fay’) + 5@ ey +yT) + 2 (3.4)

Here, since z # 0 (as z € F2 \ F,), multiplying (3.4) by z* we can instead consider
Clz,y) =2 +y' + 2%y + 2" + 2y’ + A@® + 2y +¢*) + B, (3.5)
where A = —2% and B = —2z*. Note that, we have B = — A2,
First, we deal with the absolutely 1rredu01ble case. A curve defined over a finite field I,
is absolutely irreducible if it is irreducible over every algebraic extension of F,. Note that

the underlying idea here is first of all estimating the number of F,-rational points of the
curve C(z,y) in (3.5) above. For this purpose, one can use Hasse-Weil type bounds. In this
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paper, we use [17, Theorem 5.28], which involves a bound obtained from the Hasse-Weil
bound.

Assume that C'(z, y) is absolutely irreducible. Homogenizing C(z,y) in (3.5) with x = %
and y = % we obtain a homogeneous polynomial of degree d = 4. Let C~'(X Y, Z) €
F,[X,Y, Z] be the homogeneous polynomial defined as

XY
z’ Z) '
Let IPQ(IFq) denote the projective space consisting of projective coordinates (X : Y : 7).
Let N = |{(z,y) € Fqy xF; | C(z,y) = 0}| be the number of affine F -rational points
of C. Let V = |{(X :Y : Z) e PF,) | C(X,Y,Z) = 0}| be the number of projective
[F,-rational points of C. Let Vp and V4 be the number of projective F,-rational points of
C corresponding to the cases Z = 0 and Z # 0. Namely,

Vo= |{(X:Y:0) e PXF,) | C(X,Y,0) = 0}
and Vi =[{(X:Y:1)ePXF,) | C(X,Y,1) =0}|.

It follows from the definitions that N = Vi and V = Vj + V1. Moreover it follows from
(3.5) that C'(X,Y,0) = X*+ Y4+ X3Y + X2Y? + XY3. Note that, when X =0or Y = 0,

C(X,Y,0) # 0. On the other hand, when X =1 we have

C(X,Y,Z)=Zz'C (

Y5 -1

Yy —-1°

This implies that we have Vi = 0 or Vjj = 4. The latter case happens whenever F, contains
5’th roots of unity. Thus, V' can be at most N + 4. Using [17, Theorem 5.28] we get

IV —q| < (d—1)(d—2)¢""? + ¢(d) = 64/ + 19, (3.6)
where ¢(d) = 1d(d — 1)+ 1 and d = 4. The arguments above imply that
IN =g < (V=) =4[ S|V —q| +4 < (d=1)(d—2)q"* + c(d) + 4 = 64"/ +23.
Note that

C(LY,0)=Y*+Y3+Y?4Y +1=

{(z,y) €F; | C(z,y) =0 and x = y}| <4

as C(z, z) is a polynomial of degree 4 in Fy[x]. Therefore, if q—6¢"/? =23 > 4, then C(z,7)
has an affine point off the line z = y. As ¢ is a prime power, we note that ¢—6¢*/2—23 > 4
for any such ¢ provided that ¢ > 82. As a result, we deduce that f(z) is not a permutation
polynomial of 2 if C(z,y) is absolutely irreducible and ¢ > 82. It remains to consider
q < 82. Now, since characteristic of F, is 3, we need to consider only ¢ € {3,9,27,81}.
Using MAGMA [5] we observe that f(z) permutes Fs2 and Fyr2 but not Fgz and Fg;e.

Next, we must check all decompositions of the bivariate polynomial C(x,y) in (3.5)
into absolutely irreducible factors in F,, where F, stands for an algebraic closure of the
finite field F,. Since the degree of the bivariate polynomial in (3.5) is 4, the possibilities
are: 3+ 1 decomposition, 2 4+ 2 decomposition, 2+ 1+ 1 decomposition and 1+1+1+1
decomposition according to the degrees of the possible factors.

First assume that C(x,y) is decomposed in the following form:

(23 + a2’y + caozy® + azy® + aux® + aszy + agy® + arz + agy + ag)(z + By + Ba). (3.7)

The idea here is to compute the above product and compare the coefficients of it with
the corresponding coefficients in C(z,y). In order to apply this idea, we use the notion
of Grobner bases (see for instance [7]) using the computer algebra program MAGMA [5].
Namely, we subtract the product in (3.7) from the bivariate polynomial C(z,y) given in
(3.5) and then we compute a Grobner basis of the ideal generated by the coefficients of
this difference. By this computation we obtain A = 0, B = 0 which gives a contradiction
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since A = —2?, B = —z* and z € Fp2 \ Fq and thus z # 0. Thus, C(z,y) can not be
decomposed in this form. Note that, we obtain exactly the same contradiction in the
following decompositions of C'(x,y):

(i) (2 + anzy + agy® + sz + asy + as) (z + iy + o) (z + 1y + 12),

(ii) (z + a1y + a2)(x + By + B2)(z + 11y +72) (@ + 61y + d2).
Now, assume that C(z,y) is decomposed in the following form:

(22 + aqwy + aoy® + azz + auy + az) (2 + By + Bay® + Bz + Bay + Bs). (3.8)

We again compute a Grobner basis of the ideal generated by the coefficients of the differ-
ence between the above product and C(z,y) given in (3.5) and obtain ag = ay = 3 =
B4 =0, as = B2 = 1 and the following equalities:

o+ = 1, (3.9)
af = —1, (3.10)

as+ 0 = A, (3.11)
afBs tasp = A, (3.12)
asfs = B. (3.13)

Combining (3.9) and (3.10) we obtain that a; and 3 are the roots of 22 —z — 1 and thus
ai, f1 € Fy.

Suppose that 22 + azy + y? + a5 = 0, for some =,y € F,, then together with its g-th
power we get the following system of equations

2 +ajzy +yi+as = 0,
?+afzy+y* ++al = 0.
Computing the difference of the equations in the above system we get
(a1 —af)zy + (a5 — ad) = 0. (3.14)

Now, if a; € Fy, then a5 € F, by (3.14) and so each pair (z,y) € F; x F, becomes a
solution. Hence ay ¢ Fy. But we already know that aq € Fg therefore oy ¢ F, if and only
if m is odd.

Next, if a5 € Fy, then the solutions of (3.14) are either on the line z = 0 or y = 0,
therefore we need a5 ¢ F,. Substituting 85 = a% (by (3.13)) in (3.11) yields a2 — Aas +

B = 0. Note that A,B € F,, where B = —A% The discriminant of 22 — Az + B is
A? —4B = —5B = B. Hence a5 ¢ F, if and only if B = —2% is a nonsquare in F,. Since
we have 22 € F, as A € Fy, clearly 2% is a square in [Fy. Therefore, a5 ¢ Fy if and only if
—1 is a nonsquare in [Fy, which occurs if and only if m is odd.

Similarly, if 22 + 12y + y? + 5 = 0, then we require £1, 35 ¢ F, which happens if and
only if m is odd. O

Remark 3.3. Since the polynomial f(z) is QM equivalent to the polynomial given in
Theorem 4 in [34], Theorem 3.2 above shows that the condition m being odd is in fact
necessary and sufficient.

4. Permutation Trinomials of the form 2%~ ! 4 2%+ + 2% over F,

Li, Qu, Li and Fu [20] studied the polynomial g(z) = & — z*~! + 2%72¢ over F 2 where
q = 3™ and they showed that g(z) is a permutation polynomial of F 2 if m # 0 (mod 4).
Instead of studying this polynomial directly, we first consider f(z) = x4~ 4 p24+1 — 23
in characteristic three, where f(z) is QM equivalent to g(x) by f(z) = g(z?T1).

It is easy to observe that f(x) = x3h(z971), where h(x) = 2* + 22 — 1. Note that
ged(3,¢— 1) = 1 in characteristic three. We will apply Lemma 2.1, therefore we first need
to determine the roots of h(x) in pg41. First, note that h(1) = h(—1) =1 # 0. Next, we



B. Ozkaya and B. Giilmez Temiir 7

will use Lemma 3.1 to ensure that h(x) has no roots in pg4q \ {1,—1}. One can easily
verify that h(z) = 2% 4+ 22 — 1 = (2% + Az + 1)(2® + az + b) yields b = —1, Aa = 1 and
A = a =0, which is clearly a contradiction. Hence, h(z) has no roots in fig41.

Now, for any = € pg+1, we have:

s h(z)? _xg(az4+:v2 -7 _ B+ 5 —1) _ -zt + 22 +1
h(zx) x4+ 22 -1 xt 4+ 22 -1 x4 ad—x

44 2
-2t +x°+1 T+ 2z 1
Lot 9(0) = 5 @ g @ = g and 9 (@) =
element in Fg \ F;. Then we obtain the following:

10 0o d)(z) = 29A(z,x) — zA(29, x)
(97 ogod)(x) A(2t.2) — A(.7)

where A(z,z) = —(z + 2)* (@ 4+ 29) + (z + 2)%(z + 293 + (z + 29)° and thus A(z%,z) =
(2 +2)° + (x+ 2%z + 29)% — (x + 2)(z + 29)*

Now let 2¢ = —z. Then the numerator in equation (4.1) is N(z) = 2° and the denom-
inator is D(z) = —2*. Recall that ¢ = 3™ and it is a well-known fact that the monomial
z° permutes F, if and only if ged(5,¢ —1) = 1. One can easily show that 5 | 3™ — 1 if and
only if m =0 (mod 4). Therefore, we obtain the following theorem.

xz? — 2
1 _

, where z is an arbitrary

(4.1)

Theorem 4.1. Let F, be a finite field of characteristic three such that g = 3™ and let
h(z) = z* + 2% — 1. Then f(x) = 2®h(z?") is a permutation polynomial of B2 if and
only if m #0 (mod 4).

Remark 4.2. Since the polynomial f(z) is QM equivalent to the polynomial given in

Theorem 3.2 in [20], Theorem 4.1 above shows that the condition m # 0 (mod 4) is in
fact necessary and sufficient.

Now we make a slight change by taking h(z) = z* + 22 + 1 and we consider f(z) =
23h(2971). We need the following lemma.

Lemma 4.3. Let p be an odd prime, with p # 3. Let ¢ = p°, s > 1 and assume that
ged(3,9 — 1) = 1. Then s is odd and —3 is a nonsquare in Fy.

Proof. First let p = 1(mod3). Then p® = 1(mod3) and hence 3 divides ¢ — 1 which
contradicts ged(3,q — 1) = 1. Therefore, p = 2 (mod 3). Then, p* = (—1)° (mod 3) and
hence s is odd. Moreover, as s is odd and —3 € F,, —3 is a nonsquare in F, if and only
if —3 is a nonsquare in I,. Note that 3 and p are distinct odd primes. Using the Law of
Quadratic Reciprocity (see for instance, [23, Theorem 5.17]) we have

(0)- ()en=

Here, for an integer x with x # 0(mod p), recall that the Legendre symbol (see for in-

stance, [23]) is defined as
z\ _ [ —1, if zis not a square mod p,
P 1, if zis a square mod p.

Moreover, it is well known that (see for instance, [23]),

()= (3)- () 0).

Combining (4.2) and (4.3) we conclude that

(j’) — (-1 (2) — (-1 (g) (—1) = = (3) — 1, (4.4)

where we use the fact that p = 2 (mod 3). This completes the proof. ]
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Now given that h(z) = 2* 422 +1, it can be verified that h(z) = (22 +2+1) (2?2 —z+1).
First, let ¢ be odd with ged(3,¢g — 1) = 1. Then, h(z) has no roots in pi441 if and only if
h(x) splits into linear factors over Fy, that is, —3 must be a square in Fy. If char(F,) # 3,
then —3 is never a square in F, by Lemma 4.3, as gcd(3,¢ — 1) = 1. If char(F,) = 3, then
h(1) = h(—1) = 0. Hence, this h(z) has always roots in p,41 in odd characteristic. When
q is even, we have h(z) = (2 +x + 1)2. Note that the condition ged(3,q — 1) = 1 forces q
to be an odd power of 2. But then z? 4 z + 1 becomes irreducible over F, and Lemma 3.1
implies that h(x) has a root in gy \ {1,—1}. When we combine all these observations,
we obtain the following nonexistence result.

Theorem 4.4. Let F, be any finite field and let h(x) = z*+2%+1. Then f(z) = 23h(z77 1)
is never a permutation polynomial of F 2.

5. Comparison with existing permutation polynomials

In this section, we show that the permutation trinomials considered in this paper are
not QM equivalent to the known classes. We first observe that two QM equivalent permu-
tations must have exactly the same number of terms. Therefore, we only need to compare
the permutation polynomials found in this paper with known permutation trinomials over
F,2. We use the method in [30] for this purpose.

In order to determine whether the permutation trinomial f(z) = 23 + 292 — is
QM equivalent to any permutation trinomial of the form g(x) = a1z 4+ agx®? + agx®, we
will use the following strategy:

Step 1: Determining whether there exists an integer k, 1 < k < ¢®>—1, such that ged(k, ¢* —
1) =1 and {ksy, ks, ks3} = {3,¢+2,4q — 1} mod (¢> — 1).

Step 2: Comparison of the coefficients of f(x) and bag(byz*).

In the above strategy, if Step 1 is not satisfied, then f(x) and g(z) are not QM equivalent.
Otherwise, we continue with Step 2 and compare the coefficients of f(z) and bog(byz¥).

The same procedure is repeated for z44~! + 229! — 23 Relying on [?,13], we consider
the trinomials given in Table 1 below. We applied the method in [30] described above
using MAGMA [5] and we have verified that the trinomials considered in this paper are
not QM equivalent to any of them. To the best of our knowledge, the list in Table 1 below
is complete.

In this paper, we completely characterized the permutation properties of the trinomials
2342912 — 4= 1 and 24971 4229+ £ 23 over the finite field F,2 in characteristic three. We
would like to note that for ¢ > 3, one obtains higher degree curves from (¢~ togo¢)(x) and
therefore the computations are more involved. We invite the interested reader to study
the permutation properties of these trinomials in other odd characteristics when ¢ > 3.

4q—1
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