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ABSTRACT

In this paper, we introduce generalized Darboux frames of the first and the second kind along
a null Cartan curve lying on a timelike surface in Minkowski space E} and define null Cartan
rectifying isophotic and rectifying silhouette curves in terms of the vector field that belongs to
generalized Darboux frame of the first kind. We investigate null Cartan rectifying isophotic and
rectifying silhouette curves with constant geodesic curvature %, and geodesic torsion 7, and obtain
the parameter equations of their axes. We prove that such curves are the null Cartan helices and
the null Cartan cubics. We show that the introduced curves with a non-zero constant curvatures
k, and 7, are general helices, relatively normal-slant helices and isophotic curves with respect to
the same axis. In particular, we find that null Cartan cubic lying on a timelike surface is rectifying
isophotic and rectifying silhouette curve having a spacelike and a lightlike axis. Finally, we give
some examples.
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1. Introduction

In Euclidean space E? rectifying curves are introduced by B.Y. Chen in [2] as regular curves whose position
vector, with respect to some chosen origin, always lies in a rectifying plane N+ spanned by the tangent and
the binormal vector fields 7"and B. Consequently, the position vector of a rectifying curve a parameterized by
arc-length s in [£3, satisfies the equation

a(s) = A(s)T(s) + u(s)B(s),

where X and p are some differentiable functions. A rectifying curve has a property that the ratio of its torsion
and the curvature is a non-constant linear function in s ([2]). Such curve is related with the Darboux vector
(centrode) of its Frenet frame ([3],[5]). In particular, it is known that all conical rectifying curves in E? are
geodesics ([4]). Rectifying curves lying in the three dimensional sphere S?(r) and in the three-dimensional
hyperbolic space H?(—r) are characterized in [19] and [20]. For some geometric properties of rectifying curves
in Minkowski spaces, we refer to [12, 14, 15].

The notion of the kelix in E? is generalized in [18] in terms of the vector field that is constant with respect to
the Frenet frame of the curve and forms a constant angle with some fixed direction. If the mentioned vector
field lies in a normal, rectifying, or osculating plane, the curve is called a normal, rectifying and osculating helix,
respectively.

Isophotic curves are defined by the property that the surface normal along such curves makes a non-zero
constant angle with some fixed direction (axis of the curve). In particular, if the surface normal is orthogonal to
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the axis, the curve is called a silhouette (contour generator). It contains the points having the same light intensity
from a given light source emitting parallel light rays ([7]).

Generalized Darboux frames of the first and the second kind along a pseudo null curve and a spacelike curve
with a non-null principal normal lying on a lightlike surface in Minkowski space E$ are defined in [8] and [9]
as the frames obtained by scaling the null normal vector field of the surface restricted to the curve. Such frames
represent generalizations of the Darboux frame and have a property that the curve is geodesic, asymptotic and
principal curvature line if and only if its generalized geodesic curvature, generalized normal curvature and
generalized geodesic torsion is equal to zero, respectively at each point of the curve.

Isophotic curves, relatively normal-slant helices and general helices in Minkowski space E? are characteristic
curves defined by the property that the vector field of their Darboux frame {7, (,n} satisfies respectively
the conditions (n, U) = constant # 0, (¢, V) = constant, (T, W) = constant, where U, V, W are axes of the curves
([6,11, 21, 22, 23, 24]. It is proved in [22] that null Cartan isophotic curves that are principal curvature lines, are
relatively normal-slant helices having the same axis. In particular, null Cartan general helices with a non-zero
constant geodesic curvature k,(s) and geodesic torsion 7,4(s), are null Cartan isophotic curves with respect to
the same axis ([22]).

In this paper, we introduce null Cartan rectifying isophotic and rectifying silhouette curves in terms of the vector
tield 7 that lies in the rectifying plane determined by Darboux frame’s vector fields, belongs to the generalized
Darboux frame of the first kind and satisfies the condition (7, W) = constant, where W is a fixed axis of the
curve. In relation to that, we first define the generalized Darboux frames of the first and the second kind
along a null Cartan curve lying on a timelike surface obtained by scaling the null non-tangent vector field of its
Darboux frame. We investigate the introduced curves with constant geodesic curvature k,(s), normal curvature
k., (s) and geodesic torsion 7,(s) and obtain parameter equations of their axes. In particular, we derive that such
curves with constant curvatures k,(s), k,(s) and 74(s) are the null Cartan helices and the null Cartan cubics.
We prove that an axis of a null Cartan rectifying isophotic curve with a non-zero constant curvatures k,(s) and
74(s), has the same direction as the Darboux vector of the Darboux frame. We obtain that null Cartan rectifying
isophotic curves with non-zero constant curvatures k,(s) and 7,(s), are general helices, relatively normal-slant
helices and isophotic curves with respect to the same axis. We find that null Cartan cubic lying on a timelike
surface, is rectifying isophotic and rectifying silhouette curve having a spacelike and a lightlike axis. Finally,
we give some examples.

2. Preliminaries

Minkowski space E? is a real vector space R? equipped with an indefinite flat metric given by

(x,y) = —z131 + T2Y2 + T3Ys3,

for any two vectors = = (z1, 72, 23) and y = (y1, y2,y3) in E3. An arbitrary vector z # 0 in E? can be spacelike,
timelike, or null (lightlike) if (x,x) > 0,(z,z) <0, or (z,z) = 0, respectively ([25]). In particular, the vector z =0
is said to be spacelike. The norm (length) of a vector z is given by ||z|| = /|(z, z)|.

The vector product of two vectors u = (uy, uz, u3) and v = (v, v2, v3) in E? is defined by

u X v = (uzvy — Ug3, U3V — UIV3, UIV2 — U] ).

An arbitrary curve 8 : I — E3 can locally be spacelike, timelike, or null (lightlike), if all of its velocity vectors 3/
are spacelike, timelike, or null, respectively ([25]). A null curve « in E? parameterized by pseudo-arc function
given by

(1) = / o ()| ds,

is called a null Cartan curve ([1]).
There exists a unique Cartan frame {T', N, B} along a null Cartan curve « satisfying the conditions ([10])

(T,T)=(B,B) =(T,N)=(N,B) =0, (N,N) =1, (T,B) = ¢ = +1, (2.1)
TxN=¢l, NxB=eB, BxT=N, (2.2)
where T' = o/(s) and N(s) = /(s). The Cartan frame is positively oriented if it satisfies the relation

det(T,N,B) = [T, N, B] = 1.
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The Cartan frame’s equations read ([26])

T 0 =« 0 T
N | =|er 0 —er N |, (2.3)
B’ 0 -7 0 B

where k = k(s) = 1is the curvature and 7 = 7(s) is the torsion of «. If k(s) = 1 and 7(s) = 0 for each s, « is called
a null Cartan cubic. In particular, if x(s) = 1 and 7(s) = constant # 0 for each s, « is called a null Cartan helix.

A surface in Minkowski space E3 is called a timelike, if the induced metric on the surface is a non-degenerate
of index one. A timelike ruled surface with parametrization z(s,t) = a(s) + tB(s) is called B-scroll, where « is
a null Cartan curve and B is its binormal vector field.

Darboux frame along a null Cartan curve « lying on a timelike surface in E} with parametrization z(u, t) is
a positively oriented frame {T', ¢, 7}, consisting of the null tangential vector field 7" = «’, the unit spacelike

normal vector field
Ty X Tt
o

T ww x 2]

and the null transversal vector field ¢, satisfying the conditions ([22])

<T7 T> = <C7C> = <Ta 77> = <C»7l> =0, <77777> =1, <T» <> =€ = =1, (24)
T x C:na C X77:€1<, n XT:ElTa det(T7<777) = [T7C777] =1 (25)
Darboux frame’s equations read ([22])

T ek, 0 k., ][T
¢ | = 0 —eky T, ¢ |, (2.6)

n —e11g —€ik, O n

where the functions

kg(s) = (T'(s),((s)),  kn(s) =(T"(s),n(s)), 74(s) =(C'(s),n(s))- (2.7)

are called geodesic curvature, normal curvature and geodesic torsion of «, respectively.

Definition 2.1. ([22]) A null Cartan curve lying on a timelike surface in E3 is called a geodesic curve, asymptotic
curve and principal curvature line if it has k4(s) = 0, k,(s) = 0 and 74(s) = 0 respectively for each s.

The Cartan and Darboux frame of « are related by

1 0 0

T T
N — 61]€g 0 knk C ,
B —%kg €€ —eelk—g n

where the curvature functions of « satisfy the equation
€
T = eerky + 7y + Sk (2.8)

Definition 2.2. ([22]) A null Cartan curve a with the Darboux frame {7, ¢,n} lying on a timelike surface in
E? is respectively called the general helix, relatively normal-slant helix and isophotic curve, if there exist constant
vectors U, V and W in E? such that respectively holds

(T,U)=c1, (¢,V)=ca, (n,W)=c3,
where c;, ¢z, c3 € R. If c3 = 0, o is called a silhouette curve with an axis W.
Darboux vector (angular velocity vector) of Darboux frame {7, {,} has the form
D = 7,T — knC + kgn (2.9)
and satisfies the Darboux equations
T'=DxT, {(=Dx¢, n =Dxn. (2.10)

The vector fields 7', ¢ and n satisfying relation (2.10) are called constant vector fields with respect to the Darboux
frame ([18]). Throughout the next sections, let Ry denote R\ {0}.
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3. Generalized Darboux frames of the first and the second kind along a null Cartan curve

In this section, we introduce two frames along a null Cartan curve «a lying on a timelike surface, derived
by scaling the null non-tangent vector field ¢ of the Darboux frame {7, (,n}. The mentioned frames coincide
with the Darboux frame of « in a special case. For this reason, we called them generalized Darboux frames of
the first and the second kind. We give the relations between such frames and the Darboux frame and derive the
generalized Darboux frame’s equations. We first prove the next theorem.

Theorem 3.1. Every null Cartan curve lying on a timelike surface in B3, with Cartan frame {T, N, B} and Darboux
frame {T, (,n}, has the normal curvature k,(s) = —eeq, where (T, B) = e and (T, () = e1.

Proof. Assume that « is a null Cartan curve lying on a timelike surface in E}. By using the relations (2.1), (2.3),
(2.4) and (2.6), we find
(T",T"y = (N,N) = k2 = 1.

Relations (2.1), (2.3) and (2.6) give

1 0 0
T T
N _ €1I€g 0 k‘n C
= i .
B —Ekz €€ —eelk—g n

Since the Cartan frame and the Darboux frame along « are positively oriented, we have [T, N, B] = [T, ¢, n] = 1.
Hence we get

€ k
[T,N,B] = [T, e1kyT + k), _ikf’T + e — eelk—gn] = —[T,ee1(, knn) = 1.
The last relation gives k,,(s) = —ee;. O
Corollary 3.1. There are no null Cartan asymptotic curves lying on a timelike surface in E3.

Throughout this section, let o denote a null Cartan curve parameterized by pseudo-arc s lying on a timelike
surface in Minkowski space E$ with Darboux frame {T', ¢, n}.

Definition 3.1. Generalized Darboux frame of the first kind of a is the frame {T',{, 77} given by

F(s) = —— s—e)\Q(S) s—ews
C(s) = p(s)¢(s),
7i(s) = n(s) + A(s)C(s),

where A(s) # 0 and p(s) # 0 for each s are some differentiable functions satisfying the Riccati differential
equation

261N (5) — 2A(8)ky(s) — 1A% (5)74(s) = 0, (3.2)
and the-first order linear differential equation
w (s) = p(s)A(s)7g(s) = 0. (3-3)

Definition 3.2. Generalized Darboux frame of the second kind of o is the frame {T,{,7} given by

T(s) = iT(s),
C(s) = poC(s). (34)
i(s) =n(s),

where 1 is an arbitrary non-zero real number.

According to Definitions 3.1 and 3.2, the generalized Darboux frames (3.1) and (3.4) are not unique. In
particular, if A(s) = 0 and p(s) = 1 for each s, the vector fields of the generalized Darboux frame (3.1) coincide
with the vector fields of the Darboux frame {T’, ¢, n}. Also, if A(s) = 0 for each s, the generalized Darboux frame
of the first kind reduces to the generalized Darboux frame of the second kind.
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Remark 3.1. Note that a generalized Darboux frame of the second kind is obtained by rotating Darboux frame
{T,¢,n} of a null Cartan curve lying on a timelike surface about spacelike axis 7 for the constant hyperbolic
angle 6 = In o, where o € RT. Up to isometries of Ef, we may assume that at some point of the curve
the vector fields T and (¢ lie in the timelike plane with the equation x5 = 0. Putting ((s) = (a1(s), a1(s),0),
T(s) = (—%ai(s), 2ai1(s),0) for some differentiable function a:(s) and by applying hyperbolic rotation Ry for
the hyperbolic angle ¢ about spacelike axis 1 spanned by (0,0,1), we get

coshf sinhf 0 ai(s) |
Rop(¢) = | sinhé coshé 0 a1(s) e?C(s) = ((s) = poC(s)
0 0 1 0
coshf sinhf 0 —2ai(s) | ~ 1
Ro(T) = | sinh# coshf 0 lai(s) | =e'T(s) =T(s) = —T(s).
0 0 1 0 Ho

Hence 119 = €?. If po = 1, the hyperbolic angle of rotation 6 is equal to zero and in that case, the generalized
Darboux frame of the second kind coincides with the Darboux frame of the null Cartan curve.

If po=—wo <0, wy € R, a generalized Darboux frame of the second kind is obtained by rotating the
Darboux frame about spacelike axis 7 for the hyperbolic angle # = Inwy, and then by applying reflection in
E$ with respect to a spacelike axis 1.

It can be easily verified that generalized Darboux frames of the first and the second kind satisfy the
conditions

(T,T) =(C.Q) =(T.i) = (i) =0, (gm) =1, (T,)=e ==, (3.5)
TxC=17, (xin=eal 7xT=qT, (3.6)
det(T,¢,7) = [T,(, 7] =1, (3.7)
We define the curvature functions with respect to the frames given by (3.1) and (3.4) as follows.
Definition 3.3. The curvature functions of « given by
ka(s) = (T'(s),11(s)),  ko(s) = (T'(5),C(s)),  7y(s) = (' (5), (). 3.8)

are respectively called generalized normal curvature, generalized geodesic curvature and generalized geodesic torsion.
By using (3.5) and (3.8), the next statement can be easily proved.
Theorem 3.2. If o has a generalized Darboux frame given by (3.1) or (3.4), then the frame’s equations read

T’ 61];9 O~ ];n ’1?
¢ | = 0 —aky T ¢ |-
i n

—€1 T, g —€1 kn 0
In the next theorem, we obtain relations between the curvature functions &, k,, 7, and l%g, k, and Ty

(3.9)

Theorem 3.3. The curvature functions ky, kg, 74 of o with respect to the Darboux frame and the curvature functions
ky, kg, T4 with respect to generalized Darboux frames of the first and the second kind, are related by

(3.10)

where the function p(s) # 0 satisfies Riccati differential equation (3.3) if {T,(, 7} is generalized Darboux frame of the
first kind, or p(s) € Ry if {T,{, 7} is generalized Darboux frame of the second kind.

Proof. First assume that {T,(,7} is the generalized Darboux frame of the first kind given by (3.1).
Differentiating the relation { = u¢ with respect to s and using (2.6), we obtain

(" = (—exprky + 1) + pryn. (3.11)
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According to relations (3.5) and (3.9), we have

(' = —eakgl + Tyl = (—e2kgp + FoN)C + Ton. (3.12)
Relations (3.11) and (3.12) give

/

Tg = UTq, l;;g = ATy — 62% + k. (3.13)
In particular, differentiating the relation 77 = n + A{ with respect to s and using (2.6), we find
i =—e1myT + (N — e1Mky — €1k )C + ATyn.
Relations (3.1) and (3.9) imply
7= —earyT + (%27'5, — eapikn)C + ATg1).

From the last two relations we get

- N 2 1 1
kp = —€a— + €a—Tg + —Akg + — k. (3.14)
% 2p % %

From (3.2) and (3.3) we have )\ = A—;TQ + e1\kg and p/ = pA7,. Substituting this in (3.13) and (3.14), we get
(3.10). o

Next, assume that {T', ¢, 77} is the generalized Darboux frame of the second kind given by (3.4). Differentiating
the relations 7 =nand T = #—10T with respect to s and using (2.6) and (3.4), we obtain

1 - . S 1
N =—ar1yT — ek, =7 = _elfq;T —erkppoC, T' = erkyT + knij = /7(61’%T + knn). (3.15)
0 0
Relation (3.15) yields
kn = piokn, kg=ky T,= iTg.
Ho

Therefore, relation (3.10) holds.
O

By using Theorem 3.3 we get a new characterization of null Cartan curves that are geodesic and principal
curvature lines lying on a timelike surface.

Corollary 3.2. A null Cartan curve o lying on a timelike surface in B is a geodesic line if and only if k,(s) = 0 for each
s, and a principal curvature line if and only if 7,(s) = 0 for each s.

4. Null Cartan rectifying isophotic and rectifying silhouette curves lying on a timelike
surface

Darboux frame {7, ¢,n} along a regular curve lying on a surface in Euclidean space E? determines three
mutually orthogonal planes T, ¢*, nt known as the normal, the rectifying and the osculating plane, respectively
([13]). In Minkowski space E$, Darboux frame {7\ ¢, n} along a null Cartan curve « lying on a timelike surface
determines lightlike normal plane T+ = span{T,n}, lightlike rectifying plane (*+ = span{¢,n} and timelike
osculating plane n* = span{T, ¢} that are not mutually orthogonal as in the Euclidean case ([17]).

Let us consider the vector field 77 along null Cartan curve « lying on a timelike surface, given by

1(s) = n(s) + A(s)¢(s). (4.1)

Such vector field lies in the rectifying plane (* = span{¢,n} of a and belongs to its generalized Darboux frame
of the first kind. This implies that A(s) # 0 satisfies the Riccati differential equation (3.2). Note that 7 satisfies
Darboux equation of the form

i =D x i,
where D is the Darboux vector of the generalized Darboux frame of the first kind. Hence 7 is a constant vector
field with respect to such a frame. For constant vector fields with respect to the Frenet frame, see [18].
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Definition 4.1. A null Cartan curve « lying on a timelike surface in E$ with generalized Darboux frame of the
first kind {7, ¢, 7} is called a rectifying isophotic curve with an axis W, if there exists a constant vector W in E?
such that holds

(i(s), W) = co, 42)

where ¢y € Ry. In particular, if ¢o = 0, « is called a rectifying silhouette curve with an axis W.
We first prove the next theorem.

Theorem 4.1. A null Cartan curve lying on a timelike surface in E$ with constant curvatures ky(s) and 7,(s) is a null
Cartan helix, or a null Cartan cubic.

Proof. Assume that the null Cartan curve lying on a timelike surface in E} has constant curvatures k,(s) and
74(s). From the relations (2.3) and (2.6) we have 7"(s) = N(s) = e1ky(s)T(s) + kn(s)n(s). Differentiating the
previous equation with respect to s, we get

N'(s) = (exky(s) + kg (s) — exkn(s)7g(5))T(5) — 1k (5)C(5) + €xkg(s)kn(s)n(s).

Then we find (N'(s), N'(s)) = —2e7(s) = —2€1k],(s) — k2(s) — 2e7y4(s). The last relation gives
7(s) = 7y(s) + 52 (s) + eerk (s). (4.3)

Hence « is a null Cartan helix if 7(s) = constant # 0, or a null Cartan cubic if 7(s) = 0. O

According to Theorem 4.1, null Cartan rectifying isophotic and rectifying silhouette curves lying on a
timelike surface, with constant curvatures k,(s) and 7,(s), are null Cartan helices and null Cartan cubics. We
will not consider the general case when such curves have the curvature functions k,(s) # constant and/or
74(8) # constant. In the sequel, we consider two cases (A) and (B).

(A) a is a rectifying isophotic curve with constant curvatures k,(s) and 74(s).
In this case, we distinguish four subcases.
(A.1) k4(s) = constant # 0 and 74(s) = constant # 0;

Theorem 4.2. Let o be a null Cartan rectifying isophotic curve with a non-zero constant curvatures ky(s) and 7,4(s)
lying on a timelike surface in E3. Then its axis has a parameter equation

70079(5)
kq(s)

€€1Co

kg(s)

W(s) = T(s) - ¢(s) — con(s), (4.4)

where ¢y = (7(s), W) € Ry.

Proof. Assume that o is a null Cartan rectifying isophotic curve with an axis W and a non-zero constant
curvatures k4 (s) and 7,(s). By solving the Riccati differential equation (3.2), we obtain

o) =  2e1ky(s)
Me) = To(s)
Thus A(s) = Ao € Rp and
kg(s) = —%EleTg(S). (4.5)
Let us decompose an axis W of « by
W(s) = a(s)T(s) + b(s)C(s) + c(s)n(s), (4.6)

where a(s), b(s) and c(s) are some differentiable functions in pseudo-arc s. Differentiating relation (4.6) with
respect to s and using (2.6), we obtain the next system of the first-order differential equations

a' + eraky —erety =0,
b — e1bky — ei1cky, =0, (4.7)
¢ + aky, + bty = 0.
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Relations (2.4), (4.1), (4.2) and (4.6) give
C=Cy— 61)\0(1. (4:8)

Substituting (4.8) in (4.7), we get
a' + eraky — e174(co — e1hoa) =0,
b/ — Elbkg - Elkn(CO - Elea) = 0, (49)
—e1\od + ak,, + ng =0.

From the first and the third equation of (4.9) and using A\ = —%{’Sgs), we find
Cng(s) COkn(S)
a(s) = ——==, b(s) = . (4.10)
O e T R
Substituting (4.10) in (4.8), we obtain
c= —cp. (4.11)
Finally, substituting (4.10) and (4.11) in (4.6), we get (4.4).
O
According to Theorem 4.2, we have
. €1C()kn(s) . - 61607—9(5) _ _ _
(T,W) = —————= =constant 20, ((,W)=——-" o =constant #0, (n,W) = —c¢y = constant # 0.
kg(s) kg(s)

In this way, we obtain a remarkable property of a null Cartan rectifying isophotic curves.

Theorem 4.3. Every null Cartan rectifying isophotic curve lying on a timelike surface in B3 with a non-zero constant
curvatures ky(s) and 74(s) is a general helix, relatively normal-slant helix and isophotic curve with respect to the same
axis.

The following theorem states that an axis of null Cartan rectifying isophotic curve with a non-zero constant
curvatures ky(s) and 74(s), has the same direction as the Darboux vector (2.9) of the Darboux frame.

Theorem 4.4. An axis of a null Cartan rectifying isophotic curve o lying on a timelike surface in E3 with a non-zero
constant curvatures ky(s) and 74(s) is collinear with the Darboux vector of the Darboux frame of cv.

Proof. By using (2.9) and (4.4), we easily find

It can be verified that W’(s) = 0, so W (s) is a constant vector. O
In particular, relations (4.1) and (4.2) imply the next property.

Corollary 4.1. If a null Cartan curve lying on a timelike surface in E} with a non-zero constant curvatures k,(s) and
T4(8) is an isophotic curve and a relatively normal-slant helix with respect to the same axis, then it is a rectifying isophotic
curve with respect to the same axis.

(A.2) k4(s) = 0and 74(s) = constant # 0;

In this subcase, substituting k,(s) and 7,4(s) in (4.7) and using (4.8), we obtain a contradiction.

Theorem 4.5. There are no null Cartan rectifying isophotic curves lying on a timelike surface in 3 with the curvatures
kqy(s) = 0 and 74(s) = constant # 0.

(A.3) ky(s) = constant # 0 and 74(s) = 0;

Substituting k,(s) and 74(s) in (4.7) and using (4.8), we also obtain a contradiction.

Theorem 4.6. There are no null Cartan rectifying isophotic curves lying on a timelike surface in ES with the curvatures
kq(s) = constant # 0 and 74(s) = 0.

(A4) ky(s) =74(s) =0;
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Theorem 4.7. Let o be a null Cartan rectifying isophotic curve with the curvatures kg (s) = 74(s) = 0 lying on a timelike
surface in E3. Then it has a spacelike axis with a parameter equation

W(S) = 0061/€n(3)8C(5) + 0077(8)7 (4.12)
where ¢y = (1(s), W) € Ry.

Proof. Assume that o is null Cartan rectifying isophotic curve with an axis W and the curvatures k,(s) =
74(s) = 0. According to relation (4.3), « is a null Cartan cubic. Substituting k,(s) = 7,(s) = 0 in (3.2), we get
A(s) = Ao € Ro. Next, substituting k,(s) = 74(s) = 0 and A(s) = A\g € R in (4.7) and (4.8), we obtain the system
of three the first-order differential equations

a'(s)
b (s) — er1c(s)kn(s)
(s) + a(s)kn(s)

(4.13)

I
coo

The first equation of the previous system of equations implies a(s) = ag = constant. If ag # 0, we get a
contradiction. If ap =0, from (4.13) we find b(s) = e1coskn(s), c(s) = cp. Substituting this in (4.6), we get
(4.12). O

Corollary 4.2. Every null Cartan cubic lying on a timelike surface in E3 that is rectifying isophotic curve, is an isophotic
curve and relatively normal-slant helix with respect to the same axis.

Example 4.1. Let us consider a timelike ruled surface in E? with parametrization (see Figure 1)
z(s,t) = a(s) + t(1, —sins, — cos s),

where a(s) = (s,sin s, cos s) is a null Cartan helix with the curvature x(s) = 1 and the torsion 7(s) = —3. Since
T(s) = (1,cos s, —sins) and N(s) = (0, —sin s, — cos s), we obtain T'(s) x N(s) = €T (s) = T(s). Thus e = 1.

Figure 1. Null Cartan rectifying isophotic curve

Darboux frame along « reads
T(s) = (1,coss,—sins), ((s) = (1,—sins, —coss), n(s) = (1,coss—sins,—sins — coss). (4.14)

By using the last relation, we find n x T'= ;T = —T, so ¢; = —1. From relations (2.7) and (4.14), it follows that
the curvature functions of a have the form

kn(s) =1, kg(s)=1, 74(s)=—1. (4.15)
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Substituting k4 (s) = 1 and 74(s) = —1 in (3.2), we obtain A(s) = —2. Next, let us consider an axis W (s) given by
(4.4). By using (4.4), (4.14) and (4.15), we obtain W (s) = co(T'(s) + {(s) — n(s)) = (o, 0, 0). Since

7(s) = n(s) + A(s)¢(s) = (—1,cos s + sin s, cos s — sin s),

it follows (7(s), W) = ¢o. According to Definition (4.1), a is a rectifying isophotic curve. It can be easily verified
that (T'(s), W) = (((s), W) = (n(s), W) = —co, so the statement of Theorem (4.3) also holds.

(B) ais a rectifying silhouette curve with constant curvatures ky(s) and 74(s).
Analogously as in case (A), we distinguish four subcases.
(B.1) k4(s) = constant # 0 and 74(s) = constant # 0;

Theorem 4.8. There are no null Cartan rectifying silhouette curves lying on a timelike surface in E3 with non-zero
constant curvatures ky(s) and 74(s).

Proof. Assume that « is a null Cartan rectifying silhouette curve with an axis W given by (4.6) and a non-zero
constant curvatures ky(s) and 7,4(s). Then (3.2) implies

 2e1ky(s)

74(5)

A(s) =

= Ao = constant # 0. (4.16)

Substituting ¢y = 0 in (4.9), we obtain the system of differential equations
a’ + eraky + X190 =0,
b/ - Elbkg + )\()kna = 0, (417)
—e1hoad’ + aky, + b1y = 0.
From the first equation of (4.17) and using (4.16), we find
a(s) = e1ska(s), (4.18)
From (4.18) and the third equation of (4.17) we obtain
2
_ %Tg)easms). (4.19)

On the other hand, by using the second equation of (4.17), (4.16) and (4.18), we get

b(s) = eerAgse *Fo(). (4.20)

Relations (4.19) and (4.20) give
(s) 2e
T(8) = ——.
g 2eNoS + /\(2)
Thus 7,4(s) is a non-constant function, which is a contradiction. O
(B.2) ky4(s) = 0 and 74(s) = constant # 0;
In this subcase, substituting k,(s) and 7,4(s) in (4.7) and using ¢(s) = —e1A(s)a(s), we obtain a contradiction.

Theorem 4.9. There are no null Cartan rectifying silhouette curves lying on a timelike surface in ES with the curvatures
kqg(s) = 0 and 74(s) = constant # 0.

(B.3) ky(s) = constant # 0 and 7,4(s) = 0;

In this subcase, substituting kq(s) and 7,(s) in (4.7) and using c(s) = —e1A(s)a(s), we also obtain a
contradiction.

Theorem 4.10. There are no null Cartan rectifying silhouette curves lying on a timelike surface in E3 with the curvatures
kq(s) = constant # 0 and 74(s) = 0.

(B.4) ky(s) =74(s) =0;
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Theorem 4.11. Let « be a null Cartan rectifying silhouette curve with the curvatures ky(s) = 74(s) = 0 lying on a
timelike surface in B3. Then it has a lightlike axis with a parameter equation

U(s) = bo((s), (4.21)
where by € Ry.

Corollary 4.3. Every null Cartan cubic that is rectifying silhouette curve lying on a timelike surface in E3, is a general
helix, relatively normal-slant helix and isophotic curve with respect to the same axis.

Example 4.2. Let us consider B-scroll in E? with parametrization (see Figure 2)
x(s,t) = a(s) + tB(s),

where

w

S 83 S 82
=Gty 7 37

[SLNVA

is a null Cartan cubic.

Figure 2. Null Cartan rectifying isophotic and rectifying silhouette curve

The Frenet frame along « has the form

3s2 1 352 1 3s 3s 3 3
T(S)_(T+§7T_§as)a N(S)_(?7?71)7 B(S)_(_§7_§a0)
Then a straightforward calculation yields T'(s) x N(s) = €T'(s) = T(s), so e = 1.
Darboux frame of a reads
3s2 1 352 1 33 3s 3s
T(s)*(7+§,77§as)7 C(S)*i(iaan)) 7](8)*7(3)5’1) (422)

By using the previous relation, we getn x T'= ¢;T = T. Hence ¢; = 1. From relations (2.7) and (4.22), it follows
that the curvature functions of « have the form

Let us consider a spacelike axis W given by (4.12). By using (4.12) and (4.22), we obtain W(s) = (0,0, —co).
Substituting k,(s) = 74(s) = 0in (3.2), we get A(s) = Ao € Ro. Thus

3o+ 20) st o) |
2 ’ 2 e

i(s) = n(s) + Als)¢(s) = —(

Therefore, (77, W) = co which implies that « is a rectifying isophotic curve with an axis 1. Next, let us consider
a lightlike axis U(s) given by (4.21). By using (4.21) and (4.22), we obtain U(s) = —by(2, 2,0). Since (i), U) = 0, «
is rectifying silhouette curve with an axis U. Moreover, according to Corollary 4.3, a is a general helix, relatively
normal-slant helix and isophotic curve with respect to the same axis.

181 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

On Null Cartan Rectifying Isophotic and Rectifying Silhouette curves...

Acknowledgements

We would like to thank the Referees for their very valuable comments and suggestions.

Funding

This work is partially supported by the Serbian Ministry of Science, Technological Development and
Innovations, Agreement No. 451-03-65/2024-03/ 200122

Availability of data and materials
Not applicable.

Competing interests

The authors declare that they have no competing interests.

Author’s contributions

All authors contributed equally to the writing of this paper. All authors read and approved the final
manuscript.

References

(1]
(2]

(3]

(4]
[5]
[6]
[7]
(8]

[9

—_—

[10]
[11]

[12]

(13]
[14]

[15]

[16]
(17]

(18]
[19]

[20]
[21]
[22]
[23]
[24]

[25]
[26]

Bonnor, W. B.: Null curves in a Minkowski space-time. Tensor. 20 (2), 229-242 (1969).

Chen, B. Y.: When does the position vector of a space curve always lie in its rectifying plane? American Mathematical Monthly. 110, 147-152
(2003).

Chen, B. Y., Dillen, E.: Rectifying curves as centrodes and extremal curves. Bulletin of Instute of Mathematics Academia Sinica. 33 (2), 77-90
(2005).

Chen, B. Y.: Rectifying curves and geodesics on a cone in the Euclidean 3-space. Tamkang Journal of Mathematics. 48 (2), 209-214 (2017).
Deshmukh, S., Chen, B. Y., Alshammari S. H.: On rectifying curves in Euclidean 3-space. Turkish Journal of Mathematics. 42, 609-620 (2018).
Dogan, E.: Isophote curves on timelike surfaces in Minkowski 3-space, An. Stiint. Univ. Al I Cuza Iasi Mat. (N.S.) 63 (1), 133-143 (2017).
Dogan, E, Yayli, Y.: On isophote curves and their characterizations. Turkish Journal of Mathematics 39 (5), 650-664 (2015).

Djordjevi¢, J., Nesovi¢, E.: On generalized Darboux frame of a pseudo null curve lying on a lightlike surface in Minkowski 3-space. International
Electronic Journal of Geometry. 16 (1), 81-94 (2023).

Djordjevi¢, J., Neovi¢, E., Oztiirk, U. : On generalized Darboux frame of a spacelike curve lying on a lightlike surface in Minkowski space E3.
Turkish Journal of Mathematics. 47, 883-897 (2023).

Duggal, K.L., Jin, D.H.: Null Curves and Hypersurfaces of Semi-Riemannian Manifolds. World Scientific Publishing, Singapore (2007).
Ferrandez, A., Gimenez, A., Lucas, P.: Journal of Physics A: Mathematical and General Null generalized helices in Lorentz—Minkowski spaces,
Journal of Physics. Section A: Math. Gen. 35 (39), 8243 (2002).

Grbovi¢, M., Nesovi¢, E.: Some relations between rectifying and normal curves in Minkowski 3-space. Mathematical Communications. 17,
655-664 (2012).

Hananoi, S., Ito N., Izumiya S.: Spherical Darboux images of curves on surfaces. Beitr Algebra Geom. 56(2), 575-585 (2015).

Tlarslan, K., Nesovi¢, E.: Some characterizations of null, pseudo null and partially null rectifying curves in Minkowski space-time. Taiwanese Jornal
of Mathematics 12 (5), 1035-1044 (2008).

Tlarslan, K., Nesovi¢, E., Petrovi¢-Torgasev, M.: Some characterizations of rectifying curves in the Minkowski 3-space. Novi Sad Journal of
Mathematics. 33 (2), 23-32 (2003).

Harslan, K., Nesovi¢, E.: Some characterizations of rectifying curves in the Euclidean space E*. Turkish journal of Mathematics 32 21-30 (2008).
Izumiya S., Nabaro AC., Sacramento AJ.: Pseudo-spherical normal Darboux images of curves on a timelike surface in three dimensional Lorentz-
Minkowski space. ]. Geom Phys. 97 105-118, (2015)

Lucas, P., Ortega-Yagties, J.A.: A generalization of the notion of helix. Turkish Journal of Mathematics. 47 (4), 1158-1168 (2023).

Lucas, P.,, Ortega-Yagiies, ].A.: Rectifying curves in the three-dimensional sphere. Journal of Mathematical Analysis and Applications. 421, (2),
1855-1868 (2015).

Lucas, P, Ortega-Yagiies, J.A.: Rectifying Curves in the Three-Dimensional Hyperbolic Space. Mediterranean Journal of Mathematics. 13,
2199-2214 (2016).

Macit, N., Dldiil, M.: Relatively normal-slant helices lying on a surface and their characterizations. Hacettepe Journal of Mathematics and
Statistics. 46 (3), 397408 (2017).

Nesovi¢, E., Kog Oztiirk, E. B., Oztiirk, U.: On k-type null Cartan slant helices in Minkowski 3-space. Mathematical Methods in the Applied
Sciences. 41 (17), 7583-7598 (2018).

Nesovi¢, E., Oztiirk, U., Kog Oztiirk, E. B.: Some characterizations of pseudo null isophotic curves in Minkowski 3-space. Journal of Geometry.
112 (2), 13 pages (2021).

Nesovi¢, E., Oztiirk, U., Ko Oztiirk, E. B.: On non-null relatively normal-slant helices in Minkowski 3-space. Filomat. 36 (6), 2051-2062 (2022).
O'Neill, B.: Semi-Riemannian geometry with applications to relativity. Academic Press, London (1983).

Walrave, J.: Curves and surfaces in Minkowski space. Ph.D. Thesis. Katholieke Universiteit Leuven (1995).

dergipark.org.tr/en/pub/iejg 182


https://dergipark.org.tr/en/pub/iejg

M. Grbovi¢ Ciri¢, J. Djordjevi¢ & E. Nedovié

Affiliations

MiLIcA GRBOVIC CIRIC

ADDRESS: University of Kragujevac, Faculty of Science, Department of Mathematics and Informatics,
Kragujevac, Serbia

E-MAIL: milica.grbovic@pmf.kg.ac.rs

ORCID ID:0000-0001-5166-0082

JELENA DJORDJEVIC

ADDRESS: University of Kragujevac, Faculty of Science, Department of Mathematics and Informatics,
Kragujevac, Serbia

E-MAIL: jelenadjordjevic23@yahoo.com

ORCID ID: 0000-0003-3052-6778

EMILIJA NESOVIC

ADDRESS: University of Kragujevac, Faculty of Science, Department of Mathematics and Informatics,
Kragujevac, Serbia

E-MAIL: emilija@kg.ac.rs

ORCID ID:0000-0002-3124-6308

183 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

	1 Introduction
	2 Preliminaries
	3 Generalized Darboux frames of the first and the second kind along a null Cartan curve
	4 Null Cartan rectifying isophotic and rectifying silhouette curves lying on a timelike surface

