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Abstract

In this paper, we study the well-posedness in the sense of existence and uniqueness of
a solution of integrally perturbed degenerate sweeping processes, involving convex sets
in Hilbert spaces. The degenerate sweeping process is perturbed by a sum of a single-
valued map satisfying a Lipschitz condition and an integral forcing term. The integral
perturbation depends on two time-variables, by using a semi-discretization method. Unlike
the previous works, the Cauchy’s criterion of the approximate solutions is obtained without
any new Gronwall’s like inequality.
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1. Introduction

In the seventies, sweeping processes are introduced and deeply studied by J. J. Moreau
through the series of papers [22-26] which plays an important role in elasto-plasticity,
quasi-statics, dynamics, especially in mechanics [10,27,28].

Roughly speaking, a point is swept by a moving closed and convex set C(t), which
depends on time in a Hilbert space H and can be formulated in the form of first-order
differential inclusion involving normal cone operators as follows

{ —2(t) € Now(x(t)) a.e. t €10,T7,
x(t) € C(t), forallte[0,T7],
x(0) =z € C(0),

where C(+) : [0,T] = H is a set-valued map defined from [0,7] (T > 0) to a separable
Hilbert space H with nonempty, closed and convex values. Here No(t)(-) denotes the
outward normal cone, in the sense of convex analysis, to the moving set C (¢) at the point
x(t). Why the name sweeping process? If the position z(t) of a particle lies in the interior
of the moving set C(t), then the normal cone is reduced to the singleton {0} and hence
#(t) = 0, which means that the particle remains at rest. When the boundary of C(t)
catches up with the particle, then this latter is pushed in an inward normal direction by
the boundary of C(t) to stay inside C(t) and satisfies the viability constraint z(t) € C(¢).
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This mechanical visualization led Moreau to call this problem the sweeping process: the
particle is swept by the moving set.

Since then, many other applications have been given, such as applications in switched
electrical circuits [1], nonsmooth mechanics [9,19], hysteresis in elasto-plastic models [14],
among others. Over the years, many variants of the so-called Moreau’s sweeping process
have been developed in the literature: stochastic [11], perturbed [20], nonconvex [29], in
Banach spaces framework [7].

We are interested in a particular variant of the classical sweeping process known as the
degenerate sweeping process, which corresponds to the case where a linear and nonlinear
operator is added “inside” the normal cone on the sweeping process. This dynamics was
proposed by Kunze and Monteiro-Marques as a model for quasistatic elastoplasticity (see
[16]). This problem can be formulated in the form of first-order differential inclusion
involving normal cone operators as follows

—i(t) € Now (Az(t)) a. e. t €[0,T],
(DSP) :
x(0) = zg, Az € C(0).

where C(+) : [0,T] = H is a set-valued mapping with nonempty closed values of a separable
Hilbert H, N¢ () (Ax(t)) is the normal cone to C' (t) ) at Az(t) € C(t),and A: H — Hisa
linear /nonlinear operator. Since then, the degenerate sweeping process has been studied by
several authors in the framework of convex and prox-regular sets (see [3,15-18]), and when
such sets vary in a Lipschitz or absolutely continuous way with respect to the Hausdorff
distance, limiting the spectrum of possible applications to only bounded moving sets.

Specifically, we focused on the perturbated degenerate sweeping processes (which is
called integro-differential sweeping process of Volterra type), i.e., differential inclusions of
the form

—i(t) € Nc(t)(A:v(t)) + f(t,z(t)) + jg(t,s,:n(s))ds a.e. te0,T],
(Paf.g) : 0

z(0) = xo, Az € C(0).

Our approach to prove the existence of a solution for the perturbed sweeping process
(Pa,t,g) will use subdivisions of I and estimations depending on the initial point of each
subinterval. In all the paper a set-valued map C(-) from [0, 7] to H will be involved. This
is required to satisfy the following assumptions, for every t € [0, 7], C(t) is a closed convex
and nonempty subset of H such that t — C(t) is absolutely continuous, in the sense that
there is some absolutely continuous function v(-) : [0,7] — R such that, for any z € H
and s,t € [0,T],

|d(z, C(t) — d(x, C(s)] < Jo(t) —v(s)]-

It is worth mentioning that in the particular case where f = 0, g = 0, and the sets
(C(t)), are convex, M. Kunze and M.D.P. Monteiro Marques [17] proved the existence and
uniqueness of solution for the system (P4 ) above in the case when the set-valued map
C'(+) varies in a Lipschitz continuous way with respect to the Hausdorff distance. Moreover,
this solution is Lipschitz continuous. In the nonconvex case, exactly when the sets(C(t)),
are prox-regular, the authors in [3] proved the well-posedness of (P4,0,0) by using the
reduction of the constrained differential inclusion (P4,,) to the unconstrained differential
inclusion governed by the subdifferential of distance function in the finite dimensional
space. When g = 0, problem (PD)¢ g has been studied in [15] when the moving sets are
assumed to be nonempty, closed and convex with absolutely continuous variation in time.
More recently, the well-posedness of the sweeping process involving integral perturbation,
i.e., A = Id has been studied in [5,6].
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The paper is organized as follows. In Section 2, we recall some basic notations, defini-
tions and useful results which are used throughout the paper. Next, in Section 3, we collect
the hypotheses used throughout the paper. Finally, Section 4, which is the most impor-
tant, is devoted to the existence result for the perturbed degenerate sweeping process. The
perturbation term is the sum of a single-valued map satisfying a Lipschitz condition and
an integral forcing term depends on two time-variables. The paper ends with conclusions
and final remarks.

2. Notation and preliminaries

The material presented in this section is standard and, for this reason, we present it
without proofs. For more details, one is invited to see [2,4,8, 13,21, 30, 32], for instance.
Throughout the paper, I := [0,7] is an interval of R and H is a real Hilbert space with the
inner product (-,-) and the associated norm ||-|| := /(-,-). The closed (resp. open) ball
of H centered at z € H of radius r € ]0,4o0[ is denoted by B [0,r] (resp. B(z,r)), and
we will use the notation B for the closed unit ball centered at zero, that is, B =B [0, 1].
We denote by C(I; H) the space of continuous functions defined on I with values in H.
It is well known that C(I; H) is a Banach space equipped with the norm of the uniform
convergence denoted by || - |le(r,m) or || - [|oc and defined as follow

le(®)lleqr;z) = maxle(t)]], for all ¢ € E(I; H).

Given an extended real-valued function ¢ : H — R U {400}, the subdifferential of ¢ at a
point x € dom ¢ (in the sense of convex analysis) is the set defined by
op(x) ={veH: (v,y—x) <ply) —p), forally € H}, (2.1)

where dom ¢ := {y € H : p(y) < 400} is the effective domain of ¢. When ¢(z) = +o0,
by convention dp(x) = 0, that is ¢ Dom d¢, where Dom F' := {z € H : F(z) # 0} is the
domain of a set-valued map F': H = H and

gph F:={(z,y) e H x H :y € F(x)}
it the graph of F. The set dp(x) can expressed in terms of the directional derivative
@' (x;-) as follow
Op(x) :={v e H: (v,h) < ¢(x;h), for all h € H},
where ¢/ (x; h) := lim o 771 (Y (z + th) — ¥(z)).
Let S be a nonempty closed convex subset of H. Three important functions play
a central role in modern convex analysis, both in theory and algorithmically. Those

particular functions correspond to the indicator function g(-) and support functions
o(S,-) of S respectively, and to the distance function dg(-) from the set .S, defined by

0 if eS8
+oo if xz¢S.

o(S,:): H— RU{+00} with o(S,() :=sup (z, ().
zeS

Ys(-) : H = RU {+00} with 1hs(z) := {

ds(-) : H — R with dg(z) := inf ||z —y]|.
yeS

The notion of support functions is often used to translate geometric Hahn-Banach sep-
aration theorems and in particular, it characterizes the closed convex set S through the
following equivalence property: = € S if and only if (¢, z) < o(S5,() for all ( € H.

According to (2.1) and for z € S, it is straightforward to see that an element £ € J¢g(x)
if and only if ({,v —x) < 0 for all v € S, so dPg(x) is the set Ng(x) of outward normals
of S at the point S defined by

Ng(x)={( € H: (¢, v—1z) <0 for all v € S}.
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We derive from the last inequality, involving 0ig(x), the following equivalence holds
€€ Ng(z) © 0(S,§) = (§,z) and z € S.

Moreover
ds(z) = sup {{z,y) —o(S,y) : y € B},

and

Nc(—=2) = =N_¢(x) and No(y + 2) = —No-2(y),
for any x € —C and y, z such that y + z € C. It is worth emphasizing that establish-
ing precise formulas for computing the set ddg(z) at a given point x € H is strongly
involved in many problems arising in differential inclusions. The following equality gives
a representation of ddg(z) at in-set points

ddg(x) = Ng(z)NB, for all z € S.

In the following, we summarize some known definitions and results concerning maximally
monotone operators.

The operator A : H = H is called monotone if for all z1,z90 € H,y; € A(x1),y2 € A(z2),

we have (y1 — y2, 21 — x2) > 0. In addition, A is maximal monotone if and only if it is
monotone and its graph is maximal in the sense of inclusion. Another deep important
property of the subdifferential in Convex Analysis concerns maximal monotonicity is the
following: for a lower semicontinuous proper convex function f : H — R U {+o0}, the
subdifferential Jf(-) is a maximal monotone operator. As a consequence of this result,
we obtain that, for any nonempty closed convex set C' C H, the normal cone N¢(-) is a
maximal monotone operator.
Before closing this section, let us remind a version of Gronwall’s inequality (see, e.g.
Lemma 4.1 in [31]). This auxiliary result will play a fundamental role in proving the
Cauchy’s criterion of the approximate solutions. Prior to this, we recall that a function
x(-) : [0,T] — H is absolutely continuous if there exists v € L*([0,T]; H) such that

2(t) = 2(0) +/v(s)d5, for all £ € [0,7].
0

In this case, z(-) is derivable almost everywhere (a.e., for short) on [0,7] with @(-) = v
a.e. on [0, 7.

Lemma 2.1. (Gronwall’s lemma)
Let b(+),c(+),C() : [to, t1] — R be three real valued Lebesque integrable functions. If the
function ((-) is absolutely continuous on the interval [to,t1] and if for almost allt € [to, t1]

C(t) < b(t) + c(t)¢(),
then for all t € [to, 1],

t t t
C(t) < ((to) exp (/ c(s)ds) + [ b(r)exp (/ c(s)ds) dr.
to to r
In view of an existence result of (P4 f4), we will make use of the following particular
result which gives the well-posedness of a degenerate sweeping process without the integral
perturbation. This last problem was considered in[15].

Proposition 2.2. Let H be a real Hilbert space and C(-) : [Tp,T) = H a multi-valued
mapping. Suppose that the following hypothesis are satisfied:

Hi) For each t € [Tp, T], C(t) is a nonempty closed and convexr subset of H.

Ha) For each t € [Ty, T}, the set C(t) varies in an absolutely continuous way; that is there
exists an absolutely continuous function v(-) : [To, T] — R such that

Vo € H,Vs,t € [Ty, T] : |d(z,C(t) — d(z,C(s)] < |Jv(t) —v(s)|.
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Hs) A: H— H is a bounded linear operator which is symmetric and p-coercive, that is
there exists p > 0 such that

(Az,x) = (x, Az) > p||z||*, Vo € H.
Let h: [Ty, T] — H be a single-valued mapping in L*([Ty,T], H). Then there exists one
and unique absolutely continuous solution x(-) for the following differential inclusion

—i’(t) S NC(t) (A.%(t)) + h(t) a.e t¢e [TO,T] ,

(PDPT) : { x(Ty) = wo, Axg € C(Tp).

(2.2)

Moreover x(+) satisfies the following inequality
1Al AN + o)

[£(t) + h(t)]| < P

e te [TD,T}

3. Technical assumptions -list of hypotheses-

For the sake of readability, in this section we collect the hypotheses used along the
paper. Before going on, let Q) be the triangle defined by
Qpr:={(t,s) € [0,T] x [0,T] : s < t}.

Let us start this section with listing the standing assumptions imposed throughout the
paper unless otherwise stated.
Hypotheses on the set-valued map C(-):[0,7] = H.

(H¢) Foreach t € [0,7T], C(t) is a nonempty closed convex subset of H and has an abso-
lutely continuous variation, in the sense that there is some absolutely continuous
function v(-) : [0,7] — R such that

|d(xz,C(t)) — d(z,C(s))| < |v(t) —v(s)|for any x € H and s,t € [0,T.
Hypotheses on the operator A: H — H.

(H4) A: H — H is a linear, bounded and symmetric operator and p-coercive for some
real number p > 0, that is (Az,z) > p|z||*,Ve € H.

Hypotheses on the map f(-,-):[0,7] x H — H.

(Hys) f is Bochner measurable in time such that
(Hyq) f verifies the following growth condition: there exists m(-) € L'([0,7],R4)
with
| f(t,2)|| < m(t)(1+||z|), for any (t,z) € [0,T] x H, with Az € UC(S).
sel
(Hy2) For each real n > 0 there exists a non-negative function k,(-) € L'(I,R;)
such that for any ¢ € [0,7] and for any (z,y) € B[0,n] x B[0,7]
(8 2) = (&)l < k(2 lz =yl -

Hypotheses on the map g¢(-,-,): I xIx H — H.

(Hgy) (t,s) € Qp — g(t, s, z) is Bochner measurable for every € H such that
(Hy1) There exists a non-negative function y(-,-) € L' (Qr, Ry ) such that

lg(t, s, )| < ~(t,s) (1 + [lz]),

for all (t,s) € Qr and x € H with Az € |J C(t).
t€[0,T]
(#g,2) For each real n > 0 there exists a non-negative function L,(-) € L'(I,R})
such that for any (¢,s) € Qr and for any (x,y) € B[0,n] x B0,7]

lg(t,s,2) = g(t, s,y)l| < Ly(t) [z —yl|.-
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4. Main results

After establishing all the auxiliary properties above, we come now to our main result in
this work which gives the existence and uniqueness result of (P4 ¢4). The proof that will
be given combines ideas and techniques from [6] and [15].

Theorem 4.1. Let H be a real Hilbert. Assume that the hypothesis (Hc), (Ha), (Hyf) and
(Hgy) above hold. Then, for any initial value xo € H such that Azg € C(0), there exists a
unique absolutely continuous solution x(-) : [0,T] — H of the Volterra integro-differential
inclusion (Pa ¢ 4). Moreover, we have the following estimates

(a) For almost allt € [0, T
411+ (r(t) o v(t,S)dS) +1o(t)
0

[t z@) < 7)1 +1) a.e. t €[0,T7,
llg(t, s, x(s))|| < v(t,s)(1+1) a. e. (t,s) € Q.

(b) For almost all t € [0,T]
LA (1+1) (ﬂ(t)+/’y(t,s)ds) PO ) (ﬂ(t)+/’y(t,s)ds) ,
0

0
H T T 6
( : +1> / (6)d6 + / / 7(6, 5)dsdd
0 0
T r
(II I ) (1+ [l O/(F +0/7(r,3)d3+;1)\1}(r)]> dr.

We are going to construct a sequence of maps (z,(+)) in C(I, H) which converges uni-
formly to a solution x(-) of (Pa,fq)-

)

¢
z(t) + f(t,z(t)) + [ g(t,s,x(s
[

and

lE@] <~

where

= [Jzoll 4 exp

Proof. The proof of existence of solution is divided in several steps. First of all, since the
functions 7 (-) and 7(-,) are integrable, we can assume that

T T
P
0/ (77(15) +0/7(t,s)ds> dt < ST AT (4.1)

Then, we first treat the case where the condition (4.1) is assumed to be true. Then the
case without it will be examined later.

Step 1. Discretization of the interval I = [0,7].

For each integer n > 1, we consider the partition of the interval [0, 7] with the points

no.__ ; : _ T
{ 7}” ‘;Zﬁ?‘:ﬁ;fl]hf w o forallie{0,---,n—1}.
So that
=t +hand 0=ty <ty <--- < <t <--- <ty =T.
Step 2. Construction of the approximate solutions z,(-).
The approach that we use consists in considering in each sub-interval I} := {t”, L +1] ,0<

k <mn —1 a degenerate sweeping process with a single-valued perturbation of type (2.2).
This technique together with the Proposition 2.2 allow us to construct a sequence of
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discrete solutions z}(-) : I}) - H,k=0,...,n — 1.
We start by considering the following degenerate sweeping process

—i(t) € Now (Ax(t)) + f(t,x0) + fg(t,s,xo)ds a. e. t€0,t7],
(Po) 0

z(0) = zo, Az € C(0) = C(ty).

According to the Proposition 2.2, the inclusion (Fy) has one and only one absolutely
continuous solution that we denote by x{(-) : [0,¢]] — H satisfying the following estimate

16 (8) + ho (D) < = (||AH 1hg (DI + [o()]) — a. et €[0,4],
where [0,t}] > t — hg(t) := f(t,z0) + Ofg(t,s,xo)ds. Further, A(xj(t)) € C(t) for all

€ [0,t}]. Indeed, hy is measurable thanks to that of f and g. Further, trough the
assumptions (Hy ) and (3,1) one has

t
1hg (O < 11F (&, o) +/||g(t,s,:vo)||d8
0

< (14 looll)n(t) + (1 + laoll) [ 2()ds
0

which means that h{ is integrable. Our efforts are now paid to establish the existence
result a.e. on [t7, 5] for the following problem

< (1 + [lzoll)

. —#(t) € Noq(Ax(t)) + f(t, 25 (t7)) + fg(t s, x0)ds + fg(t s, ¢ (7)) ds,
1

w(t) = zg(11), Alzg (t7)) € C (7).
To this end, let us define h(:) : [t},t5] — H by

i
Ry (t) = f(t,zg(t])) + [ g(t,s,xo)ds + [ g(t, s, zq(t]))ds,t € [t],t5].
Jinsons
Then
ty t
[Py @) < (14 [[l2g (#7) ()7 () + (1 + ||$0H)/7(t35)d8 + 1+ \lﬁ(t?)ll)/w(t,é})ds
0 i

< (1 max{ g (¢9)1], |5 (¢7)]]}) ( +/7 (t,5)d )

which ensures the claimed existence and uniqueness according to Proposition 2.2.
That is, the inclusion (P;) has a unique absolutely continuous solution z7(-) : [t},t5] — H
satisfying the following inequality

127 (8) + AT ()] < = (IIAII [T @O+ [0@)])  a. et ety i3],
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further
xg (1) = 27 (t7) and A(z7(¢)) € C(t), for any ¢ € [t],t5].
Consequently, for each integer n > 1, by repeating the process just given above, we

construct successively a finite sequence of absolutely continuous maps x.(-) : [t} ¢} ] =
H,0 <k <n-—1 such that

k—1 Uit
— a5 (t) € Noy (Azg (1) + f (2, (67)) + > tf g(t, s, 25 (t]))ds+
o i
(Pk) k n n n n (42)
{[L g(t, s, x_ (ty))ds ae. t € [ty t1 4],
k
wi(ty) = a1 (1), A (2 (t7)) € C ().
With the convention z”,(0) := xo. Moreover, for almost every t € [t} ¢}, ], similar
considerations bring us to the estimate
=N n 1 n 9
&5 (2) + hi (Bl < ;(HAHHhk(t)H + o)1), (4.3)

where hj(-) : [t}, 1}, ;] — H is the mapping defined by

1 7+1

() = F(t, 2 () +Z/ gt 5,27 ( ds—i—/gtsxk L(#1))ds.

7= Otn tn

It is worth observing that the map hj(-) is integrable on [t} ,]. Indeed, taking into
account the growth conditions (J(y 1) and (g 1), we obtain that for every ¢ € [t}, ] ]

tn
k—1 J+1
IR @I < (L4 [l @) D7) + (L + flf_y ()] / (t, s)ds
j=0 t?
t
L+ oA () [ (2. s)ds
ty
the equality x}(t}) = z}_(t}) ensures that
t
@) < 1+ goass 7)) (w@) + [t s)ds) , (4.4
o 0

which gives by integrating

T T T t
J I < (14 max Jl25(6)1) ( [t [ [s)ds dt) .
0 o 0 00

It is clear that every mapping 2} ,(-),k =0,...,n—1 is bounded on the interval [¢}}, tZH]
thanks to its absolute continuity property. Combining this boundness with the fact that
both mappings 7(-) and 7(-,-) are integrable, we deduce the claimed property on hj(-).

Based on the discrete sequences (z}(-)) that we have constructed above, we are now in
a position to define the sequence of approximate solutions (z,(-)), on the whole interval
[0,T]. For each integer n > 1, let x,,(-) : [T, T] — H be such that

zp(t) == 2} (t) whenever ¢t € [t} )], k€ {0,1,...,n—1}. (4.5)

It follows that (1) is absolutely continuous and represents the solution of (P) on [t7, 1}, ],
further

wn(ty) = o () = w1 (k). (4.6)
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So, in order to present the differential inclusions (P) in a more convenient form involving
only the sequence (x,), we introduce the function 6,,(-) : [0,7] — [0, 7] defined by

0,(0) := 0,
(4.7)
On(t) =17, if t € }t;,t’gﬂ} ke{0,1,...,n—1}

Therefore, we deduce from (4.2), (4.6) and (4.7) that

{ —@n(t) € Now (Azn(t)) + f(t, 20 (0n(1))) + ftg(tjs,ﬂfn(Gn(S))dS a. e. t€[0,T],

xn(0) = xo, Azg € C(0), "
(4.8)
and from (4.3) that
T (t) + f(t, 2, (05(1) +/gt8:cnn))d <
0
; (HAH £t 20 (00(1)) +/g(t,s,1:n(¢9n(s))ds + @(t)]) e tel0,T].  (49)
0

Step 3. We show that the sequence (z,(:)) converges uniformly to some abso-
lutely continuous mapping z(-) : [0,7] — H.

First, we are going to prove that the sequence (i,(-)) is uniformly dominated by an inte-
grable function. According to (4.3),(4.4) and (4.5) we have for almost every t € [t}, ¢} ]

: LAY 1 n L.
fenoll < (1+ 1) o + Jroce)
< (1+ 120 (1 mase tanel) 200+ L1ote)
- P 1<5< P ’
where E(t) := w(t) + ft’y(t, s)ds. Thus, for each k € {0,1,...,n—1}
0

n
U1

22 (Ee )1l < Nlzoll + / [0 ()|t

0
1A i 1 iy
<ol + (14150 (1 s i) [ B +2 [ focolar
P 1<j< , Py

T T
A A 1
< Yol + <1+”’) /E dt+( ””) max ||xn(t;-‘)||/E(t)dt+7/|i)(t)|dt.
P 1<j<n ) p 5

Since k is selected arbitrary in {0,1,...,n — 1}, we deduce that

((1 'O+HAH)/E ) mas [, (5] < | O|y+<1+ HA”)/E dt+1 /\v ) dt.

Which gives by (4.1)

max Hxn@y)u <M, (4.10)
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where

1 Ll
M = ool + (14550 IOl oz + 5 /rv lt ).
(1- p*f“)nE()nLl([o,T},R”( *

On one hand, from assumptions (1), (341) and (4.7) and (4.10) we have for all n
1 (8 2n(Bn ()] < 7() (1 + [[2n(0n(8))]]) < (1 + M)w(t) for all ¢ € [0,T],  (4.11)

and

lg(t, s, 20 (0n ()| < 7(E 8) (1 + [[2n(On(s))]]) < (1 + M) (2, s) for all (¢, s) € Q. (4.12)

On the other hand, the inequalities (4.9), (4.11) and (4.12) imply for almost all ¢ and for

all n
t

Bn(t) + F(t 2n(0n(D)) + / 9ty 5, (O (s))ds|| <

0

_ 14 t .
alt) = p(1+M( +O/ws ) f|v(t)|.

Which gives for almost all ¢ and for all n
lEn ()] < (1), (4.14)

vl = (4 ) (14 )( +/ws) HEOL

We can now prove that (x,(-)) is a Cauchy sequence in the Banach space (C(1, H), ||.||,.)-
Let m,n € N, for almost all ¢ € [0,T], we have

a(t), (4.13)

where

where

—Zn(t) — f(t, 20 (0,(t)) —
— i (t) = f(t, 2 (Om (1)) —

Using the fact that the normal cone is monotone, we get the following

1d
5 gz @n(t) = 2m(t), A(za(t) = 2m(1))) <

g(t, 5,20 (0n(s))ds € Nepy (Awn(t)),

O O —

g(ta S, xm(em(s))ds S NC(t) (Awm(t))

<f(t,fvn(9n(t)) — J(t, 2m (0 (1)) + / (9(t; 8,20 (0n(s)) = g(L, 8, 2m(Om(s))) ds, A (2 (t) — wn(t))> :
0

We obtain
1d

537 (@) = 2 (2), A @a(6) = 2 (1)) <

A1 () = 2 () 1t 20(0a(0)) = F (1 200 (O] +

Al 0 (8) = O] [ (0t 5.20(60() = 9(t 5,2 B ())] s
0

On the other hand, the absolute continuity of x,(-) gives by (4.14)

lzn ()| < ||lxoll + /@b(T)dr for all t € [0,T7].
0
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It follows that, for some 1 > 0, for all ¢ € [0, 7] and for all n € N,
zn(t) € B0,n], (4.15)

with

T

ni= llaoll + [ w(r)dr

0
Which gives by the assumptions (Hy o) and (Hg2) with Jy(t) := ||2,(65(t)) — 2, (t)|| that
1d
57 (@n(t) = 2m(t), A(n(t) — 2m(t))) <
ko (8) | All [l (8) = 2 (8) [ 1|2 (6 () — 20m (0 ()| +

Ly (&) [ All llzn () — 2m (8)]] / [£n(0n(5)) = m (Om ()| ds <
0
kn(0) [[ Al Nl2n () = 2m (@) (2000 (8)) = 20O + 20 () — 2m (O] + |2m(E) — 2m(0m()]) +

Ly(®) Al (6) = 2 (0)] ( [ns)ds + [ lan(s) = on(s)lds + Jm<s>ds)
0 0 0

By (4.14), we have for all ¢t € [0,7] and for all n € N,

(t) = @ Ba(t)) | < /w

O (t)
Moreover, by (4.15), we have

[2n(t) = 2m@)] < 2n.
This implies that

% (@n(t) = T (), A (20 (t) — 2 (t))) < 2k (2) [|Al] |20 (t) — 2 (B)]|* +
dngh () | /w Y + / D (r)dr | +4nL,( A/(&/ PYdr + / dr) ds+
0 () O (2) n(s)

Ly (8) AN [ (t) - ||/umn = ()| ds.

On the other hand, using the fact that A is p—coercive, we have

% (@n(t) — 2m(t), A (2n(t) — 2m (1)) < ikn(t) [A[ (2n(t) = 2m(t), A (20 (t) — zm(t))) +

Ly A/c/ D(r)dr + / w(r)dr) ds-+

0 Vn(s) Om (s)

t

/ dr+/¢ )dr

O (t) Om (t)

dnkey (8) || Al

0 14] ;wxn(t) — 2n(0): Ao (t) = 2 () [ 1/ @0(5) = 2 (). A (@0 (5) = 0n(3) .
0

Putting for all t € [0, T

anm( —477k ) 1A

/tw )dr + / P(r ] (4.16)

O () Om (t)
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and
bn,m(s) = / z/)(r)dr + / w(’l")d’l“, (417)
O (3) O (5)

we arrive to

% (@n(t) — 2m(t), A (2a(t) — 2m(t))) < zk () [[A]] (2n(t) — 2 (t), A (20 (t) — 2m (1)) +

(O 14115y () = 2 (0), A o (8) = / () — 2o (5), A (n(5) — () +

() + 4L (1) || Al / by (5)ds.

Since 1 (-) € L'(I,R,) and for each t € I, we have 0,(t),0,,(t) — t, then
lim  apm(t) =0 and nwlligoobn’m(t) =0 a.etel0,T]. (4.18)

n,m—oo

On the other hand, for each n € N writing

/tw ds</¢) (4.19)

On(t)
The relations (4.16), (4.17) and (4.19) imply that

T
(anan (B < Suky () 4] [ (s)ds
0

and

T
b ()] < 2/1p(s)ds
0

It follows from the dominated convergence theorem that for all ¢ € [0, 7]
T
lim anm(t)dt =0 and lim /bmm(s)ds =0. (4.20)
n,m—>o0 n,Mm——>00
0 0
Note also by (4.18) that

% (@n(t) = 2m(t), A(2n(t) = 2m(t)) < —kn(t) [| Al (n(t) = 2m(t), A (20 (t) = 2m(t))) +

I

T
anan(8) + 4Ly (1) | 4] / bugn ()i +

L<t>||A||;¢<xn<t>—wm<t> Za(t) — Tt / V{@n(s) = 2m(s), A(2a(s) — 2m(s)))ds.

(4.21)
For each ¢ € [0, 7], let us set

Tnm(t) = (Tn(t) — 2m(t), A (20 (t) — 2m(1))), Xnm(t) = an,m(t)+477L77(t) Al /bn,m(s)ds-
0
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These notations together with the integration of (4.21) give
On,m(t) <

%m@+/(ﬂf%@pwﬁwwmxm-tw @¢%m@/¢%mwm)@
0 0

On the other hand, it is clear that for any n,m € N, the function
Lpm(t) =

(814 2805
0

is nondecreasing on I. Further, for each real ¢ € [0, 7]

mm@:QWWM@%M@+MW@H9tw%m¢%M@/¢%m@@g
0

p

2| All
p

%@mm@+MWO+tm w¢mm@/¢mm@@
0

Since I'y, p(+) is nondecreasing, it results that

2| All 2lAll,

I.‘n,m(t) S kn(t)rn,m(t) + Xn, ( ) + T (t)Fn,m(t)'

Finally, for almost every ¢ € [0, 7], one has
2]|A]

Tpm(t) < = (ky(t) + tLy(1)) Ty (£) + X (2).

Applying the classical Gronwall’s inequality brings us to the following estimate

Lpom(t) <Tm(0)exp <2HpAH (/ ky(s)ds + T/Ln(s)ds)> +
0 0
[ oo (2041 ( ] t
O/exp (p (8/ ky (r)dr +T8/Ln(r)dr)) Xn,m(s)ds.
Consequently

2]|A
nanlt) < 3nim0) e (L2 (s + TEalsomiesy) ) +

A
exp< Ll (Hk HL1 ([0,T];R+) +THL HLl ([0,T];R4) )/Xnm )ds.

Using the p—coercivity of A and the equality o, (0) =0 brlng us to

1 2||A
fon(®) — 2 @17 < exo (22 (lbnllsgosien + TIEals o)) / X ().

On the other hand, it follows from the dominated convergence theorem that for all ¢ €
[0, 77,
T
lim Xn,m(s)ds = 0.

n,Mm——>00
0
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As a consequence, we obtain

lim  |Jzn(t) — zm(t)]| = 0.

n,m—ro0

The above equality being true for all ¢ € [0, 7], it follows that the sequence (x,(-))nen is
a Cauchy sequence in (C([0,7],H),|-||,,) and hence converges uniformly to some map
z(-):[0,T] — H.

Step 4: We show that z(-) is absolutely continuous.
By virtue of (4.14), extracting a subsequence if necessary, we assume without loss of
generality that (i,(-)) converges weakly in L! (I, H) to some mapping g(-) € L' (I, H).
This means that,

/< o(5) ds—>/ )) ds,Vh € L™ (I, H).
0
For any z € H, and any n € N, we can write

T ¢
/<xn(s) z -1 4(s) ds-/
0 0
and
T ¢
[ {ats). 2 10(s)) ds = [ Gats
0 0

So, from the weak convergence we deduce that
t

/a’cn(s)ds — /g(s)ds weakly in H.
0
This and the absolute continuity of x,(-) imply that

xn(t) = 2,(0) + /i‘n(s)ds — x(0) + /g(s)ds weakly in H.
0

For each t € [0,T], the strong convergence of (,(t)),cy to #(t) in H and the equality
¢

Zn(t) = 2,(0) + [ @n(s)ds valid for all n € N entail
0

2(t) = 2(0) + /g(s)ds.
0

We deduce that z(-) is absolutely continuous on [0, 7] with &(t) = g(t) for almost every-
where on I and hence

in(-) — @(-) weakly in L' (I, H).
Step 5: We show that z(-) is a solution of (P4 ).
First, it is obvious that x(0) = xg and Azo € C(0). Now, it remains to prove that

#1) + f(t,2(0)) + /g(t, s,2(s))ds € —Neg(Az(t))  a.e.te[0,T].
0

Since 0,,(t) — ¢ for any t € I and x,,(-) converges uniformly to z(-), on has z, (6, (t)) —
x(t) for each t € I. On the other hand, the continuity of f(¢,-) ensures that, for all t € I,

F(t2a(8n(1)) — F(t,2(t)) in H.
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According to (4.11), we also have
T
/||f (taBu(O) dt < (14 M) [ w(t)dt = (14 2D 7l 1,

0
Hence f(-,2,(0,(+))) is a sequence in L' (I, H), it follows from the dominated convergence
theorem that

f(?xn(an())) — f(ax()) StI‘OIlgly in Ll(L H)v
which implies that

fCxn(00(9) — f(-,2(-) weakly in LY(I, H).

On the other hand, we have shown in the above step that @, (-) converges weakly to &(-)
in LY(1, H).
Now, let us put
() 1= 200 + 220 + 200,
where

() = (),

220 = F2n(0a()),
and for all ¢ € [0,T7,

- /g(t, 5, n(60(5)))ds.
0

Let us show that 27(13)() converges weakly in L'(I, H) to z®)(-) such that for all ¢ € [0, T]

= /tg(t, s, x(s)ds
0

From the Lipschitz property of g with respect to x, we have

T T t
2@ =@ ar < [ [ lgtt,s.au(ba(s)) - gtt.5,2(5)) | dsat
0 0 0
T
< [ 24 [ Jon(0n(s)) - o(s)] dsdt
0

T
< [ 140) [ on(6a(s)) — ()] dsit

0 0
SNl a1 gy 120 (0n () = 2Ol L1 py ) -
Therefore, using the fact that z,(-) converges uniformly to z(-), it follows that

lim Hzﬁf») (t) — 2 (t)H dt =

n—oo

This means that zT(L3)(-) converges strongly in L'(I, H) to z(® (). Consequently zég)(-)

converges weakly in L'(I, H) to z(®(.). This implies that
() — 2() = () + f(2() + 23 () weakly in L*(I, H). (4.22)
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Now, we apply a classical technique due to C. Castaing (see ([12])). Thanks to (4.22), by
Mazur’s lemma, there exists a sequence (vy(-))n which converges strongly in L' (I, H) to
z(+) with for each n and for all t € T

vn(t) € co{zk(t),k >n}.

Extracting a subsequence, we may suppose that
t
v (t) — 2(t) == a(t) + f(t,x(t)) + /g(t,s,az(s))ds a.e.tel,
0

which allows us to write, for almost all ¢t € I
) € ﬂco {zk(t),k >n}.

Here ¢o denotes the closed convex hull. The last relation above yields, for almost all t € I,

for any £ € H,
¢

<§,j7(t) + f(t,x(t)) + /g(t,s,x(s))ds> <

0

infsup <§afﬂk( )+ [t 2k (Ok(t) +/ t,s, (0 (s)))ds >

" k>n

On the other hand, coming back to (4.8) and (4.13), we arrive to the inclusion
t

Fn(t) + f(t 20 (00(1))) + / 9(t, 5, 2n(0n(s))ds € a(t)By  a. e tel.
0

The latter inclusion and relation (4.8) entail for almost all ¢ € 1

t

1
0

It follows that for almost all ¢t € I,

1
% ( ( )+f(t l’n n( +/g t S .’L'n n ))d ) S <—8dc(t)(A$n<t))) .

Which implies that, for almost all t € I, for all £ € H
<£7xn( )+f(t 'rn n +/g l,s xn n ))d > < a(t)’a(_adC(t)(xn(t))a5)‘

So, for almost all t € I, for all £ € H

<§7()+ft$ +/gtsx >§
0
)

a(t)limsupo (—dde ) (Azn(t)),§) < at)o(=dde ) (Ax(t)),E),

n—-ao0
where the second inequality follows from the upper continuity of o(—ddg()(+),§)-
This implies that

<€,i”(t) + f(ta(t) + /g(tv 2 w(S))dS> —o(=a(t)dde(x(t)),§) < 0.
0
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Since ¢ is arbitrary, we have

£eH

sup [<§,x(t) + f(t,z(t)) + /g(t,s,x(s))ds> — U(—a(t)adc(t)(Ax(t)),f)] <0. (4.23)
0

This implies by the closedness and convexity of dd¢ ;) (Az(t)) and by properties of support
function that for almost all t € T

d (ac(t) + f(t,z(t)) + /g(t,s,a:(s))ds, —a(t)@dc(t)(Am(t))) =

0

sup {<§,i"(t) + [t (1) + /g(t,8>x(8))d8> - U(_O‘(t)adC(t)(Ax(t))vé)}

€eB
£€By 0

< sup {<£7a’:(t) + f{t2(t) + /g(t, ij(S))d8> - 0(—a(t)f9dc<t)(x4w(t)),€)} :

eH
¢ 0

This and inequality (4.23) give

t

d (a‘e(t) + 1w 0) + [ glt,5,2(5))ds, ~a(0ddeqy <Am<t>>) ~o.
0

Therefore, for almost all ¢t € T

—i(t) ~ f(t.2(0) ~ [ g(t.,2(5))ds € a(t)dog)(Aa(t) © Nog(Aa(t))
0

Consequently, as desired it follows that

z(t) + f(t,z(t)) + /g(t,s,x(s))ds € —New)(Ax(t)) ae tel
0

Therefore, the function x(-) is a solution of (P4 s4).

Step 6: Uniqueness of solution.

Now, we turn to the uniqueness. If zi(-) and x2(-) are two solutions of (P4 ) , the
monotonicity property of the normal cone yields, for almost all ¢ € [0,T7,

(1) — d2(t), A (22 () — 22(t))) <

<f<t,x1<t>> — )+ [ olts,ea(6)ds = [ o(t5,2a()ds, A a(6) - x1<t>>>
0

< [JA (22(t) — 21 (1))l (IIf(t,:m(t)) — [t z2(t))] +/Hg(t,s,x1(8)) —g(t,s,xz(S))lldS) :
0

Since A is a bounded linear map and by the assumptions (Hy2) , (Hy2) we have for almost
all t € [0,T]

(#1(t) — @2(t), A (22(t) — 22(1))) <
< k(0 Al lz1(8) = 221 + Li(2) [All 1(2) = 22(0)] / [z1(s) = 22(s)]| ds.
0

Using the fact that A is p-coercive, we have

% (1(t) — w2(t), A (22(t) — 22(1))) < ikn(t) [A[] (21 () = 22(t), A (21(t) — 22(1))) +
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2L, (1) | A] Mxl(t) —aalt), Al (t) = 220)) [ l1(5) = 2(5), A (@1(5) — 22(5))ds
0

Let us set for each t € [0,T7,
o(t) = (x1(t) — 22(t), A (21 (t) — 22(1))) ,

applying the classical Gronwall’s inequality brings us to the following estimate

2|A
o(t) < ¢(0) exp (HPH (”k??HLl([O,T},RJr) + T|’LT]‘L1([O,T],R+)>) :

Using the p—coercivity of A and the equality ¢(0) = 0 bring us to

[z1(t) = z2()] = 0.
The above equality being true for all ¢ € [0, T, it follows that

z1(+) = 22(").

Case 2: Now assume that

T T
P
/ (7‘((7") +/’y('r, s)ds) dr > ST AT

0 0

Consider a subdivision of [0, 7] given
To=0,T1,...Ty =T,
such that, for any ¢ € {0,1,....k — 1}

Ti+1 r
p
/ (W(T) —l—/'y(r, s)ds) dr < ST AT

T 0

Then, by what precedes, there exists an absolutely continuous map xg : [0,77] — H such
that z(0) = g, Azg € C(0) for all ¢t € [0,T7], and

—ig(t) € Ne(Azo(t)) + F(t 2o(t)) + / g(t,s,20(s))ds  a. e t€[0,T1].
0

In the same vein, by what precedes again, there exists an absolutely continuous map
z1(+) : [Th, To] — H such that z1(T1) = zo(Th), Az (t) € C(t) for all ¢t € [T1,T»], and

—21(t) € Now (Az1(t)) + f(t, 21(t)) + /g(t,s,xl(s))ds a.e. t € [T, Ty].
0

Inductively, there exists a finite sequence of absolutely continuous maps x;(+) : [T}, Tj+1] —
H (0 < i < k — 1) such that, for each i € {0,1,....k —1} (we set z_1(0) = zo),
zi(T;) = xi—1(T3), Ax;i(t) € C(t) for all ¢t € [T}, Tj1+1], and

(1) € Nogy(Azi(t)) + F(t,zi(t)) + / gt s, 2i(s))ds  a. et e [ThTiul.
0

Now, let z(-) : [0,7] — H be the map defined by
x(t) = xi(t), if t € [T;, Tixa], (0 <i <k —1).
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Obviously, z(+) is an absolutely continuous map satisfying x(0) = xg, Az(t) € C(t) for all
t € [0,7] and

—i(t) € Now (Ax(t)) + f(t, (1)) + /g(t,s,z:(s))ds a.e. t€[0,7].
0

Step 7. We prove the estimations.
It remains to prove the predicted estimations. Let z () be the unique solution of (P4 7).
According to Proposition 2.2, one has

<

#(t) + f(t, (1)) + /g(t,s,x(s))ds
0

1
- a.e. (t,s) € Qr. (4.24)
p

On the other hand

t
[AILF @ z@)] -+ (1Al / lg(t, s, 2(s)|| ds + [o(2)]
0

lE(®)] <

z(t) + f(t,z(t)) + /g(t,s,x(s))ds
0

t

@)+ [ lglt.s.2()]ds.
0

Therefore, by (4.24), we obtain

1
&) < — +
P

A @ z@)] -+ (Al / lg(t, s, 2(s)]| ds + |o()]
0

llf(t»ﬂf(t))||+/||9(t787$(8))||d8 a. e.t€[0,T].
0

From the growth conditions of f and g, we have for almost all (¢, s) € Qr

el < (1) a4 e £0 + S o,

where
E(t) :=7(t) + /’y(t, s)ds.
0

On the other hand the fact that = () is absolutely continuous implies

()] <
t
Il 1 lIAl :
; + 1) (14 |lzoll) E(t) + 5 lo(t)| + 5 +1)E(t) [ |2(s)||ds a.e. te[0,T].
0
By Gronwall’s lemma we obtain, for all ¢ € [0, 77,

O/tug;«<s)u ds < O/t [(”;1” + 1) (1 + [Jo])) E(r) + ; y@(m@ exp (/t (”‘;” 4 1) E(0) da) dr.

Using the inequality

[z@)] < ol +/||53(8)H ds,
0
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we get for all ¢t € [0, T
lz()]l <

(E +/t K”?” + 1) (14 ||zol) E(r) + /1) |7')(T)|} exp (/t (”‘2” + 1) E () de) dr.
0 T

As a result, for
T
_ Al
L= ||zo| + exp ; +1) [ E0)do
0

(H?H 4+ 1) (1 + [lol) O/T <E(r) - ; |1'1(r)|) dr,

one has
[z (oo <1
Consequently
I f(t,z@)] <7 @)(1+1) a. e tel0,T], (4.25)
and
llg(t,s,z(s))]| <~v(t,s)(1+1) a.e. (t,s)€ Q. (4.26)

And (4.24),(4.25) and (4.26) together imply, for almost all ¢ € [0, T

z(t) + f(t,z(t)) + /g(t,s,w(s))ds
0

< ; AN (L + DB + o)) (4.27)
Further, we have

()] <

z(t) + f(t,z(t)) + /g(t,s,x(s))ds
0

+F @)l +/|lg(tjs,$(8))lld8-
0

Coming back to (4.27), it follows that, for almost all ¢ € [0, 7],

()] < ; A+ DE®) + o)) + (1 +DE®).
Then, the proof of the theorem is complete. O
Let 8 4 be the set defined by
Sa:={e€c H:Aec C(0)}.

For each e € 84, denote by x.(-) the unique solution of (P4 4) with the initial data
ze(0) = e, Ae € C(0).

The following proposition gives a topological result concerning the map e —— z.(-)
which associates with each e € 84 the unique solution z(-) of (P4 4) with the initial
data z.(0) = e, Ae € C'(0). For completeness of the paper, we sketch the proof.

Proposition 4.2. Assume that the assumptions of Theorem 4.1 hold. For each e € 84,
the map
v: 84 — C€([0,T],H)
e Yle) =we(),
endowed with the uniform convergence norm is Lipschitz on any bounded subset of S 4.

Proof. Let R > 0 be any fixed positive real number. We are going to prove that v is
Lipschitz on 84 N R.B. According to Theorem 4.1 (case (a)) and since the constant [
depends on the initial condition, one can find a real number R; depending only on R such
that, for all z € 84 N R.B and for almost all ¢t € [0, 7],

t

B0 + F(t, 22 (1)) + /g(t,s,xz(s))ds

0

< G(t),
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where

G(t) ==

t
A4+ Ry) (m) +f v(t,S)dS) [0
0
Which entails that (by (a) and (b)) there exists some real number > 0 depending only
on R for which

1
p

[z ()] < n, (4.28)
for all z € 84 N R.B and for all ¢t € [0, T7.

Fix any e,d € $4 N R.B. By the monotonicity property of the normal cone, we have for
almost all (¢,s) € Qp

<ie(t) + f(t7x€(t)) + /g(t’ Sa$e(s))d5 - :td(t) - f(ta xd(t)) - /g(ta vad(s))dstxe(t) - Awd(t)>
0 0

<0,

from which we obtain

%% (e(t) —xq(t), A(ze(t) — x4(t))) <

LA (s e (t) = (& 2a ()] l|ze(t) = za(®)]] +
¢
[A[ e (t) = za(®)] / lg(t, s, ze(s)) = g(t, s, za(s))]| ds.
0
Since, by the assumptions (Hyo) and (3, 2), the above inequality along with (4.28)

entails that for almost all ¢ € [0, 7]

% (2e(t) = za(t), A (w(t) — 24(t))) <

2k (1) | Al l|ze(t) = za(ON* + 2Ly (0) || All e (t) — za(t)l] / [ze(s) = za(s)]| ds.
0

On the other hand, using the fact that A is p-coercive, we have

% (2e(t) — walt), A (2e(t) — 24(t))) <
ZEAORAL (4 1) = ) 0) = w4220 14 8 = a0 [ Nels) = )] s
0

Finally, one has

% (2e(t) — walt), A (2e(t) — 24(t))) <
2’“77(2”‘4” (A (@e(t) = zalt)) 2o (t) — a(t)) +

AU T 0ul0) = ) )~ 2a(0) [ VA Gls) = ) e (5) = o).
0

Based on this last inequality and proceeding in the same way as for the Cauchy criterion
stated above, we arrive at the following inequality

A
&) < €02 (L2 (1)L 012, + 10l oz, )

where

§(t) := (we(t) — wa(t), A (ze(t) — wa(t))) -
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Using the p-coercivity of A and the equalities z(0) = e, z4(0) = d bring us to

1 A
e (t) — za(t)* < ;f(o) exp 2 (HpH (HanLl([O,T],R+) +T HLnHLl([o,T],R+))) '

Therefore

1 A
Joe(t) = @) < < le = dI 4] exp (”p”

(el 1o ry ) + T ”Ln”Ll([o,T],Rn)) :

This implies that
sup [|z(t) — zq(t)|| < Lip|le —dlf,
tel

where

, | Al Al
bip = <p) P (p (Il oz +T”LWHL1<[0,T1,R+>>)-

The proof is then complete. O

5. Conclusion

In this paper, using tools from convex analysis, we have introduced and studied the well-
posedness of integrally perturbed degenerate sweeping processes under the absolute con-
tinuity in time ¢ of the closed sets C'(t) and their convexity, by using a semi-discretization
method. The existence and uniqueness of solutions for this class of sweeping processes
are obtained under the coercivity assumption of the involved operator. Regarding the
integrally perturbed degenerate sweeping processes, many questions remain that require
further investigation. For example, it would be interesting to study the case of degenerate
state-dependent sweeping processes. Another unexplored research topic is when the sets
C(t) are prox-regular, which would also be of great interest.
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