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Abstract: Dynamic equations, inequalities, and operators are the indispensable cornerstones of
harmonic analysis and time-scale calculus. Undoubtedly, one of the most important of these operators
and inequalities is the Hardy operator and inequality. Because especially when we say variable
exponent Lebesgue space, the first thing that comes to our mind is the Hardy operator. We know that
the topics in question have many applications in different scientific fields. In this paper, some
inequalities will be proved for variable exponentially weighted Hardy operators with A-integral
calculus.

Keywords: Hardy inequality, Variable exponent, Weight function, Time scale.

Received: March 11, 2024 Accepted: May 06, 2024

1. Introduction

The variable exponent Lebesgue space was first revealed by [1]. However, this space is based on
the paper of [2] together with applications to modeling electrorheological fluids [3]. Many operators and
inequalities have been studied in the variable exponent Lebesgue space. One of the most important of
these is the Hardy operator, fractional Hardy operator, and inequality. As an example of a few studies,
Different approaches have been introduced to the Hardy operator, fractional Hardy operator, and
inequalities [4, 5]. In addition, a new dimension was added to the Hardy-type inequalities in the weighted
and variable exponent Lebesgue space [6]. Mathematicians and scientists working in different scientific
fields have expanded the workspace of operators in harmonic analysis. For example, they have proved
the conditions for the boundedness and compactness, etc. of operators and fractional inequalities in
variable exponent Lebesgue spaces and they used it in physics, mechanics, electrorheological fluids,
optics, economics, etc. [7, 8, 9, 10, 11, 12, 13]. Besides, it has been known that the fractional Hardy
operator in a variable exponent Lebesgue space does not satisfy arbitrary non-negative measurable
functions; but provides for non-negative monotonic functions. Moreover, the sharp constant of the
fractional Hardy-type operator was obtained for non-negative functions [13]. After a while, the
monotony was replaced by a weaker condition [14]. However, a relationship has also been established
between harmonic analysis in general, the variable exponential Lebesgue space in particular, and other
spaces of different types. Time scales, Morrey spaces, and Sobolev spaces can be examples of spaces.

Recently, the calculation of time scales has also attracted authors' attention. Generally, by
integrating time scales with the subjects within the field of harmonic analysis, they have revealed the
magnificent relationships between them. For example, the dynamic integral inequalities and fractional
integral operators have been studied on time scales with variable exponent Lebesgue spaces by many
authors [15-28].
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We aim of this paper is to obtain some inequalities for exponentially weighted fractional Hardy-
type operator and the weighted dual of the classical fractional Hardy operator acting exponentially
weighted with A-integral in time scale calculus.

2. Auxiallary Statements and Preliminaries

The emergence of the theory of time scales was introduced to the literature in 1988 by Stefan
Hilger [29]. Although it later experienced a period of stagnation, its popularity increased especially after
the 2000s. Recently, many authors have studied certain dynamic inequalities on time scales, operators,
and concepts that fall within the field of harmonic analysis. We see that it still maintains its popularity
today. Let [x, y] be a facultative closed interval on T (time scale). We refer to the references [29-32] for
more details. [x, y]r is denoted by [x,y] N T.

Definition 2.1. [31] The functions o, p: T — T are defined by a(t) = inf{s € T:s > t}, p(t) =
sup{s € T:s < t} for t € T. a(t) is defined as forward jump operator. The function p(t) is defined as
backward jump operator. If a(t) > t, then t is defined as right-scattered. If o(t) = t, then t is called as
right-dense. If p(t) < t, then t is defined as left-scattered. If p(t) = ¢, then t is called as left-dense.

Definition 2.2. [31] Let functions u, 9: T — R* suchthat u(t) = o(t) — t, 9(t) =t — p(t). The
functions p(t) and 9(t) are called as graininess functions. Let T be a left-scattered maximum m, then
T =T — {m}.

TX is defined as follows

T = {’II‘ \(psupT,supT], if supT <o
T, if supT=o0
and
T, = { T\ [inf T,o(inf T)], linf T| < o
k= T, inf T = —oo,

Let g: T — R be a mapping and let t be defined as right-dense. We can write the following.

i) Let g be A —differentiable at t € T*(t # minT), then g is continuous at point t.
i) Let g be left continuous at t and let t be defined as right-scattered, then g is
A —differentiable at point t,

o 9090

n(®)
iii) Let g be A —differentiable at ¢t and lirrtl %’ then
S— -
Ary 7o 9@ — g(s)
9" = éll;rtl t—s
iv) Let g be A —differentiable at t, then g (t) = g(t) + u(t) g*(t).
Remark 2.3. [31] If T = R, then g(t) = g'(t), and if T = Z, then h®(t) = Ah(t).

Definition 2.4. [30] If G: T — R is defined as a A —antiderivative of g: T — R, then G2 = g(t)
holds for all t,s € T and A-integral of g is called as the by



Middle East Journal of Science (2024) 10(1):1-13 https://doi.org/10.51477/mejs.1451041

t

fg(r)m — G(t) — G(s).

S

The following statements were proved by [14]

Theorem 2.5. [14] Let f be a measurable function on (0, o) and satisfies for some € > 0. Let
x>0,0<g<l,andf <1-— %. The inequality

1
x /q
f@ < [ rowetae) D)
0
then
P HA@I,, 5,y < KIVEFO, 0y (2)
where
1 N\
K=ct1qa(1-p-7) ®3)

Moreover, the constant K is sharp.

Let w denote a weight non-negative function. The space of L, ,,(0, o) for 0 < p < oo is defined
as follows:
1/p

1l 0 = | [ IF P0G
0

The fractional Hardy operator is defined as follows:
- f omdy, x>0
K(x)xl—o( f y w y yl X )
0

where 0 <oc< 1,0 < K(x) = [

(Ha)f)(x) =
w(y)dy < o« forall y > 0.

Lemma 2.6. [14] Let0 < g <1, k; > 0, B > 0, and let w be a non-negative weight function,
then the following inequality can be written.

w(s) < k() for 0<t<s<o (4)
Let f be a measurable function for almostall 0 < s < oo, then
s -1/q , 1/q
f(s)<B fa)(t)tq"ldt ij(t)w(t)tq'ldt (5)
0 0
forallx >0
x 1/q
ka
- s q q-1
(Ho )W) < =t Of FIO (et dt ©)

1 Z1
where k, = q /CIBl‘qcf .
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Remark 2.7. [14] If w = 1, then inequality (5) turns into inequality (1) with C = Bpl/lJ and k; =
1, consequently k, = pl/PBl‘p.

Remark 2.8. [14] If f is non-increasing mapping, then (5) holds for B = 1.

Theorem 2.9. [14] Let k; > 0,0< g <1, B >0, w be a positive weight function, and g <
1- %. Let f be a Lebesgue non-negative measurable function, then

I H PO, ) < NIPEFO,, o o

where
1

N = 131-%1%_1 (1-5-3)° 8)

Let H;, be the dual of the operator H,, in L, (0, ). Then forany f, g € L,(0, o)

o)

f(D( )jf(s)a)(s)ds)g(x)dx—J <.f 9 )dx>f(s)w(s)ds

0 y
- [ oetrgreds= [ wm| | Dgg dx | f(s)ds.
0 0 y

Hence the equality (H,,f, 9)1,(0,00) = (f, Hj;g)Lz(O «) IS satisfied for the operator H;, defined by

HLH ) = w) f ‘l’;((y i >0,

Lemma 2.10. Let w be a non-negative Welght function for x > 0, and let f(fw(t)dt < oo be
satisfied. Let f be a non-negative measurable functionfor 0 < x < oo.Let0 < g < 1,B >0,

[oe]

f FI(Ow(t)tI1dt < oo,
and *

£ <217 FIOw@e1de) o Ta([F 0O dt) )

thenforn > 0
Hy )@ < k@ ([ FI@w@E1dr) " (10)

where k3 = gB79.

Proof. By (9) it follows that

oo 71 x
x179f(x)179 < B4 ij(t)w(t)tq‘ldt> oo(x)jw(t)dt.
x 0

Hence

[ee)

< B 90(x) f (x) 171 f FID ()9 1dt

X

1

-1
f !
K@)
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. 1/q
= gB'79(-1) ffq(t)a)(t)tq_ldt
X
Integrating over (n, ), then we get
ff(X)
o " q o 1/q
< gB'79 lim ffq(t)w(t)tq_ldt - ffq(t)a)(t)tq'ldt
X—00
X X
© 1/q

< qB'™1 ffq(t)w(t)tq_ldt

Hence
. 1/q

e )d x < qB 9w (x) ;!-fq(t)a)(t)tq_ldt

If w(x) =1in(9)and (10), then we have the following corollary.

H )00 = 0() f

Corollary 2.11. [14] Let f be a non-negative Lebesgue measurable function for 0 < x < oo, and
. fA®OtI71dt < oo. Let B> 0and 0 < g < 1, then the inequality

f(x) < %(f:’ fa (t)tq‘ldt)l/q (11)
is satisfied, then forx > 0
HH) < ka([° Fr(E71de) (12)

where k; = qB'~9 and q’ is the conjugate exponent of q.

Remark 2.12. Inequalites (11), (12) respectively are analogues of inequality (1) and inequality
(2) in [8], for the dual of the classical Hardy operator.

Theorem 2.13. [14] Let f be a non-negative Lebesgue measurable function. Let —% <p<1-

%,0<q<1, B > 0,x > 0, then
P HHDN, (o) < EalltPH O, g (13)

1
where k, = qB1™% (q+1) 4.

Proof.
1

o 1 o /
L= P H DO, o) = o ¥#IH HIGAY] fa = [fyba (J7 19 ar)" ay] ™
Then it follows that
t

[o] o q 1/q 00 1/61
L < [f yPakd ffq(t)tq‘ldt> dy] = kg [f fa(t)ta1 fyﬁqdy dt]
0 Y Y

0
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1
= g8 (Bq+ DO,

Let ¢ be a measurable positive function in R™. Suppose that p is a measurable positive function

on ¢. Assume that 0 <p~ < p(x) < p* < oo, p~ =ess irelf p(x), p* = ess supp(x) and w is a
Xep XEQ

weight function on ¢.

Definition 2.14. Let Ly (s) , (¢) We define as all measurable functions on ¢ such that

b () = J,; (f () (s)DPOds < oo (14)
Note that the expression
. () |w(s)\PS)
1y o) = 1nf{/1 >0; [, (F229) " ds < 1} (15)

denotes on Ly s),q (9).

Corollary 2.15. [10] Let n(s) = HEWE) and let 0 < u~ < u(s) < v(s) < vt < co. Assume

v(s)-u(s)’

that w,, w, are weight functions in ¢ satisfying the condition:

=
Then the inequality
1
”f”Lu(.),u)l((p) < (Al + Bl + IlX(lelLoo(‘/’))u_ |

2
holds for every f € Ly ), (@), Where

< 0o,

Loy (®)

w1
— WLy (16)
@20 Ly (@) 0029

01 ={s€p:uls) <v(s)}, ¢,=1{y€p:uls)=v(s)}

B MO v(s) — u(s)
= sup ——;,, =Ssup —————.
L aev® T ae T v

Lemma2.16. [11] Lett € ¢, c R™. If0 <p~ < p(x) < q(t) < q* < oo, forallx € ¢, € R™,
and if p € M(¢,), then the inequality

11,0000 < My q |[11F 12,0002 (17)

Lg)(@2) Lp)(®1)

holds, where

+ -_
Mpq = (Ixlleo + A2 lles + 2= +25) (lxAslleo + 1A lco) (18)

q~ =ess infq(x), q— = ess supq(x)
() P2

Ay ={(x,t) € 1 X @2;0(x) = q(x)}, Ay = @1 X P2\ Ay

If M(¢,) is define as continuous functions on ¢, and if f: ¢, X ¢, — R is define as measurable
function, then

11
|| f Lq(.)@’z) Lp(.)(‘Pl)
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Theorem 2.17. [10] Let f be a non-negative and non-increasing function, and let 0 < p~ <

p(x) < q(t) < q* < 1, for x € (0,2), and equality n(x) = % be satisfied. Suppose that ¢, and
@, are weight non-negative functions. The inequality
1
_L_ yp+||%”Lq(_)(y‘oo)
”Hf”Lq(x),wz(O,oo) <p P Mp4b, o ||f||Lp(,)_w1(0,oo) (19)
Lp()(0,0)
holds for f € Ly (), (0, ), where
Mp,q
(1 1
= | IXA1llLg0,00) T X A2 Lg(0,00) + P (q__ - q_+) (”)(TlllLoo(O,oo) + ||XT2||L°°(0,oo)),

1

- pt-p” P
Ty ={x € (0,0):p(x) =p~}, T, =(0,0)\Ty, and bp = (1 T + ”XTlllLoo(O,oo)) .

3. Results and Discussion

The variable exponentially fractional Hardy-type operator with A —integral in time scale calculus
is defined by as follows

1 1
K(x)x1=%

0
where 0 <x< 1,0<p(s) < 1,0 < K(x) = foxwp(s)(s)As < oo forall s > 0.

(Hocor ) () = j FWPO(s)As, x>0,

Theorem 3.1. Let f is A —integrable non-negative Lebesgue measurable function satisfying
inequality (5) with p replaced by p~. w is a positive weight function. Let 0 <x< 1,0 <p~ < p(x) <

qx) <qt <1, Bp<1- L ,n(x) = &(x)_. Assume that w; and w, are weight positive functions.
p p(x)-p
The inequality
”Ho(wp(f)fHLq(x)'wZ(0,00)
p®) 1 p(t)
]|
xw P I (t00)
q0)
= kZMp,qbp wf(y) .”f”Lp(.),wf(t)(O'oo) (20)
Lp()(0,00)
1 i—l

is valid for f € Ly(y)w, (0, ), where k, = p~2 kI B'7P",
Proof. Applying Lemma 2.6, we obtain

”Hocwp(y)f”L , = ||w§(y)Ho<wp(y)f||
q

00§ ) Lan (0.%)
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p(t) X 1/p_
kyow, ()| 1 _ -
<\ 7 | 7= f P OwPO P A
xw P~ (x) 0 o 0)
1/p~
p(t) x
wy (%) 1 - . -
=k, 0] xl-“ffp (t)wp( )(t)tp At
xw P~ (x) 0 o 0)
20) _ B 1/p-
Let/, = “’z&t)(x) (ﬂ%«foxfp (t)a)p(t)(t)tp —1At)
xw P (x) Ly (0,0)
- 1/p7 1y
oo 1P
1 - wP® (%) _
Ji= x1—o<f[fp PO ]x0.0 @) ZPT tP 1At
0 xw P (x)]
Lq(x)(O,oo)
' - 1/p7y
© p
p(t)
- w7 (x) _
= x1—o<f[fp (t)wp(t)(t)])((o.x)(t) ZPT tP ~1At
0 xw P~ (x)
Lq_(_)(O,oo)
10
1 1
p— Ilp__
1 - wP® (%) _
= ||[F=l7 @erO@lkon® || e
xw P~ (x)
L1(0,0) Lq_(_)(O,oo)
19
Next applying Lemma 2.16, we obtain
1/p~
[} p_
! - DAMCl \
Ji=Mpq| xl—o(j [f7 (©) PO )] x 0.0 (®) 0] tP 1 At |
0 xw P~ (x) Ly @) /
iU
1/p~
[oe] p_
1 _ B wp(t)(x)
MP.q x1-% fP (t)wp(t)(t)tp -1 X(O.x)(t) ZIJT At
0 xw P~ (x)
Lq(_)(O,oo)

o0 P
®
I 1 - - wf (x) I
— Mp,ql xl—oc.[ fp (t)a)p(t)(t)tp 1 T At |
0 xw P~ (x) /

(

e

\1/17_

Lq()(0,)

D

https://doi.org/10.51477/mejs.1451041
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1 p@®  p 1|l PO (x)
= Mp,q xl—_ocf(t)a) p (t)t p T
Xw P (x) Lq(t,0) L—(0,00)
p ’
&f) p_:1 wp(t)(x)
Let], = [|[f(D)w?™ (t)t P 2@ ,
xw P~ (x) Lot - (0,00)
p ’
then applying Corollary 2.15, we obtain
p(t) p -1 wp(f)(x)
= B 2
wpP ()t P &9( )
xw?P (x
Lg(t,0) 1
<b . vl )
J2= by wf(t) A= If L2 ®0)
Ln()(OJOO)
Hence
”Ha)pf”Lq(x)'wz(O,oo)
p(t) p—1 wp(f)(x)
— I—— 2
wP ()t P —&( )
xw P (x
L, (t,0) 1
< q R
>~ ksz,qbp wf(t) xl_o( ”f”Lp(.)wll,(t)(O,oo)-

Lp()(0,0)

Theorem 3.2. Let f be A —integrable a non-negative Lebesgue measurable function satisfying

inequality (9) with p replaced by p~. w is a positive weight function. Let 0 <x< 1,0 <p~ < p(x) <

gx) <qt <1, p<1-— pi_, n(x) = :E;?E’;)_, x € (0,00). Assume that w; and w, are positive

weight functions. The inequality

1H; ro £,

q(x)’wg (0,00)

p(t)

WP (t)t%”wf(t)(x)wp(t)(x)“L 0
q0,

< k3Mpqbp 7 L TPIOICED (21)

Ln) (0,0)
is valid for f € Ly, , (0,00), where k3 = p~ AP,

Proof. Applying Lemma 2.6, we obtain

1Hsp I, = ”wg(t)H;p(t)f”
q

(x).wg ()(0,00) Lg(x) (0,00)
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1/p~

< ks || P @ 0 w0P® () | = f £ (PO ()P 1At
X

Lq(x)(o,oo)
1/p~
Let V; :| PO ()00 () (o [ 7 QPO 1At "
Lg(x)(0,00
[ee] 1/p_
- pT
Vy _‘Xf[fp (O PO ()] x x,00) () [wg(t)(x)a)p(t)(x)] (PT-1AL
0 Lg(x)(0,0)
1 v 1/p~
- pT
- x1—ocf[fp (t)wp(t)(t)])((x,oo)(t) [wﬁ’(t)(x)wp(f)(x)] tP 1AL
’ Lg(y(0,0)
=
1/p

[ OO O [} O O@] 7

L;(0,%) Lq()(0,00)

p

Applying Lemma 2.16, we obtain

- 1/p~
v < m e cowr® PO (PO ) 71 A
LS Mpq| == | [P ©0POW]x e (®) |0 0POG | ¢t .
L(.) 0,c0
;17__
- 1/p”
1 - - p-
=My | = [ 17 ©PO@ [t © [0} O 0P O )] at
0 pL_(O"")
1/p~
P~ PO (£)tP 1 [P ® p(t)
= My | f CTCt ey P OO
1 PO pty o ;
= Myq || f O P @ 7 ek WO
Lq(0D) Lp=(0,00)
By applying Corollary 2.15, we obtain
p@® p -1
0T OF T [P |
Lq(0,t) Ly-(0,00)

10
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|| 2& p -1 I
wP (Ot P ||w§(t)(x)“’p(t)(x)”L ) 1
<b 1 —_ 0)-
14 w:{)(t) x1-x ”f”Lp(.)wll)(t)(Or )
Ly()(0,00)
Hence
[H v f
© L4800
|| 2O p -1 ¢ [l
Sl ooweow]
< ksMp 4b - ——=Ifll, 0,00)-
p.q"p wf(t) x1-x p(.)wi)(t)( )
Ln()(0,00)

Remark 3.3. In Theorem 3.1 and Theorem 3.2, if we get T = R, x= 1 and p(t) = 0, then we
obtain continuous weighted inequalities as mentioned in [15].

4. Conclusion

In general, operators and variable exponent types of inequalities have become one of the important
cornerstones of harmonic analysis. Their boundedness, compactness, etc. have caused them to become
the focus of attention of mathematicians. Numerous studies have been conducted in this field, especially
since the beginning of this century. Likewise, the issue of time scales has become popular, especially in
the last years, although not so much in the past. Holistic studies covering time scales and harmonic
analysis have become more popular recently. Inspired by these studies, we took a new present to variable
exponentially fractional Hardy operator by reconciling time scales and harmonic analysis.

Ethical Statement

The author declares that this document does not require ethics committee approval or any special
permission.

Conflict of Interest

The author declares no conflict of interest.

References

[1] Orlicz, W. “Uber konjugierte Exponentenfolgen,” Stud. Math., 3, 200-212, 1931.

[2] Kovacik, O., Rakosnik,J. “On spaces LP®and W¥P® » Czechoslovak Math. J., 41, no. 4, 592-
618, 1991.

[3] Akin, L. “A Characterization of Boundedness of Fractional Maximal Operator with Variable
Kernel on Herz-Morrey Spaces.” Anal. Theory Appl., Vol. 36, No. 1, pp. 60-68, 2020.

[4] Akin, L. “A Characterization of Approximation of Hardy Operators in VLS, Celal Bayar
University Journal of Science, Volume 14, Issue 3, pp:333-336, 2018.

11



Middle East Journal of Science (2024) 10(1):1-13 https://doi.org/10.51477/mejs.1451041

[5] Akin, L., Zeren, Y. “On innovations of the multivariable fractional Hardy-type inequalities on
time scales”. Sigma J Eng Nat Sci ;41(2):415-422, 2023.

[6] Bandaliev, R.A. “On Hardy-type inequalities in weighted variable exponent spaces LP (x) for 0 <
p < 1,” Eurasian Math.J., 4, no. 4, 5-16, 2013.

[7] Mamedov, F.I., Zeren, Y., Akin, L. “Compactification of weighted Hardy operator in variable
exponent Lebesgue spaces,” Asian Journal of Mathematics and Computer Research, 17(1): 38-
47, 2017.

[8] Azzouz, N., Halim, B., Senouci, A. “An inequality for the weighted Hardy operator for 0 < p <
17, Eurasian Math. J., 4, no. 3, 60-65, 2013.

[9] Ruzicka, M. Electrorheological Fluids: Modeling and Mathematical Theory, Lecture Notes in
Mathematics, Springer, Berlin. 1748, 2000.

[10] Bandaliev, R.A. “On an inequality in Lebesgue space with mixed norm and with variable
summability exponent,” Mat. Zametki, 84, no. 3, 323-333 (in Russian). English translation: Math.
Notes, 84,no. 3, 303-313, 2008.

[11] Samko, S.G. “Differentiation and integration of variable order and the spaces LP (x),” Proc. Inter.
Conf. "Operator theory for complex and hypercomplex analysis™, Mexico, 1994, Contemp. Math.,
212, 203-219, 1998.

[12] Burenkov, V.I. “Function spaces. Main integral inequalities related to LP-space,” Peoples'
Friendship University of Russia, Moscow, 96pp, 1989.

[13] Burenkov, V.I. “On the exact constant in the Hardy inequality with 0 < p < 1 for monotone
functions,” Trudy Matem. Inst. Steklov 194, 58-62 (in Russian), 1992.; English translation in
proc. Steklov Inst. Math., 194, no. 4, 59-63, 1993.

[14] Senouci, A., Tararykova, T. “Hardy-type inequality for 0 < p < 1,” Evraziiskii Matematicheskii
Zhurnal, pp.112-116, 2007.

[15] Bendaoud, S.A., Senouci, A. “Inequalities for weighted Hardy operators in weighted variable
exponent Lebesgue space with 0 < p(x) < 1,” Eurasian Math. J., Volume 9, Number 1, 30-39,
2018.

[16] Akin, L. “On some results of weighted Holder type inequality on time scales,” Middle East
Journal of Science. 6(1), 15-22 2020.

[17] Akin, L. “On innovations of n-dimensional integral-type inequality on time scales.” Adv. Differ.
Equ. 148 (2021), 2021.

[18] Akin, L. “On the Fractional Maximal Delta Integral Type Inequalities on Time Scales,” Fractal
Fract. 4(2), 1-10, 2020.

[19] Agarwal, R.P., Bohner, M., Saker, S.H. “Dynamic Littlewood-type inequalities”. Proc. Am.
Math. Soc. 143(2), 667677, 2015.

[20] Oguntuase, J.A., Persson, L.E. “Time scales Hardy-type inequalities via superquadracity.” Ann.
Funct. Anal. 5(2), 61-73, 2014.

[21] Rehak, P. “Hardy inequality on time scales and its application to half-linear dynamic equations.”
J. Inequal. Appl. 5, 495-507, 2005.

12



Middle East Journal of Science (2024) 10(1):1-13 https://doi.org/10.51477/mejs.1451041

[22] Saker, S.H. “Hardy—Leindler type inequalities on time scales.” Appl. Math. Inf. Sci. 8(6), 2975~
2981, 2014.

[23] Saker, S.H., O’Regan, D. “Extensions of dynamic inequalities of Hardy’s type on time scales.”
Math. Slovaca 65(5), 993-1012, 2015.

[24] Saker, S.H., O’Regan, D. “Hardy and Littlewood inequalities on time scales.” Bull. Malays.
Math. Sci. Soc. 39(2), 527-543, 2016.

[25] Saker, S.H., O’Regan, D., Agarwal, R.P. “Some dynamic inequalities of Hardy’s type on time
scales.” Math. Inequal. Appl.17, 1183-1199, 2014.

[26] Saker, S.H., O’Regan, D., Agarwal, R.P. “Generalized Hardy, Copson, Leindler and Bennett
inequalities on time scales.” Math. Nachr. 287(5-6), 686698, 2014.

[27] Saker, S.H., O’Regan, D., Agarwal, R.P. “Dynamic inequalities of Hardy and Copson types on
time scales.” Analysis 34,391-402, 2014.

[28] Saker, S.H., O’Regan, D., Agarwal, R.P. “Littlewood and Bennett inequalities on time scales.”
Mediterr. J. Math. 12, 605-619, 2015.

[29] Hilger, S. Ein MaRkettenkalkiil mit Anwendung auf Zentrmsmannigfaltingkeiten, Ph.D. Thesis,
Univarsi. Wirzburg, 1988.

[30] Saker, S.H., Rezk, H.M., Krni'c, M. “More accurate dynamic Hardy-type inequalities obtained
via superquadraticity.” Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A Mat. 113(3), 2691-2713,
20109.

[31] Saker, S.H., Saied, A.L., Krni'c, M. “Some new weighted dynamic inequalities for monotone
functions involving kernels.” Mediterr. J. Math. 17(2), 1-18, 2020.

[32] Saker, S.H., Saied, A.L., Krni'c, M. “Some new dynamic Hardy-type inequalities with kernels
involving monotone functions.” Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A Mat. 114, 1-16,
2020.

13



	1. Introduction
	2. Auxiallary Statements and Preliminaries
	3. Results and Discussion
	4. Conclusion
	References

