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ABSTRACT. This paper presents the nonlinear maximum product type of uni-
variate and bivariate Bernstein—Stancu operators and uses new definitions to
investigate the approximation properties. The order of approximation ob-
tained with the nonlinear maximum product type of operator sequences would
be better than the degree of approximation of the known linear operator se-
quences.

1. INTRODUCTION

In 1969, Stancu [3] introduced the Bernstein-Stancu polynomials as follows

B(f;2) Zf (ﬁi;) ( )xk(l—x>’“, (1)

where n € N, f € C[0, 1], which is the space of all real valued continuous functions
defined on [0, 1], real numbers « and 8 are fixed, indicating that 0 < o < 5. The
classical Bernstein polynomials are obtained in the condition o = 8 = 0.

The approximation of a continuous function by a series of linear positive opera-
tors is the main topic of Korovkin-type approximation theory (see [1], [2], |18]- [21]).
Recently, Bede et al., [4] have introduced nonlinear positive operators in place of
linear positive operators. Bede et al., introduced the max-product version of fami-
lies of linear approximation operators (see [7], [§]), which generated a new field of
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approximation theory. Up to now researchers have investigated and explored many
aspects of max product operators (see [13]- [17]). It is concluded that they have
an even better order of approximation for certain subclasses of functions and the
same order as in the case of positive linear operators.

Lemma 1. ( [5]) Let I C R be a bounded or unbounded interval, CBy(I) be
the space of real valued continuous and bounded functions defined on I, and Ly, :
CBy(I) - CBy(I), n € N be a sequence of operators satisfying the next require-
ments:

(i) (Monotonicity) If f,g € CBy(I) provide f < g then L,(f) < L,(g) for all
neN;

(ii) (Sublinearity) For all f,g € CB(I) L,(f +¢g) < Lo(f) + Ln(g) -

In [11], the function of two real variables function f be given over the unit square
s :10,1][0,1] then the bivariate Bernstein polynomial of degree (n,m), correspond-
ing to the function f, is defined by means of the formula

B ()@ 9) = > pri(@)pm.; () f(i/n, j/m).

i=0 j=0
The square interval of bivariate Bernstein polynomials connected to a function of
f(z,y) given by

m

B (N)@,9) =53 b @) ()£ i/, j /m)

i=0 j=0
im0 22 je0 Pri(@)Pm.; () £ (i/n, j/m)
Z?:o Z:;rL:O Pni(T)Pm,j (Y) 7

where f:[0,1] x [0,1] = R, (z,y) € [0,1]%, n,m € N (see Hildebrandt—Schoenberg
[9], Butzer [10]). Also, in [6] max-product Bernstein operators of two variables
defined by

B (H)(z,y) =

Vico Vo Pri(@)pm,;(y) f(i/n, j/m)
\/?:0 \/;n:() Pr,i(2)Pm,j (Y)

In this work, we study the max-product Bernstein-Stancu operators. Firstly,
we give the definition of the bivariate Bernstein-Stancu max product operators
and investigate approximation properties of these operators. Then, the bivariate
Bernstein-Stancu max product operators will be defined and approximation prop-
erties for bivariate Bernstein-Stancu max product operators will be investigated.

, (z,y) €10,1)*,n,m € N.
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2. CONSTRUCTION OF THE BERNSTEIN-STANCU OPERATORS OF
MAaX-PropucT KIND AND THE APPROXIMATION PROPERTIES

We describe the max-product type nonlinear Bernstein-Stancu operators as fol-
lows

z
m\io Pam (@)K ( 7::(5)

v P ()
m=0

with p. o (z) = (7)2™(1 — 2)>~™ where £ : [0,1] = R", z € [0,1] ; p,f € R"
0<p<Band

8
s

3

&
!

,2€N (2)

1 J—
z+0
Here, PZ(M)(/{; x) is positive and continuous on [0, 1] for the continuous function
(see |12]). We also know that for Vz € N, PZ(M)(/{;()) — #(0) = 0 and the following
definitions will be given for the arbitrary 0 < x < 1.

Now, the approximation rate will be calculated with the help of the modulus
of continuity for maximum product type Bernstein-Stancu operators. To prove
the main results, we need the following notations and auxiliary results. For each

m,w € {0,1,...,z} and = € [ w@tp w+p+1} ,2€ Nand 0 < p <06, let us indicate

lim, 0o

z+0+1 z4+6+1

+
Ny 2 w(fE) = pz,m(x) 1:+9p _ I| Nm,z w(il:) = 72,771(55) .
o Pz, (2) , H Pz (@)

Let m,w € {0,1,...,z}, = € [Z?_;fl, f_:gpj_'ll] ,2 € Nand for p,§ € RT, we have

0 < p < 0. Hence, it is obvious that
pz’m(z)(%fx)
pz,w(x) ’
m+p

ii. if m <w—1then Ny, »o(z) = %'

Additionally, for each m,w € {0,1,...,z}, = € Li’;‘fl, :"iepjll ,z € N and for
p,0 € RT, we get 0 < p < 6. Let us indicate

i. If w+1<m then Ny, . o(z) =

Pem (@) (Fiafs —)
Pz, () ’
m+p

ii. if m <w—2then N (:c):w

—_m,z, @ pz,w(l’)

i. If w+2<m, then Ny, (x) =

z4+60+17 z4+60+1

i Ifw+2<m, then Np > o(®) < Nypzow (%) <3Ny s ().
ii. If m < w — 2, then Ny, . »(z) <N () < 6Nz ().

==m,z, @

Lemma 2. Let x € [ w@tp w+p+1} and for all m,w € {0,1,..., 2},
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+
Nooow () _ 530 —

Proof. (i) This inequality Ny, » (%) < N2 (2) is immediate. Besides,

T m+p _ w+p
z+6 < z+0 z+60+1

N - m+ - m+

Noow(@) | 22l — g ke

_ wtptl
z+0+1 z+0+1
mz+mb+m+p—zw— 0w

(z+0)(m—w—1)

IN

< MZw p <3
“Tm-—w—-1+0)m—-w—-1) ~
which proves (i).
(4i) The inequality Np, . o(7) < N, . () is immediate. Also
m—+ w+p+1 m—+
MWL,Z,W(:E) _ r - z+9—£1 < z+£+1 - z+0—i/-)1
= tp = =t +
Ninz,w(T) T — Z.(f z+0—£1 - 7:-wp
0+ 1) (w+p+1—m—p)
(z+0)(@+p-—m—p)—m=—p
(z+0+1)(w+1—m)
(z+0)(w+p—m—p—-1)
2zt 0+1 w+1-m 2w+1—m
2460 w—m—-1""w-m-1
1
—2(14 o) <0
w—m-—1
Therefore, we get the following inequality
Nm72’7w(x) S Em,z,w(x) S 6N’m727w(m)7
and it is the proof of the lemma. O
Lemma 3. For all m,w € {0,1,...,2} and x € [Zf;rfl, fie"ill} , we have
nm,z,w(x) <1
Proof. We have two states 1)w < m, 2)m < w
1)It is obvious that the function g(z) = 1= is nonincreasing on x € [zf;fl , fiepj:]
it means that
() _ m+1.1 —r_ m+ 1'1 - L;’_’;l -1
Nmt1zw(T) z—m x ~ z2—m %";‘1 =7
which implies that

.. < n7n+2,z,w(x) < nm—&-l,z,w(x) < nm,z,w(m>-
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2)For m < w, we obtain

Nmew(®)  z—m+1 x S F=mAl f:é) .
nm—l,z,w(gj) m 11—z~ m l—fiep -

which immediately implies
10,2, () < oo < Np—22.0(2) < N1 2,0(2) < Ny 2,0 ()

Since for Vm, ¢ € {1,2, ..., 2}, 2 () = 1 the conclusion of the lemma is obvious.
[l

Lemma 4. Let x € [zf(;:’_)l, f:é’j_’ll} ,2€Nuwep,0 eRT 0<p <0 olmak tizere,

i) If m € {w+2,@w+3,....2— 1} is such that @ < (m + p) —/m+p+1,
then Npi1,2.0(%) < N o o (2).
i) Ifm € {1,2,...,w—2} is such that (m-+p)+y/m +p < @, then N, 4 , (v) <

ﬁ7n,z,w($)'
Proof. (i) We observe that
Nm,z,w(x) _ m+P+1 1_1' zr-ﬁ;-fl -
Nm""l’sz(x) Z+9_m_p x T:—‘i_;:ll 71'.
mtp o .
Since the function (z) = 1=£. 22— s nonincreasing on [0, 1], it means that
ot %
w+p+1 z40—w—pm+p—w—p—1 z4+0—-w—pm—-—w-1
P(z) = P( ) = = ,
z+0+1 w+p+1 m_+p—w—p w+p+1 m— w
for all z € [zigfl, frepill, . Then since the contidion w < (m+p) —/m+p+1
implies
(m+p+)(m+p-—w—p—1)2(@+p+1)(m+p—w—p),
(m+p+1)(m—-—w-1)2(@+p+1)(m-w),
we obtain

Nm,z,w(x) > m+p+1 z+0—-w—p m—w-—1

— . . > 1.
Not1ow(@) ~2+0—m—p w+p+1 m—w
(ii) We observe that
N ow() :z+9—m—p+1 x x_ZT;fl
Mm+1,Z,w($) m+p 11—z z— 7::917-:11
__m+tp
Since the function g(z) = 1’7"’“’75_ ;}2{,} is nondecreasing on [0, 1] it means that

wtp \ w+p w—m w+p  wtp+l :
9(x) > 9(55H) = P gy e 1 forallz € | oy, T } . Then,since the
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condition (m+ p)++/m + p < w+ p implies (w+p)(w—m) > (m—p)(w—m—1),
we obtain

Mm,z,w(x) >Z+9—m—p+1 w+p o —m .-
N1 2w(@) ~ m+p 240+l —-w—pw—m+1 ="
which proves the lemma. 0

Lemma 5. We have
: w+p wH+p+1
z,m —Prw VV € 5 s S 071,...,
,,!Op’ (@) = Pw(a), Vo z+0+1 z+0—|—1} @ € { z}

which p, m(z) = CTae™(1 —z)*~™.

Proof. Firstly, we demonstrate that for fixed z € Nand 0 < m+p<m+p+1< z,
we have

w+p+1
24+0+1]"

0 <prms1(®) < pom(x) if and only if v € [0,
Actually, the inequality one reduces to
0 < (m’j— 1>xm+1(1 o x)zfmfl < (;)xm(l o ;L')Z —m,

which, after being simplified, is equivalent to

o<e (o) ()] = ()

Regarding the equality (mj_l) + ( - ) = (;:_11), The inequality mentioned above
straight away equals 0 < z < % Using m = 0, ..., z in the inequality that was

just demonstrated above, we obtain

Pz p+1(2) <p2p(x), if and only if = € [0, zJpr_;Ulrl} ,

Pzpt2(x) <Pz pt1(x), if and only if x € [07 ,zi—;jl} )

Pz,p+3(%) <Pz pt2(), if and only if z € {0, Zf_:i} )
so on,

Pzm+1(x) < poom(z), if and only if z € {0, M} ,
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SO on,

[ 2z+0—2]

z,z— <zz— 7'f d 1 f 077 )

Pzz—2(x) <ps .—3(z), if and only i :L'G_ Py

[ z4+60—-1]

22— <zz— 7.f d 1 f Oai )

Pz.2-1(%) <ps ,—2(z), if and only i xe_ 2011

o, 2+0 ]
| z2+0+1]

Dz.2(x) <p, .—1(x), if and only if z €
From all these inequalities, we easily get:

r 1
Itz e |0, LT

_ ,W} , then p. oy p(2) < p.p(x), forallm=0,..., 2,

p+1 p+2

Ifx e i 1] , then p. yp(2) < p.pyi(z), forallm =0, ..., 2,
[ p+2 p+3

Ifx e [ Ry 1] , then p. yyp(2) < pspyo(z), forallm =0, ..., 2,

and so on finally

p+=z
24+0+1°
that proves the lemma. O

ifze { 1} then p, m(z) < p,.(x), for all m =0, ..., 2,

Theorem 1. Let x: [0,1] — [0,1], &, be a continuous function on [0,1]. Then, we
obtain

EVZERAD!
Here, wi(k,d) = sup(|x(x) — k(t)| : x,t € [0,1], |x — t] < 6).

PO (1) () — ()] < 1201 (n ”””) @ €[0,1],¥n e N.

Proof. Checking that the max-product Bernstein-Stancu operators satisfy the re-
quirements in Lemma [I]is easy.
1
PAD(@) = wle)] < (14 5 PO (2) @) wasid) 0

which g, (t) = |t — z|. So, it is enough to estimate

m+p _
ZH0+1 z‘

z
V pem(2)k
m=0

E.(x) = P"(0)(z) = g
\iopz,m(x)
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Let x € ijfl, fi@pill} where @ € {0, 1, ..., z} is fixed, arbitrary. By Lemma

we easily obtain

z4+04+1" z24+60+1

Now, we can assume w = 0,1, ..., 2, since simple calculation for w = 0 shows that

1
B) = s (Nl € | S0, T

. . 1
in this case we get E,(z) < 99T s 37T

upper estimate for each Ny, . (z) must still be obtained, when m = 0,1, ... and

w+p w+p+1
TE |\ T 2041

for all z € [O #] Consequently, an

} . Actually, we will demonstrate that

g YL (5)

Nmzw S b
7w (@) z+0+1

which immediately implies that

VT +p 1
EZ <677 077 b
(z) < z+0+1 re z+60+1

and taking 6, = 6-Y22 in (4) we immediately get the estimate in the statement. To

z+0+1
demonstrate , we consider the subsequent circumstances: i)m € {w—1,w, w+1};

iiym > w+ 2 and iii)m < w — 2
Case i). If m = w, then Ny, »(x) =
means that Ny » o (z) < ZJF}TH.
Ifm=w+1, then Noy1 .o(T) = Not1,2,0(T) (L"H — x) . Since by Lemma

w+p
z+6

z+0+17 z+6+1

7:17‘. Since z € [ @tp w+”+1] it

z+6
we have N 1 2. (%) < 1, we obtain Ny 41, o (z) < ZH2EL 5 <

wtptl  wtp

3 z+6 — z+60 z+0+1 —
z+60+1"
_ _ wtp—1 w+p+1
If m = w—1, then Np_1,0() = Nep—1,2,0(2) (m— e ) < Zhedl
w+p—1 2
z+0 — z+6+1

Case ii). Subcase a) Suppose first that m + v/m + 1 < @, we get

- m+ p m+ p
Nmzw = Nm,z,w a1 < —F =
@) = no) (g — ) < St -

m+p  wtp < m-+p _m—i-\/m—|—1
Tz+0+1 z+04+17 z4+0+1 z+0+1
_ VmFT _ 1
24 0+1 7 Vet +1

Subcase b) Assume that m —+/m + 1 > w. Since the function 9(z) =z —+vz + 1
is nondecreasing on x € [0, 1] it follows that there exists m € {0, ..., z},of maximum
value, such that m—+/m + 1 < w. Then for my = m+1 we obtain m; —y/m + 1 >




THE UNIVARIATE AND BIVARIATE BERNSTEIN-STANCU OPERATORS 795

w and

m+p+1 m+p+1
Nﬁzw == m,z, A, 1 =~ = A 4
2wo(®) = 1, (z)<z+9+1 :1:) z+0+1

<m+p+17 w+p <m+p+1 m—vm+1

T z+0+1 z4+0+1 7 z40+1 z+0+1
_vm+1+1 < 2
z2+0+1 ~ Vz+0+1
Also, we have my; > w + 2. Indeed, this is a consequence of the fact that 1 is
nondecreasing on the interval 67[0, 1] and because it is easy to see that J(w+1) <
w. By Lemma it follows that Nat1 2 0(2) > Nmyo . w(@) > ... > N, o We
thus obtain Ny, o (z) = \/ﬁ for azly m € {m+1,m+2,...,z}. Therefore, in
both subcases, we get Ny, » o (x) < T
Case iii). Subcase a) Assume first that m + /m > w. Then we get

m+p
N = Nm. 2w - —
N o o) = (x)(x HQH)

. m+p wtpt+tl m+p
- z+0+17 z460+1 z+0+1
<m+\/ﬁ+p+1_ m+p
z+0+1 z+0+1
7\/ﬁ+p+1< 2
T oz40+1 T z+0+1
Subcase b) Assume now that m + /m < w. Let m € {0, ..., 2z} be the minimum
value such that m — \/m < w. Then my = m — 1 satisfies mp — /mz > @ and

m+p—1
M) =) (- 21)

N

z+0+1
m+p+1l wH+p+l m+p-1
X — <

z+0+1 — z4+0+1 z+0+1
m+x/m_m+p*1_\/@+2+p< 3
z4+0+1 z4+0+1 24+0+1 — \z+0+1
Additionally, since in this case we have w > 2 it is immediate that mo > w — 2.
By Lemma {4} it follows that N () > Nypo,w(®) > . > Ny, . We

—=m—1,z,w m
. 3 wtp wtptl _
obtain N,, . _(z) < JororT for ¢ € | s Shgay | and for any m < w — 2. In

IN

both subcases, we get N, » o (2) < \/%.
As a result, by collecting all the predictions in the above cases and subcases, we
easily obtain the relation that completes the proof.
O
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3. NONLINEAR MAX-PRODUCT TYPE BIVARIATE BERNSTEIN-STANCU
OPERATORS

We introduce nonlinear bivariate Bernstein-Stancu operators of max-product
type in this section.

Let us  : [0,1] x [0,1] = RT be a continuous function and for k = 1,2, p,,0) €
R,, with 0 < p, < 60 . Then the nonlinear maximum product type of bivariate
Bernstein-Stancu operators is defined as follows:

z h .
+ +
V pene) Voonso)n (258 £

Pz(%)wwk (k:x,y) = . - , (6)
V pem(@) V pui(y)
m=0 j=0
with ‘
Pzm (@) = CT'2™(1 — 2)*~™ and ph ;(y) = Chy’ (1 —y)" 7, (7)

w+p, w+p,+1 Lt+pg t+pot1
for all z,y € L+01+1, 10T 0T hroT1 | @t € N.

The subsequent sections provide an error estimate the nonlinear maximum prod-
uct type of bivariate Bernstein-Stancu operators in terms of modulus of continuity,

along with some features of the PZ(]Z[ZD operators.
STk
We require the following notations and auxiliary results for the main result
proofs. Now, some definitions for the  and y variables and lemmas will be given.

; + +py+1
For each m = {0,1,...,z}, 7 = {0,1,...,h} and z,y € 2301&17Z+0/)11+1 X

} , w,t € N, let us denote

t+py  ttpotl
h+05+1° h+05+1

m+p
N (x) N pz7m(l‘)| z+911 - SC| n (ZL') o z,m('r)
m,z,w — ’ m,z, ™ -
Pz () Pz ()
j+po
ph,j(y)|2+9 — 1 (Y)
Nin.(y) = S ngaa(y) =
Hnt Ph.(y) it Ph(y)

wtp,  wtp+l ttpy  ttpotl _
Let z,y € [z+91+1, Z+91+1} X [h+92+1, mrerr| o @t € Nym={0,1,.., 2},

i =10,1,..,h}, and for k = 1,2, p.,0, € Ry, with 0 < p;, < 0. Hence, it is
obvious that

. Pz,m(w)(”;irepl —l‘)
) If @ +1 < m, then Ny . () = =" —E8—,
B Pzm(x)(z— Ti;l)
i) It m <@ —1, then Ny - (1) = ———5,
) (itez
iii) If t +1 < j, then Nj,,(y) = %W
. "’ _ Jtp2
iv) If j < —1, then Nj,.(y) = %@;W
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i3 wtp,  wtp+1 ttpo t+py+1 —
Additionally, let x,y € |:Z+01+1’ Z+91+1} X {h+92+1, reTT| 0 Tt € N, m =

{0,1,...,2}, 7 ={0,1,...,h}, and for k = 1,2, p,, 0 € Ry, with 0 < p;, < 0. Then,
we can denote

m+pq
Pem ()T —
anzw(‘r): Zlm( )( Z+01+1),f0rm§w—2
- Pz, ()
J+ps
phj(y)(y — ,
Njn.(y) = 1) h+02+1),f01‘j§[,—2
51, ph,L(y)

w—+py w+p;+1 L+po t+pot1
Lemma 6. Let x,y € 00T 23057 | X | FF0,5T hreotT

k=1,2, ps, 0k € Ry, with 0 < p;, < 0.
i) Forallm,w ={0,1,...,2} and w+2 < m, we have Ny, » (7)) < Ny 2 () <

} , w,t € N, and for

3N 2 w(T).

ii) For all j,. = {0,1,....;h} and . +2 < j, we have Njp,(y) < Njp,(y) <
3Nj,h,b(y)'

iii) Forallm,w = {0,1,...,z} andm < w—2, we have Ny, . () < N, . (7) <
6N 2 ()

iv) For all j,o = {0,1,...,h} and ¢+ +2 < j, we have j < ¢+ —2, Njp . (y) <
Np (y) <6N;n.(y)

The proof is in a similar way to the univariate given in Lemma

Lemma 7. Forallm,w ={0,1,....2}, 5,0 ={0,1,....,h} and z,y € [%ﬂl, 1::(511:11 X

[ t+py  ttpatl

g h+92+1} , we have

Moo () < 1 and () < 1. (8)
The proof is in a similar way to the univariate given in Lemma [3]

Lemma 8. Let p, .,(x) and py ;(y) defined as given in @) Then we have

z h
\ pem (@) \ Phs(y) = P2 ()-pn(v),
m=0 7=0

2 w+p,  wtpi+1 t+p t+py+1 _
for all z,y € [0,1)%ve (z,y) € [Z+91+117 Z+911+1} X [hwzil’ h+92+1}’ w=0,..z
t=0,..h.
z h
Proof. Since we have \/ p.m(xz) >0, \ pu;(y) > 0 for all z,y € [0,1] Firstly,
m=0 7=0
we claim that for w =0, ...2,¢ =0, ...h, we have
0 § pz,m+l($) S pz,m(z)a
0 < pnj+1(y) < puj(Y),
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ifand only if x € [0, fiepllill} andy € {O, ;;:;22111} . Writing the following inequality

is simple:

z z
< w+1 1 _ z—w—1 < w 1 _ z—T0
0< (L3, )e=rtama=t < (2 )am -

h h
< t+1 1— h——1 - ‘1 — h—t
0<L+1>y (1-y) ={,)vl-y

and after simplifcation,

o<v|(, 1)+ ()] < (0
- t+1 2 —\
From the equality (wil) + (;) = (;111), we get 0 <z < fjgfill, 0<y< ;Lipezill
Also, denoting
Amzw(x) = IM - (m) ( - ) ’ (9)
” Paw(®)  (Z) \1-=

4 o) )y VT
AW =)~ ) < > ’ 10)

so, we can write Ay, . o i h. (T, Y) = Am 2 w(@). A h,.(y). Therefore, we can use the
following formula to prove the approximation results

z h .
M m+p, jtp
P52 = NV oAl (P A0 ) )

m=0j=0

w+py w+p+1 t+po t+pot1 _ _
for all (z,y) € [Z+01+1, o } X {h+92+1’ mrgr| @=0,..2,0=0,..h.

It easily follows that we can write

2,h, @,k 2, Wk, |* hyik,y

where, if ' = F(z,y) then the notations PZ(Af)(F) means that the univariate max-

product Bernstein operator PZ(M) (F) is applied to F' considered as function of x

while Pz(,]\j) (F') means that the univariate max-product Bernstein operator P (F)
is applied to F' considered as function of y. In other words, the bivariate max-
product Bernstein operators are tensor products of the univariate max- product

Bernstein operators.
O

Definition 1. Suppose that k : I : [0,1] x [0,1] — R olmak 1izere,

(i) Let for all y,z,x + ¢ € [0,1],¢ > 0, s(z + ¢,y) — K(z,y) = O(resp., < 0).
Then, the function k is increasing with respect to x on I (resp., decreasing).
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(ii) Let for all z,y,y +® € [0,1],® > 0, x(z,y + @) — s(z,y) > O(resp., < 0).
Ten, the function k is increasing with respect to y on I (resp., decreasing).

(iii) Let for allz,x+¢,y,y+® € [0,1], 9, ® > 0 Ask(z,y) = k(z+phi,y+ ) —
k(z,y + @) — k(z + ¢,y) + k(z,y) > 0(resp., < 0) Ten, the function k is
upper bidimensional monotone on I (resp., lower bidimensional monotone).
(Bede, Coroianu ve Gal, 2016).

Theorem 2. Let : [0,1] x [0,1] = Ry be a continuous function. We have

) VIFPL it )
P k)(x,y) — k(z, < 18wq | K3 ) )
IPUD ) ov0) — n(a)] < 18 (s P AT

for all z,y € [0,1] and z,h € N. Here
wi(k;v,0) = sup{| &)(z,y) — K)(2,1) [;2,9,2,t[0,1] x [0,1], | x — 2z [< v, [y — L [< 0}

Proof. Taking into account the inequality valid for the positive numbers Ay, By,
ke {0,1,...,s},

Imazieqo,.. s {Ar} — mazieqo,.. s {Br}| < mavpeqo,... 1 {1 Ar — Bil}

we obtain
IPGD (8) (2, y) — w2, y)]

z h . z h
V pem(@) Vopng)n (2505552 ) V pen(@) Voo @)s(e,)
m=0 j=0 m=0 j=0

v Pzm(T) \}7 P, (Y) v Pzm(T) \}} P ()
m=0 7=0 m=0 7=0

z h .
N penl@) Vops) |5 (50 1552 ) — wlo)|
/ Y

< z h
V pen(@) V pns(w)
m=0 7=0

z h
Vopz,m(m) .Voph,j(y)m (k3 [m +p1 /2 + 01 — x|, [j+ pao/h + 02 —y) [)
m= 1=

S z h
V pem(®) V pr;(y)
m=0 7=0

\/ l)z 7 (lf) \}} p} ](y)(7 (K:. §|m P /Z 01 $| V‘j Pz/h 02 1/‘))
o v

\ZO Pzm () 4\2) Ph;j(y)
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z h .
\/Opz)m(x) _\/Oph,j(y)W1 (1 + |m+p1/§+elfz| + |J+p2/hy+027y\)> w1 (k,d,v)
_ m= J]=

V pem(@) V oy )
m=0 7=0

z h
m+
V pem@) (Z525) | Vopis) (72, )
J:

1,V
=wi(k,0,v) | 1+ = 0 - + 4=
) v h
V pzm() V pr;i(y)
m=0 7=0
_ 6yx+p _ 6/y+p
Burada, 0= 714}1 ve v = W

(M) 6/ + p; 6y + po )
P (k) (z,y) — k(z,y)| < 3w | s )
PO 00 9) ~ st )| < 3o (s PP VP

<18W1<:‘€; VT Ty 7 VU T o )
Vet 0 +1 Vh+0,+1

O
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