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Abstract. This paper presents the nonlinear maximum product type of uni-
variate and bivariate Bernstein–Stancu operators and uses new definitions to

investigate the approximation properties. The order of approximation ob-

tained with the nonlinear maximum product type of operator sequences would
be better than the degree of approximation of the known linear operator se-

quences.

1. Introduction

In 1969, Stancu [3] introduced the Bernstein-Stancu polynomials as follows

Bα,β
n (f ;x) =

n∑
k=0

f

(
k + α

n+ β

)(
n

k

)
xk(1− x)k, (1)

where n ∈ N, f ∈ C[0, 1], which is the space of all real valued continuous functions
defined on [0, 1], real numbers α and β are fixed, indicating that 0 ≤ α ≤ β. The
classical Bernstein polynomials are obtained in the condition α = β = 0.

The approximation of a continuous function by a series of linear positive opera-
tors is the main topic of Korovkin-type approximation theory (see [1], [2], [18]- [21]).
Recently, Bede et al., [4] have introduced nonlinear positive operators in place of
linear positive operators. Bede et al., introduced the max-product version of fami-
lies of linear approximation operators (see [7], [8]), which generated a new field of
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approximation theory. Up to now researchers have investigated and explored many
aspects of max product operators (see [13]- [17]). It is concluded that they have
an even better order of approximation for certain subclasses of functions and the
same order as in the case of positive linear operators.

Lemma 1. ( [5]) Let I ⊂ R be a bounded or unbounded interval, CB+(I) be
the space of real valued continuous and bounded functions defined on I, and Ln :
CB+(I) → CB+(I), n ∈ N be a sequence of operators satisfying the next require-
ments:

(i) (Monotonicity) If f, g ∈ CB+(I) provide f ≤ g then Ln(f) ≤ Ln(g) for all
n ∈ N ;

(ii) (Sublinearity) For all f, g ∈ CB+(I) Ln(f + g) ≤ Ln(f) + Ln(g) .

In [11], the function of two real variables function f be given over the unit square
s : [0, 1][0, 1] then the bivariate Bernstein polynomial of degree (n,m), correspond-
ing to the function f , is defined by means of the formula

Bn,m(f)(x, y) =

n∑
i=0

m∑
j=0

pn,i(x)pm,j(y)f(i/n, j/m).

The square interval of bivariate Bernstein polynomials connected to a function of
f(x, y) given by

Bn,m(f)(x, y) =

n∑
i=0

m∑
j=0

pn,i(x)pm,j(y)f(i/n, j/m)

=

∑n
i=0

∑m
j=0 pn,i(x)pm,j(y)f(i/n, j/m)∑n
i=0

∑m
j=0 pn,i(x)pm,j(y)

,

where f : [0, 1]× [0, 1] → R, (x, y) ∈ [0, 1]2, n,m ∈ N (see Hildebrandt–Schoenberg
[9], Butzer [10]). Also, in [6] max-product Bernstein operators of two variables
defined by

B(M)
n,m (f)(x, y) =

∨n
i=0

∨m
j=0 pn,i(x)pm,j(y)f(i/n, j/m)∨n
i=0

∨m
j=0 pn,i(x)pm,j(y)

, (x, y) ∈ [0, 1]2, n,m ∈ N.

In this work, we study the max-product Bernstein-Stancu operators. Firstly,
we give the definition of the bivariate Bernstein-Stancu max product operators
and investigate approximation properties of these operators. Then, the bivariate
Bernstein-Stancu max product operators will be defined and approximation prop-
erties for bivariate Bernstein-Stancu max product operators will be investigated.
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2. Construction of the Bernstein–Stancu Operators of
Max-Product Kind and the Approximation Properties

We describe the max-product type nonlinear Bernstein-Stancu operators as fol-
lows

P (M)
z (κ;x) =

z∨
m=0

pz,m(x)κ
(

m+ρ
z+θ

)
z∨

m=0
pz,m(x)

, z ∈ N (2)

with pz,m(x) =
(
z
m

)
xm(1 − x)z−m where κ : [0, 1] → R+, x ∈ [0, 1] ; ρ, θ ∈ R+

0 ≤ ρ ≤ θ and

limz→∞
1

z + θ
= 0.

Here, P
(M)
z (κ;x) is positive and continuous on [0, 1] for the continuous function κ

(see [12]). We also know that for ∀z ∈ N, P (M)
z (κ; 0)− κ(0) = 0 and the following

definitions will be given for the arbitrary 0 ≤ x ≤ 1.
Now, the approximation rate will be calculated with the help of the modulus

of continuity for maximum product type Bernstein-Stancu operators. To prove
the main results, we need the following notations and auxiliary results. For each

m,ϖ ∈ {0, 1, ..., z} and x ∈
[

ϖ+ρ
z+θ+1

ϖ+ρ+1
z+θ+1

]
, z ∈ N and 0 ≤ ρ ≤ θ, let us indicate

Nm,z,ϖ(x) =
pz,m(x)|m+ρ

z+θ − x|
pz,ϖ(x)

, nm,z,ϖ(x) =
pz,m(x)

pz,ϖ(x)
.

Let m,ϖ ∈ {0, 1, ..., z}, x ∈
[

ϖ+ρ
z+θ+1 ,

ϖ+ρ+1
z+θ+1

]
, z ∈ N and for ρ, θ ∈ R+, we have

0 ≤ ρ ≤ θ. Hence, it is obvious that

i. If ϖ + 1 ≤ m then Nm,z,ϖ(x) =
pz,m(x)(m+ρ

z+θ −x)

pz,ϖ(x) ,

ii. if m ≤ ϖ − 1 then Nm,z,ϖ(x) =
pz,m(x)(x−m+ρ

z+θ )

pz,ϖ(x) .

Additionally, for each m,ϖ ∈ {0, 1, ..., z}, x ∈
[

ϖ+ρ
z+θ+1 ,

ϖ+ρ+1
z+θ+1

]
, z ∈ N and for

ρ, θ ∈ R+, we get 0 ≤ ρ ≤ θ. Let us indicate

i. If ϖ + 2 ≤ m, then Nm,z,ϖ(x) =
pz,m(x)( m+ρ

z+θ+1−x)

pz,ϖ(x) ,

ii. if m ≤ ϖ − 2 then Nm,z,ϖ(x) =
pz,m(x)(x− m+ρ

z+θ+1 )

pz,ϖ(x) .

Lemma 2. Let x ∈
[

ϖ+ρ
z+θ+1 ,

ϖ+ρ+1
z+θ+1

]
and for all m,ϖ ∈ {0, 1, ..., z},

i. If ϖ + 2 ≤ m, then Nm,z,ϖ(x) ≤ Nm,z,ϖ(x) ≤ 3Nm,z,ϖ(x).
ii. If m ≤ ϖ − 2, then Nm,z,ϖ(x) ≤ Nm,z,ϖ(x) ≤ 6Nm,z,ϖ(x).
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Proof. (i) This inequality Nm,z,ϖ(x) ≤ Nm,z,ϖ(x) is immediate. Besides,

Nm,z,ϖ(x)

Nm,z,ϖ(x)
=

m+ρ
z+θ − x
m+ρ

z+θ+1 − x
≤

m+ρ
z+θ − ϖ+ρ

z+θ+1
m+ρ

z+θ+1 − ϖ+ρ+1
z+θ+1

≤ mz +mθ +m+ ρ− zϖ − θϖ

(z + θ)(m−ϖ − 1)

≤ m−ϖ

m−ϖ − 1
.

ρ

(z + θ)(m−ϖ − 1)
≤ 3

(3)

which proves (i).
(ii) The inequality Nm,z,ϖ(x) ≤ Nm,z,ϖ(x) is immediate. Also

Nm,z,ϖ(x)

Nm,z,ϖ(x)
=
x− m+ρ

z+θ+1

x− m+ρ
z+θ

≤
ϖ+ρ+1
z+θ+1 − m+ρ

z+θ+1
ϖ+ρ

z+θ+1 − m+ρ
z+θ

=
(z + θ + 1)(ϖ + ρ+ 1−m− ρ)

(z + θ)(ϖ + ρ−m− ρ)−m− ρ

≤ (z + θ + 1)(ϖ + 1−m)

(z + θ)(ϖ + ρ−m− ρ− 1)

=
z + θ + 1

z + θ
.
ϖ + 1−m

ϖ −m− 1
≤ 2

ϖ + 1−m

ϖ −m− 1

= 2

(
1 +

1

ϖ −m− 1

)
≤ 6

Therefore, we get the following inequality

Nm,z,ϖ(x) ≤ Nm,z,ϖ(x) ≤ 6Nm,z,ϖ(x),

and it is the proof of the lemma. □

Lemma 3. For all m,ϖ ∈ {0, 1, ..., z} and x ∈
[

ϖ+ρ
z+θ+1 ,

ϖ+ρ+1
z+θ+1

]
, we have

nm,z,ϖ(x) ≤ 1

Proof. We have two states 1)ϖ ≤ m, 2)m ≤ ϖ

1)It is obvious that the function g(x) = 1−x
x is nonincreasing on x ∈

[
ϖ+ρ

z+θ+1 ,
ϖ+ρ+1
z+θ+1

]
it means that

nm,z,ϖ(x)

nm+1,z,ϖ(x)
=
m+ 1

z −m
.
1− x

x
≥ m+ 1

z −m
.
1− ϖ+ρ+1

z+θ
ϖ+ρ+1
z+θ

≥ 1,

which implies that

... ≤ nm+2,z,ϖ(x) ≤ nm+1,z,ϖ(x) ≤ nm,z,ϖ(x).
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2)For m ≤ ϖ, we obtain

nm,z,ϖ(x)

nm−1,z,ϖ(x)
=
z −m+ 1

m
.
x

1− x
≥ z −m+ 1

m
.

ϖ+ρ
z+θ

1− ϖ+ρ
z+θ

≥ 1,

which immediately implies

n0,z,ϖ(x) ≤ ... ≤ nm−2,z,ϖ(x) ≤ nm−1,z,ϖ(x) ≤ nm,z,ϖ(x)

Since for ∀m,φ ∈ {1, 2, ..., z}, nm,z,φ(x) = 1 the conclusion of the lemma is obvious.
□

Lemma 4. Let x ∈
[

ϖ+ρ
z+θ+1 ,

ϖ+ρ+1
z+θ+1

]
, z ∈ N ve ρ, θ ∈ R+ 0 ≤ ρ ≤ θ olmak üzere,

i) If m ∈ {ϖ + 2, ϖ + 3, ..., z − 1} is such that ϖ ≤ (m + ρ) −
√
m+ ρ+ 1,

then Nm+1,z,ϖ(x) ≤ Nm,z,ϖ(x).
ii) Ifm ∈ {1, 2, ..., ϖ−2} is such that (m+ρ)+

√
m+ ρ ≤ ϖ, then Nm−1,z,ϖ(x) ≤

Nm,z,ϖ(x).

Proof. (i) We observe that

Nm,z,ϖ(x)

Nm+1,z,ϖ(x)
=

m+ ρ+ 1

z + θ −m− ρ
.
1− x

x
.

m+ρ
z+θ+1 − x
m+ρ+1
z+θ+1 − x

.

Since the function ψ(x) = 1−x
x .

m+ρ
z+θ+1−x
m+ρ+1
z+θ+1 −x

is nonincreasing on [0, 1], it means that

ψ(x) ≥ ψ(
ϖ + ρ+ 1

z + θ + 1
) =

z + θ −ϖ − ρ

ϖ + ρ+ 1

m+ ρ−ϖ − ρ− 1

m+ ρ−ϖ − ρ
=
z + θ −ϖ − ρ

ϖ + ρ+ 1

m−ϖ − 1

m−ϖ
,

for all x ∈
[

ϖ+ρ
z+θ+1 ,

ϖ+ρ+1
z+θ+1 ,

]
. Then since the contidion ϖ ≤ (m+ ρ)−

√
m+ ρ+ 1

implies

(m+ ρ+ 1)(m+ ρ−ϖ − ρ− 1) ≥(ϖ + ρ+ 1)(m+ ρ−ϖ − ρ),

(m+ ρ+ 1)(m−ϖ − 1) ≥(ϖ + ρ+ 1)(m−ϖ),

we obtain

Nm,z,ϖ(x)

Nm+1,z,ϖ(x)
≥ m+ ρ+ 1

z + θ −m− ρ
.
z + θ −ϖ − ρ

ϖ + ρ+ 1
.
m−ϖ − 1

m−ϖ
≥ 1.

(ii) We observe that

Nm,z,ϖ(x)

Nm+1,z,ϖ(x)
=
z + θ −m− ρ+ 1

m+ ρ
.
x

1− x
.
x− m+ρ

z+θ+1

x− m+ρ−1
z+θ+1

.

Since the function g(x) = 1−x
x

x− m+ρ
z+θ+1

x−m+ρ−1
z+θ+1

is nondecreasing on [0, 1] it means that

g(x) ≥ g( ϖ+ρ
z+θ+1 ) =

ϖ+ρ
z+θ+1−ϖ−ρ

ϖ−m
ϖ−m+1 , for all x ∈

[
ϖ+ρ

z+θ+1 ,
ϖ+ρ+1
z+θ+1

]
. Then,since the
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condition (m+ρ)+
√
m+ ρ ≤ ϖ+ρ implies (ϖ+ρ)(ϖ−m) ≥ (m−ρ)(ϖ−m−1),

we obtain

Nm,z,ϖ(x)

Nm+1,z,ϖ(x)
≥ z + θ −m− ρ+ 1

m+ ρ
.

ϖ + ρ

z + θ + 1−ϖ − ρ
.
ϖ −m

ϖ −m+ 1
≥ 1,

which proves the lemma. □

Lemma 5. We have
z∨

m=0

pz,m(x) = pz,ϖ(x), ∀x ∈
[

ϖ + ρ

z + θ + 1
,
ϖ + ρ+ 1

z + θ + 1

]
, ϖ ∈ {0, 1, ..., z}

which pz,m(x) = Cm
z x

m(1− x)z−m.

Proof. Firstly, we demonstrate that for fixed z ∈ N and 0 ≤ m+ρ ≤ m+ρ+1 ≤ z,
we have

0 ≤ pz,m+1(x) ≤ pz,m(x) if and only if x ∈
[
0,
ϖ + ρ+ 1

z + θ + 1

]
.

Actually, the inequality one reduces to

0 ≤
(

z

m+ 1

)
xm+1(1− x)z−m−1 ≤

(
z

m

)
xm(1− x)z −m,

which, after being simplified, is equivalent to

0 ≤ x

[(
z

m+ 1

)
+

(
z

m

)]
≤
(
z

m

)
.

Regarding the equality
(

z
m+1

)
+
(
z
m

)
=
(
z+1
m+1

)
, The inequality mentioned above

straight away equals 0 ≤ x ≤ m+1
z+1 . Using m = 0, ..., z in the inequality that was

just demonstrated above, we obtain

pz,ρ+1(x) ≤pz,ρ(x), if and only if x ∈
[
0,

ρ+ 1

z + θ + 1

]
,

pz,ρ+2(x) ≤pz,ρ+1(x), if and only if x ∈
[
0,

ρ+ 2

z + θ + 1

]
,

pz,ρ+3(x) ≤pz,ρ+2(x), if and only if x ∈
[
0,

ρ+ 3

z + θ + 1

]
,

so on,

pz,m+1(x) ≤ pz,m(x), if and only if x ∈
[
0,
m+ ρ+ 1

z + θ + 1

]
,
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so on,

pz,z−2(x) ≤pz,z−3(x), if and only if x ∈
[
0,
z + θ − 2

z + θ + 1

]
,

pz,z−1(x) ≤pz,z−2(x), if and only if x ∈
[
0,
z + θ − 1

z + θ + 1

]
,

pz,z(x) ≤pz,z−1(x), if and only if x ∈
[
0,

z + θ

z + θ + 1

]
.

From all these inequalities, we easily get:

If x ∈
[
0,

ρ+ 1

z + θ + 1

]
, then pz,m+ρ(x) ≤ pz,ρ(x), for all m = 0, ..., z,

If x ∈
[

ρ+ 1

z + θ + 1
,

ρ+ 2

z + θ + 1

]
, then pz,m+ρ(x) ≤ pz,ρ+1(x), for all m = 0, ..., z,

If x ∈
[

ρ+ 2

z + θ + 1
,

ρ+ 3

z + θ + 1

]
, then pz,m+ρ(x) ≤ pz,ρ+2(x), for all m = 0, ..., z,

and so on finally

if x ∈
[

ρ+ z

z + θ + 1
, 1

]
then pz,m(x) ≤ pz,z(x), for all m = 0, ..., z,

that proves the lemma. □

Theorem 1. Let κ : [0, 1] → [0, 1], κ, be a continuous function on [0, 1]. Then, we
obtain

|P (M)
z (κ)(x)− κ(x)| ≤ 12ω1

(
κ,

√
x+ ρ

√
z + θ + 1

)
, x ∈ [0, 1],∀n ∈ N.

Here, ω1(κ, δ) = sup(|κ(x)− κ(t)| : x, t ∈ [0, 1], |x− t| ≤ δ).

Proof. Checking that the max-product Bernstein-Stancu operators satisfy the re-
quirements in Lemma 1 is easy.

|P (M)
z (κ)(x)− κ(x)| ≤

(
1 +

1

δz
P (M)
z (ϱx)(x)

)
ω1(κ; δz), (4)

which ϱx(t) = |t− x|. So, it is enough to estimate

Ez(x) = P (M)
z (ϱ)(x) =

z∨
m=0

pz,m(x)κ
∣∣∣ m+ρ
z+θ+1 − x

∣∣∣
z∨

m=0
pz,m(x)

.
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Let x ∈
[

ϖ+ρ
z+θ+1 ,

ϖ+ρ+1
z+θ+1

]
where ϖ ∈ {0, 1, ..., z} is fixed, arbitrary. By Lemma 5

we easily obtain

Ez(x) = max
m=0,1,...,z

{Nm,z,ϖ(x)}, x ∈
[

ϖ + ρ

z + θ + 1
,
ϖ + ρ+ 1

z + θ + 1

]
.

Now, we can assume ϖ = 0, 1, ..., z, since simple calculation for ϖ = 0 shows that

in this case we get Ez(x) ≤ 1
z+θ+1 , for all x ∈

[
0, 1

z+θ+1

]
. Consequently, an

upper estimate for each Nm,z,ϖ(x) must still be obtained, when m = 0, 1, ... and

x ∈
[

ϖ+ρ
z+θ+1 ,

ϖ+ρ+1
z+θ+1

]
. Actually, we will demonstrate that

Nm,z,ϖ(x) ≤ 6

√
x+ ρ

z + θ + 1
, (5)

which immediately implies that

Ez(x) ≤ 6

√
x+ ρ

z + θ + 1
, x ∈

[
0,

1

z + θ + 1

]
,

and taking δz = 6
√
x+ρ

z+θ+1 in (4) we immediately get the estimate in the statement. To

demonstrate (5), we consider the subsequent circumstances: i)m ∈ {ϖ−1, ϖ,ϖ+1};
ii)m ≥ ϖ + 2 and iii)m ≤ ϖ − 2

Case i). If m = ϖ, then Nϖ,z,ϖ(x) =
∣∣∣ϖ+ρ
z+θ − x

∣∣∣ . Since x ∈
[

ϖ+ρ
z+θ+1 ,

ϖ+ρ+1
z+θ+1

]
it

means that Nϖ,z,ϖ(x) ≤ 1
z+θ+1 .

Ifm = ϖ+1, then Nϖ+1,z,ϖ(x) = nϖ+1,z,ϖ(x)
(

ϖ+ρ+1
z+θ − x

)
. Since by Lemma 3

we have nϖ+1,z,ϖ(x) ≤ 1, we obtain Nϖ+1,z,ϖ(x) ≤ ϖ+ρ+1
z+θ −x ≤ ϖ+ρ+1

z+θ − ϖ+ρ
z+θ+1 ≤

3
z+θ+1 .

If m = ϖ − 1, then Nϖ−1,z,ϖ(x) = nϖ−1,z,ϖ(x)
(
x− ϖ+ρ−1

z+θ

)
≤ ϖ+ρ+1

z+θ+1 −
ϖ+ρ−1
z+θ ≤ 2

z+θ+1

Case ii). Subcase a) Suppose first that m+
√
m+ 1 ≤ ϖ, we get

Nm,z,ϖ(x) = nm,z,ϖ(x)

(
m+ ρ

z + θ + 1
− x

)
≤ m+ ρ

z + θ + 1
− x

≤ m+ ρ

z + θ + 1
− ϖ + ρ

z + θ + 1
≤ m+ ρ

z + θ + 1
− m+

√
m+ 1

z + θ + 1

=

√
m+ 1

z + θ + 1
≤ 1√

z + θ + 1
.

Subcase b) Assume that m−
√
m+ 1 ≥ ϖ. Since the function ϑ(x) = x−

√
x+ 1

is nondecreasing on x ∈ [0, 1] it follows that there exists m ∈ {0, ..., z},of maximum
value, such that m−

√
m+ 1 < ϖ. Then for m1 = m+1 we obtain m1−

√
m1 + 1 ≥
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ϖ and

Nm,z,ϖ(x) = nm,z,ϖ(x)

(
m+ ρ+ 1

z + θ + 1
− x

)
≤ m+ ρ+ 1

z + θ + 1
− x

≤ m+ ρ+ 1

z + θ + 1
− ϖ + ρ

z + θ + 1
≤ m+ ρ+ 1

z + θ + 1
− m−

√
m+ 1

z + θ + 1

=

√
m+ 1 + 1

z + θ + 1
≤ 2√

z + θ + 1
.

Also, we have m1 ≥ ϖ + 2. Indeed, this is a consequence of the fact that ϑ is
nondecreasing on the interval x ∈ [0, 1] and because it is easy to see that ϑ(ϖ+1) ≤
ϖ. By Lemma 4 it follows that Nm+1,z,ϖ(x) ≥ Nm+2,z,ϖ(x) ≥ ... ≥ Nz,z,ϖ. We

thus obtain Nm,z,ϖ(x) = 2√
z+θ+1

for any m ∈ {m+ 1,m+ 2, ..., z} . Therefore, in
both subcases, we get Nm,z,ϖ(x) ≤ 6√

z+θ+1
.

Case iii). Subcase a) Assume first that m+
√
m ≥ ϖ. Then we get

Nm,z,ϖ(x) = nm,z,ϖ(x)

(
x− m+ ρ

z + θ + 1

)
≤ x− m+ ρ

z + θ + 1
≤ ϖ + ρ+ 1

z + θ + 1
− m+ ρ

z + θ + 1

≤ m+
√
m+ ρ+ 1

z + θ + 1
− m+ ρ

z + θ + 1

=

√
m+ ρ+ 1

z + θ + 1
≤ 2√

z + θ + 1
.

Subcase b) Assume now that m+
√
m ≤ ϖ. Let m ∈ {0, ..., z} be the minimum

value such that m−√
m < ϖ. Then m2 = m− 1 satisfies m2 −

√
m2 ≥ ϖ and

Nm,z,ϖ(x) = nm,z,ϖ(x)

(
x− m+ ρ− 1

z + θ + 1

)
≤ x− m+ ρ+ 1

z + θ + 1
≤ ϖ + ρ+ 1

z + θ + 1
− m+ ρ− 1

z + θ + 1

≤ m+
√
m+ 1

z + θ + 1
− m+ ρ− 1

z + θ + 1
=

√
m+ 2 + ρ

z + θ + 1
≤ 3√

z + θ + 1
.

Additionally, since in this case we have ϖ ≥ 2 it is immediate that m2 ≥ ϖ− 2.
By Lemma 4, it follows that Nm−1,z,ϖ(x) ≥ Nm−2,z,ϖ(x) ≥ ... ≥ N0,z,ϖ. We

obtain Nm,z,ϖ(x) ≤ 3√
z+θ+1

for x ∈
[

ϖ+ρ
z+θ+1 ,

ϖ+ρ+1
z+θ+1

]
and for any m ≤ ϖ − 2. In

both subcases, we get Nm,z,ϖ(x) ≤ 3√
z+θ+1

.

As a result, by collecting all the predictions in the above cases and subcases, we
easily obtain the relation (5) that completes the proof.

□
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3. Nonlinear Max-Product Type Bivariate Bernstein-Stancu
Operators

We introduce nonlinear bivariate Bernstein-Stancu operators of max-product
type in this section.

Let us κ : [0, 1]× [0, 1] → R+ be a continuous function and for k = 1, 2, ρk, θk ∈
R+, with 0 ≤ ρk ≤ θk . Then the nonlinear maximum product type of bivariate
Bernstein-Stancu operators is defined as follows:

P
(M)
z,h,ϖk,ιk

(κ : x, y) =

z∨
m=0

pz,m(x)
h∨

j=0

ph,j(y)κ
(

m+ρ1

z+θ1
, j+ρ2

h+θ2

)
z∨

m=0
pz,m(x)

h∨
j=0

ph,j(y)

, (6)

with
pz,m(x) = Cm

z x
m(1− x)z−m and ph,j(y) = Cj

hy
j(1− y)h−j , (7)

for all x, y ∈
[

ϖ+ρ1

z+θ1+1 ,
ϖ+ρ1+1
z+θ1+1

]
×
[

ι+ρ2

h+θ2+1 ,
ι+ρ2+1
h+θ2+1

]
, ϖ, ι ∈ N.

The subsequent sections provide an error estimate the nonlinear maximum prod-
uct type of bivariate Bernstein-Stancu operators in terms of modulus of continuity,

along with some features of the P
(M)
z,h,ϖk,ιk

operators.
We require the following notations and auxiliary results for the main result

proofs. Now, some definitions for the x and y variables and lemmas will be given.

For each m = {0, 1, ..., z}, j = {0, 1, ..., h} and x, y ∈
[

ϖ+ρ1

z+θ1+1 ,
ϖ+ρ1+1
z+θ1+1

]
×[

ι+ρ2

h+θ2+1 ,
ι+ρ2+1
h+θ2+1

]
, ϖ, ι ∈ N, let us denote

Nm,z,ϖ(x) =
pz,m(x)|m+ρ1

z+θ1
− x|

pz,ϖ(x)
, nm,z,ϖ(x) =

pz,m(x)

pz,ϖ(x)

Nj,h,ι(y) =
ph,j(y)| j+ρ2

h+θ2
− y|

ph,ι(y)
, nj,h,ι(y) =

ph,j(y)

ph,ι(y)
.

Let x, y ∈
[

ϖ+ρ1

z+θ1+1 ,
ϖ+ρ1+1
z+θ1+1

]
×
[

ι+ρ2

h+θ2+1 ,
ι+ρ2+1
h+θ2+1

]
, ϖ, ι ∈ N, m = {0, 1, ..., z},

j = {0, 1, ..., h}, and for k = 1, 2, ρk, θk ∈ R+, with 0 ≤ ρk ≤ θk. Hence, it is
obvious that

i) If ϖ + 1 ≤ m, then Nm,z,ϖ(x) =
pz,m(x)(

m+ρ1
z+θ1

−x)

pz,ϖ(x) ,

ii) If m ≤ ϖ − 1, then Nm,z,ϖ(x) =
pz,m(x)(x−m+ρ1

z+θ1
)

pz,ϖ(x) ,

iii) If ι+ 1 ≤ j, then Nj,h,ι(y) =
ph,j(y)(

j+ρ2
h+θ2

−y)

ph,ι(y)
,

iv) If j ≤ ι− 1, then Nj,h,ι(y) =
ph,j(y)(y−

j+ρ2
h+θ2

)

ph,ι(y)
.
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Additionally, let x, y ∈
[

ϖ+ρ1

z+θ1+1 ,
ϖ+ρ1+1
z+θ1+1

]
×
[

ι+ρ2

h+θ2+1 ,
ι+ρ2+1
h+θ2+1

]
, ϖ, ι ∈ N, m =

{0, 1, ..., z}, j = {0, 1, ..., h}, and for k = 1, 2, ρk, θk ∈ R+, with 0 ≤ ρk ≤ θk. Then,
we can denote

Nm,z,ϖ(x) =
pz,m(x)(x− m+ρ1

z+θ1+1 )

pz,ϖ(x)
, for m ≤ ϖ − 2

N j,h,ι(y) =
ph,j(y)(y − j+ρ2

h+θ2+1 )

ph,ι(y)
, for j ≤ ι− 2

Lemma 6. Let x, y ∈
[

ϖ+ρ1

z+θ1+1 ,
ϖ+ρ1+1
z+θ1+1

]
×
[

ι+ρ2

h+θ2+1 ,
ι+ρ2+1
h+θ2+1

]
, ϖ, ι ∈ N, and for

k = 1, 2, ρk, θk ∈ R+, with 0 ≤ ρk ≤ θk.

i) For allm,ϖ = {0, 1, ..., z} and ϖ+2 ≤ m, we have Nm,z,ϖ(x) ≤ Nm,z,ϖ(x) ≤
3Nm,z,ϖ(x).

ii) For all j, ι = {0, 1, ..., h} and ι + 2 ≤ j, we have N j,h,ι(y) ≤ Nj,h,ι(y) ≤
3N j,h,ι(y).

iii) For allm,ϖ = {0, 1, ..., z} andm ≤ ϖ−2, we have Nm,z,ϖ(x) ≤ Nm,z,ϖ(x) ≤
6Nm,z,ϖ(x)

iv) For all j, ι = {0, 1, ..., h} and ι + 2 ≤ j, we have j ≤ ι − 2, Nj,h,ι(y) ≤
N j,h,ι(y) ≤ 6Nj,h,ι(y)

The proof is in a similar way to the univariate given in Lemma 2.

Lemma 7. For allm,ϖ = {0, 1, ..., z}, j, ι = {0, 1, ..., h} and x, y ∈
[

ϖ+ρ1

z+θ1+1 ,
ϖ+ρ1+1
z+θ1+1

]
×[

ι+ρ2

h+θ2+1 ,
ι+ρ2+1
h+θ2+1

]
, we have

nm,z,ϖ(x) ≤ 1 and nj,h,ι(y) ≤ 1. (8)

The proof is in a similar way to the univariate given in Lemma 3.

Lemma 8. Let pz,m(x) and ph,j(y) defined as given in (7). Then we have

z∨
m=0

pz,m(x).

h∨
j=0

ph,j(y) = pz,ϖ(x).ph,ι(y),

for all x, y ∈ [0, 1]2ve (x, y) ∈
[

ϖ+ρ1

z+θ1+1 ,
ϖ+ρ1+1
z+θ1+1

]
×
[

ι+ρ2

h+θ2+1 ,
ι+ρ2+1
h+θ2+1

]
, ϖ = 0, ...z,

ι = 0, ...h.

Proof. Since we have
z∨

m=0
pz,m(x) > 0 ,

h∨
j=0

ph,j(y) > 0 for all x, y ∈ [0, 1] Firstly,

we claim that for ϖ = 0, ...z, ι = 0, ...h, we have

0 ≤ pz,m+1(x) ≤ pz,m(x),

0 ≤ ph,j+1(y) ≤ ph,j(y),
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if and only if x ∈
[
0, ϖ+ρ1+1

z+θ1+1

]
and y ∈

[
0, ι+ρ2+1

h+θ2+1

]
.Writing the following inequality

is simple:

0 ≤
(

z

ϖ + 1

)
xϖ+1(1− x)z−ϖ−1 ≤

(
z

ϖ

)
xϖ(1− x)z−ϖ,

0 ≤
(

h

ι+ 1

)
yι+1(1− y)h−ι−1 ≤

(
h

ι

)
yι(1− y)h−ι

and after simplifcation,

0 ≤ x

[(
z

ϖ + 1

)
+

(
z

ϖ

)]
≤
(
z

ϖ

)
,

0 ≤ y

[(
z

ι+ 1

)
+

(
h

ι

)]
≤
(
h

ι

)
.

From the equality
(

z
ϖ+1

)
+
(
z
ϖ

)
=
(
z+1
ϖ+1

)
, we get 0 ≤ x ≤ ϖ+ρ1+1

z+θ1+1 , 0 ≤ y ≤ ι+ρ2+1
h+θ2+1 .

Also, denoting

Am,z,ϖ(x) =
pz,m(x)

pz,ϖ(x)
=

(
z
m

)(
z
ϖ

) ( x

1− x

)m−ϖ

, (9)

Aj,h,ι(y) =
ph,m(y)

ph,ι(y)
=

(
h
j

)(
h
ι

) ( y

1− y

)j−ι

, (10)

so, we can write Am,z,ϖ,j,h,ι(x, y) = Am,z,ϖ(x).Aj,h,ι(y). Therefore, we can use the
following formula to prove the approximation results

P
(M)
z,h,ϖk,ιk

(κ : x, y) =

z∨
m=0

h∨
j=0

ph,j(y)Am,z,ϖ,j,h,ι(x, y)κ

(
m+ ρ1
z + θ1

,
j + ρ2
h+ θ2

)
, (11)

for all (x, y) ∈
[

ϖ+ρ1

z+θ1+1 ,
ϖ+ρ1+1
z+θ1+1

]
×
[

ι+ρ2

h+θ2+1 ,
ι+ρ2+1
h+θ2+1

]
, ϖ = 0, ...z, ι = 0, ...h.

It easily follows that we can write

P
(M)
z,h,ϖk,ιk

(κ : x, y) = P (M)
z,ϖk,x

[
P

(M)(κ)
h,ιk,y

]
(x, y)

where, if F = F (x, y) then the notations P
(M)
z,x (F ) means that the univariate max-

product Bernstein operator P
(M)
z (F ) is applied to F considered as function of x

while P
(M)
z,y (F ) means that the univariate max-product Bernstein operator P

(M)
z (F )

is applied to F considered as function of y. In other words, the bivariate max-
product Bernstein operators are tensor products of the univariate max- product
Bernstein operators.

□

Definition 1. Suppose that κ : I : [0, 1]× [0, 1] → R+ olmak üzere,

(i) Let for all y, x, x + ϕ ∈ [0, 1], ϕ > 0, κ(x + ϕ, y) − κ(x, y) ≥ 0(resp.,≤ 0).
Then, the function κ is increasing with respect to x on I (resp., decreasing).
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(ii) Let for all x, y, y + Φ ∈ [0, 1],Φ > 0, κ(x, y + Φ) − κ(x, y) ≥ 0(resp.,≤ 0).
Ten, the function κ is increasing with respect to y on I (resp., decreasing).

(iii) Let for all x, x+ϕ, y, y+Φ ∈ [0, 1], ϕ,Φ > 0 ∆2κ(x, y) = κ(x+phi, y+Φ)−
κ(x, y + Φ) − κ(x + ϕ, y) + κ(x, y) ≥ 0(resp.,≤ 0) Ten, the function κ is
upper bidimensional monotone on I (resp., lower bidimensional monotone).
(Bede, Coroianu ve Gal, 2016).

Theorem 2. Let κ : [0, 1]× [0, 1] → R+ be a continuous function. We have

|P (M)
z,h (κ)(x, y)− κ(x, y)| ≤ 18ω1

(
κ;

√
x+ ρ1√

z + θ1 + 1
,

√
y + ρ2√

h+ θ2 + 1

)
,

for all x, y ∈ [0, 1] and z, h ∈ N. Here
ω1(κ; γ, δ) = sup {| κ)(x, y)− κ)(z, t) |;x, y, z, t[0, 1]× [0, 1], | x− z |≤ γ, | y − t |≤ δ} .

Proof. Taking into account the inequality valid for the positive numbers Ak, Bk,
k ∈ {0, 1, ..., s},

|maxk∈{0,1,...,s}{Ak} −maxk∈{0,1,...,s}{Bk}| ≤ maxk∈{0,1,...,s}{|Ak −Bk|}
we obtain

|P (M)
z,h (κ)(x, y)− κ(x, y)|

=

∣∣∣∣∣∣∣∣∣
z∨

m=0
pz,m(x)

h∨
j=0

ph,j(y)κ
(

m+ρ1

z+θ1
, j+ρ2

h+θ2

)
z∨

m=0
pz,m(x)

h∨
j=0

ph,j(y)

−

z∨
m=0

pz,m(x)
h∨

j=0

ph,j(y)κ(x, y)

z∨
m=0

pz,m(x)
h∨

j=0

ph,j(y)

∣∣∣∣∣∣∣∣∣
≤

z∨
m=0

pz,m(x)
h∨

j=0

ph,j(y)
∣∣∣κ(m+ρ1

z+θ1
, j+ρ2

h+θ2

)
− κ(x, y)

∣∣∣
z∨

m=0
pz,m(x)

h∨
j=0

ph,j(y)

≤

z∨
m=0

pz,m(x)
h∨

j=0

ph,j(y)ω1 (κ; |m+ ρ1/z + θ1 − x|, |j + ρ2/h+ θ2 − y) |)

z∨
m=0

pz,m(x)
h∨

j=0

ph,j(y)

=

z∨
m=0

pz,m(x)
h∨

j=0

ph,j(y)ω1

(
κ; δ |m+ρ1/z+θ1−x|

δ , ν |j+ρ2/h+θ2−y|)
ν

)
z∨

m=0
pz,m(x)

h∨
j=0

ph,j(y)
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=

z∨
m=0

pz,m(x)
h∨

j=0

ph,j(y)ω1

(
1 + |m+ρ1/z+θ1−x|

δ + |j+ρ2/h+θ2−y|)
ν

)
ω1(κ, δ, ν)

z∨
m=0

pz,m(x)
h∨

j=0

ph,j(y)

= ω1(κ, δ, ν)

1 +
1

δ

z∨
m=0

pz,m(x)
(

m+ρ1

z+θ1−x

)
z∨

m=0
pz,m(x)

+ +
1

ν

h∨
j=0

ph,j(y)
(

m+ρ2

h+θ2−y

)
h∨

j=0

ph,j(y)


Burada, δ = 6

√
x+ρ1√

z+θ1+1
ve ν = 6

√
y+ρ2√

h+θ2+1

|P (M)
z,h (κ)(x, y)− κ(x, y)| ≤ 3ω1

(
κ;

6
√
x+ ρ1√

z + θ1 + 1
,

6
√
y + ρ2√

h+ θ2 + 1

)
≤ 18ω1

(
κ;

√
x+ ρ1√

z + θ1 + 1
,

√
y + ρ2√

h+ θ2 + 1

)
□
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