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1. INTRODUCTION AND PRELIMINARIES

The notion of b-metric space was introduced by Bakhtin [4] and later on studied and developed by many researchers
[3,5,13,15,17-20,24]. The concept of b-metric space was given by the following:

Definition 1.1 ( [4]). Let X be a non empty set and s > 1 be a given real number. A functiond : X X X — [0, ) is
called a b-metric if it satisfies the following properties for each x,y,z € X:

Ddxy)=0ex=y

(i) d(x,y) = d(y, x)

(iii) d(x, z) < s[d(x,z) + d(z,y)].

The pair (X, d, s) is called a b-metric space and every metric space is a b-metric space, where s = 1. Morever, each
b-metric d induces a topology 7, such that for each open set G of 7, and for each x € G there is an r > 0 such that
x € By(x,r) € G, where By(x,r) = {y € X : d(x,y) < r}. Contrary to the metric case, b-metrics are not necessarily
continuous functions and the set By(x, ) is not necessarily 74-open set. Hussain et al [10] extended the concept of
w-distance given by Kada [11] to the b-metric spaces and introduced the following concept of wt-distance.

Definition 1.2 ( [10]). Let (X, d, s) be a b-metric space with s > 1. Then, a function p : X X X — [0, o) is called a
wt-distance on X if the following conditions are satisfied:

@) p(x,2) < slp(x, ) + p(y, 2)]

(ii) for any x € X, p(x,.) : X — [0, c0) is s-lower semi-continuous

(iii) for any € > 0, there exists 6 > 0 such that p(z, x) < d and p(z,y) < ¢ imply d(x,y) < €.

The notion of s-lower semi-continuity means that if either lim f(x,) = oo or f(xp) < lim sf(x,), whenever
Xn—X0

Xp—X0

x, € X for each n € N and x,, — xp.
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Demma et al [6] proved some fixed point theorems for multi-valued operators by using wt-distance in the complete
b-metric spaces and they gave the following result which is a generalization of Feng and Liu [8] on multi-valued
operators.

According to [6], let (X, d, s) be a b-metric space and p be a wt-distance on X. For a positive constant b € (0, 1)
define the set I} as follows:

I, ={y € Tx:bp(x,y) < p(x, Tx)}.
Theorem 1.3 ([6]). Let (X,d, s) be a complete b-metric space. Let C(X) be the set of all nonempty closed subsets of X
and T : X — C(X) a multi-valued operator, p : X X X — [0, 00) a wt-distance on X and b € (0, 1). Suppose that there
exits, ¢ € (0, 1) with cb™' € [0, s7"), such that for any x € X there is y € I} satisfying
P, Ty) < cp(x,y).
If one of the following assertions holds:

(1) p(x,Tx) =0 if there exists a sequence (x,) C X such that p(x,,Tx,) = 0, as n — oo;
(ii) the function f : X — Ras f(x) = p(x, T(x)) is s-lower semi-continuous;
(iii) for everyy € X with'y ¢ T(y), we have

in£{p(x, y)+ p(x, Tx)} >0
Xe

@iv) T is a closed operator,
then T has a fixed point in X.

In [12], Kamran et al. introduced the concept of extended b-metric space as follows:

Definition 1.4 ( [12]). Let X be a nonempty set and 6 : X X X — [1, c0). The function dy : X X X — [0, o0) is called an
extended b-metric space if for all x, y, z € X, it satisfies:

() do(x,y) =0 x=y
(it) dp(x, y) = dp(y, x)
(iii) dy(x, 2) < 0(x, 2)[dy(x, 2) + dp(z,y)].

The pair (X, dp) is called extended b-metric space. The definitions of convergence, Cauchy sequence and complete-
ness was given in [12] as follows:

Definition 1.5 ( [12]). Let (X, dy) be an extended b-metric space.

(i) A sequence (x,) € X is said to converge to x € X, if for every € > 0 there exists N = N(¢) € N such that
do(x,,x) < eforalln > N.
(i1) A sequence (x,) € X is said to be Cauchy, if for every € > O there exists N = N(€) € N such that

dy(x,,, x,) < € for all m,n > N.
An extended b-metric space (X, dy) is complete if every Cauchy sequence in X is convergent.

In [2], Alamgir et al. generalized Nadler’s fixed point theorem by using extended b-metric spaces. Morever, they
obtained Mizoguchi-Takahashi’s type fixed point theorem for a multi-valued mapping from a complete extended b-
metric space X into the non empty closed and bounded subsets of X. The aformentioned main result is as follows:

Theorem 1.6 ( [2]). Let us consider a multi-valued mapping T : X — CB(X), where (X, dy) is a complete extended
b-metric space and CB(X) denotes all nonempty closed and bounded subsets of X. Furthermore, let us consider that
the following two conditions hold:

(1) The mapping f : X — R defined by f(x) = dy(x, Tx), x € X, is lower semi-continuous.
(1) There exists b, c € (0, 1), b < c such that for all x € X there exists y € I satisfying

d@(y’ Ty) < bdg(x’ }’)
Morever, for each xg € X, limy, ;—0060(Xy, X)) < éfor all @ € (0, 1). Then, T has a fixed point in X.

Morever, they extended Mizoguchi-Takahashi’s [14] type fixed point theorem to the concept of extended b-metric
spaces by the following result:
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Theorem 1.7 ( [14]). Let (X,dy) be a complete extended b-metric space. Let us consider a multivalued mapping
T : X — CB(X). Suppose that there exists ¢ € (0, 1) and Q : [0, 00) — [0, ¢) such that
lim sup Q(s) < ¢, forall t € [0, 00)
sott

and for all x € X, there exists y € I satisfying

do(y, Ty) < Q(dp(x,y))dp(x,y)

and for each xg € X, limy, ;00 0(Xy, X)) < éfor any a € (0, 1), where x, = T"xq. If the map f : X — R defined by
f(x) = do(x,Tx), x € X, is lower semi-continuous. Then, T has a fixed point in X.

In [7] extended wt-distance definition introduced as follows:

Definition 1.8 ( [7]). Let (X, dy) be an extended b-metric space, where 6 is a function such that 6 : X X X — [1,00). A
function py : X X X — [0, o) is called extended wt-distance if the following are satisfied:
(1) po(x,2) < 0(x,2)[pe(x,y) + pe(y, 2)];
(i1) for any x € X, py(x,.) : X — [0, 00) is #-lower semicontinuous;
(iii) for any € > 0, there exists 0 > 0 such that py(z, x) < 6 and py(z,y) < 6 imply dy(x,y) < €.

The notion of #-lower semi-continuity means that if either lim pg(x, x,,) = oo or py(x, x9) < lim 6(x, xp)py(x, x,,),
Xp—X0

Xp—X0

whenever x, € X for each n € N and x, — x( according to 7, .

Example 1.9 ( [7]). Let X = [0, o). Define the mappings 6 : X X X — [1,00) and dp : X X X — [0, o) as follows:
6(x,y) =1+ x+yand

x2+y2, x,yeX,x#y
de(x,Y)—{ 0’ x=y.
Then, (X, dy) is an extended b-metric space (see [9] ). Let consider the mapping py : X X X — [0, o) defined by
po(x,y) = y2. Then, py is an extended wt-distance on (X, dy).

Example 1.10 ( [7]). Let X = [0, o). Define the mappings 8 : X X X — [1,00) and dy : X X X — [0, 00) as follows:
6(x,y) =1+ x+yand

) xty, x,yeXx#y
de(%)’)—{ O, x=y
Then, (X, dy) is an extended b-metric space (see [9] ). Let consider the mapping py : X X X — [0, c0) defined by
po(x,y) = y. Itis clear that py is an extended wt-distance on (X, dp).

Morever, the following fundemental lemma was given in [7].

Lemma 1.11 ( [7]). Let (X, dy) be an extended b-metric space and py be an extended wt-distance on X. Let (x,) and
(yn) be sequences in X, let (a,) and (B,) be sequences in [0, 0) converging to zero and let x,y,z € X. Then, the
following hold:

1) If po(xu,y) < @, and po(xy,2) < By for any n € N, then y = z. In particular, if pe(x,y) = 0 and py(x,z) = 0, then
y==z

(i) If po(xn, yn) < @y and py(x,,z) < B, for any n € N, then dp(y,,z) — 0

(i) If pe(x4, Xm) < @, for any n,m € N with m > n, then (x,) is a Cauchy sequence.

@v) If pe(y, xn) < a, for any n € N, then (x,,) is a Cauchy sequence.

Throughout this paper, we denote by C(X) the set of all nonempty and closed subsets of X, by CB(X) the set of all
nonempty closed and bounded subsets of X and by K(X) nonempty compact subsets of X, where (X, dy) is an extended
b-metric space.

In this paper, we will extend some results in [2] and [6] to the setting of extended b-metric spaces endowed with
an extended wt-distance and we obtain generalizations of Theorem 1.3 and Theorem 1.6 . Morever, we present an
application of our results to homotopy theory.
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2. MaAIN Resurts
In this section, we start with the following lemma which is fundemental in some of our results. In the following
lemma, we extend Lemma 2.2 in [22] to the concept of extended wt-distance.

Lemma 2.1. Let (X, dg) be an extended b-metric space and F be a closed subset of X. Let pg be an extended wt-distance
on X. Suppose that there exists a € X such that pg(a,a) = 0. Then, a € F iff pg(a, F) = 0.

Proof. Let a € F such that pg(a,a) = 0. Then, pyg(a, F) = inf{pg(a,x) : x € F} = 0. Conversely, let py(a, F) = 0.
Then, there exists a sequence (x,) € X such that py(a, x,) — 0, as n — oo. Since py(a,a) = 0, by Lemma 1.11, we get
X, — a. Since F is closed, we obtain that a € F. m]

Theorem 2.2. Let (X,dy) be a complete extended b-metric space and py be an extended wt-distance on X. Let us
consider a multi-valued mapping T : X — CB(X) such that the following two conditions hold:
(1) The mapping f : X — R defined by f(x) = po(x,Tx), x € X, is lower semi-continuous.
(i1) There exists b,c € (0,1),b < c such that for all x € X there exists y € I satisfying
po(y, Ty) < bpe(x,y)
for each xy € X, limy, —000(Xp, X)) < éfor all a € (0, 1), where x, € T" x.
Then, there exists z € X such that f(z) = 0. Further, if po(z,z) = 0, then z is a fixed point of T.
Proof. As Tx € CB(X) for any x € X and X is complete, I is nonempty for any constant ¢ € (0, 1). For some arbitray
initial point xo € X, there exists x; € I’ such that
Peo(x1, Tx1) < bpe(xo, x1).
And for x| € X, there exists x, € I! such that
po(x2, Tx2) < bpg(x1, x2).

Continuing this process, we can obtain an iterative sequence (x,), where x,.; € I and
nls n+1 c

p@(xn+l7 Txn+l) < bpe(xn’ xn+l)» n= 0, 17 27 (21)
Since x,,,1 € I;", we can write
cp&(xns xn+l) < pH(xn’ Txn)’ n= 07 1’ 2’ (22)
By equations (2.1) and (2.2), we get
b
Po(Xnt1, Xp42) < Ep&(xnaxn+l),n =0,1,2,.. (2.3)
b
pB(er—l 5 Txl’l+l) < ng(xn, Txn)’ n= 07 1’ 25 (24)

By (2.3) and (2.4), it is obvious that

Po(Xn, Xpi1) < C—ZPH(XO,Xl),n =0,1,2,...
Po(xy, Tx,) < ;pg(){(), Tx),n=0,1,2,.. (2.5)
Leta = %. Since b < ¢, we get @ = % < 1. Letting n — oo in (2.5), we obtain that
r}g?o Po(xn, Txp) = 0.

Now, we will prove that (x,) is a Cauchy sequence. Let m,n € N with n < m. Then, by the triangle inequality, we have
the following:

i
" po(xo, x1)

+ g(xns xm)g(anrl B xm)-"g(xm—l > Xm)a’m_lpe(xo, xl)

< po(xo, )00k, X)0(X2, X)...0(Xp, X" +

n+l1

pé)(-xm -xm) < H(Xm -xm)anpé'(XOa xl) + Q(Xn, xm)a

+ g(xl 5 xm)g(-x% xm)mg(-xn, xm)g(xrﬁl B xm)a + ..

+ 9()61 B )Cm)a()CZ, xm)---g(xns xm)e(anrl B xm)g(xm—l B xm)a'm_l
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. . 1 . o .
Since lim 6(x,,x,) < —, the series X, &" [1/_, 8(x:, x,,) converges by ratio test for each m € N.
m,n— oo a

LetS =30, "1/, 0(xr, x)and S, = 271, o' ]_[izl 0(x,, x,,). Thus we have for n < m, pg(x,, X)) < po(x0, X1)[S m-1—

n=1
S,], from Lemma 1.11, we get that (x,) is a Cauchy sequence. Since X is complete, there exists z € X such that x, — z
as n — co. By the Assumption (i), we get that

0 < f(z) < liminf f(x,) = 0.
Hence, f(z) = py(z,Tz) = 0. If py(z,2) = 0, by Lemma 2.1, we obtain that z € Tz and hence z is a fixed pointof 7. O

Example 2.3. Let us consider the complete extended b-metric space and extended wt-distance given in Example 1.10.
Now, define the multi-valued mapping 7 : X — CB(X) by T(x) = [0, x]. Consider the function f : X — R defined by
f(x) = pe(x, Tx) and from the definition of pg, we obtain that

f(x) = inf{pe(x,a) : a € Tx}
=infla:aeTx}=infla:aecl0,x]} =0.
Thus, f is a constant function and it is lower semi-continuous. For any b, ¢ € (0, 1) with b < ¢ and for all x € X, there
exists y = 0 € Tx = [0, x] such that
cpe(x,y) =¢.0=0 < pe(x,Tx)
and
pe(y, Ty) =0 < bpe(x,y).
Consider a sequence (x,,) = ﬁ such that x, € T"(xp) for xo = 1. Morever, lint, ;00 ®(Xy, Xin) = liMm poo(1 + X5+ X)) =
1< é, foreach a € (0, 1).

Therefore, it is fullfiled all of the conditions of Theorem 2.2 and T has fixed point.

Remark 2.4. It is obvious that if SUP, yex 0(x,y) < oo, then extended b-metric is an extended wt-distance. If we choose
the function 6 : X X X — [1, c0) to satisfy that sup, ,.y 6(x,y) < oo, then Theorem 1.6 can be given as a corollary of
Theorem 2.2 as follows.

Corollary 2.5. Let us consider a multi-valued mapping T : X — CB(X), where (X, dy) complete extended b-metric
space. Furthermore, let us consider that the following two conditions hold:

(1) The map f : X — R defined by f(x) = dg(x, Tx) is lower semi-continuous.

(1) There exists b, c € (0, 1), b < c such that for all x € X there exists y € I satisfying

do(y, Ty) < bdy(x,y)
Sor each xo € X, limy, p—0060(Xp, Xp) < éfor all @ € (0, 1), where x,, € T" xy.
Then, T has a fixed point in X.

Theorem 2.6. Let (X,dy) be a complete extended b-metric space and py be an extended wt-distance on X. Let us
consider a multi-valued mapping T : X — C(X). Suppose that there exists ¢ € (0,1) and Q : [0, 00) — [0, ¢) such that

lim sup Q(s) < ¢, forall t € [0, c0)

st

and for all x € X, there exists y € I satisfying

Pe(, Ty) < Q(py(x,y))pe(x,y)

and for each xo € X and any sequence (y,,) € X, lim, 00 (X, i) < éfor any a € (0, 1), where x, € T"xy. If one of
the following conditions holds:
(1) pe(x,Tx) = 0 if there exists a sequence (x,) C X converging to x such that py(x,, Tx,) — 0.
(i) The map f : X — R defined by f(x) = pg(x, Tx), x € X, is lower semi-continuous.
(iii) T is a closed operator:
(iv) Foreveryy e X withy ¢ T(y), we have

inf(pu(x.y) + o, Tx)} > 0.
Then, T has a fixed point in X.
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Proof. Since T(x) € C(X) for any x € X, I is nonempty for any constant ¢ € (0, 1). Thus, for any initial point xy € X,
there is x; € I.° such that

Po(x1, Tx1) < Q(po(x0, X1))po(xo, x1), Qpe(x0, x1)) < € (2.6)
and
cpy(xo, x1) < po(x0, T Xo)- 2.7
From equations (2.6) and (2.7), we have
Po(x0, Tx0) — po(x1, Tx1) = [c — Q(po(x0, x1))]pa(xo, X1).
Morever, for x; € X, there exists x, € Tx;, x; # x» such that
Po(x2, Tx2) < Q(py(x1, X2))pa(x1, X2), Q(pe(x1, X2)) < € (2.8)
and
cpo(x1, x2) < po(x1, Txy). (2.9)
From (2.8) and (2.9), we have
Po(x1, Tx1) — po(x2, Tx2) 2 [c — Qpo(x1, X2)) ] po(x1, X2).
From (2.6) and (2.9) we get

1
polx1, x2) < EP@(Xl, Tx1)

1
< ZQ(PH(XO,Xl))Pe(Xo,xl)
< po(xo, X1).

Continuing this process, for x,,,n > 1, there exists x| € Tx,, X,+1 # X, satisfying

cpo(Xns Xn+1) < po(Xn, Txy) (2.10)
and
Po(Xnit, TXpa1) < Q(Po(xn, Xnr1))Po(Xns Xns1), Q(Po(Xn, Xns1)) < €. (2.11)
From (2.10) and (2.11), we have
Po(Xns Txy) = po(Xns1, TXns1) 2 [€ = QUpo(Xn, Xns1))1Po(Xns Xps1) > 0 (2.12)
and
Po(Xus Xn+1) < Po(Xn—1, Xn)- (2.13)

From (2.12) and (2.13), {pg(x,, Tx,)} and {pe(x,, x,+1)} are decreasing and hence convergent. By assumption, there
exists ¢’ € [0, ¢) such that

lim sup Q(pg(xy, Xp41) = ¢

n—oo

Therefore, for any ¢ € (¢’, ¢), there exists ny € N such that
Q(po(xy, X441)) < co, for all n > ny.

From (2.10) and (2.11), we get that

o
Po(Xns Xnt1) < @pg(Xn-1, %), where @ = - and n > ny.
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Then, for n > ny, we have the following
DPo(Xn, Txn) < Q(Po(Xn-1, X0))Po(Xn-1, Xn)

1
< EQ(pH(xn—h xn))pﬁ(xn—l’ Txn—l)

< Q(po(xn-1, X))...L(po(x0, X1))
< =
_ Q(po(Xn-1, X2))-. . Q(Po(Xng+15 Xng+2))
cn—no
y Q(Po(Xny> Xng+1)).-.L2(po(X0, X1))
cho

< C_Co -0 Q(po(xn, xn0+lc)n)0.--9(pa(xO, x1))

Po(xo, T xo)

Po(xo, T xp)

Ppo(xo, T xo).
Since co < ¢, lim, e (%2)"™™ = 0. Thus, we have that

'}i_g}o Po(Xn, Txp) = 0.
Let m > n > ng, we have the following inequalities

pG(Xm xm) < H(Xm xm)pé)(xn’ xn+l) + e(xna xﬂ‘l)g(-x}’H-l’ xm)pé)(xn+la xn+2) + ..
+ g(xn’ -xm)g(-xn+1 5 xm)n-g(xm—l 5 Xm)PG(xm—l P xm)
< H(Xn’ Xm)anpe(xo, xl) + g(xn’ xm)g(erlv xn1)an+1p9(x()s xl) + ..

m—1

+ Q(Xn, xm)e(xnﬂ s xm)-ne(xm—l s xm)a’ PH(X(), X1 )

By following the similar procedure in Theorem 2.2, there exists a Cauchy sequence (x,,) such that x,,| € Txy, X;41 # Xy-
Since X is complete, there exists z € X such that x,, — z and we have the following inequality

p@(xm xm) < P@(XO, xl)[Sm—l - Sn]’ (214)
where S = 3%, @ [1%, 0(x,, %) and S, = 37, @ [T, 6(x,, Xp).

Case I: The assertion (i) holds: Since py(x,, Tx,) converges to 0 and x, — z we have that py(z,Tz) = 0. Then,
there exists a sequence (y,) C Tz such that pg(z,y,) — 0. From (2.14) and 6-lower semicontinuity of py, we obtain the
followings:

Po(Xn, 2) < liminf 6(x,, 2) pe( Xy, Xp)
< liminf O(xn» Z)Pe(xo, X1 )[Sm—l - Sn]'
From the triangle inequality, we have

Po(Xn, Yn) < 0%, Yi)[Po(Xn, 2) + Po(z, yn)] (2.15)
< H(xmyn)[limg iorolf 0(xn, 2)po(x0, XIS =1 = Snl + po(z, yn)l.

Since lim,,; 0 O(Xp, Yim) < %, letting n — oo in (2.15) we obtain that lim, . pe(x,,y,) = 0. Hence, pg(x,,y,) — 0

and py(x,,z) — 0, by lemma 1.11, we get that dy(y,,z) — 0. Since Tzis a closed, z € Tz.

Case II: If f(x) = pg(x, Tx) is lower semicontinuous, then the assumption (i) holds.

Case III: Let us suppose that the assumption (iii) holds. Then, from x,,; € T(x,) for all n € N U 0 and (x,,, X,+1) —
(z,2), we get that z € T'z.
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Case IV: Suppose to the contrary that z ¢ Tz. Then,
0 < inf{py(x,2) + po(x, TX)}
< inf{po(xs, 2) + po(n, T xn)}
S inf{pH(xm Z) + pﬂ(xn—l > -xn)}
neN
< inf{lim inf 6(x,, 2)po(xo, XIS m-1 = Sl + @' po(xo, x1)} = 0,
ne. m—o0

which is a contradiction thus z € Tz. O

Remark 2.7. If we choose the function Q : [0, c0) — [0, ¢) defined by Q(#) = b < ¢ for all ¢ € [0, co0) in Theorem 2.6,
we can give the following result as a corollary.

Corollary 2.8. Let (X, dy) be a complete extended b-metric space and pg be an extended wt-distance on X. Let us
consider a multivalued mapping T : X — C(X). Suppose that there exists b,c € (0,1),b < ¢ such that for all x € X
there exists y € I satisfying
Po(; Ty) < bpy(x,y)
for each xy € X, where x, = T"xy and for any sequence (y,,) C X with lim, ,—,cc0(Xy, Vi) < éfor all @ € (0,1). If one
of the following conditions holds:
(1) pe(x, Tx) = 0 if there exists a sequence (x,) C X converging to x such that pe(x,, T x,) — 0;

(i) The map f : X — R defined by f(x) = pg(x, Tx), x € X, is lower semi-continuous,

(iii) T is a closed operator;

@v) for everyy € X with'y ¢ T(y), we have

inf{py(x,y) + po(x, T)} > 0.
Then, T has a fixed point in X.

Remark 2.9. In [16], the following lemma was proved by considering the following condition

lim sup 6(x;,, x,,) < o0 (2.16)

m,n— oo

rather than the condition lim,, 4—c0 (X, Xpm) < é for all @ € (0, 1) in Theorem 2.2.

Lemma 2.10 ( [16]). Let (X, dp) be an extended b-metric space such that the condition (2.16) is satisfied and let (x,)
be a sequence in X. Suppose that there exits A € [0, 1) such that dg(xp+1, Xn) < Adg(xp, X4—1) for all n € N. Then, (x,) is
a Cauchy sequence in X.

Morever, from the condition (iii) of Lemma 1.11 and Lemma 2.10, we can easily give the following lemma which
helps to prove Theorem 2.6 in a shorter and easier way.

Lemma 2.11. Let (X, dy) be an extended b-metric space and py be an extended wt-distace and the condition (2.16) is
satisfied. Let (x,) be a sequence in X and suppose that there exits A € [0, 1) such that pg(x,+1,X,) < Ape(Xy, Xn—1) for
all n € N. Then, (x,) is a Cauchy sequence in X

Now, we can give the Theorem 2.6 by using the condition (2.16). Since proof is obvious from Lemma 2.11 and
Theorem 2.6, we omitted it.

Theorem 2.12. Let (X, dy) be a complete extended b-metric space and py be an extended wt-distance on X. Let us
consider a multi-valued mapping T : X — C(X). Suppose that there exists ¢ € (0,1) and Q : [0, 00) — [0, ¢) such that
lim sup Q(s) < ¢, forall t € [0, c0)

st

and for all x € X, there exists y € I satisfying

Pe(, Ty) < Q(py(x,y))pe(x,y)

and for each xo € X and any sequence (y,) C X, limsup,, . .., 0(X4, y) < 0o, where x, € T"x,. If one of the following
conditions holds:
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(1) pe(x,Tx) = 0 if there exists a sequence (x,) C X converging to x such that pg(x,, Tx,) — 0;
(i) The map f : X — R defined by f(x) = pe(x, Tx), x € X, is lower semi-continuous,
(iii) T is a closed operator;
(iv) foreveryy e X withy ¢ T(y), we have

inf{py(x,y) + po(x, Tx)} > 0.
Then, T has a fixed point in X.

Notice that if we take 6(x,y) = s for all x,y € X in Theorem 1.3, the wt-distance p is actually an extended wt-
distance. Moreover, if we choose the function Q : [0, c0) — [0, ¢) defined by Q(f) = b < ¢ for all 7 € [0, c0) in Theorem
2.12, we can obtain Theorem 1.3 as a result of Theorem 2.12 by the following:

Corollary 2.13. Let (X,d, s) be a complete b-metric space. Let C(X) be the set of all nonempty closed subsets of X
and T : X — C(X) a multi-valued operator, p : X X X — [0, 00) a wt-distance on X and b € (0, 1). Suppose that there
exits, ¢ € (0, 1) with cb™ € [0, s7Y), such that for any x € X there is y € I} satisfying

P, Ty) < cp(x,y).
If one of the following assertions holds:

(1) p(x,Tx) = 0 if there exists a sequence (x,) C X such that p(x,, Tx,) — 0, as n — oo;
(ii) the function f : X = Ras f(x) = p(x, T(x)) is s-lower semi-continuous;
(iii) for everyy € X with'y ¢ T(y), we have

in£{p(x, y)+ p(x,Tx)} > 0.
X€E

@iv) T is a closed operator,
then T has a fixed point in X.

In [21], the notion of compactness in extended b-metric spaces was given by the following.

Definition 2.14 ( [21]). Let (X, dy) be an extended b-metric space. A subset C of X is compact if and only if for every
sequence of elements of C there exists a subsequence that converges to an element of C.

Remark 2.15. From the uniqueness of the limit in the extended b-metric spaces and the previous definition, we can
easily say that every compact subset of an extended b-metric space is a closed subset.

Now, we can give the following result for compact valued multifunctions in extended b-metric spaces via extended
wt-distance.

Corollary 2.16. Let (X,dy) be a complete extended b-metric space and py be an extended wt-distance on X. Let us
consider a multivalued mapping T : X — K(X). Suppose that there exists ¢ € (0, 1) and Q : [0, 00) — [0, 1) such that

limsup Q(s) < 1, forallt € [0, o0)

st

and for all x € X, there exists y € I{ satisfying

Po(y, Ty) < Q(po(x,y))po(x,y)

and for each xg € X and any sequence (y,,) € X, lim, ;—c0 O(Xp, Vi) < éfor any a € (0, 1), where x,, € T"xo. If the map
f : X — Rdefined by f(x) = po(x,Tx),x € X, is lower semi-continuous, then there exists z € X such that f(z) = 0.
Further, if pg(z,z) = 0, then 7z is a fixed point of T.

Proof. Since Tx € K(X) for any x € X, I is nonempty. Hence, for all x € X, there exists y € Tx such that
po(x,y) < po(x,Tx). Let us choose an arbitrary point xo € X. By following the similar process as in Theorem
2.6, we obtain a Cauchy sequence (x,) such that x,,; € Tx,, x,+1 # X,, satisfying the followings:
p&(xns xn+1) = p@(xna Txn)
and
p«?(xm Txn) < Q(pé)(xn—l, Xn))PG(Xn—I, xn)s Q(p&(xn—ls xn)) < 1.
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Since X is complete, there exists z € X such that x, — z. By the lower semi-continuity of the function f, we have
0 < po(z, Tz) < liminf py(x,, Tx,) = 0.
n—oo

Then, py(z, Tz) = 0. Further, if py(z,z) = 0, then z is a fixed point of 7. a

3. AN AppLicATION TO HOMOTOPY THEORY

In this section, we give an application of our main theorem to homotopy theory inspired by the results given in [1]
and [23]. Firstly, we introduce some definitions which are necessary for the homotopy result.

Let (X, dy) be an extended b-metric space and py be an extended wt-distance on X. We define the following mapping:
H,, : CB(X) X CB(X) — [0, o)
as follows

Hpg(A7 B) = max{sup pﬁ(a’ B)’ sup p@(A9 b)}
acA beB

for all A, B € CB(X).

Now, we give the following proposition. The proof is similar to the proof of Theorem 4.4 in [16], so we omit the
proof.

Proposition 3.1. Let (X,dy) be an extended b-metric and pg be an extended wt-distance on X. The mapping Hp, :
CB(X) X CB(X) — [0, ) satisfies the following inequality:

H,, (U, V) < 05U, V)[Hp, (U, W) + Hp (W, V)],
where the mapping 0y : CB(X) X CB(X) — [1, o) given as follows:
0y(U, V) = max{sup inf 6(u, v), sup inf 6(u, v)}.
\%4 74 eU

uel Ve vey U

Definition 3.2. Let (X, dy) be an extended b-metric space and py be an extended wt-distance on X. Let T : X X [0, 1] —
CB(X) be a multi-valued operator. The graph of T is defined by the set G(T) = {(x,t,y) : x € X,t € [0, 1],y € T(x,1)}.
If the graph of T is closed in (X X [0, 1] X X, dy), where

36’(()69 [9 )’)’ (-x’9 t/’ yl)) = dé’(-x’ x,)+ | t- t, | +d9(y’ y,)a
then T is called a closed multi-valued operator.

Theorem 3.3. Let (X, dy) be a complete extended b-metric space such that dg is a continuous functional in first variable
and py be an extended wt-distance on X, where there exists a real number M > 1 such that 6(x,y) < M for all x,y € X.
Let K be a closed subset of X and O be an open open subset of X with O C K. Assume that T : K x [0,1] —» CB(X) is
a closed multi-valued mapping satisfying the following conditions:
(1) x ¢ T(x,1) for each x € K\O and each t € [0, 1].
(i) The mapping f : K — R given by f(x) = pe(x, T(x,1)) is lower semicontinuous for all t € [0, 1].
(iii) There exist b,c € (0, 1) with b < ¢ and Mb < 1 such that for all x € X, there exists y € 12”), where

I& = {y € T(x, 1) : epo(x,y) < po(x, T(x, D))},
satisfying the following:
Hpg(T(x’ t)a T(y, t)) S bp(‘)(x, Y)
@iv) There exists L > 0 such that
H])()(T(-x7 tl)’ T('x7 t2)) S L | tl - t2 | .

forall t),t, € [0, 1] and for every x € K.

) If x e T(x,1), then T(x,t) = {x}.

(vi) Let x € K and r > 0,t € [0,1). Then, for each x* € Edﬁ(x, r) and y* € K U T(x*, 1), the equality do(x,y*) =
po(x,y*) holds.
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(vii) For each xo € X,1imynco 00X, ) < L for all x, € T(x, ).

If T(.,0) has a fixed point in K, then T(., 1) has a fixed point in K.

Proof. Let us define the set

O ={re[0,1]: x € T(x,1) for some x € O}.
Since T'(.,0) has a fixed point, then @ is nonempty. Now, we show that @ is open and closed in [0, 1]. Due to the
connectedness of [0, 1], we will obtain that ® = [0, 1]. For this aim, we first show that ® is closed in [0, 1]. Let (z,,)
be a sequence in ® such that ¢, — t* € [0, 1] as n — oo. Then, from the definition of @, there exists x,, € O such that
x, € T(x,,t,) for each n € N. Furthermore, for all m,n € N,

pé)(xn, Xm) = Hpg(T(xn, tn)> T (X b))

S M[H])()(T(-xna tn), T(xm tm)) + H]?{;(T(-x}’h tm), T(xm7 tm))]

<ML | Iy — I | +bp9(xn’ xm)~
Then, pg(x,, X)) < % | t, — t,, |. Since every convergent sequence is a Cauchy sequence in [0, 1], (#,) is a Cauchy
sequence. Therefore, we get that lim,, ;,—,c0 pPo(Xy, X,») = 0 and from Lemma 1.11, (x,) is a Cauchy sequence. Since
(X, dy) is complete, there exists an element x* such that lim, . dg(x,, x*) = 0. Also, T is a closed multi-valued
mapping, we have that (x,,, ,,, x,) € G(T) and (x,, t,,, x,) — (x*,t*,x*) as n — oo. Thus, (x*, *, x*) € G(T) and from
(i), it is clear that x* € O and (t*, x*) € ®. Then, we obtain that * € ® and O is closed.

Now, we show that @ is open in [0, 1]. Let fy € ® and xy € O with xy € T(xg,#). Since O is open in X, there

1-Mb
exists ro > 0 such that B, (xo,r9) € O. Consider an € > 0 with € < % Lett € (ty — €, ty + €). We show that

T(x,t) C Edy(xo, 1), for all x € Edﬁ(xo, ro). Lety € T(x, ). Then, from (vi) we obtain the followings:

dy(y, x0) = pe(y, Xo)

= po(y, T (x0, 1))

< Hp(T(x,1), T (x0,1))

< M[Hp, (T (x,1), T(x,10)) + Hp,, (T (x, 10), T'(x0, 10))]

<ML |t—ty| +Mbpe(x, xp)

< MLe + Mbr

<rp.
Thus, y € Edy(xo, ro) and foreach t € (tp — €, 19 + €), T(., 1) : Edy(xo, rg) — CB(EdH(xO, r9)). Therefore all assumptions
of Theorem 2.2 are satisfied and there exists a point x” € Bg,(xo, rp) such that f(x") = pe(x’, T(x’, 1)) = 0. Since x’ € K,
from the condition (vi), we get dg(x’, x") = pg(x’, x’) = 0. Thus, we obtain from Theorem 2.2, T has a fixed point in

Edg(xo, rp) € K. Due to the condition (i), the fixed point has to be in O for all ¢ € [0, 1]. Thus, (fp — €,7 + €) € ® and
® is open set in [0, 1]. Consequently, 7(., 1) has a fixed point. O
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