GU J Sci 30(4): 442-452 (2017)

Gazi University e
Journal of Science ﬁ'::[:;?:liifi&?;:';;';;
Sy 7

http://dergipark.gov.tr/gujs

On existence of coincidence solutions for a generalized system of
functional equations

Deepmalal,2,*, A. K. Dasl and R. Jana3

SQC & OR Unit, Indian Statistical Institute, 203 B. T. Road, Kolkata - 700 108, India

“Mathematics Discipline, PDPM Indian Institute of Technology, Design & Manufacturing (11ITDM) Jabalpur, Dumna Airport Road, Jabalpur -
482 005, India

3Jadavpur University, Kolkata - 700 032, India

Articlelnfo Abstract
In this paper, we consider a class of generalized system of functional equations which arise in
Received:21/03/2016 multistage decision process. We show that the coincidence solutions for this system of
Accepted: 15/06/2017 functional equations exist. The results presented here unify the results due to several authors. A
numerical example is illustrated to justify the results.
Keywords
Coincidence

solutions, Functional
equations, Multistage
decision process,
Dynamic
programming.

1 Introduction

In multistage decision process, in a natural way, functional equations arise. Bellman [4] first presented the
existence of solutions for some classes of functional equations arising in dynamic programming. In
optimization, dynamic programming, because of its wide applicability, induces much interest among
people of various disciplines. The origin of the theory of dynamic programming lies in the domain of
multistage decision process. The approximate dynamic programming approach can solve the optimization
control problem of nonlinear system. Methods of dynamic programming and Bellman principle are used
to accomplish the multistage optimization. The link between the optimal control problem and the Bellman
equation is provided by dynamic programming. For details see [17, 16].

The initial form of a functional equations in multistage decision processes was proposed by Bellman and
Lee [6] which is as follows f(x) =opt,_ H(X, Y, f(T(X,¥))),VXxeS. Here X and y represent the

yeD
state and decision vectors respectively, S and D denotes the state space and decision space respectively
and T represents the transformation of the process. f (x) represents the optimal return function with

initial state X and opt denotes sup or inf .
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This type of functional equation was first applied in engineering, control theory and economic theory
(see, [4, 5, 7, 18, 19, 20]). Some applications of these ideas to the calculus of variations and theory of
integral equations are found in [1, 2, 3]. In [13], Liu and Ume studied functional equations arising in
multistage decision process for their existence, uniqueness and iterative approximation of solutions. Liu
and Kang [12], studied the properties of functional equations.

The system of functional equations of dynamic programming, initiated by Chang [9] as

F () =sup{u(x,y) +Gx.y, galx, y))} 1)
9(x) = sup{u(x, y)+ F(x,y, T@lx y))}

Chang and Ma [10] discussed the following type of system of functional equations:

£ = supfu(x, ¥)+ G(x, ¥, 9(a(x. Y))}
9(x) = supfu(x, y) + F (%, y, f (b(x, y))}- @

yeb

We propose a class of generalized system of functional equations in the field of discrete optimization in
line with Bellman's equation arising in dynamic programming of multistage decision process.

f(x) = opt{p(x, y) +opt{r(x,y),C(x, y,g(c(x,y))),

: 0, (% Y) + A (% ¥, 98 (% ) T =12, md), G
0(x) = opt{q(x, y) + opt{s(x, y), D(x, ¥, f (A (x, y))).

) V(X Y)+ B, 06 Y, £ b, (6, y)) 1 = 1.2, m}}.

Here X and Y indicate the state and decision vectors respectively. ¢,d,a, and b, for i =1,2,---,m refer

the transformation of the processes. f (x) and g(x) signify the optimal return functions with initial state
X.

In this paper, we establish the existence of coincidence solutions of system of functional equations (3).
Here, the functions f and § are said to be coincidence solutions of the system of functional equations
(3) if the following condition holds

T(x) = opt{p(x, y) +opt{r(x, y),C(x, y, g (c(x, ))),

_ U (%, ¥) + A (% y,9(a (x,))) 11 =1.2,- m}},
g(x) = opt{g(x, y) +opt{s(x,y), D(x,y, f (d(x,y))),

V(%) + B (%Y, Foi(x, ) 11 =1,2,---, m}}.

(4)

The organization of the paper is as follows. Section 2 presents some basic notations and results. In section
3, we establish some sufficient conditions ensuring the existence of coincidence solutions for the class of
system of functional equations (3). The results presented in this paper unify the results of Chang [9],
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Chang and Maa [10], Liu [11], Liu et al.[14], Liu et al. [15], Bhakta and Mitra [8]. Finally, a numerical
example is presented to demonstrate the results in section 4.

2 Preliminaries

Suppose R = (—oo,+0), R" =[0,+0) and R~ = (—0,0]. [t] denotes the largest integer not exceeding
t, forany teR and (X,|.|) and (Y,||.|) be real Banach spaces. S < X be the state space and
D cY be the decision space.

Consider @, ={(o,¥) | @, : R* — R are nondecreasing and Z::o‘/’((Pn(t))<°° for t > Q}and
BB(S) ={f | f : S — R is bounded on bounded subsets of S}.

Let k be a positive integer and f, g e BB(S), let,

dy (f,9) =sup{| F(x)—g(x)|: xe B(O,k)},

-1 d(f.g9)
d(t.9)= kz;z_k 1+d,(f,9)’

where B(0,k) ={x:x e Sand || x ||< k}. Here, (BB(S),d) is a complete metric space.
We need following lemmas to prove our main results.
Lemma 2.1 Let a,,b, € R for i =1,2,---,m, then

max{|a +b |11 =1,2,---,m}<max{|a |:1=1,2,---,m}+max{|b |11 =1,2,---,m}.

Lemma 2.2 If a,b,c € R, then |opt{a,b,c}|< max{|a|,|b]|,|c|}.

3 Existence of coincidence solutions
First, we show the existence of coincidence solutions for the system of functional equations (3).

Theorem 3.1 Let c,d,a,b :SxD—S, p,q,r,s,u,Vv,:SxD —%R and

C,D,A,B:SxDxR—>NRfori=12,---,m,and (p,w) bein @, satisfying the following
assumptions:

(D) max{| p(, Y) 1A, Y) L6 Y LIsOGy) L Iu (6 ) LIV y) [1T=1,2, - mE <y (|| x[), for
all (x,y)eSxD,

(D2) max{]| c(x, y) LI d O, y) I 11 @ O, y) Lo (%, y) [T =1,2,---,m}< (]| X[}, for all
(x,y)eSxD,

(D3) opt{s(x,y),D(X,y,2),v;(X,¥)+B,(X,y,2) :1=1,2,---,m}>0 and max{|C(x,Y,z)|,

|ID(X,y,2) || A(X Y, 2)|,| B,(X,y,2)|:1=1,2,---,m} < z|, forall (X,y,zZ)eSxDxR
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Consider the following cases of system of functional equations:

Case I: Suppose 0pt,., =sup,, and opt=opt in f(x) and g(x) of (3) and (¢, y) satisfying (D,),
(D,) and (D,) along with the following additional assumption:

(Dy)for any fixed (X,y) e SxD,C(x,Y,.),D(x,V,.), A(X,y,.) and B;(X,y,.) are both left continuous
and nondecreasing with respect to the third argument on R.

Case I1: Suppose 0pt,, =inf . in f(X), 0Pt =sup,, in g(x) and opt=opt in f(x) and
g(x) of (3) and (¢,y) satisfying (D,), (D,) and (D,) along with the following additional
assumption:

(Ds)C(x,Y,.) and A(X,Y,.) are both left continuous and nondecreasing with respect to the third
argumenton R and D(X,Y,.), B;(X,Y,.) are both right continuous and nondecreasing with respect to the
third argument on R, for (X,y) e SxD.

Case I11: Suppose 0Opt, _, = inf,.p and opt=opt in f(x) and g(x) of (3) and (¢,y) satisfying

(D,) and (D,) along with the following additional assumptions:

(Dg) opt{s(x, y),D(X,y,2),v;(X,¥)+B,(X,y,2) :1=1,2,---,m}<0 and max{|C(x,Y,2)|,

IDOY, D) LIAKY, D) LB (XY, ) [-1=1,2,---,m} <] z],

(D)for (x,¥) e SxD,C(x,y,.),D(x,y,.), A(X,y,.) and B;(x,Y,.) are both right continuous and
nondecreasing with respect to the third argument on R .

Then the system of functional equations (3) has a coincidence solution.

Proof. The proof is carried out by the following steps.

Step 1. First we show the monotonicity of {g,,(X)},., and {f,,.;(X)},., - We need to consider following
three cases.

Case | : We consider the followings.

Jo(X) =supq(x,y), VxeS, (5)

yeD
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d,,(X) = sup{a(x, y) +opt{s(x, ¥), D(x, ¥, f,,,(d(X,y)),

yeD

Vi (X! y) + Bi (X! Y, f2n—1(bi (X’ y)) = 1!2""! m)}}, n 21;

f,0.0(X) = sup{p(x, y) +opt{r(x, y),C(x,y, g5, (c(x, ¥))),

yeD

U (X’ y) + Ai (X’ Y92, (ai (X’ y)) = 1’2! e "m)}}v n>0.

With the assumption (D,) and following a similar argument given in [14], we obtain

go(x)S gz(x) <-ee < gzn(X) < 92n+2(x) <ee

)< ()<< fp ()< fh, ()<

This implies the sequences {g,,(X)},., and {f,,.;(X)}.., are monotone.
Case Il : We consider the followings.

go(X) =supqa(x,y), VxeS,

yeD

9., (X) =sup{a(x, y) +opt{s(x, y), D(x, y, f,, ,(d(X, y)),

yeD

Vi (X! y) + Bi (X! Y, f2n—1(bi (X’ y)) = 1!2’ T m)}}’ n= 1,

fan.1 () = inf {P(X, y) + 0pt{r(x, ¥), C(x. ¥, Gz, (%, ))).
ui (X, y) + Aﬁ (X! Y, an (ai (X! y)) = 1’2’ ' "’m)}}’ nz 0;

With the assumption (D;) and following a similar argument given in [14], we obtain

go(x)S gz(x) S-S an(X) = 92n+2(x) <.

fl(X) = fs(X) - f2n—1(x) = f2n+1(x) 2.

(6)

()

(8)

9)

(10)

(11)

(12)

(13)

(14)

Applying the similar approach of the proof of Case 1, we conclude the sequences {g,,(X)}., and

{f,,..(X)},, are monotone.

Case Il : We consider the followings.

go(x) = inE q(x,y), VxeSs,
ye

(15)
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U (X) = iyrg; {a(x, y) +opt{s(x, y), D(x, Y, f,,_,(d(x, y)),

V.(X, y)+B(xy, f (b(Xy):1=12,---,;m)}}, nx1, 1o
fan.1 () = inf {P(X, y) + 0pt{r(x, ), C(x ¥, Gz, (%, ))). -
U (6 )+ A Y, G0 (8 (X, Y)) 1 =12, M)t} n20,
With the assumption (Dg), (D,) and following a similar argument given in [14], we obtain
9o(X) 2 92 (X) 2+-2 G5, (X) 2 Gz () 2+, (18)
()= f,(x)=--->1f, ,(X)=>f, (X)>---. (19)

Applying the similar approach of the proof of Case I, we conclude the sequences {g,,(X)},., and
{f,,.1(X)},, are monotone.

Step 2. Now we show that these two sequences {0,,(X)},., and {f,,.,(X)},., are bounded for each of
the three cases.

Case I: Fork =[|| x|[] +1 by (D,) and (5), we obtain

| 9o (X) =l supa(x, y) IS w (|l X)) (20)
yeD

In view of Lemma 2.1, Lemma 2.2 and (D,)—(D,) and following a similar argument of the proof given
in [14], we obtain

19,001 2Y (@I XID) <23 (@), vn=0, @
| (22 W@ XD <23 (@), vn=o0 @)

This implies that {g,, (X)},., and {f,,.,(X)},., are bounded.
Case II: Proof follows from the similar argument of Case I.
Case Ill: Proof follows from the similar argument of Case I.

Step 3. Finally, we show the existence of coincidence solutions of the system of functional equation (3).
We consider the three cases separately.

Case I: Suppose,

P(x) =sup{p(x,y)+opt{r(x,y),C(x,y,g(c(x, ¥))),

: 0% y)+ A (Y, 0@ (x )11 =12, m},
Q(x) = sup{a(x, y) + opt{s(x, y). D(x. y. f (d(x, y))),

: V(% y) + B (G Y, (b, (x ¥) 1 = 1.2, m).

Inequalities (8), (9) and (23) imply for any (X,y) € SxD and n>0,

(23)




448 Deepmala, A K Das, R Jana / GU J Sci, 30(4): 442-452 (2017)

P(X, y)+opt{r(x,y),C(x,y, g(c(x, y)).u; (X, y) + A(X, ¥, 95, (8 (X, ¥))) :1=1,2,---,m}
= f2n+1(x) < P(X)v
q(x, y) +opt{s(x,y), D(x,y, F(d(x, ¥))),vi(x, y) + B, (X, ¥, 54 (B (X, ¥))) :1 =1,2,---,m}
< 020 (X) <Q(X),
Following the Case | of Step 1 and Step 2 these two sequences are monotone and bounded. This implies
f,g € BB(S). Considering (8) and (9) with the assumption (D,) and letting n—oco in (24) with
f,g € BB(S), we obtain

(24)

P(X, y) +opt{r(x,y),C(x vy, g(c(x, ), u; (X, ¥) + A(X, y,9(a;(x,y))) :1=1,2,---,m}
< f(x) < P(x),

25
(%, )+ 0PHS(x, Y, DX, . F (4% YV, (6, Y)+ B (6, v, £ (0,6 )i =12, my| 2
<g(x) <Q(x),
which implies that
P(x)< f(x) < P(x),} (26)
Q(x) < g(x) <Q(Xx).
Hence, P(x) = f(x) and Q(x) = g(x), for xeS.
Case II: Applying the similar approach of Case I, we obtain
p(x, y)+opt{r(x,y),C(x,y,g(c(x, y))).u (x, ) + A(x,y.g(a(x,y))):1=1.2,---,m}
> f(x) > P(x), 27)
A(%, ) +0pt{s(x, ¥), DX, ¥, F(d (X, YY)V, (%, ¥)+ B, X, Y, £ (b (%, )i =1,2,--, m}
< g(x) <Q(x),
which implies that
P(x) > f(x)> P(x),} 28)
Q(x) = g(x) <Q(x).
Hence, P(x) = f(x) and Q(x) = g(x), for xeS.
Case 111 Applying the similar approach of Case I, we obtain
P(X, Y) +opt{r(x, ¥),C(x, ¥, g(c(x, ¥))),u; (X, ) + A (X, y, g (@ (x,y))) :i =1,2,---,m}
> f(x) > P(x), 29)

q(x, y) +opt{s(x,y), D(x, y, f(d(x,y)),v; (X, ) +B;(x,y, f (b, (x,¥))):1=1,2,---, m}
> g(x) 2 Q(x),
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which implies that

P(x)> f(x)> P(x),} (30)
Q(x) 2 g(x) =2 Q(x).
Hence, P(x) = f(x) and Q(x) = g(x), for XxeS.
Hence, system of functional equation (3) has a coincidence solution.
Remark 3.2
1. Incase r=s=C=D=A=A=---=A,=B,=B,=---=B,=u,=v,=0fori=12,---,m,

then [Theorem 3.1, Case 1] reduces to Theorem 3.1 of Liu et al.[14].
2. If opt
P=Q=U,=U;=:-=U, =V, =V, ==V :A2 :A3 :...:An = 82 :83 =...= Bm =0, then
[Theorem 3.1, Case I] reduces to Theorem 3.1 of Liu et al. [15].

yep = SUP, 5, OpPt=max and

3. Incasew=1,r=s=C=D=u,=v,=0fori=12,---,m and
A=A=---=A,B=B,=---=B ,a=a,=---=a,,b =b, =---=Db_, then [Theorem 3.1, Case
I1] reduces to Theorem 4.1 of Liu [11].

4. Incase r=s=C=D=u,=v,=A,=A,=---=A,=B,=B,=---=B_ =0 fori=12,---,m,
then [Theorem 3.1, Case I1], reduces to Theorem 3.2 of Liu et al. [14].

5. fy=1,r=s=C=D=u,=v,=0fori=12,---,m and
A=A=---=A,B=B,=---=B,,a=a,=---=a,,b=b,=---=Db_, then [Theorem 3.1, Case I]
reduces to Theorem 4.2 of Liu [11], which, in turn, generalizes Theorem 2.3 of Bhakta and Mitra [8].

6. Incase r=s=C=D=u,=v,=A=A=---=A,=B;=B,=---=B,=0fori=12,---,m,
then [Theorem 3.1, Case I11], reduces to Theorem 3.3 of Liu et al. [14].

7. Theorem 3.2 and Theorem 3.3 of Liu et al. [15] are special cases of [Theorem 3.1, Case I].

8. Theorem 4.1 of Chang [9] is a special case of [Theorem 3.1, Case I].

4 Numerical example

Consider the following system of functional equation.

Example 4.1 Let X =Y =R,S =[1,00), D =R". Define ¢,d,a,b :SxD > S,
P, q,r,Su,V,:SxD—>NR and A,B :SxDxR—>R for i =1,2,3,and ¢,y : R" > R" by

w(t) =, (1) :%,
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2 2

X X X
f(x)=su +opt ,C,,—c03133,
() SyeLE){2+5|n(x+2y) p{1+cos(2y+3x2) (%, 9( (1+3x7)))
. sin x x3 X COS(X + 2
XS HAY) + ALY, 9GS ) Ay, g(M))
+X+y° T 14+ xy
2
2 cos(1+ 4xy° v, X
X° cos(1+4xy”) + A (X, y g(3+xsin(2x+3y2)))}}
2 3 X X4
g(X)—sup{ +0pt{ DY, () ——=
yeD +y xy 3+y° T 1+ X%y
X x?|sin(3x%y)|
B, (x,y, f ,
TRy (3+|cos(3x3+y2)| 1+cos(2y?)
X x* | cos(2x%y) |
B,(x,vy, f , +B.(x,y, f
+B,(x,y (5+|cos(y2+5)|)) 11y? (%Y ( ))}}
where,
0, if z<0 0, if z<0
C(x,y,2) = , if 220, D(x,y,2) = w, if z>0,
1+ x+y (1+x7y)
_r if 2<0 _
1+>§+y 0, if z<0
Ay2) = |G s0, By, =l itz
24 X+Y 3+|sin(x+2y) |
0, if z<0 0, if z<0
X,y,z) = JZlcos(x=y*)| - B,(X,V,2)_ z . if >0,
A% y.2) T 24 x+y? it 220, BolXY.2)- 1+ X+ y? |sin(2x+3y) |
1+;+y, if z<0 0, if z<0
AXY.2) = Jzjcos@y’)| Lo, BaXY2) = — L ifz>0
@+x2+y) ' o 1+ Xy +X

(31)

Note that the results of [8, 9, 11, 14, 15] are not applicable due to positive values of | p| and | q| for

verifying the existence of coincidence solutions, since

XZ

X, V) |- >0, V(X SxD
| (X, Y)]| 24 ]S+ 2y9)] (X, y) e Sx
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X2

0, WV(x, SxD.
1+ | cos(2y +3x%) | (x.y) €S

[r(x, y)|=

One can verify the existence of coincidence solutions by applying the result proposed in this paper for all
possible values of | p| and | g |. The example considered is basically the case of

Case | of Theorem 3.1. Now we compute

2

X |
X, V) |= - <x*=w(X),
| p(x, ¥)| 2 sin(xr 2y9) w(X)
xcos(1+3xy?)|  x
oy = e3P Xy
4 E
—<|z], if z<0
1+x+y
z|sin(3x+2y)|| .
X, Y,2)| = <|z|, ifz>0
| A(XY,2)] X1y <[ z]
0 if z=0.

It is easy to show that all the assumptions (D,)—(D,) for Theorem 3.1 are satisfied for this example.

Based on the Theorem 3.1 we conclude that system of functional equations (31) has a coincidence
solution.

5 Conclusion

Functional equations are well studied in the literature of dynamic programming and arise in a number of
applications in engineering, control theory and economic theory. Bellman first presented the existence of
solutions for some classes of functional equations arising in dynamic programming. We consider a
generalized system of functional equations and prove the existence of coincidence solution. Theorem 3.1
unifies the results due to [8, 9, 11, 14, 15] which is illustrated with the help of an example. To find a
coincidence solution for a system of functional equation one has to develop a suitable algorithm which
remains as an interesting work for future research.
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