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1. Introduction

Prabpayak and Leerawat [8, 9] introduced a new algebraic structure which is called KU-algebras. They
studied ideals and congruences in KU-algebras. Also, they introduced the concept of homomorphism of
KU-algebra and investigated some related properties. Moreover, they derived some straightforward
consequences of the relations between quotient KU-algebras and isomorphism.

Neutrosophy is a new branch of philosophy that studies the origin, nature and scope of neutralities, as
well as their interactions with different ideational spectra. Neutrosophic set and neutrosophic logic were
introduced in1998 by Smarandache as generalizations of fuzzy set and respectively intuitionistic fuzzy
logic. In neutrosophic logic, each proposition has a degree of truth (T), a degree of indeterminancy (1)
and a degree of falsity (F),where T,I, F are standard or non-standard subsets of ] —0, 1+ [, see [10, 11,
12]. Neutrosophic logic has wide applications in science, engineering, Information Technology, law,
politics, economics, finance, econometrics, operations research, optimization theory, game theory and
simulation etc.

The notion of neutrosophic algebraic structures was introduced by Kandasamy and Smarandache in
2006, see [5, 6]. Since then, several researchers have studied the concepts and a great deal of literature
has been produced. For example, Agboola et al. in [1, 2] continued the study of some types of
neutrosophic algebraic structures. Agboola and Davvaz introduced the concept of neutrosophic
BCI/BCK-algebras in [3, 4]. In this paper, we introduce a neutrosophic KU-ideal of a neutrosophic KU-
algebra and investigated some related properties. Also, we study a neutrosophic homomorphism of a
neutrosophic KU-algebra and some results are obtained.

2. Preliminaries
Now, we will recall some known concepts related to KU-algebra from the literature which will be
helpful in further study of this article.

Definition 2.1 [8, 9]. Let X be a set with a binary operation * and a constant 0. Then (X ,*,0)is called
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KU-algebra if the following axioms hold: for all X,y,ze X ,

(KU (x*y)=[(y*2z)*(x*2)]=0,

(KU,) x*0=0,

(KU;) O*xx=x,

(KU,) if xxy=0=y=ximplies x=y.
Define a binary relation < by :x<y < y=*x=0, we can prove that (X,<) is poset. By the binary
relation <, we can write the previous axioms in another form as follows:

(KU,) (y*2)*(xx2) <X+,
(KU,)0<x,

(KU3')x£y<:> y*x=0,

(KU4’)if x<yand y<x—x=y.

Example 2.2 [7]. Let X={0, 1, 2, 3, 4} be a set with a binary operation * defined by the following table.

Using the algorithms in Appendix, we can prove that (X, *, 0) is a KU-algebra.

Corollary 2.3 [7]. In a KU-algebra the following identities
are true, * 0 1 2 31 4 | forall,x,y,ze X,

0 0 | 0 [ 1] 2 [3]4],4;,-0

2 0 1 0 3| 3 o

(iii) If 3 0 0 5 o 2 X<y impliesthaty *z<x =z,

(v) 4 0 [ 0] 0o Jof[o | zx(y*x)=y=*(zxx),

(vi) y*[(y*x)*x]=0.

Definition 2.4 [9]. A subset S of a KU-algebra X is called a sub algebra of X if X*y e S, whenever
X,yeS.

Definition 2.5 [9]. A non empty subset A of a KU-algebra X is called an ideal of X if it is satisfied the
following conditions.

(i) 0eA,

(i) yxze A,ye Aimplies ze A Vy,ze X.

Definition2.6 [13] . Let A be a non empty subset of a KU-algebra X . Then, A is said to be a KU-ideal
of X if the following conditions hold:
(1) OeA,

(1,) VX, y,ze X, x*(y*z)e Aand ye Aimply x*ze A.
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Example 2.7[13]. Let X ={0,a,b,c,d,e}be a set with the operation * defined by the following table.

*10lal|b|lc|d]|e
0O|O0O|a|b|c|d]e
a| 0|0 |b|bj|d|e
b|O0]|]O0O|O0|a|d]|e
c| 00|00 d]e
d|0|O0O|O0]a|O0]|e
e|0(0|O0O|O0]O0]O

Then (X ,*,0) is a KU-algebra and it is easy to show that{0,a},{0,a,b,c,d} are KU-ideals of X .
Definition 2.8. Let (X ,*,0) be a KU-algebra, then for every X,y € X we denote XAY = (X*Yy)*Yy.

3. Neutrosophic KU-algebra
Let X be a nonempty set and let | be an indeterminate. The set X (1) = <X, I> = {(x, yl):x,ye X} is

called a neutrosophic set generated by X and | . If +and ¢ are ordinary addition and multiplication,
then | has the following properties:

@r+1 +...+1=nl,

@1 +(ED=0,

B)lel s ..o | = 1"= 1 forall positive integer n,
(4) 0«1 =0,

(5) — | is undefined and therefore does not exist.

If =: X(1)x X(I)— X(I)is a binary operation defined on X (1), then the couple ( X (I), *) is called
a neutrosophic algebraic structure and it is named according the axioms satisfied by *. Let ( X (I), *) and
(Y(1), =) be two neutrosophic algebraic structures, then a mapping Q: (X (I),*) > (Y (I),*") is
called a neutrosophic homomorphism if the following conditions hold .

M Qfw.x1)*(y,z)}=Q(w.x1) ¥ Q(y, zl),
(2) Q=1 v o (w,xl) , (y,zl) e X(1).

Definition3.1. Let (X ,*,0) be any KU-algebraand X(1) = <X, I> be a set generated by X and | .
The triple (X (1),*,(0,0)) is called a neutrosophic KU-algebra, if (a,bl) and (c,dl) are any two
elements of X (1) with a,b,c,d € X, we define the following

(a,bl) = (c,dl)=(ax*c,(a*d AbxcAb=*d)l)......... @
Anelement x € X is represented by (x,0) € X (1) and (0,0) represents the constant elementin X (I).
For all (x,0), (y,0) € X, we define

(x,0)#(y,0) = (x*y,0) = (Y A= X)eervennne 2

where —Xis the negation of X in X .

Theorem3.2. Every neutrosophic KU-algebra (X (I),*,(0,0)) with condition
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((0,01)*(a,bl)=(a,(a Ab)I) isaKU-algebra.

Proof . Suppose that (X (I),*,(0,0)) is neutrosophic KU-algebra. Let

x=(a,bl), y=(c,dl),z=(f,gl) beanarbitrary elements of X (I) . Then we have
(KU (xxy)=[(y=*2z)*(x*2)]

=[(a,bl) =(c,d]*[ ((c,d1) =(f,g) = ((a,bl) = (f,gl))|=

=[(a*c,(a*d Abxcab=d)I)]*{([(c* f,(cxgAad=*Tf Ad=*xg)l)=
((@xf)(@axgab=fAb=g))}

=(r,sh)*[(p.al)*(u,vh)],

(r,sl)=(a*c,(a*xd Abxcab=d)l)=(cAr—a,(d A—arcA—bAadA—Db)I),
(p,gl)=(c*xf,(cxgnd*f Ad=*g)l)=(f A—=C,(gA—CATA=dAgAa-=-d)I,
(u,v)=((a*f),(axgab=f Abxg))=(f r—a),(gAr—an f A=bArgAaA=b)),
Hence,

(p.al)*(u,vh) =(p*u,(p*vAq*ung=v)l
=(UA—P,(VA=PAUA—=QAVA=Q)l)=(mKI),

(r,sh)=(m,kl)=(r*m,(rxk Asxmas=k)I)
=(MmAa=r,(kA=rama—=saka=s)l)=(T,hl).

Now, we obtain

F'=ma-r=uAan—-pa-r=(f A—a)(—-cva)=0
Also, we have

h=(KkAa=raAma—=SAkA—=8)=KA-rAun—pA—-sAkA—=s

v —P

—
=VA—PA—QAUA—TA=S=0gA—aATA-DAgGA-DA(=f vC)A
—q u —r —S

(gvev—fvdv—gvd)a(f A-a)a(-cva)a(-dvav-cvbv—-dvb)=0
This shows that (I",hl) = (0,01) and consequently (X * y) *[(y *z) *(x*2)]=0.

(2) We have

x*0=(a,bl)*(0,0l)=(a*0,(ax0Ab=0)I)=(0,(0A0)I)=(0,01).
(3) We have
0*x=((0,0l)*(a,bl)=(0*a,(0xbA0=*a)l)=(a,(bAa)l)=(a,bl).
(4) If x*y=0=y*x, then we have

(a,bl)#(c,dl) =(a*c,(axd AbxcAb*d)l)=(0,01),
(c,dl)*(a,bl)=(c*a,(c*bad*andxb)l)=(0,0l).

These imply that
(axc,(a*d AbxcAb=d)l)=(0,01)
(cAr—a,(dAr—ancaA—badAa=b))=(0,0I) and

(a/\—|C,(b/\ﬁC/\a/\—|d /\b/\—|d))=(0,0|)

Therefore,
cr—a=0,(dAr—-ancar—-badAan—=b)=0and

an—=0,(bar—-cran—-dAaba—-d)=0
From which we obtaina=c, b =d. Hence, (a,bl)=(c,dl) that is x=y.
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From (1) — (4), we have (X (I),*,(0,0))is a KU-algebra.

Lemma3.3. Let (X (1),*,(0,0)) be a neutrosophic KU-algebra. Then

(0,0l)=(a,bl)=(a,bl) <a=hb.
Proof. Suppose that (0,01) = (a,bl) = (a,bl). Then (0,01)*(a,bl) = (0*a,(0*aA0=*b)l)=(a,bl)
which implies (a,(a Ab)I) = (a,bl) from which we obtain a = b. The converse is obvious.

Lemma3.4. Let (X (1),*,(0,0)) be a neutrosophic KU-algebra. Then for all (a,bl),(c,dl),
(e, fl)e X(I):

(1) If (a,bl)*(c,dl)=(0,0) implies that [(e, fl)=*(a,bl)]*[(e, fl)=*(c,dl)]=(0,0) and
[(c,dl)=(e, fl)]*[(a,bl)*(e, f1)]=(0,0).

(2) (a,bl)*[(c,dl)*(e, fl)]=(c,dl)*[(a,bl)=*(e, fl)].

(3) [(a,bl)=(c,d)]={[(e, fI)*(a,bl)]*[(e, fI)*(c,dI)]}=(0,0).

Proof . (1) Suppose that (a,bl)=*(c,dl)=(0,0). Then (a*c,(a*d Ab*cAb=d))=(0,0) from
which we have that cA—a=0, (d A—aAncA—=bAad A—=b)=0. Now,

(e, fl)*(a,bl)=(an—e,(bAr—eran—f)l)=(xyl)

and

(e, fl)=(c,dl)=(cr—e,(dr—eancan=f)l)=(p,ql).

Hence, (X, y1)*(p,ql)=(p A—=X(qA—XA pA=Yy)I)=(u,vl), where
U=pPpA—-X=CA—eA—X=CA—eA(—-ave)=cr—er—a=0 and
Vv=gA—-XApPA-y=(dar—eanca—f)a(—-ave)a(car—e)Aa(-bvev—-av f)

=(dAr—-eancA—f A—a)A(-bvev—-av )=0
This show that (u,vl) = (0,0)and so [(e, fl)=(a,bl)]*[(e, fl)*(c,dl)]=(0,0).
A similar computation show that [(c,dl)* (e, fl)]*[(a,bl)* (e, fl)]=(0,0).
(2)LHS  (a,bl)=*[(c,dl)*(e, fl)]=(a,bl)*(n,ml), where n=eA—C, m=f A—CAreAn—d,
X*(y=*2z)=(a,bl)*[(c,dl)= (e, fl)]

= (a,bl)*(n,ml)
=(nAr—a,(mAr—-aAnaA-=b)l)
=[eaA—-CA—a,(f A-CAren—dA—aneAn—CA=b)I]
=[ea—=CAr—a,(f A-Cren—dA—an—D)l] .. (i)

RHS
(c,dl)*[(a,bl)*(e, f1)] =(c,dl)*(u,vl), where u=eAn—a,v=f A—aneAn—b.Hence

(c,dl)*(u,vl)=(u A—C,(vA—=CAUA=d)I)
=(er—an—C fr—-arer-br-crer—arn—d)l)
=(er—an—C fAr—-arner=bA—=CA=d)l)., (i)
From (i) and (ii), we get (a,bl)*[(c,dl)=(e, fl)]=(c,dl)=*[(a,bl)* (e, fl)].
(3) Put
[(a,bl)=(c,dD)]={[(e, fI)*(a,bl)]*[(e, fI)=(c,d)]}=(u,v1)={(x, y1)*(p,ql)}, where
(u,vl) =(a,bl)*(c,dl)=(cA—a,(d A—ancA—=b)l),
(x,y)=(e, fl)x(a,bl)=(arn—e,(bAr—eran=f)l),
(p,ql)=(e, fl)*(c,dl)=(cA—e,(d A=eACA=)I).
Thus, we have that
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(¥ *(p,gl) = (P A =X, (@A —XA PA=Y)I)

=(g,hl).
Now,
(u,vl)*(g,hl)=(gAr—=u,(hA=uAgA—=V)I)
= (m, k1),
where,
m= g A —=U

=pA—XA(=CvVa)
=(cr—e)A(—ave)a(—-Ccva)
=(ch—eAr—aAn—-C)v(CA—EA—AAQ)
=(0v0)=0,
k=hA—UAQA—=V
=(qA=XApPA=Y)A(=CVvaA)A(PA—X)A(—=dVvav—Ccvh)
=(QA—-XAPA=Y)A(—=dvav—-Ccvh)
=[(dr—encAa—f)a(—ave)a(cr—e)a(-bvev—-av f)]r(—-dvav-cvh)

=[(dAr—eAncA—f A=b)v(dAr—eArcA—f A—a)]A(—dVvav—-cvb)=0.
It follows that (m,kl) = (0,0) . Hence the proof is complete.

Definition 3.5. Let (X (1),*,(0,0)) be a neutrosophic KU-algebra. A non-empty subset A(l) is called
neutrosophic subalgebra of X (1) if the following conditions hold:

(i) (0,0) € A(l),

(ii) (a,bl)=(c,dl) e A(l) forall (a,bl), (c,dl) e A(l),

(iii) A(l) contains a proper subset which is a KU-algebra.

If A(l)does not contain a proper subset which is a KU-algebra, then A(l)is called a pseudo
neutrosophic subalgebra of X (1).

Theorem 3.6. Let (X(1),*,(0,0)) be a neutrosophic KU-algebra and A ,,,(I) be a subset of X (1)
defined by A, .,(1) ={(x,y1) e X(1):(a,al)*(x,yl) = (0,0) , for a= 0. Then,
(1) Agan (1) isaneutrosophic subalgebra of , X (1),
2) A(a,al)(l) - A(0,0l)(l)-
Proof. (1) Obviously, (0, 0) € A, ,,,(1) and A, ,,,(I) contain a proper subset which is a KU-algebra.
Let (X, y1),(p,ql) € A, .y (1). Then (a,al)*(x, yI) =(0,0)and (a,al)*(p,ql) = (0,0), it follows
that a*x=0,a*xAa*xy=0, a*p=0,a*xpAra*xq=0.Since a=0,wehave x=y=p=(g=a.
Now, we have
(a,al)=[(x, y)*(p,ql)] = (a,al) *[(x* p,(x*qAy* pAy*Qq)l]
=[a*(xxp){[a*x(x*qry*pAy=*q)]aa*(x*p)}H]
=[a*0,{a*aAra=*0}1]=[0,(0A0)I]=(0,0).
This shows that (X, yI) * (p,ql) € A, ,,,(I)and the required result follows.

(2) Itisclear.

Theorem 3.7. Let (X (1),*,(0,0)) be a neutrosophic KU-algebraand X, (1) be a subset of X(I)
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defined by X (1) = {(x,x1);x € X }. Then X, (l)is a neutrosophic subalgebra of X (I).
Proof. Obviously (0,0) € X, (1). Let (a,al) , (b,bl)e X, (I). Then, we have

(a,al)*(b,bl) = (a*b,(a*b)l) = (b —a, (B A—a)l) € X,(1).
The proof is complete.

Remark 3.8. Since (X (I),*,(0,0))is a neutrosophic subalgebra, then X (l) is a neutrosophic
commutative KU-algebra in its own right.

Example 3.9. Let X (I) = {(0,0I ),(a,al),(b,bl),(c,cl )} be a set with the operation * defined by the
following table

* o,0n | (aal) | (b,bl) | (c,ch)
(0,01) | (0,01) | (aal) | (b,bl) | (c,cl)
(a,al) | (0,01 | (0,0l) | (a,al) | (c,bl)
(b,bl) | (0,01) | (0,01) | (0,01) | (c,al)
(cch) | (0,01) | (aal) | (b,bl) | (0,01)

Then X, (1) is a neutrosophic subalgebra of X(1).

Definition 3.10. Let (X(1),*,(0,0)) be a neutrosophic KU-algebra. A non-empty subset A(l) s called
a neutrosophic ideal of X (1) if the following conditions hold:

() (0,0) e A(l),

(ii) If (a,bl)=*(c,dl) e A(l)and (a,bl) € A(l) implies (c,dl) e A(l), forall
(a,bl), (c,dl)eA(l).

Definition3.11. A non-empty subset A (1) is called a neutrosophic KU-ideal of X, (I) if the following
conditions hold:

(1) (0.0) e A (1),

()1 (X)) *[(y, Y1) * (z.2D)] € A (1) and (y, y1) € A (1) implies
(X, x1)*(z,zl) e A, forall (x,xI), (y,yl1),(x,xI)e A (1).

Theorem 3.12. Every neutrosophic KU-ideal of X (1) is a neutrosophic ideal of X (1)
Proof. Putting (x,x1)=(0,01) in (I,), the result follows.

Definition 3.13. Let (X (1),*,(0,0)) and (X(1),,(0',0")) be two neutrosophic KU-algebras.
A mapping T : X(1)— X'(I) is called a neutrosophic homomorphism if the following conditions hold:
@) f[(x, y1)=(z,mD]= f(x,yl)e f(z,ml), V(x,yl),(z,ml) e X(I).
(2) f(o,01)=(,01).
Also,
(3) If f is injective, then f is called a neutrosophic monomorphism.

(4) If f is surjective, then f is called a neutrosophic epimorphism.

(5) If f is a bijection, then f is called a neutrosophic isomorphism.

A bijective neutrosophic homomorphism from X (1) onto X'(1) is called a neutrosophic
automorphism.
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Theorem 3.14. Let f : X (I) — X'(l)be a neutrosophic homomorphism of neutrosophic KU-algebras.
Then,

(i) If (0,01) is the identity in X (1), then f (0,01) is the identity in X'(I).

(ii) If S isa neutrosophic subalgebra of X (1), then f (S) is a neutrosophic subalgrbra of X'(1) .

(iii) If S is a neutrosophic subalgebra of X'(1), then f ™(S) is a neutrosophic subalgebra of X (I).
Proof. It is straightforward.

Definition 3.15. Let f : X (1) — X'(I) be a neutrosophic homomorphism of neutrosophic KU-algebras.
Then the kernel of f denoted by ker f , is defined to be the set

ker f ={(x,yl)e X(I): f(x,y1)=(0,0'1)}.
Theorem 3.16. Let f : X (1) — X'(I) be a neutrosophic homomorphism of neutrosophic KU-algebras.
Then, f is a neutrosophic monomorphism if and only if ker f ={(0,0)}
Proof. It is straightforward.

Theorem 3.17. Let f : X(I)— X'(1)be a neutrosophic homomorphism from a neutrosophic KU-
algebra X (I)into a neutrosophic KU-algebra X'(1) . Then the kernel f is a neutrosophic KU-ideal of

X().

Prc()oi . Since f(0,01)=(0',0'1), then (0,01) e ker f . Let

(a,bl)*[(c,dl)*(p,ql)] e ker f and(c,dl) eker f, then

f{(a,bl)*[(c,dl)*(p,ql)]}=(0',0'l) and f(c,dl)=(0',0'1), since

(0°,0'1) = £{(a,bl)*[(c,dl) = (p,ql)]}= f(a,bl)* f[(c,dl) *(p,ql)]

= f(a,bl)*[ f(c,dl)* f(p,ql)]
= f(c,dl)=[f(a,bl)* f(p,ql)]
=(0°0'1) =[f (a,bl)* f (p,ql)]
=[f(a,bl)* f(p,ql)]
= f[(a,bl)*(p,al)l.

We get[(a,bl) = (p,ql)] e ker f, so ker f is neutrosophic KU-ideal of X (I).

4. Appendix-Algorithms
This appendix contains all necessary algorithms

Algorithm for KU-algebras

Input ( X :set, *:binary operation)
Output (“ X is a KU-algebra or not”)
Begin

If X =¢ thengoto (1.);

End If

If 0¢ X thengoto(1.);

End If
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Stop: =false;
1=1;
While i <|X| and not (Stop) do

If X, *X, #0 then
Stop: = true;
End If
j=1
While j <|X| and not (Stop) do
If ((y; *%)*x) =0 then
Stop: = true;
End If
End If
k=1
While k <|X| and not (Stop) do
If (X * yj')*((yj' *2, ) * (% *2,)) # 0 then
Stop: = true;
End If
End If While
End If While
End If While
If Stop then
(1.) Output (“ X is not a KU-algebra”)
Else
Output (“ X is a KU-algebra™)
End If
End

Conflict of Interests:The authors declare that there is no conflict of interests regarding the publication of
this paper.
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