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ABSTRACT 

In this study, properties of the two modal operator (□,  ) defined on intuitionistic fuzzy sets were 

investigated. Afterwards, some intuitionistic fuzzy operations ( , @ ,  ,  ,#,$, ) were researched with 

modal operators (□,  ) . New equalities were obtained and proved.  
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1. INTRODUCTION 

The notion of fuzzy logic was firstly defined 

by L.A.Zadeh in 1965. Then, intuitionistic fuzzy 

sets (shortly ifs) were defined by K.Atanassov in 

1986. Intuitionistic fuzzy sets form a 

generalization of the notion of fuzzy set. In 

intuitionistic fuzzy set theory, sum of the 

membership function and the non-membership 

function is a value between 0 and 1. The 

intuitionistic fuzzy set theory is useful in various 

application areas, such as algebraic structures, 

robotics, control systems, agriculture areas, 

computer, irrigation, economy and various 

engineering fields. The knowledge and semantic 

representation of intuitionistic fuzzy set become 

more meaningful, resourceful and applicable 

since it include the membership degree, the non-

membership degree and the hesitation margin. 

The notion of Intuitionistic Fuzzy 

Operator (IFO) was defined firstly by 

K.Atanassov[3]. Several operators are defined in 

Intuitionistic Fuzzy Sets Theory.They are 

classified in three groups: modal, topological and 

level operators.K.Atanassov defined some first 

type modal operator (⊞,⊠) on intuitionistic 

fuzzy sets [3]. ⊞𝛼 and ⊠𝛼operators were defined 

by K.Dencheva in 2004[5]. ⊞𝛼𝛽 and 

⊠𝛼𝛽operators were defined by K.Atanassov in 

2006[6]. ⊞𝛼𝛽𝛾 and ⊠𝛼𝛽𝛾operators which are 

expansion of⊞𝛼𝛽 and ⊠𝛼𝛽operators respectively 

were defined K.Atanassov[7]. G.Cuvalcioglu was 

defined 𝐸𝛼𝛽  operator which is expansion of 

⊞𝛼and ⊠𝛼operators [8]. K.Atanassov produced 

that it created a diagram of first type modal 

operators in 2008. K.Atanassov defined  

⊡𝛼,𝛽,𝛾,𝛿, ,𝜏operator in 2009 and he produced that 

this operator is most general form of operators in 

the diagram. 𝑍𝛼,𝛽
𝜔,𝜃

operator was defined by 

G.Cuvalcioglu in 2010 [9]. This operator is 

expansion of𝐸𝛼𝛽 , ⊞𝛼𝛽 and ⊠𝛼𝛽 operators. 

Thisoperator settled in the diagram and expanded 

on the diagram [9].  G.Cuvalcioglu defined 𝑍𝛼,𝛽
𝜔,𝜃

   

operator which is expansion of𝑍𝛼,𝛽
𝜔 ,⊞𝛼𝛽 and 

⊠𝛼𝛽operators in 2012 [10]. So, the diagram took 

its final state when this operator was defined. 

Some properties of first type modal operators 

were researched by many researchers[7][11][12]. 

Modal operators (□,◊) defined over the set of all 

IFS’s transform every IFS into a FS. They are 

similar to the operators  ‘necessity’ and 

‘possibility’ defined in some modal logics. The 

notion of modal operator (□,◊) introduced on 

intuitionistic fuzzy sets were defined by 

K.Atanassov in 1986 [2].  

The aim of this paper is to obtain new equalities 

by means of modal operators (□,◊) and some 

intuitionistic fuzzy operations. These equalities 

make it easy application areas of operators. 

Shorter equalities have obtained using features of 

some intuitionistic fuzzy operations with modal 

operators.  In this paper; for every IFS NM ,  in 

X, we get M  Mx,Mx  instead of 

M  x,Mx,Mx| x  X and

N  Nx,Nx  instead of  

N  x,Nx,Nx| x  X  for simplicity 

in proofs. Some basic definitions that we build on 

our work are given as follow. 

2. PRELIMINARIES 

Definition 1 [1] Let 𝑋 be a nonempty set, a fuzzy 

set  A drawn from X  is defined as

  , |)(,= XxxxA A   where 

 0,1][:)( XxA is the membership function of 

the  fuzzy set A .  

 

Definition 2 [2],[3] Let 𝑋 be a nonempty set ,  an 

intuitionistic fuzzy set A  in X  is an object 

having the form 

 , |)(),(,= XxxxxA AA    

where the function 

0,1][:)(),( Xxx AA   

 define respectively, the degree of membership 

and degree of nonmembership of the element 

 , Xx to the set A , which is a subset of X , and 

for every element , Xx  

1.)()(0  xx AA   

Furthermore, we have 

)()(1=)( xxx AAA    

 called the intuitionistic fuzzy set index or 

hesitation on margin of x  in A .  )(xA is degree 

of indeterminacy of  Xx to the IFS A and 

 0,1][)( xA i.e., 0,1][: XA  

for every Xx  . )( xA  expresses the lack of 

knowledge of whether x  belongs to IFS A  or 

not. 
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Definition 3 [2],[3] Let 𝑋 be a nonempty set for 

every IFS 𝑀, 𝑁  in 𝑋. For every two IFS’s M  and 

N  the following operations and relations are 

valid. 

M  x,Mx,Mx| x  X

Mc  x,Mx,Mx| x  X

 
M@N  x,

MxNx

2
,
MxNx

2
 | x  X

M  N  x,maxMx,Nx,minMx,Nx| x  X

M  N  x,minMx,Nx,maxMx,Nx| x  X

M  N  x,maxMx,Nx,minMx,Nx| x  X

M N  x,Mx  Nx  Mx.Nx,Mx.Nx| x  X

M N  x,Mx.Nx,Mx  Nx  Mx.Nx| x  X

M $ N  x, Mx.Nx , Mx.Nx | x  X

M # N  x,
2Mx.Nx
Mx  Nx

,
2Mx.Nx
Mx  Nx

| x  X

M  N  x,
Mx  Bx

2MxBx  1
,

Mx  Bx
2MxBx  1

| x  X

 

 

Definition 4 [2],[3] Let 𝑋 be a nonempty set, for 

every IFS 𝑀, 𝑁 in 𝑋. □ and    modal operators 

are defined as; 

M  x,Mx| x  X  x,Mx, 1  Mx| x  X

M  x, 1  Mx| x  X  x, 1  Mx,Mx| x  X 1

Mc  x, 1  Mx,Mx| x  X

Mc  x,Mx, 1  Mx| x  X

 

Theorem 1 [2],[3] Let 𝑋 be a nonempty set, for 

every IFS 𝑀, 𝑁 in 𝑋. The following equalities are 

ensured. 

(a) M  M

(b) M  M

(c) M  M

(d) M  M
 

Theorem 2 [2],[3] Let 𝑋 be a nonempty set, for 

every IFS 𝑀, 𝑁 in 𝑋. The following equality 

could be provided by means of definition of @ 

operation. 

M @ N  M@N
 

 

Theorem 3 [2],[3] Let 𝑋 be a nonempty set, for 

every IFS 𝑀, 𝑁 in 𝑋 ; 

M @ N  M@N
 

 
 

3. MAIN RESULTS 

In this section, new equalities were obtained and 

proved by means of some intuitionistic fuzzy 

operations ( , @ ,  ,  ,#,$, )  and modal 

operators (□,  ). 

Theorem 4 [4] Let 𝑋 be a nonempty set, for 

every IFS 𝑀, 𝑁  in 𝑋; 

MN @ MN  M @ N
 

Theorem 5 [4] Let 𝑋 be a nonempty set, for 

every IFS 𝑀, 𝑁  in 𝑋;

M N @ M N  M @ N
 

 

Theorem 6 [4] Let 𝑋 be a nonempty set, for 

every IFS 𝑀, 𝑁 in 𝑋; 

M@N$M#N  M$N
 

 

Theorem 7 [4]  Let 𝑋 be a nonempty set, for 

every IFS 𝑀, 𝑁 in 𝑋; 

M @ N $ M # N  M $ N
 

 

Theorem 8 [4] Let 𝑋 be a nonempty set, for 

every IFS 𝑀, 𝑁 in 𝑋;

M @ Nc  M @ Nc

 
 

Theorem 9 [4] Let 𝑋 be a nonempty set, for 

every IFS 𝑀, 𝑁 in 𝑋; 

M Nc @ Mc  N  Mc  Mc

 
 

 

Theorem 10 Let 𝑋 be a nonempty set, for every 

IFS  𝑀, 𝑁 in 𝑋. The following equality is holds 

for;
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M  N @ Mc  N  M  M

 

 

 

 

Proof. 

 

M  N  1  Mx  Nx  1  MxNx,Mx1  Nx

 1  Mx  Nx  Nx  MxNx,Mx  MxNx

 1  Mx  MxNx,Mx  MxNx| x  X

Mc  N  MxNx, 1  Nx  1  Mx  1  Mx1  Nx

 MxNx, 1  Nx  1  Mx  1  Mx  Nx  MxNx

 MxNx, 1  MxNx

 

 

M  N @ Mc  N  
1Mx2

M
x

N
x

2
,

1Mx2
M
x

N
x

2


M  N @ Mc  N  M  max
1Mx2

M
x

N
x

2
, 1  Mx,

min
1Mx2

M
x

N
x

2
,Mx|

 1  Mx,Mx

 M

M  N @ Mc  N  M  M

 

Theorem 11 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋. We get the following equality; 

M Nc @  Mc N  Mc  Mc

Proof. 

M  N  1  Mx  Nx  1  MxNx,Mx1  Nx

 1  Mx  Nx  Nx  MxNx,Mx  MxNx

 1  Mx  MxNx,Mx  MxNx

M  Nc  Mx  MxNx, 1  Mx  MxNx

 

Mc  N  MxNx,

1  Nx  1  Mx  1  Mx1  Nx

 MxNx, 1  Nx  1  Mx  1  Mx  Nx  MxNx

 MxNx, 1  MxNx

 

M  Nc @  Mc  N  
Mx

2
, 1  Mx

2


M  Nc @ Mc  N  Mc  maxMx,
Mx

2
,min1  Mx, 1 

Mx
2



 Mx, 1  Mx

 Mc

M  Nc @ Mc  N  Mc  Mc

 

Theorem 12 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋;

M  Nc @ Mc  N  Mc  Mc

 
 

The above equality is obtained. 

 

Proof. 

M  N  Mx1  Nx, 1  Mx  Nx  1  MxNx

 Mx  MxNx, 1  Mx  Nx  Nx  MxNx

M  Nc  1  Mx  MxNx,Mx  MxNx

Mc  N  1  Mx  1  Nx  1  Mx1  Nx,MxNx

 1  Mx  1  Nx  1  Mx  Nx  MxNx,MxNx

 1  MxNx,MxNx

 

M  Nc @ Mc  N   2Mx

2
,Mx

M  Nc @ Mc  N  Mc  min 2Mx

2
, 1  Mx,maxMx,Mx

 1  Mx,Mx

 Mc

M  Nc @ Mc  N  Mc  Mc

 

Theorem 13 Let 𝑋 be a nonempty set, for every 

IFS 𝑀 in 𝑋. We get;

M  M @ M  M  M @ M

 

Proof. 

M  M  Mx  1  Mx  Mx1  Mx, 1  MxMx

 Mx  1  Mx  Mx  MxMx,Mx  MxMx

 1  Mx  MxMx,Mx  MxMx

 

M  M  Mx1  Mx, 1  Mx  Mx  Mx1  Mx

 Mx  MxMx, 1  Mx  Mx  Mx  MxMx

 Mx  MxMx, 1  Mx  MxMx

M  M @ M  M  
1  Mx  Mx

2
,

1  Mx  Mx
2



 M @ M

M  M @ M  M  M @ M

 

 

Theorem 14 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋.  We obtain the following equality; 

M  N @ M  N  M @ N
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Proof.  

The proof is similar to proof of the Theorem 13. 

M  N  Mx  1  Nx  Mx1  Nx, 1  MxNx

 Mx  1  Nx  Mx  MxNx,Nx  MxNx

 1  Nx  MxNx,Nx  MxNx

M  N  Mx1  Nx, 1  Mx  Nx  Nx1  Mx

 Mx  MxNx, 1  Mx  Nx  Nx  MxNx

 Mx  MxNx, 1  Mx  MxNx

 

M  N @ M  N  
1  Nx  Mx

2
,

1  Nx  Mx
2



 M @ N

M  N @ M  N  M @ N

 

Theorem 15 Let 𝑋 be a nonempty set, for every 

IFS 𝑀 in 𝑋; 

M  M @ M  M  M @ M
 

The above equality is holds for. 

Proof. 

M  M  maxMx, 1  Mx,min1  Mx,Mx

M  M  minMx, 1  Mx,max1  Mx,Mx

 

M  M @ M  M  
maxMx,1  Mx minMx,1  Mx

2
,

min1  Mx,Mx max1  Mx,Mx
2



 
Mx  1  Mx

2
,

1  Mx  Mx
2



 M @ M

M  M @ M  M  M @ M

 

Theorem 16 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋 ;

M  N @ M  N  M @ N
 

It is easily seen similar to Theorem 15. 

 

 

 

 

 

Proof. 

M  N  maxMx, 1  Nx,min1  Mx,Nx

M  N  minMx, 1  Nx,max1  Mx,Nx

 

M  N @ M  N  
maxMx,1  Nx minMx,1  Nx

2

,
min1  Mx,Nx max1  Mx,Nx

2


 
Mx  1  Nx

2
,

1  Mx  Nx
2



 M @ N

M  N @ M  N  M @ N

 

Theorem 17 Let 𝑋 be a nonempty set, for every 

IFS 𝑀 in 𝑋. We get the following equality;

M @ M $ M # M  M $ M
 

Proof. 

M @ M  
Mx  1  Mx

2
,

1  Mx  Mx
2



M # M  
2Mx1  Mx
Mx  1  Mx

,
21  MxMx
1  Mx  Mx



 

M @ M $ M # M  
Mx  1  Mx

2

2Mx1  Mx
Mx  1  Mx

,

1  Mx  Mx
2

21  MxMx
1  Mx  Mx



  Mx1  Mx , 1  MxMx 

 M $ M

M @ M $ M # M  M $ M

 

 

 

 

Theorem 18 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋; 

M @ N $ M # N  M $ N
 

It is easily seen similar to Theorem 17. 

Proof.  

M @ N  
Mx  1  Nx

2
,

1  Mx  Nx
2



M # N  
2Mx1  Nx
Mx  1  Nx

,
21  MxNx
1  Mx  Nx
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M @ N $ M # N  
Mx  1  Nx

2

2Mx1  Nx
Mx  1  Nx

,

1  Mx  Nx

2

21  MxNx
1  Mx  Nx



  Mx1  Nx , 1  MxNx 

 M $ N

M @ N $ M # N  M $ N

 

Theorem 19 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋. The equality is obtained.

M  N  M  N  M  N
 

 

Proof. 

M  N  maxMx,Nx,min1  Mx, 1  Nx

M  N  minMx,Nx,max1  Mx, 1  Nx

 

M  N  M  N  
maxMx,Nx  minMx,Nx

2MxNx  1

,
min1  Mx, 1  Nx  max1  Mx, 1  Nx

21  Mx1  Nx  1


 
Mx  Nx

2MxNx  1
,

1  Mx  1  Nx
21  Mx1  Nx  1



 M  N

M  N  M  N  M  N

 

 

Theorem 20 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋. We get the following equalities;

M  N  M  N  M  N

M  N @ M  N  M  N

M  N $ M  N  M  N

 
Conclusion 1  

This conclusion is easy to see from Theorem 20. 

M  N  M  N  M  N @ M  N

 M  N $ M  N

 M  N

 

 

 

Theorem 21 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋. We obtain;

M  N  M  N  M  N
 

 

 

Proof. 

M  N  max1  Mx, 1  Nx,minMx,Nx

M  N  min1  Mx, 1  Nx,maxMx,Nx

 

M  N  M  N  
max1  Mx,1  Nx min1  Mx,1  Nx

21  Mx1  Nx  1
,

minMx,Nx
2MxNx  1



 
1Mx1

N
x

21
M
x1

N
x1

,
Mx

N
x

2
M
x

N
x1



 M  N

M  N  M  N  M  N

 

 

 

Theorem 22 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋. The following equalities are hold 

for. 

M  N  M  N  M  N

M  N $ M  N  M  N

M  N @ M  N  M  N

 

Conclusion 2  

This conclusion is easy to see from Theorem 22. 

M  N  M  N  M  N $ M  N

 M  N @ M  N

 M  N

 
Theorem 23 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋. We get; 

M $ N  M $ Nc@M $ N  M $ Nc  M $ N@M $ Nc

Proof. 

M $ N   1  Mx1  Nx , MxNx 

M $ Nc   MxNx , 1  Mx1  Nx 

 

M $ N  M $ Nc  max 1  Mx1  Nx , MxNx ,

min 1  Mx1  Nx , MxNx 

M $ N  M $ Nc  min 1  Mx1  Nx , MxNx ,

max 1  Mx1  Nx , MxNx 
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M $ N  M $ Nc@M $ N  M $ Nc

 
max 1Mx1Nx , MxNxmin 1Mx1Nx , MxNx 

2
,

max 1Mx1Nx , MxNxmin 1Mx1Nx , MxNx 

2


 
1Mx1Nx MxNx

2
,

1Mx1Nx MxNx

2


 

Theorem 24 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋. The equality is obtained; 

M $ N  M $ Nc@M $ N  M $ Nc  M $ N@M $ Nc

 

Proof. The proof is similar to proof of the 

Theorem 23.  

Theorem 25 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋. We get the following equality; 

 

M N # M N $ M N @ M N  M $ N

 

 

 

Proof. 

M N  maxMx,Nx,min1  Mx, 1  Nx

M N  minMx,Nx,max1  Mx, 1  Nx

 

 

M  N # M  N  
2maxMx,NxminMx,Nx

maxMx,Nx minMx,Nx
,

2max1  Mxmin1  Nx

max1  Mx min1  Nx


 
2MxNx

Mx  Nx
,

21  Mx1  Nx

1  Mx  1  Nx


M  N @ M  N  
maxMx,Nx minMx,Nx

2
,

max1  Mx min1  Nx
2



 
Mx  Nx

2
,
1  Mx  1  Nx

2


M N # M N $ M N @ M N   MxNx , 1  Mx1 Nx 

 M $ N

M N # M N $ M N @ M N  M $ N

Theorem 26 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋. The following equality is holds 

for; 

 

M N # M N $ M N @ M N  M $ N

 

 

Proof. The proof is similar to proof of the 

Theorem 25.  

 

Theorem 27 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋.  

 

MNc  M $ N  MN  M $ N
c c  M $ N  M $ N

 

The above equality is obtained. 

Proof. 

M Nc  M $ N  Mx  Nx  MxNx, 1  Mx  Nx  MxNx 

M N  M $ N
c c

  MxNx , 1  MxNx

Theorem 28 Let 𝑋 be a nonempty set, for every 

IFS 𝑀, 𝑁 in 𝑋. We obtain the following equality; 

 

M Nc  M $ N  M N  M $ N
c c  M $ N  M $ N

 

Proof. The proof is similar to proof of the 

Theorem 27. 

 

4. CONCLUSION 

In this paper, properties of modal operators 

defined on intuitionistic fuzzy sets have been 

investigated. Then, some intuitionistic fuzzy 

operations have been researched with modal 

operators. New equalities have been obtained. 

These equalities make it easy application areas of 

operators. Shorter equalities have been obtained 

using features of some intuitionistic fuzzy 

operations with modal operators. These equalities 

are more useful because they are shorter and 

more practical. These equalities could be made 

use of in many application areas of operators and 

these offer more practical solutions as they 

provide simplicity. Robotic, economy, control 

systems, computer and algebraic structures are 

some of these application areas.  
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