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1. INTRODUCTION

The concept of almost paracomplex structure has been studied, since the first papers by Rashevskij [16], Libermann
[13] and Patterson [15] until now, from several different points of view. Moreover, the papers related to it have appeared
many times in a rather disperse way, and a survey of further results on paracomplex geometry (including paraHermitian
and paraKéhler geometry) can be found for instance in [5, 6]. Also, other important developments have occurred in
some recent problems [2,4,20], where certain aspects concerning the geometry of tangent and cotangent bundles are
presented in [3,11,12,17,18,23-26]. For this reason, the study of structures remains a rich field of research, especially
in tangent or cotangent geometry, to this day.

In this paper, we construct some almost paracomplex structures on the tangent bundle with vertical rescaled metric
[8] and investigate necessary and sufficient conditions for the tangent bundle to become B-manifold and quasi-B-
manifold. Also some B-metric properties of the vertical rescaled metric are studied.

2. PRELIMINARIES

Let TM be the tangent bundle over an m-dimensional Riemannian manifold (M™, g) and the natural projection
m:TM — M. Alocal chart (U, x'),_i;; on M induces a local chart (x™" (u), ', y'),_j5, on TM. We denote by V is the
Levi-Civita connection on a Riemannian manifold (M™, g) and I“f.‘j are the Christoffel symbols of V. Let 3%(M) (resp.
I1(T M)) the module over C*(M) (resp. C®(T M)) of C* tensor fields of type (r, s), where C®(M) (resp. C*(TM)) is
the ring of real-valued C* functions on M (resp. TM).

The Levi Civita connection V defines a direct sum decomposition

T(X,L,)TM = V(x’M)TM@ H(X’M)TM,
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of the tangent bundle to 7'M at any (x, u) € T M into vertical subspace
y .
ViewTM = Ker(dnx ) = {fla—yikx,u), & eR}
and the horizontal subspace

i 0 ik 9 i
H(x,u)TM = {f ﬁl(x,u) - é: ujr?ja_ykkx,u)s f € R}

LetX = X"% be a local vector field on M. The vertical and the horizontal lifts of X are defined by
. 0
X=X—,
oy
.0 .0 i 0
H i i k
X=X— =X"{— -y —}
Oxi {ébcl Y oyk }
For consequences, we have H(%) = (% and V(%) = 0‘—}, then ((%, %)i:l’m is a local adapted frame on 7T M.
In particular, we have the vertical distribution "« and the horizontal distribution “u on T M defined by
0 ) — ;0
| A _ H, _ iH _
u=u ((,W)—Mla—yi, u=u (%)—Ml(g (2])
v

u is also called the canonical or Liouville vector field on 7M.

Lemma 2.1 ([1]). Let (M, g) be a Riemannian manifold and n : R* — R be a smooth function, we have the following:

(1) #X(n(r) =0,

(2) "X(n(r) = 21 (rg(X, u),
(3) "Xg(Y,u) = g(VxY,u),
4 "Xg(Y,u) = g(X,Y),

(5 Yu(n(r)) =21/ (Ngu, u),
(6) u(g(Y,u) = g(¥,u),

for any vector fields X, Y on M, where r = g(u,u) .

Lemma 2.2 ( [9,22]). Let (M, g) be a Riemannian manifold. The bracket operation of vertical and horizontal vector
fields is given by the formulas

() ["X,7v] = 11X, Y] = "(R(X, Y)u),

() [7X,"Y] = "(VxY),

3) ['X,'Y] =0,

@) 1% u] ="y,

) MY, "u] = 0,
for all vector fields X,Y € 3(1)(M), where V is the Levi-Civita connection on a Riemannian manifold (M, g) and R is
Riemannian curvature tensor of V.

An almost product structure ¢ on a manifold M is a (1, 1) tensor field such that ©* = idy, ¢ # +idy (idy is the
identity tensor field of type (1, 1) on M). The pair (M, ¢) is called an almost product manifold.

A linear connection V on (M, ¢) such that V¢ = 0 is said an almost product connection. There exists an almost
product connection on every almost product manifold [7].

An almost paracomplex manifold is an almost product manifold (M, ¢), such that the two eigenbundles TM* and
T M~ associated to the two eigenvalues +1 and —1 of ¢, respectively, have the same rank. Note that the dimension of
an almost paracomplex manifold is necessarily even [6].

The integrability of an almost paracomplex structure is equivalent to the vanishing of the Nijenhuis tensor:

No(X,Y) = [¢X, Y] — 0[X, Y] — [ X, Y] + [X, Y].

A paracomplex structure is an integrable almost paracomplex structure. On the other hand, for an almost paracomplex
structure to be integrable, a necessary and sufficient condition is the existence of a torsion-free linear connection such
that Vo = 0 [18,20].
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Let (M?™, ¢) be an almost paracomplex manifold. A Riemannian metric g is said to be B-metric if

8(pX, Y) = g(X,Y),
forall X,Y € J (')(M ) [20]. or equivalently (purity condition with respect to the almost paracomplex structure ¢)

8(pX.Y) = g(X, pY).

If (M*", ) is an almost paracomplex manifold with B-metric g, we say that (M>", ¢, g) is an almost B-manifold. If
@ is integrable, we say that (M, ¢, g) is a B-manifold [20].

A Tachibana operator ¢,, applied to the B-metric (pure metric) g is given by

(9:8)(X. Y. Z) = pX(g(Y, 2)) — X(g(¢Y. 2)) + (Lyp)X, Z) + g((Lzp)X, Y),

forall X,Y,Z € 3\(M) [21].

In a B-manifold, a B-metric g is called paraholomorphic if

(¢p8)(X, Y, Z) = 0,

forall X, Y,Z € 3\(M) [20].

In [20], Salimov and his collaborators proved that for an almost B-manifold,

Vo=0o ¢,g =0, 2.2)
by virtue of this view, in an almost B-manifold the integrability condition of ¢ is equivalent to the paraholomorphicity
condition of the B-metric.

The purity conditions for a tensor field w € Sg(M ) with respect to the almost paracomplex structure ¢ given by
(/.)(t,DX],Xz, e ,Xq) = w(Xl,thz, e ,Xq) =...= a)(Xl,Xz, ey (,DXq),
for all X1, X>,...,X, € 3\(M) [20].
It is well known that, if (M>™", ©, g) is a B-manifold, the Riemannian curvature tensor is pure [20], and
{ R(¢Y.Z) = R(Y.¢Z) = R(Y, Z)¢ = ¢R(Y, 2),

R(wY,¢Z) = R(Y,2), 23)

forall Y, Z e S(l)(M).
Let (M*", ©, g) be a non-integrable almost B-manifold, if

Xf;zg((szO)K Z) =0,

forall X,Y,Ze 3 (IJ(M ), where o is the cyclic sum by three arguments, then the triple (M Zm ©, g) is a quasi-B-manifold
[10, 14]. We know that

GAVxpY2) =06 o ($8)(X.Y.2) =0, 2.4)

which was proven in [19].

3. VERTICAL RESCALED METRIC

Definition 3.1 ( [8]). Let (M™, g) be a Riemannian manifold and f be a strictly positive smooth function on M. We
define the vertical rescaled metric G/ on the tangent bundle T M by

(1) G/ ("X,"y) = g(X,Y),

(2) G/("X,"Y) = 0,

(3) G/('X,"Y) = fe(X. V),
for all vector fields X, Y € J5(M).

Theorem 3.2 ([8]). Let (M™, g) be a Riemannian manifold and V' be a Levi-Civita connection of (T M, G7). Then, we

have
(1) Vi Ay = HVyy) - VUR(X, V),
2) V5,\Y = gH(R(u, )X) + Y1) + 2 vy,

2f
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f | _J_CH Lf)v
3) va Y—2 R(u,X)Y) + 2f X,

@) VLYY = ZeX, 1 Hgrad 1),

for all vector fields X, Y € ‘Jé(M), where V is the Levi-Civita connection on a Riemannian manifold (M™, g) and R is
Riemannian curvature tensor of V.

4. SoME ALMOST PARACOMPLEX STRUCTURES WITH B-METRICS ON THE TANGENT BUNDLE
Let (M*", ¢, g) be an almost B-manifold, we consider the tensor field J € 5{(TM) defined by

{ JIX = HeX)

JVX — —V((pX) (41)

for all X € I;(M).

Lemma 4.1. Let (M*", @, g) be an almost B-manifold and (T M, G') be its tangent bundle equipped with the vertical
rescaled metric. The couple (T M, J) is an almost paracomplex manifold .

Proof. By virtue of (4.1), we have
JHX = J(ITX) = J(HeX) = Fp(pX)) = H(e?X) = X,
JVX = J(JVX) = J(-"(¢X)) = (e(eX)) = (¢*X) = "X,

for any X € J{(M), then J* = idry.
Let{Ei,...,Ey, Ept1s ..., Eon} be alocal frame of eigenvectors on M such that ¢E; = E; and ¢E,,+; = —E,,4;, for all
i =1,m, then
TTM" = Span ("Ey, ..., "Ep, "Epsr, -, "Eam),
TTM™ =Span("E\,..., E.,"E e, ..., BEop).
m]
Theorem 4.2. Let (M*", ¢, g) be an almost B-manifold, (T M,G') be its tangent bundle equipped with the vertical

rescaled metric and the almost paracomplex structure J defined by (4.1). The triple (TM, J,G%) is an almost B-
manifold.

Proof. From (4.1) and since g is B-metric (pure metric) with respect to ¢ we have
() G/ I ") = G/ (Mex),"Y) = g(0X, ) = g(X. @Y) = G/ ("X, "(pY)) = G/ ("X, J"Y),
(i) G'(J"X.'Y) = G/ ((eXx),"Y) = 0 = G/ ("X, (oY) = G/ ("X, - "(eY)) = G/ ("X, J'Y),
(iii) G'(I"X."Y) = G/ (MeX)."Y) = 0 = G/ ("X, "(eY)) = G/ ("X, -"eY)) = G/ ("X, J"Y),
(iv) G/(J"X,"Y) = G/ (-"(¢X)."Y) = —fg(¢X.Y) = —fg(X. oY) = G/ ("X, -"(¢Y)) = G/ ("X, J'Y),
forall X, Y € Jj(M).

Hence, G/ is pure metric with respect to the almost paracomplex structure J. O

Proposition 4.3. Let (M?*", @, g) be an almost B-manifold, (T M,G7) its tangent bundle equipped with the vertical
rescaled metric and the almost paracomplex structure J defined by (4.1), then we get

1. (¢7G)"X."Y."Z) = ($pg)(X. Y. Z),

2. (¢5GN("X."Y,"Z) = 0,

3.(¢yGN X, Y."Z) = fe(R(eX, Z)u + ¢R(X, Z)u. Y),
4. (¢ yGNH("X.MY,"Z) = fe(R(@X. Y)u + R(X, Y)u, Z),
5.(¢yGN(X."Y,"2) = - fe((V29)X. ),
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6. (0 ;GNH("X,"Y,"Z) = —fe(Vyp)X, Z),

7. (¢ GNHIX, VY, VZ) = (eX)(f)g(Y, Z) + X(P)g(eY. Z) + fe(Vxp)Y, Z),
8. (4;GN('X,"Y,"Z) = 0,

forall X,Y,Z € 3\(M).

Proof. We calculate Tachibana operator ¢; applied to the pure metric G/. This operator is characterized by (2.3), then
we have

1. (¢ ;GNYX, 1Y, H7) = (J"X)GY (Y, HZ) — X G (JY,"Z) + G ((Luy )X, *Z) + GT (Y, (Luy J)"X)
= Hox)G' (MY, 7)) — BXG' (*(@Y), "Z) + G/ (Luy JX — J(Lny"X),"Z)
+ G/ (Y, Ly JHX — J(Liy"X))
= (pX)g(Y,Z) — Xg(¢Y, Z) + g(IY, X1 - ¢l Y, X1, Z) + g(Y, [Z, pX] - ¢l Z, X])
= (pX)g(Y,Z) — Xg(pY, Z) + g((Lyp)X, Z) + g(¥, (Lz¢)X)
= (pp8)(X, Y, Z).

2.(pGNH("X, 1Y, "72) = (IVX)G' (Y, "Z) - VXG' (JY,7Z)) + G (Lay )'X, "Z) + G' (PY, (Luz J)'X)
= -eX)G' ('Y, %72) - VXG! (*(pY),"Z) - G/ (1Y, "o X)] + JI7Y, Y(9X)1, Z)
= G/ (Y, M2, (X1 + J17Z.VX1)
=0.

3.(¢GNHX, 'Y, "Z) = (J'X)G! (Y, "Z) - "XG! (J"Y,"Z) + G/ (Lw))"X,"Z) + G/ (Y, (LuzJ)"X)
= G/ (1Y M(eX)] - JI'Y, X1, "2) + GY ('Y, 172, (e300 - J17Z, X))
= -G/ (Y. "(R(Z, eX)u) + Y(¢R(Z, X)u))
= —f8(Y,R(Z, oX)u + R(Z, X)u)
= fe(R(pX, Z)u + oR(X, Z)u, Y).

4.6 7GNH*X.MY,"Z) = ("G (MY, VZ) - "XGI IV, "Z) + G (Lay )X, 'Z) + G/ (MY, (Liz)"X)
= G/ (1Y, Hx)] - J17Y, X1, VZ) + G/ (Y, [VZ, "(eX0)] - J1VZ,7X])
= —G/ ("R, oX)u) + "(¢R(Y, X)u), 'Z)

—f8RY, oX)u,Z) — fg(pR(Y, X)u, Z)
fe(R(pX, Y)u + oR(X, Y)u, Z).

The other formulas are obtained by the similar calculations. O

Theorem 4.4. Let (M*", ¢, g) be an almost B-manifold, (T M,G') be its tangent bundle equipped with the vertical
rescaled metric and the almost paracomplex structure J defined by (4.1), then the triple (T M, J,G') is a B-manifold if
and only if (M, @, g) is flat B-manifold and f is constant.

Proof. From the Proposition 4.3, forall X,Y,Z € J é(M ), we have

(pp)(X, Y, Z) =0,
F8R(pX, Z)u + ¢R(X, Z)u, Y) =0,
F&R(@X, Y)u + oR(X, Y)u,Z) =0,
~-f8((Vzp)X,Y) =0,
~f8((Vyp)X,Z) =0,
@X)(g(Y.Z) + X(f)g(eY.Z) + fg((Vxp)Y,Z) =0.
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By virtue of (2.2) and (2.3), we get

(pp8)(X, Y, Z) =0 -
S(R@X. 2, V) =0 _ | %% 20
(Vzp)X - f = constant.

@X)(NH8(Y,2) + X(f)g(eY.Z) =0
O

Theorem 4.5. Let (M*", ¢, 8) be a B-manifold, (TM,GY) be its tangent bundle equipped with the vertical rescaled
metric and the almost paracomplex structure J defined by (4.1), then the triple (TM, J,G7) is a quasi-B-manifold if
and only if f is constant.

Proof. From (2.4) and the Proposition 4.3, for all X, Y, Z € S(l)(M), we have

1. o (¢GHEX Y, HZ2) = o (¢,89)(X.Y,Z) =0,
HX Hy Hz XY,z

2. o (¢GH(X,"Y,"Z) = fe(R(pY, Z)u + R($Z, YV)u,X) = 0,
VX,HY,HZ

3. g (0,GH"X."Y,MZ) = (02) (X, Y) + Z(f)g(¢X. ),

VX,VY,HZ
4. o (6,G("X.'Y,"Z) =0,
VX,VY,VZ
then, (TM, J,G')is a quasi-B-manifold if and only if f is constant. m]

We consider the tensor field K € 5}(TM) defined by:

{ KX = -Hpx)

forall X € 3é(M), satisfies the followings:

1. K=-J.
2. G is pure metric with respect to K.
3. ¢KGf = —¢JGf.

Therefore, we have the following results.

Theorem 4.6. Let (M?>", @, g) be an almost B-manifold, (T M,G”) be its tangent bundle equipped with the vertical
rescaled metric and the almost paracomplex structure K defined by (4.2), then the triple (T M, K, G') is a B-manifold
if and only if (M*", @, ) is flat B-manifold and f is constant.

Theorem 4.7. Let (M*", ¢, 8) be a B-manifold, (TM,GY) be its tangent bundle equipped with the vertical rescaled
metric and the almost paracomplex structure K defined by (4.2), then the triple (TM, K,G’) is a quasi-B-manifold if
and only if f is constant.

We consider the tensor field F € Si(TM) defined by:

{ FUX = Y(gX)

FVX — H((,OX), (43)

for all X € I;(M).

Lemma 4.8. Let (M>", ¢, g) be an almost B-manifold and (T M, G') bet its tangent bundle equipped with the vertical
rescaled metric. The couple (T M, F) is an almost paracomplex manifold.

Proof. By virtue of (4.3), we have

Fx = F(FHX) = FMeX)) = HeeX)) = H(?X) = HX,
FYX = F(F'X) = F*(¢X)) = p(pX)) = (¢*X) =X,
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for any X € ﬁ(l)(M), then F? = idry.
Let {Ey,...,En, Ent1s - - -, Eop) be local frame of eigenvectors on M such that ¢E; = E;, ¢E,; = —E,;, for all

i =1,m, then

TTM* = Span ("Ey + "E\, ..., "Ey + "Ep. "Eit = "Ener ... "Ezn = YEom),
TTM™ = Span PE, - VE\,....,"E,, = VE,.. "Epsc1 + E ity . . ., PEopy + VEoy).

O

Theorem 4.9. Let (M*", ¢, g) be a B-manifold, (TM,G') be its tangent bundle equipped with the vertical rescaled
metric and the almost paracomplex structure F defined by (4.4).

The vertical rescaled metric G is B-metric with respect to F if and only if f = 1.

Conversely, in the case of f # 1, the vertical rescaled metric G’ is never pure metric with respect to F.

Now consider the almost product structure J defined by (4.1). We define a tensor field S of type (1,2) and linear
connection V on 7'M by,

— 1 - . C
S(X,Y) = 5((V’J‘?J)X+J((V’%J)X)—J((V;%J)Y)). (4.4)

V.Y = V§7 -S(X,Y).

for all X,Y € 5(1)(TM), where V/ is the Levi-Civita connection of (T'M, G') given by Theorem 3.2. V is an almost
product connection on TM (see [7, p.150] for more details).

Lemma 4.10. Let (M*", ¢, g) be a B-manifold, (T M,G/) be its tangent bundle equipped with the vertical rescaled
metric and the almost product structure J defined by (4.1). Then tensor field S is as follows,

(1) $O%,7) = ~SREX, V),

fu XNy (@X)(f)
5 (R(u, V)X) — 2 Y - oY

Vy Hyy _ _ £H, Y(f) v (eY)(f) y
(3) SCX,7Y) = —f"(R(u, X)Y) + af X+ A (¢X),

1 1
@ SCXYY) = =72, Y) Hgrad f) = 72X, ¢¥) Npgrad f),

2) S, ") = YY),

forall X,Y € S(l)(M).

Proof. In Lemma 4.10, equation (1) Using (4.1) and (4.4), we have

SEX Y)Y = S((V,, DHX + (V4 DHX) = (V] DY)

JHY

(Vhor, 0X) = (V) ") + J(V, HpX)) = V1, X — (V] HoY)) + V), )

= N = N =

1 1 1
("VereX) = 5 " R@Y 0X0u) = M@V rX) = 5 (@R(@Y. Xou) + MgV X) + 5 Y(@R(Y. X )
~HTX) + 5 RO, X0w) ~ e Txph) — @R @) + (V1) — £ Y(pREX, V)

_ 1y
= —5'RX. V).
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(2) By a similar calculation to equation (1), in Lemma 4.10, we get

sitx,Vy) = ((V Lo DX + J((V], DHX) = J(V4,1)'Y))

= (= Vi X0 + TV 1) + J(9], X)) = V1, "X + IV, (oY) + Vi, 'Y )

1
= —(2P(V{YHX) - 2V], "X + P(V),'Y) + V), 'Y)

_ fH XU v, @)y
= 3R - S Y - R e,

The other formulas are obtained by a similar calculations.

O

Theorem 4.11. Let (M*™, ¢, g) be a B-manifold, (T M,G') be its tangent bundle equipped with the vertical rescaled

metric and the almost product structure J defined by (4.1). Then the almost product connection V defined by (4.2) is as
follows,

(1) Vv = H(VyY),

(2) Vay"Y = UVyY) + X;f ) Yy + (¢Xjff ) Y(¢Y),

4) V'Y = ‘Zg(X’ Y) ”(grad N+ Zg(X’ @Y) H(gogmd .
forall X,Y € S(IJ(M).

Proof. The proof of Theorem 4.11 follows directly from Theorem 3.2, Lemma 4.10 and formula (4.2). m|

Lemma 4.12. Let (M*", ¢, g) be a B-manifold, (T M,G') be its tangent bundle equipped with the vertical rescaled
metric and the almost product structure J defined by (4.1) and T denote the torsion tensor of V, then we have:

(D) TX,Hy) = "R(X, Y)u),

@) T, Vy) = 3 H(R( ) + XD 3X() vy, 3600 .

af af
= H fH 3Y() v, 3N y
@ T(X M) = SR X0Y) - 22 X = S5 22 pX),

@ T(X.'V) =
forall X,Y € fi(l)(M).
Proof. The proof of Lemma 4.12 follows directly from Lemma 4.10 and formula
T(X,Y) = VY - VX - [X, Y]
=S¥, X)-SX.,Y)
forall X,Y € I, (TM).
From Lemma 4.12, we obtain the following theorem.

Theorem 4.13. Let (M*", ¢, g) be a B-manifold, (T M, G') be its tangent bundle equipped with the vertical rescaled
metric and the almost product structure J defined by (4.1), then V is symmetric if and only if M is flat and f is constant.
In this case, the Levi-Civita connection VY and the almost product connection V coincide with each other.

Let (M™, g) be a Riemannian manifold. We define a tensor field L € S}(TM) by,

1
LAY = — ("X + ng(X, u)"

\/7( +ng(X, u)'u) 45)
L'X = \JFOX + pg(X, uyu)
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forall X € Sé(M), where 77, u : Rt — R are smooth functions.
Note that

1
Vf
LVu \/7(1 + ur)fy,

Ly

(1 +nnu

where r = g(u, u).
Lemma 4.14. Let (M™, g) be a Riemannian manifold and (T M, G') be its tangent bundle equipped with the vertical
rescaled metric. Then, the endomorphism L defined by (4.5) is an almost paracomplex structure if and only if

_n
L+nr

ﬂ:

Furthermore, we have

1
LX = —("X + ng(X,u)"u)
Vf ) (4.6)
% _ Hy _ H
L'X = [f(x ]+nrg(X,u) ).

Proof. 1)LetX € Sé(M),
L2(X) = L(LEX)
1
= —L("X + ng(X, w)'u)
Vf

Hy 4 ug(X, u)Hu +ng(X,u)(1 + ,ur)Hu
Hy 4 n+ p + nur)g(X, u)Hu. 4.7

LX("X) = L(L"X)
= VFLEX + pg(X, u)u)
=X + ng(X, u)u + ug(X, u)(1 + nr)'u
=YX+ + p + nqur)g(X, u)u. 4.8)

From (4.7) and (4.8), we get L? = Idry if and only if 7 + u + nqur = 0 or equivalent to y = —
2) Let{Eq, ..., Ey,} be local frame on M™, then
TTM" = Span(Ay,...,Awm),

1+nr'

TTM™ = Span(By,..., Bay),
where

1 1 _1 1
A= f3i("E; + FH8(Ei, wu)+ 7 (E; + 18(E u)'u),

1 - 1
Bi = f*("Ei + Sug(En)) — % (Ei + 3ng(En)'w).
O

Theorem 4.15. Let (M™,g) be a Riemannian manifold, (T M,G') be its tangent bundle equipped with the vertical
rescaled metric and the almost paracomplex structure L defined by (4.6). The triple (TM,L,G’) is an almost B-
manifold if and only if

2
n=0or n=—-,
,

where r = g(u, u).
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Proof. For purity condition, we put for all X, Y € ﬁ(l)(M) and k,h € {H,V}:
AKX Yy = GT (LX) - GT (%X, L'y).
() ACX, fy) = G/ (L, fy) — G/ (X, LMY)
1 1
= G/ (—=("X + ngX,w)"w),"y) - G/ ("'x, ﬁWY +ng(Y,u)'u))

Vf

=0.

) AC"X, YY) = GT(LYX,VY) - G/ (VX L'Y)
= G/ (f(x - g(X wyhu),VY) - G/ (X, \[f(fly - l—g(Y w)u))
=0.
Gii) A, VY) = G/ (LX,VY) - GT (X, L"Y)

= G (=X + g '), ) = G %, T - Lﬂg(Y, "))

\/7 ' 1 +nr
= %Gf(vX, YY) + %ng(X, wG' (“u,"Y) — \FG/ X, Hy) + ln+—‘/zrg(x WG (X, Py
= VT8t 1)+ nFe(Xwg(¥ou) - VFeX.¥) + 1 ”‘f (X, u)g(Y, u)
2
== e TS w0gr 0.
) ACX, yy = G/ (LVx, fy) - G/ ("X, LfY)
1
=G/ (\Fdx - —g(x wyu), vy - G ("X, —(*Y + ng(¥, u)"u))
1+ ﬁ
1
= fG! ("X, 1Y) - ‘/_ g(x WG’ (HFu, y) — L ('X,"Y) - —=ng(Y,w)G' ("X, "u)
Vf Vf
= VfeX, ) - Mg<x, wg(Y,u) — \Jfg(X, Y) = n/Fe(X, wg(Y, u)
2
T IVTE e,
Then, A(IX,VY) = 0 equivalent to7 = 0 or 1 = —%. O

Hence, we have two almost paracomplex structures

R S
(4.9)
= VFOX - g%, )

or
H 1V
Y = —'x,

7 (4.10)
L'X = \[ffx.
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We shall study integrability of L. As we know that the integrability of L is equivalent to the vanishing of the
Nijenhuis tensor. The Nijenhuis tensor of L is given by

N.(X,Y) = [LX,LY] - L[LX,Y] - L[X,LY] + [X, Y],
where X, Y € 3)(TM).

Lemma 4.16. Let (M™, g) be a Riemannian manifold and (T M, GY) be its tangent bundle equipped with the vertical
rescaled metric. The almost paracomplex structure L defined by (4.6) is integrable if and only if N.("X,#Y) = 0, for
all X,Y € 3} (M).

Proof. We put LVX = #Z and L'Y = #W, then we have
N("X, YY) = [LYX, LYY] - LILYX, Y] - LI'X, L'Y] + ['X, Y]

= [z, %w] - L[z, LFW] - L[L"Z,"'W] + [L¥Z, L"'W]
= N.(z2,"w),

Ni("X, HW) = [LYX, L*W] - LILYX, "'W] - LIYX, LW + VX, W]
= [z, LW - L%z, W] - L[LYZ, LW + [L"Z, "W
= —L[L"Z, LPW] + [L"Z, %W + [Mz, L"W] - L["z, "]
= —L(NL("Z,"W)).

O

Lemma 4.17. Let (M™, g) be a Riemannian manifold, (T M,G’) be its tangent bundle equipped with the vertical
rescaled metric and the almost paracomplex structure L defined by (4.6), then

1
No(X, Hy) = ZC(X(f)HY - Y(HX) + Jﬁ,(g(x w'X — g(X,1)"Y) - "(R(X, Y)u),

forall X,Y € 5(1)(M).
Proof. We have
N (X, Myy = (17X, LY] - LIL"X, "Y] - LIYX, LPY) + 17X, Py ).
By the direct computations and using Lemma 2.1 and Lemma 2.2, we get
[L7X, LHy] = ?(g(Y, WX - (X, )"Y),
Y(f)u

LIL"x, Hy] = -"(VyX) + 2 X,
LIfx, LHy] = #(VyY) - %{)HY,

[7x, fy] = 11X, Y1 = "R(X, Y)u).

Hence, we have the following theorems.

Theorem 4.18. Let (M, g) be a Riemannian manifold and (T M, G) be its tangent bundle equipped with the vertical
rescaled metric and the almost paracomplex structure L defined by (4.9). The triple (TM, L,G') is a B-manifold if and
only if f is constant and

RX,Yyu = :—;(g(Y,u)X—g(X,M)Y)

forall X,Y € Sé(M).
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Theorem 4.19. Let (M,g) be a Riemannian manifold, (T M,G') be its tangent bundle equipped with the vertical
rescaled metric and the almost paracomplex structure L defined by (4.10). The triple (TM, L, G') is a B-manifold if
and only if M is flat and f is constant.

Let (M™, g) be a Riemannian manifold. We define a tensor field P € J i(TM) by,

Hy _H H
{PX ="X +ng(X,u)u @11

P'X =-YX+pug(X,u)'u

forall X e 5(1)(M), where n7,u : R* — R are smooth functions.

If n = u = 0, then P is the almost paracomplex structure defined by (4.1), where ¢ = Idy,.
In the following, we consider n # 0 and u # 0.
Note that ,

Py = (1 +nr)fu
Pu = (-1+unu
such that r = g(u, u).

Lemma 4.20. Let (M™, g) be a Riemannian manifold and (T M, G') be its tangent bundle equipped with the vertical

2
rescaled metric. Then the endomorphism P defined by (4.11) is an almost paracomplex structure if and only if n = ——
,

2
andu = —, ie.,
r

piy —mx_ 2 (X, w)u
Ty (4.12)
PX =-YX+ ;g(X, u)u
forall X € S(')(M) and r = g(u, u).
Proof. 1) Let X € 3(M),
P2("iX) = P(P("X))

= P(X + ng(X, u)"u)

=Hx 4 ng(X, u)Hu +ng(X,u)(1 + nr)Hu

=X + Q2 + nr)g(X, u)lu, (4.13)

P*("X) = P(P("X))
= P(="X + pug(X, u)"u)
= "X — ug(X,1)"u + ug(X, u)(=1 + ur) 'u
=YX + (=2 + ur)g(X, u)'u. (4.14)

2 2
From (4.13) and (4.14), then P?> = Idr); equivalenttonp = —= and yu = ~.

r r
2) Let {E;} =T be a local orthonormal frame on M. Then,

T(x,p)TM+ = Span (Vl, ey Vm),
T(X»M)TM_ = Span (Wla cees ‘/Vm)v
1 1
where Vi = —7E; + —g(E;,w)"u , W; = =VE; + —g(E;, u)"u. 0
r r
Theorem 4.21. Let (M™,g) be a Riemannian manifold, (T M,G') be its tangent bundle equipped with the vertical

rescaled metric and the almost paracomplex structure P defined by (4.12). The triple (TM, P,G') is an almost B-
manifold.
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Proof. For purity condition, we put for all X, Y € ﬁ(l)(M) and k,h € {H,V}:
AX* Hyy = GT(Px*, Hy) - GT (X*, PHY).
() A, fy) = GT(PHX, Hy) — G/ (X, PMY)
. 2 : 2
=G/("x - —~8(X, wu, 7y) — G/ (x, My - —8(, uw)"u)
. 2 : 2
= G/ ("X, 1Y) - Zg(X, w)g(Y, u) - G/ ("X, "y) + Zg(Y, u)g(X, u)
r r
= (),
Gi) ACX, YY) = G/ (PYX,Y) - G/ ("X, PY)
2 2
=GI(-YX + ZgX, w)u,VY) - GT ("X, =Y + = g(¥, u)"u)
r r
2 2
=-G'("X,Y) + Zg(X,u) fAg(Y,u) + G/ ("X, YY) — Zg(Y, ou) fAg(X, 1)
r r
= 0,
(i) A%, YY) = G/ (PHX,Y) - G/ ("X, P"Y)
. 2 2
=G/ ("X - ZgX, w"u,"Y) - G/ ("X, -"Y + Zg(Y,u)"u)
r r
= ()7
Gv) A"X, ) = GT(PYX, fy) — GY (X, PHY)
2 2
=G/ (-"X + Zg(X,w)"u,"Y) - G/ ("X, Y + Zg(Y, w)"u)
r r
=0.
O

Lemma 4.22. Let (M, g) be a Riemannian manifold, (T M, G) its tangent bundle equipped with the vertical rescaled
metric, VI denote the corresponding Levi-Civita connection of GT and u (resp. "u) be the vertical distribution (resp.

horizontal distribution) on TM. Then,
1.V iy = lV(R(u X)u)
. HY - 2 ) ’
X(f)
2. VﬁXVu = _Zf Yu,

3.V, Fu = Hx + “h vy, JECH(R(u, X)),

2f
. 1
4.V Vu="x - 78X, w(grad f),

for all vector fields X € 3(')(M).

Proof. The proof of Lemma 4.22 follows directly from (2.1) and Theorem 3.2.

Proposition 4.23. Let (M™,g) be a Riemannian manifold, (TM,G/) its tangent bundle equipped with the vertical
rescaled metric, the almost paracomplex structure P defined by (4.12) and V' denote the corresponding Levi-Civita
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connection of G/, then:

L(VhPMY = —(R(X, Y)u) - %g(Y, u) (R(u, X)u),
2. (V£XP)VY = — AR, V)X) + J—: g(R(u, V)X, u)u,

3.(Vi Py = —%g(Y, "X + (%g(x, we(¥u) - %g(x, Y)+ {g(k(u, X)Y, )
~ Lotvurau xom + (PL - XD oy yx - DD,
r rooorf rf
: 1
4.(V1,P)'Y = (3(X,Y) - —8(X, (Y, w)(grad NI - @ gX.Y) " u

+ %g(Y, )X + (%g(x, Y) - %g(x, wg (Y u))'u,
for all vector fields X € 3\(M).
Proof. The proof of Proposition 4.23 follows directly from the Theorem 4.2 and the formula
v;f(.P? = vg(.(P?) - Pvg_?,
where X, , Ye Sé(TM). Hence, we deduce: O

Theorem 4.24. Let (M™, g) be a Riemannian manifold, (T M,G') be its tangent bundle equipped with the vertical
rescaled metric and the almost paracomplex structure P defined by (4.12). Then, the triple (T M, P,G') is never an
almost anti-paraHermitian manifold.
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