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Abstract. This study introduces the generalized Francois numbers and investigates their some properties. In
addition, we provide the basic formulas such as Binet’s formula, sums formulas. Also, we obtain some identities
among the Fibonacci sequence, the Lucas sequence, and the generalized Francois sequence.
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1. Introduction

Number sequences are an important topic in mathematics. The Fibonacci sequence is one of the most renowned.
Leonardo Fibonacci introduced a problem. The Fibonacci sequence emerged the solution of this problem. The se-
quence has extensive uses in many areas from mathematics to art. In addition, the Fibonacci numbers have in various
interesting properties, such as the golden ratio, which arises from the ratio of consecutive the Fibonacci numbers.

For n ≥ 2, the recurrence relation of the Fibonacci sequence is

Fn = Fn−1 + Fn−2,

with F0 = 0, F1 = 1. The Fibonacci numbers are associated with the sequence A000045 in OEIS [13]. The Binet’s
formula of the Fibonacci sequence is

Fn =
αn − βn

α − β
, (1.1)

where α = 1+
√

5
2 and β = 1−

√
5

2 . Also, the negative indices of the Fibonacci numbers are

F−n = (−1)n+1Fn. (1.2)

The summation formulas for the Fibonacci numbers are
n∑

i=1

Fi = Fn+2 − 1, (1.3)

n∑
i=1

F2i = F2n+1 − 1,

n∑
i=1

F2i−1 = F2n.
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In addition, there are the following identities of the Fibonacci numbers:

FmFn − Fm+kFn−k = (−1)n−kFm+k−nFk, (1.4)

FnLm − FmLn = 2(−1)mFn−m, (1.5)
FnLm + FmLn = 2Fn+m, (1.6)

in [5, 14].
One of the other interesting number sequence is Lucas sequence. It is named for honor of the French mathematician

Francois Edouard Anatole Lucas. The Lucas numbers share remarkable similarities with the Fibonacci numbers.
For n ≥ 2, the recurrence relation of the Lucas sequence is given as follows:

Ln = Ln−1 + Ln−2

with L0 = 2, L1 = 1. The Lucas numbers correspond to sequence A000032 in OEIS [13]. The Binet’s formula of the
Lucas sequence is

Ln = α
n + βn, (1.7)

where α = 1+
√

5
2 and β = 1−

√
5

2 . Negative subscript of the Lucas numbers is defined as follows:

L−n = (−1)nLn. (1.8)

The summation formulas for the Lucas numbers are given as follows:
n∑

i=1

Li = Ln+2 − 3, (1.9)

n∑
i=1

L2i = L2n+1 − 1,

n∑
i=1

L2i−1 = L2n − 2.

Furthermore, there is the following identity of the Lucas numbers:

Ln+m + (−1)mLn−m = LmLn, (1.10)

in [5, 14].
Some identities between the Fibonacci and the Lucas numbers are as indicated below:

Fn+1 + Fn−1 = Ln, (1.11)
Ln+1 + Ln−1 = 5Fn, (1.12)

Fn+m + (−1)mFn−m = LmFn, (1.13)

Fn+m − (−1)mFn−m = FmLn, (1.14)

Ln+m − (−1)mLn−m = 5FmFn, (1.15)

Fn+2Ln+1 − Fn+1Ln = F2n+2 − 2(−1)n, (1.16)

FnFm+1 + FmFn+1 =
2Ln+m+1 − (−1)mLn−m

5
(1.17)

in [5, 14].
Catarino and Borges defined the Leonardo sequences, which are related to the Fibonacci sequence in [2]. For n ≥ 2,

the Leonardo sequence is determined by the following recurrence relation:

Len = Len−1 + Len−2 + 1

with Le0 = Le1 = 1. The Leonardo numbers are associated with the sequence A001595 in OEIS [13]. The Binet’s
formula of the Leonardo sequence is

Len =
2αn+1 − 2βn+1 − α + β

α − β
,

where α = 1+
√

5
2 and β = 1−

√
5

2 in [2].
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The researchers investigate topics including generalizations of the Leonardo numbers. The generalized Leonardo
numbers are defined by the following recurrence relation for n ≥ 2:

Lk,n = Lk,n−1 +Lk,n−2 + k,

with the initial conditions Lk,0 = Lk,1 = 1. Furthermore, the relationship between generalized Leonardo numbers and
Fibonacci numbers is presented as

Lk,n = (k + 1)Fn+1 − k, (1.18)

in [6]. The Binet’s formula of the generalized Leonardo sequence is

Lk,n = (k + 1)
(
αn+1 − βn+1

α − β

)
− k,

where α = 1+
√

5
2 and β = 1−

√
5

2 in [7].
Another version of the Leonardo numbers is defined in [3]. The authors introduced a new version of the Leonardo

numbers called the Francois numbers, in honor of the French mathematician Francois Edouard Anatole Lucas. For
n ≥ 2, the recurrence relation for Francois sequence is given as follows:

Fn = Fn−1 + Fn−2 + 1,

with the initial conditions F0 = 2, F1 = 1. This sequence corresponds to the sequence A022318 in OEIS that the initial
element is eliminated. The Binet’s formula of the Francois sequence is

Fn = α
n + βn +

αn+1 − βn+1

α − β
− 1,

where α = 1+
√

5
2 and β = 1−

√
5

2 . The relation among the Francois, the Fibonacci and the Lucas numbers is obtained as

Fn = Ln + Fn+1 − 1,

in [3].
In recent years, the generalizations of the Leonardo numbers have been studied. More information about the

Leonardo and the generalized of theLeonardo numbers can be found in [1, 3, 4, 6, 8–12, 15].
The following table displays the first terms of the Fibonacci, the Lucas, the Leonardo, the Francois, and the gener-

alized Leonardo numbers:
n Fn Ln Len Fn Lk,n

0 0 2 1 2 1
1 1 1 1 1 1
2 1 3 3 4 2 + k
3 2 4 5 6 3 + 2k
4 3 7 9 11 5 + 4k
5 5 11 15 18 8 + 7k
6 8 18 25 30 13 + 12k
7 13 29 41 49 21 + 20k
...
...

...
...

...
...

Based on the above papers, we introduce the generalized Francois numbers. Furthermore, we derive various identi-
ties concerning the generalized Francois numbers. Finally, all the results are reduced to Francois numbers for k = 1.

2. Main Results

Firstly, we introduce the generalized Francois numbers.

Definition 2.1. For the positive integer k and n ≥ 2 the generalized Francois sequence Fk,n is defined as follows:

Fk,n = Fk,n−1 + Fk,n−2 + k, (2.1)

with the initial conditions Fk,0 = 2, Fk,1 = 1.
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Proposition 2.2. The Binet-like formula for the generalized Francois sequence is

Fk,n = α
n + βn + k

(
αn+1 − βn+1

α − β

)
− k, (2.2)

where α = 1+
√

5
2 and β = 1−

√
5

2 .

Proof. The general solution of the difference equation

Fk,n = Fk,n−1 + Fk,n−2 + k,

is given by
Fk,n = c1α

n + c2β
n − k.

Considering that Fk,0 = 2, Fk,1 = 1, its follows that

c1 =
−(2 + k)β + 1 + k

α − β
and c2 =

(2 + k)α − 1 − k
α − β

.

From here, the result is obtained. □

Taking k = 1 in (2.2), we get the Binet-like formula for the Francois sequence as follows:

Fn = α
n + βn +

(
αn+1 − βn+1

α − β

)
− 1,

in [3]. Now, we give the generating function for the generalized Francois numbers in the following proposition.

Proposition 2.3. The generating function for the generalized Francois numbers is as follows:
∞∑

i=0

Fk,nxn =
(k + 1)x2 − 3x + 2

1 − 2x + x3 ,

where Fk,n is the nth generalized Francois number.

Proof. Let us consider the following ordinary generating function:

g(x) =
∞∑

i=0

Fk,nxn.

From the equation (2.1), we obtain

g(x) − Fk,0 − Fk,1x
x2 =

g(x) − Fk,0

x
+ g(x) +

k
1 − x

.

Hence,

g(x) =
(k + 1)x2 − 3x + 2

1 − 2x + x3 .

□

Taking k = 1, we get the generating function for the Francois numbers as follows:
∞∑

i=0

Fnxn =
2x2 − 3x + 2
1 − 2x + x3 .

Proposition 2.4. For any nonnegative integer n, the following identity holds true:

Fk,n = Ln + kFn+1 − k, (2.3)

where Fn, Ln, and Fk,n are the nth Fibonacci, Lucas and generalized Francois numbers, respectively.

Proof. Considering (1.1), (1.7), and (2.2), the result is clear. □

From k = 1 in (2.3), we have Fn = Ln + Fn+1 − 1 in [3].
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Proposition 2.5. The negative subscript of the generalized Francois numbers is given as follows:

Fk,−n = (−1)n(Ln + kFn−1) − k,

where Fn, Ln, and Fk,n are the nth Fibonacci, Lucas and generalized Francois numbers, respectively.

Proof. Using (2.3), we have
Fk,−n = L−n + kF−n+1 − k.

From (1.2) and (1.8), the result is clear. □

Proposition 2.6. For n ≥ 1, the following identity holds:

Fk,n+1 + Fk,n−1 = 5Fn + kLn+1 − 2k,

where Fn, Ln, and Fk,n are the nth Fibonacci, Lucas and generalized Francois numbers, respectively.

Proof. Using (2.3), we get
Fk,n+1 + Fk,n−1 = (Ln+1 + Ln−1) + k(Fn+2 + Fn) − 2k.

Considering (1.11) and (1.12), the result is obtained. □

Now, we provide the summation formulas for the generalized Francois numbers.

Proposition 2.7. For n ≥ 0, the following summation formulas hold true:
n∑

i=0

Fk,i = Fk,n+2 − 1 − k(n + 1),

n∑
i=0

Fk,2i = Fk,2n+1 + 1 − kn,

n∑
i=0

Fk,2i+1 = Fk,2n+2 − 2 − k(n + 1),

where Fk,n is the nth generalized Francois number.

Proof. From (2.3), the sum of generalized Francois numbers is
n∑

i=0

Fk,i =

n∑
i=0

(Ln + kFn+1 − k).

Using (1.3) and (1.9), we have
n∑

i=0

Fk,i = Ln+2 + kFn+3 − 1 − 2k − kn.

Considering (2.3), the result is obtained. Similarly, the other summation formulas can be proved. □

Taking k = 1, the summation formulas for the Francois numbers are obtained as follows:
n∑

i=0

Fi = Fn+2 − 1 − (n + 1),

n∑
i=0

F2i = F2n+1 + 1 − n,

n∑
i=0

F2i+1 = F2n+2 − 2 − (n + 1).

Proposition 2.8. For any nonnegative integer m ≥ 1 and n ≥ m, the following identity holds true:

Fk,n+m + (−1)mFk,n−m = Lm(Fk,n + k) − k(1 + (−1)m),

Fk,n+m − (−1)mFk,n−m = Fm(5Fn + kLn+1) − k(1 − (−1)m),

where Fn, Ln, and Fk,n are the nth Fibonacci, Lucas and generalized Francois numbers, respectively.
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Proof. From (2.3), we get

Fk,n+m + (−1)mFk,n−m = (Ln+m + (−1)mLn−m) − k(1 + (−1)m) + k(Fn+m+1 + (−1)mFn−m+1).

Using (1.13), (1.10), and (2.3), the first identity is obtained. Similarly, the other identity is derived by using (1.14),
(1.15), and (2.3). □

Proposition 2.9. For nonnegative integers m and r where m ≥ r + 4, the following identity is valid:

Fk,m+rFk,m+r−2 + Fk,m−rFk,m−r−2 = L2m−2L2r − 5k(Fm+r−1 + Fm−r−1) + 6(−1)m+r

+ k(2F2m−1L2r + 6(−1)m+r) − k2(Lm+r + Lm−r)

+
k2

5
(L2mL2r + 6(−1)m+r) + 2k2,

where Fn, Ln, and Fk,n are the nth Fibonacci, Lucas and generalized Francois numbers, respectively.

Proof. Using (2.2) to LHS, we obtain

LHS =
(
αm+r + βm+r + k

(
αm+r+1 − βm+r+1

α − β

)
− k

) (
αm+r−2 + βm+r−2 + k

(
αm+r−1 − βm+r−1

α − β

)
− k

)
+

(
αm−r + βm−r + k

(
αm−r+1 − βm−r+1

α − β

)
− k

) (
αm−r−2 + βm−r−2 + k

(
αm−r−1 − βm−r−1

α − β

)
− k

)
.

Hence, we have

LHS = L2m+2r−2 + L2m−2r−2 + 6(−1)m+r

− k(Lm+r + Lm+r−2) − k(Lm−r + Lm−r−2)

+ k(2F2m+2r−1 + 2F2m−2r−1 + 3(−1)m+r + 3(−1)m−r)

+ 2k2 +
k2

5
(L2m+2r + L2m−2r + 6(−1)m+r)

− k2(Fm+r+1 + Fm−r+1) − k2(Fm+r−1 + Fm−r−1).

From (1.10), (1.11), (1.12), and (1.13), the result is clear. □

Now, we provide the identities between the generalized Francois numbers and the generalized Leonardo numbers.

Proposition 2.10. For any nonnegative integer n, we have

Fk,n+1Lk,n+1 − Fk,nLk,n = (k + 1)(F2n+2 − 2(−1)n) − kLn−1 + kFn((k + 1)Fn+3 − 1 − 2k),

where Fn, Ln, Lk,n, and Fk,n are the nth Fibonacci, Lucas, generalized Leonardo and generalized Francois numbers,
respectively.

Proof. Using (2.3) and (1.18) to left hand side (LHS), we get

LHS = (Ln+1 + kFn+2 − k)((k + 1)Fn+2 − k) − (Ln + kFn+1 − k)((k + 1)Fn+1 − k).

Hence, we have

LHS = (k + 1)(Fn+2Ln+1 − Fn+1Ln) − kLn−1 + kFn((k + 1)Fn+3 − 1 − 2k).

Considering (1.16), the result is obtained. □

Taking k = 1, we derive the following identity between the Leonardo and the Francois numbers:

Fn+1Len+1 − FnLen = (k + 1)(F2n+2 − 2(−1)n) − Ln−1 + Fn(2Fn+3 − 3).

Now, we present the relationships between the generalized Francois and the Fibonacci numbers.
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Proposition 2.11. For m ≥ 1 and n ≥ m + 1, the following identities hold true:

FnFk,m − FmFk,n = Fn−m(2(−1)m + k) + k(Fm − Fn),

FnFk,m + FmFk,n = 2Fn+m − k(Fm + Fn) + k
(

2Ln+m+1 − (−1)mLn−m

5

)
,

where Fn, Ln, and Fk,n are the nth Fibonacci, Lucas and generalized Francois numbers, respectively.

Proof. Using (2.3) to LHS, we get

LHS = FnLm − FmLn + k(FnFm+1 − FmFn+1) + k(Fm − Fn).

From (1.4) and (1.5), the first identity is obtained. Similarly, the second identity can be found by using (1.17) and
(1.6). □

Proposition 2.12. For m ≥ 1 and n ≥ m + 1, the following identities hold true:

LnFk,m − LmFk,n = k(−1)m+1Fn−m − k(Ln − Lm),

LnFk,m + LmFk,n = 2LnLm − k(Ln + Lm) + k(2Fn+m+1 + (−1)mLn−m),

where Fn, Ln, and Fk,n are the nth Fibonacci, Lucas and generalized Francois numbers, respectively.

Proof. Using (2.3) to LHS, we get

LHS = k(LnFm+1 − LmFn+1) − k(Ln − Lm).

From (1.5), the first identity is clear. Similarly, the second identity can be obtained. □

3. Conclusion

In this study, the generalized Francois numbers are considered. The basic identities related to these numbers are
obtained. In addition, the relations between these numbers, Fibonacci and Lucas numbers are provided. In future
studies, other properties of the generalized Francois numbers can be found and the different number systems can be
defined with these numbers and their properties can be analyzed.
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[9] Saçlı, G.Y., Yüce, S., A note on hyper-dual numbers with the Leonardo-Alwyn sequence, Turkish Journal of Mathematics and Computer

Science, 16(1)(2024), 154–161.
[10] Savin, D., Tan, E., On Companion sequences associated with Leonardo quaternions: Applications over finite fields, (2024), arXiv:2403.01592.
[11] Shannon, A.G., A note on generalized Leonardo numbers, Notes on Number Theory and Discrete Mathematics, 25(3)(2019), 97–101.



Y. Alp, Turk. J. Math. Comput. Sci., 16(2)(2024), 346–353 353

[12] Shattuck, M., Combinatorial proofs of identities for the generalized Leonardo numbers, Notes on Number Theory and Discrete Mathematics,
28(24)(2022), 778–790.

[13] Sloane, N.J.A., The On-Line Encyclopedia of Integer Sequences, http://oeis.org.
[14] Vajda, S., Fibonacci and Lucas Numbers and the Golden Section: Theory and Applications, Halsted Press, 1989.
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