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EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION FOR
SINGULAR WEIGHTED ROBIN PROBLEM INVOLVING
p(.)-BIHARMONIC OPERATOR

Ismail AYDIN

Department of Mathematics, Sinop University, Sinop, TURKIYE

ABSTRACT. The aim of this paper is to find the existence of solutions for the
following class of singular fourth order equation involving the weighted p(.)-
biharmonic operator:

A (a(a}) | Ay[P(@) =2 Au) = 2b(@) [u] T 20+ V(@) [u 7@, zeQ,
a(z) [AulP) 72 B8 4 B(z) [ulPP) "2 u =0, z €090,
where Q is a smooth bounded domain in RY (N > 2). Using variational meth-
ods, we prove the existence at least one nontrivial weak solution of such a Robin
problem in weighted variable exponent second order Sobolev spaces W,f 20 ()
under some appropriate conditions. Finally, we deduce some uniqueness re-
sults.

1. INTRODUCTION

In this paper, the weighted singular Robin problem

A (a(m) | AP 2 Au) = b(2) [u] "D u+ V() ju P, zeq,
a(z) |AulP™ 2 9u 1 B(x) u[P )2y =0, x € 09,

is investigated with respect to some suitable assumptions, where a and b are weight
ou

functions and nonnegative, 3= is the outer unit normal derivative of u on 9%, p, q
are continuous functions on Q, i.e. p,q € C’(ﬁ) with 1 < p~ = infyeqp(z) <
p(z) < P = sup,enp(e) < ¥, B € L (99) such that A~ = infucpn B(z) > 0,

and @ C RY (N > 2) is a bounded smooth domain, X is a positive parameter,
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942 I. AYDIN

p* ()
v : 2 — (0,1) is a continuous function, 1 -y~ < p~, ¢T < p~, V € L& VT (Q),

V > 0 and p*(z) = N]ig(pw&).

In 2018, Chung [12] consider the p(x)-Laplacian Robin eigenvalue problem

—Apyu = AV(x) |u| )72y, z €,
(VuP =2 0 4 g(a) ju Py =0, z € dQ,

and prove the existence of a continuous family of eigenvalues in a neighborhood of
the origin using variational methods under some suitable conditions on the functions
qand V.

In 2024, Chung and Ho [14] use a concentration-compactness principle to solve
the lack of compactness of the critical Sobolev imbedding, and obtain the existence
of solutions to the following problem involving critical growth

A2 yu—M (g{ ﬁ V") dac) Apyu = Af(z,u) + |72y, zeq,
u=Au=0, x € 0N.

In 2011, Ayoujil and Amrouss [8] investigate the following problem:

{ A (|Au|p(m)72 Au) = Au|™™ 2y, 2eQ,

(2)
u=Au=0, on 0,

and obtained that the energy functional associated to the problem has a non-
trivial minimum for any positive A for maxgeq ¢(x) < mingeq p(z) (see Theorem
3.1 in [8]). When p(x) = ¢(z), the problem is considered by Ayoujil and Am-
rouss [7].

In 2015, Ge, Zhou and Wu [20] discuss the following problem:

3)

A (|Au|p(m)_2 Au) = \V(x) |u\q($)_2 u, in €,
u=Au=0, on 092,

where V' is an indefinite weight and A is a positive real number. They obtained

several situations concerning the growth rates, and they showed, using the moun-

tain pass lemma and Ekeland’s principle, the existence of a continuous family of
eigenvalues.

In 2019, Kefi and Saoudi |25] search the existence of solutions for the following

inhomogeneous singular equation involving the p(z)-biharmonic operator:

A (|Au|p(m)_2 Au) = g(2)u™"@ FAf(z,u), inQ, (4)

u=Au=0, on 0f).

They study the problem , which contains a singular term and indefinite many
more general terms than the equation , and prove the existence of a weak solution

for problem .
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In 2022, using variational techniques combined with the theory of the generalized
Lebesgue-Sobolev spaces Alsaedi, Ali and Ghanmi [1] studied weak solutions for the
following class of singular fourth order elliptic equations:

A (\ﬂp(z) |AU|P(I)—2 Au) =a(z)u="® 4 \f(z,u), inQ, (5)
u=Au=0, on 0%},

and prove the existence at least one nontrivial weak solution in Wo2 P0) Q).
In 2022, Mbarki [32] discuss the existence of solutions for a class of singular

p(x)-biharmonic Laplacian problem with Navier boundary conditions:
A (|x|p<f”> | AP =2 Au) = AV (@) [u"@ 2y + a(z)u 7@, inQ, -
u=Au=0, on 0f).

In 2022, Kulak, Aydin and Unal [28] consider the existence of weak solutions of
weighted Robin problem involving p(.)-biharmonic operator:

A A P(JC)—QA — )b q(z)—2 in O
{ (a(w)| ul u) () |ul u, in €, )

a(z) |Au[P™ 72 24 4 B() [uff P u =0,  on Q.
under some conditions in Wff(') (Q). We refer for instance to see ( 2], |13], [22],
24], [26])-

Inspired by the articles mentioned above, we show the existence and unique-

ness of nontrivial solutions of problem using compact embedding theorems in

waP ) (©) and variational methods. Therefore, we will obtain more general results

than the problems , , @
2. ABSTRACT SETTING
Let Q be a bounded open subset of RY with a smooth boundary 9. Put
0, (@) = {h €C(@): inf ha) > 1},
z€eQ

For any p € C'y (ﬁ), we set

p~ = inf p(z) and p* = sup p(x)
ze e

such that 1 < p~ < pt < oo and

LP(~)(Q) =< ulu:Q — R is measurable and /|u(z)|p(m) dr < 0o
Q

with the (Luxemburg) norm

lull, ., = inf{)\ >0 0, (g) < 1} ,
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Op(. ) / |u(x |p(m

Moreover, the space (LP (), 111l )) is a reflexive Banach space [27]. The weighted
Lebesgue space Lg(')(Q) is defined by

where

L2O(Q) = { u|u : © — R measurable and /|u(x)|p(x) a(z)dr < oo

such that [[ull, , = Huaﬁ H ( < oo foru e Lg(')(Q), where a is a weight function
: (.

from € to (0, 00). Moreover, u € L5 (Q) if and only if [u’") a € L} () [34].
We can define the space 72 (09) similarly by

LPO(9Q) = { u|u : 0 — R measurable and / lu(z)["™ a(z)do < +oo

with the norm

p(z)

ulw) a(z)do <1

el o = inf 7> 0 /
o0

T

foru € L5 (0R2), where do is the measure on the boundary of 2. Then (Lp O, 1llp(y,0 8&2)
is a a reflexive Banach space. If a € L* (Q), then IO = pp() [15].

Proposition 1. (see (3], (5], [6], [19], [21)], [30], [31]) For all u,v € 48 (), we
have

(i) Hu||p( ya <1 (resp.=1,> 1) if and only if 0,y .(u) <1 (resp.=1,>1),
(i) Hu||p( o S Op(.aw) S Ml 4 with [ully) 0 > 1,
(iii) [[ull% ) 0 < 0p.a(w) < ull2) o with [full, . <1
(iv) min {2 0 Tl o} < 0paw) < max {ullZ ol b
1 1 1 1
(v) mln{Qp(.),a(U)”f 7Qp(.),a(u)p+} < ||U||p(,),a < max{gp(,),a( )75 0p(),a(W) 7T }’
(vi) 0p(y,a(u—v) = 0 if and only if [lu =], , — 0.

Proposition 2. (see [17])Let p and q be two measurable functions such that p €
L*®(Q) and 1 < p(x)q(z) < oo for a.e. x € Q. Let u € LI (Q), u # 0. Then

. ]
i { oy § < [l ) < e {Iel sy Tl }
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Let a 707 € L} (Q) and k € Z*. Hence we define the weighted variable

loc

exponent Sobolev space weet) (Q) is defined by

W) (Q) = {u e LPO(Q) : Du e LPO(Q),0 < |o] < k} ,

. .. la
where o € N} is a multi-index, |a| = oy + g +... + ay and D = MW' Then
@y Yoy

Wf P() (Q) is a separable and reflexive Banach space equipped with the norm

||u||W§,p<.>= Z ||Daqu(.),a
0<]a|<k

Alternatively, the space W(f P() (Q) could also be introduced as

ou
(%ci

To find out solutions of the problem , we need some essential theories on the
space W2P®) (). The space X = W2 (Q) consists of all measurable functions
u € Lg(')(Q) such that D% € Lg(')(Q) for 0 < |a| < 2. Hence for any u € X,

lull x = lullyyo + 1Vullyoyo + Y 1Puly0).

wkrO) (Q) = {u e WFPO(Q): Dju = =— e WL (Q) Vi = 1,2, N} .

|a]=2
Let
Np(z) : N
p*(z) = Nf;px(w)’ ifp(x) <3,
+oo, ifp(z)> %,

for every x € Q. For p,q € C (ﬁ) in which q(x) < p*(x) for all x € Q, there is
a continuous and compact embedding W?2?()(Q) — LI0)(Q) (non-weighted). It is
obvious that p (z) < p*(z) for all z € Q.

Remark 1. There is a continuous embedding X — Lg*(')(Q) under some condi-
tions.

Proof. Firstly, we show by induction on k that we») Q) — Lg*(')(Q). Let k = 1.
If0 < a1 <alx) < ag < oo for ae. x € Q, then it is well known that the

embedding W, (Q) = Wrl) (Q) — LP () (Q) for non-weighted case. Moreover,
the embedding Wwart) Q) — 748 () is also valid for weighted case (see [18],
[25], |27]). Suppose that the embedding we—120) Q) — AR (Q) is satisfied for
r(z) = Np(z) /(N — ((k — 1)p(z))) when p(z) < &5. Since u € Werl) (Q), then
u and Dju (1 < j < N) belong to we—tet) (Q), where p(z) < 2. So it is easy to
see that u € Wa"") (©) and

||U||Wa1,r(_) <Cy ||uHW(i€,p(.) .
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Due to kp(z) < N, we get r(z) < N and Wy’ () Q) — Lﬁ*(')(Q), where p*(x) =
Nr(z) /N —r(xz) = Np(xz) /N — kp(z) and
pra < Callullyare < Csllullyrec

i.e. the embedding WwerO Q) — LZ*(')(Q) is continuous. So X — Lg*(')(Q). O
For A C (0, denote by p~(A) = inf,ec 4 p(x) and p*t(A) = sup,c 4 p(z). Define

a:{ BB if p (2) < N,

00, if p(z) > N,
and
oy (@) = "2 )
for any x € 002 and r € C (09, R) with v~ = inf,coq r(z) > 1.

Theorem 1. (see [15])Assume that the set O possesses the cone property and
peC (ﬁ) with p~ > 1. If ¢ € C(0Q) and the inequality 1 < g(x) < p;?(x) (x) s
valid for all x € 0N, then there is a compact embedding wihrl) (Q) — i (09)
for a € L™ (9Q), r € C(09Q) with () > p( () ~ for all x € OQ2. In partzcular
there is a compact embedding WPL) (Q) < LI0)(9Q), where 1 < q(z) < p? (x),
Vo € 0.
It is easy to see that pf(z) () < p?(x) and p(x) < p? (x). So we have the
following Corollary under conditions in Theorem [I]
Corollary 1. (see [15])
(i) There is a compact embedding WP() (Q) — LPC)(9Q), where 1 < p(z) <
p? (z), Vo € 9.
(ii) There is a compact embedding WP() (Q) — Lg(')(aﬁ), where 1 < p(z) <
pf(z) (z) < p? (z), Yz € 0.

Theorem 2. ([5])Let a=*") € L' (Q) with o (z) € (TA;)’ oo) N [ﬁ, oo). Then

we have the compact embedding Wa*") (Q) = We=0) (Q), where p,(x) = O;(g”m))pﬁ)

Corollary 2. If the inequality p(z) < p? () (x) < p? (x) is valid for all x € 09,

then there exists a compact embedding between War") (Q) and Lg(')(aﬁ).
Corollary 3. X — WPt (Q) == Lg(')(BQ).

Theorem 3. (see [19])Assume that the set O possesses the cone property and
p € C(Q). Suppose that b€ L™ (Q), b(z) >0 forz € Q, r € C (Q) and r~ > L.
IfgeC (ﬁ) and

r(x) =1 o

= Wp (z)
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for all z € Q, then there is a compact embedding WPL) () — Lg(')(Q), where

Np(x .
p’(l’) — N,pz()(;y pr(!l?) <N
+o0, ifp(x) > N.
¢

)

r(z)
then, there exists a compact embedding between Wo™” ) (Q) and LZ(')(Q), So X ——
LiY(@).
If we use the method in Theorem 2.1 in [16] and [4], then we obtain the following

theorem. In addition, this theorem plays an important role for the existence of weak
solutions of the problem .

Theorem 4. (see Theorem 3 in [28])Let u € X. Then the norms |jully and |lul|
are equivalent on X, where

lullg = 1Aull,y 0 + [[ully )00 -

Let 8 € L> (09) such that 8~ = infzcpq B(x) > 0. Then, the norm [[uf 4, is
defined by

Corollary 4. If the inequality 1 < q(z) < “=L (p)* (z) is true for all z € Q,
(.

p(z)
do <1

p(z)

Au(z)

u(z)

[ullg(zy =inf §7>0: /a(x)
Q

dx +@£ B(x)

for any u € X. Moreover, |.[|5.,) and |[|.|| y are equivalent on X by Theorem
Proposition 3. (see [0], [21], [30], [31]) Let Iy (u) = [a(x) |Au($)|p(m) dx +
Q

J B(x) |u(x)|p(x) do with B~ > 0. For any u,u; € X (k=1,2,...), we have
o9

(i) Nl ay < Loy () < [fullyy with [lull gy > 1,
(ii) Nl < T (w) <l with [Julls, <1,
(iii) min { Jullyyy el } < Tay (w) < max { ullB,  ullf, }
() [lu—ukllg) = 0 if and only if Ig)(u —up) = 0 as k — oo,
(v) Nlukllgezy — o0 if and only if Ig((ur) — oo as k — oco.

Definition 1. We say that u € X is a weak solution of if
/a(:z:) |Au|p(m)_2 AuAvdz + /ﬂ(x) |u(x)|p(3”)_2 uvdo
Q oQ
—)\/b(z) |u|q(m)_2 wvdx — /V(JU) \u|_7(z) vdr =0
Q Q

for allv € X. We point out that if A € R is an eigenvalue of the problem , then
the corresponding u € X — {0} is a weak solution of (1)).
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To obtain a weak solution to (I]), let us introduce the functional Ey : X — R
defined by
b(x)

By (u) = ¢(u) — )\/q(x) u|?®) dz — By (u),
Q

for any A > 0, where

Q

~

(z p()

b

[219]

and

Dy (u) = / % ') 4.

Due to the singular term V(z) |u|_7($)7 E\ is not of class C! functional in X, and

classical variational methods (e.g Mountain-Pass Lemma of Ambrosetti-Robinowitz)
are not applicable. It is easy to see that

< E; (U)7U>=/a($)|Au|p($) dx+/5(x) (@)™ do
B 0

—/\/b(x) |7 dx—/V(m) u| ) da

Q Q
for all ©w € X.

3. MAIN RESULTS

In this section, we will show that the problem has at least one nontrivial weak
solution. Throughout this paper, assume that 1 < p~ < pT < %, B € L™ (09),

p* ()
VelLy PP (Q), V >0and a,b> 0.

Theorem 5 (Vitali’s Theorem). (see p. 60 in [29])Let (fn),cn be a sequence of
functions with finite integrals over a measurable set @ C RY. Suppose that

i fu(@) = f(2)

for almost all x € Q) and let f be an almost everywhere finite function. Suppose
that the following condition (P) is satisfied:

(P) (Equi-absolutely-continuous) For every € > 0 there exists a § > 0 with the
property: if B C Q, u(B) < 4§, then

/ fula)da <
Q
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for all n € N. Hence, the function f has a finite integral over Q and

hm/lfn \dw—/lf )| da.

Theorem 6 (Absolute Continuity of the Lebesgue Integral). (see Theorem 12.34
in [29]) Let f € LY(2). For every e > 0 there exists a § > 0 depending only on
and f such that for all A C RN satisfying u(A) < 8, we have

/|f(:17)|dz <e.
A

p* ()
Lemma 1. Let V € Ly V7971 (Q) and 0 < r < a(x) for a.e x € Q and some
r > 0. Then E) is weakly lower semi-continuous.

Proof. The proof consists of three steps.
Step 1: The functional ¢ : X — R is convex. Indeed, since the function ¢t — ¢’
is convex on [0, 00) for any 6 > 1, so for each x € Q (or z € 90Q)

EJF 1% #(z) |£‘ + |,LL| 2(=) 1 p(z 1 p(z)
> " < (B 1P st Z
S < (DT < S+ S
for all £, u € RYV. Hence, we have
Au+ Av [P |Au| + |Av| r(e) 1
S < (PR < Sar a9
and
u+ v

p(r) p(z)
|ul + ] 1 o) 1 _,,3
PRI < S 5 1. )

Multiplying and @) by ;Ei;, pgi) and integrating over Q and 0 respectively,

we obtain

for any u,v € X. So ¢ is convex.
Step 2: ¢ is weakly lower semi continuous on X. From Step 1 and Corollary
3.8 in [10] it is enough to show that ¢ is strongly lower semi continuous on X. Let
€ >0, u,v € X such that
€ < €
Ce+Cr

p(x)
p(x)—1

PG (10)

u—v <
| HX ‘a (@) \A |P(a:) 1)

Since the functional ¢ is convex, variable Holder inequality and Proposition |2 we
obtain

$(v) > ou)+(¢'(u),v—u)
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> gu) - / o) | AP A (0 — )| de - / B() [u(@) PO ju - o] do
Q o
> ¢<u>—c4Ha S PO [l 1A - wl
St p(.)
_ »(.) 50 oy —
Cs i IR L TR
1 pt—1 1 p -1
> g(u) - Cymax [la77 |Au|H ,\aw Aal|” 1A @ =Wl
p(.) P

pt—1

—C H o) _
5max{ BP0 |ul (3,00 m}lllu U||| ),B,09

= 6w —Cy max{uAunp( o IIAuII,’j(_;i} [PNCEST

-1
—05 max{HUHP (.),8,00 ||u||p (.),8, SQ} |H’LL - v|||p(-)»5789

> ¢(u) = Csllu—vlx = C7llu—vllx > du) -
for some positive constants Cy, Cs, Cg and C7. It follows that ¢ is strongly lower
semi continuous and convex, so we deduce that the functional I is weakly lower
semi continuous.
Step 3: FE) is weakly lower semi-continuous. Let {u,} be a sequence which is
weakly converges to v in X. Then, from Step 2, we have

B(u) < lim info(u,). (1)

By Corollary |4 we have the compact embedding X < LZ(')(Q). Hence, the

sequence {u,} converges strongly to u in LZ(')(Q) and

lim /M \un\q(z) dzx = liminf/ () |un|q(z) dzr = /M |u|q(z) dr. (12)
q
Q

n—oo | q(z) n—oo | q(x) q(x)
Q

On the other hand, by Vitali’s Theorem, we can claim that

lm [ V(z)|un|" dxz/V(x)\uP*W) da. (13)
n— oo
Q

Indeed, we only need to prove that

[ V@ a7 ds e (14)
Q
is equi-absolutely-continuous. It is known that every weakly convergent sequence is
bounded. So (uy,),, ¢y is bounded in X. In addition, using the continuous embedding
X — Lg*(')(ﬂ) by Remark the sequence (uy),y is bounded in LZ*(')(Q), and
< (g for all n € N. Now, let € > 0, then,

p*(.),a
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* ()
using Proposition |1 and the absolutely-continuity of [ |V(ac)|P*@];)M(@*1 a(z)dz,
Q

there exist two positive constants ¢ and & such that

) p* ()
VI ey, < /|V(x)|p*<;;+v<z>fl ax)dr < (15)
p*()+v()—1"

for every Qo C . Consequently, by the Holder inequality, Proposition [2] and
we have

p* (x) (z)—1 _ R C)) (z)—1
/ V(@) Jun 7@ da < / <|V(x)|a(x)p‘f&> ) <|un|1 @) g ()~ )dm
Q Q

*(@)+y(@)—1 _ 1-p*(z)—~(z)
< Cyl[|V(2)a(z)™ 7® [ () T
RO =10
. 1—v(x)
= G|V (. N7 a(2) 7@ a(z) |
9” ||P*(;)+’(Y<)»>*17a | n| ( ) ( ) 1;Lw(())
1 1—v(=z)
< CulVI_so | (lual al@) ™)
O+y()-1° p* ()
17“/(-)
1 1—~ 1 1=y~
< CollVI__po  max |unla@ 7@ || " |lula(@)7®
PO (-1 p*(-) p*(.)
= CullVI__eo  max {flual 0y, ,,()a}
< Cho ||VHP*(_§;:_;.().)_1’CL ||un||p*(_)1a < Chpe p*(.),a

for d > 0. So the claim is obtained because of the boundedness of the sequence
(Un) ey in L (')(Q). So we have

Ey (u) < lminfE)y (uy,)

n—oo

by (1)), and (13). O

Lemma 2. E) is bounded from below and coercive.

Proof. Tt is clear that

W) = ) wlP® gy ﬁx p(x _ Muq(aﬂ)x
EA<>—/()|A| d+/ (@) do A!q(z)u d

/ V(z | |1 ’Y(w)d

1 _
—/ ) |u| ) da — T /V(x) "7 4
-7

Q

v
\
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1 A a” at 1 1—7(z)
> EIB(:I:)(“) - quaX{HU”q(,),b ) Hu”q(,),b} - ﬁ Q/ [V (2)] |ul dx
]. )\ q” ]. 17,\/‘# 1—y~
> () = =l = g Vg max (Il el }
1 - AC1p - 1 1
> — B — —|lu||% — ——— ||V p* (. ul| g k.
> el = == Nl — T Vg Il

Since 1 —y~ < p~ and ¢ < p~, we infer that E) (u) — oo as u — co. So E) is is
bounded from below and coercive. (I

Lemma 3. There exists a function ¢ € X such that ¢ # 0 and E\ (¢) < 0.

Proof. Let ¢ € C5° (2) such that Q' C supppy C ; C Qand 0 < ¢ < 11in Q4.
Then we have

a(x)tp(x) . ﬁ(m)t”(”) . b(z) ta(z) .
I e B e e el L
Q o0 Q
V(x)ti— (@) o
f/ ( ) |<,0|1 ~( )dl‘
1—~(x)
P A V(x)tt—@
< Py A 0@ 1@ ) g — / @) g
< Tl - o3 [ b @y de - [ HE ol T e
Q Q
- th=r / 1—
< Iy (p) — V(z ) gy
s = la )(©) = (@) ol

1
for any ¢t € (0,1). Since 1 —y~ < p~, we obtain E) (tp) < 0 for any ¢t < §#~~(-7)
- : = ) : :
with 0 < 6 < minq 1, Iﬁ(w)(¢)gflv(x) || dz » . Finally, we point out that

Ig(x)(p) > 0. In fact, if Ig(,) () = 0, then [l¢[|5.,) = 0 and consequently ¢ = 0 in
Q, which is a contradiction. O

Theorem 7. The problem has at least one nontrivial weak solution.

Proof. From Lemma [2| we can define

my = inf E) (u).
ueX
Let (un), ey be a minimizing sequence, that is E (u,) — my as n — oo. Assume
that (u,),cy is not bounded. So |u,|yx — 0o as n — oo. Since E) is coercive, we
have

E\ (un) = 400 as |lugp||y — 0.
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This contradicts the fact that (u,),cy is a minimizing sequence, so (un), oy is
bounded in X. Since X is a reflexive Banach space, then there exists a subsequence
still denoted by u,, and uy € X such that u, — uy weakly in X. From Lemma

E\ (uy) < liminfE)y (u,) = my.
n—oo

On the other hand, from the definition of my, we have my < Ej (uy). Therefore, uy
is a global minimum for E, which is a weak solution for the problem . Finally,
Lemma [3] it follows that uy # 0. The proof of the Theorem is completed. O

4. UNIQUENESS OF THE SOLUTION

We begin considering the following problem

A (a(x) | A, [P 2 Aun) = ﬁ, x €, (16)
a(@) |Aun "2 G 4 () un P un =0, €09,

where v, = min{u,n}. By Theorem the problem has a solution u, €
X NL>®(Q) and u, > 0 for each n € N (see Lemma 4.1 in [11] and Lemma 3.1
in [9]). Now we recall the algebraic inequality from Lemma A.0.5 in [33].

Lemma 4. Let z,y € RN and (.,.) the standard scalar product in R . Then
(lef 2 =yl gz —y) = clo - yl?

forp>2.

Theorem 8. The problem (16) has a unique solution in X N L> (£2).

Proof. Let n € N and uy,,v, € X N L (Q) solves the problem ([16). Then we can
write

/a(x) |Aun‘l7(z)*2 AunApdz + /5(33) |un|p(x)*2 ungpdo = / Mdm
o0

Q Q (u" + %)‘Y(m)
(17)
and
/a(m) |Av, P72 Av, Apda + / B(z) [va|P ™ 2 vppdo = / %dw
Q o9 (v” + %)v
(18)

for all p € X. By choosing (u, — vn)+ = max {u, — v,,0} as a test function for
the weak solution, and subtracting from we obtain

1 1 N
Viz - Up — Vp) " dx = 19
/ v { (Un + %)V(z) ('Un + %)7(1) } ( ) (19)

/a(x) {|Aun|p(w)72 Auy — [Avy |72 Avn} A (ty —vp) "t da
)
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+ /ﬂ(.’l)) {‘un‘p(m)_Q Un — |Un|p(m)_2 'Un} (Un - Un)+ do
o0

(x)—2 (x)—2
> Clg/a(x) ’A (wp, — vn)+’p dx + Cy3 /,8(35) ’(un — vn)+ Y do >0
Q o0
by Lemma[d On the other hand, we have
1 1
/V(a:) - e (tp, — vp) " d
) +1) (ot 1)

(v 1)~ (i + 1) .
V() - (upn, —vy,)" dx <0. (20)
/ <n+%>“< )

Hence, we infer that (u, — vn)Jr =0a.e. in Q and u,, < v, from Gb and . By
symmetry, this also implies u,, = v,. ([l

5. CONCLUSION

In this paper we obtain the existence of solutions for the class of singular fourth
order equation involving the weighted p(.)-biharmonic operator. Moreover, we
find a unique solution for in X N L>*(Q). The existence of multiple weak so-
lutions to the problem can also be investigated in other studies in the future.
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