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ABSTRACT. In the present paper, g-Szdsz Mirakyan operators by taking the weight function of g-Chlodowsky-
Durrmeyer operators on C[0, co) are introduced and their approximation properties are investigated. Weighted
approximation theorem is given and some theorems on the degree of approximation are investigated.
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1. INTRODUCTION

For a function f defined on the interval [0, o), A. Izgi [5] defined the following operators, which are a composition
of Sz4sz-Miraykan operators by taking the weight function of Chlodowsky-Durrmeyer operators, as

n+1 «— X b t
bn ;pn,k(b_n)jo‘ ‘;Dn,k(b_n)f(t)dta

Oui(x) = (Z)x"(l —x)"* and b, is a sequence of positive real numbers satisfy lin,_.b, = oo,

Fn(f;x) =

_nx (nx)*
k!

limnqw% = 0. The g-analogue of Bernstein polynomials were introduced by Phillips [8]. Recently, Gupta and
Heping [3] introduced and studied the g-analogues of usual and discretly defined Durrmeyer operators. Mahmudov and
Kaffaoglu [7] studied the local approximation and the Voronovskaja-type theorem. Ispir [4] studied Baskakov operators
on weighted spaces. Dalmanoglu and Kirci1 Serenbay [2] established approximation properties for Chlodowsky type
g-Jakimovski-Leviatan operators. Biiylikyazici, Tanberkan, Kirc1 Serenbay and Atakut [1] introduced a Kantorovich
type generalization of Jakimovski-Leviatan operators constructed by A. Jakimovski and D. Leviatan and the theorems
on convergence and the degrree of convergence are established.Chlodowsky type Jakimovskiy Leviatan operators. For
the ¢g-Szdsz-Mirakjan operators, the weighted of Korovkin-type theorem and the weighted approximation were given.
Before introducing the operators, we mention the standart notations of g-calculus. For n € N and g be a positive real
number g-integer and g-factorial are defined by

where p,(x) = e
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[n]={ = Tarl g 0=
n if g=1

[]' = [1][2]...[n] for neN and [0]!=1.
For integers 0 < k < n g-binomial is defined by
n [n]!

There are two g-analagues of the exponential function €%, see [6]

e 1 1
eq(Z)—;ﬁ—m |Z|<E, lgl < 1,

E,z) = ]_[(1+(1 - 9)q’s) = qu”‘ b7 i, =1+ -7, lgl<1

(k]

where
(=g =]]0-qx.
j=0

It is easily observed that

eg(DE(-2) = e4(-2)Ey(2) = 1. (1.1)
‘We set .
a1 we ([n]x) 3
Pui(q; X) = E,,([n]x)q ! n=12,....

It is clear that p,x(g; x) > 0 for all g € (0, 1) and x € [0, c0) and moreover

LPEE Y= g 449 Tar

The two g-Gamma functions are defined as

1/1-¢ oo/ A(1-g)
[,(x) = fo ' E (~qt)d,t, yﬁ(x)= fo ey (~t)dyt.

Forevery A, X > 0,T,(x) = K(A, x)yg(x), where

K(A, x) = ;Ax( 1)(1+A)”

A
In particular for any positive integer n, K(A,n) = q “= and T ) = "” . A(n)
The g-analogue of Beta functions as follows;
00 /A X1
t,5) = K(A,t —_—
By(t,s) = K( )f T+

Now we introduce the following g-Szdsz-Miraykan operator by taking the weight function of g-Chlodowsky-
Durrmeyer operators as

n+l]l o e X bn
Fug(fi0 = 2oL g k’pn,k(q;b—) | wnk(q, )f(t)dt (12)
=0 n 0

n

where

AN, @([m—i)k
Pni\q; bn - E([n]%)q [k]' s
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2. EstiMaATION MOMENTS

In this section our aim is to obtain Fn,q(t"; x),i=0,1,... Fors =0,1,...,letuse u as u = bL and by the defination of
g-Beta function [6], we have

b SRS
" U —p o[ ik &
l)‘ t‘pn,k(q: b_n)dqt _(bn)“- 7k_ \f()‘ us+ (1 - M)Z dqu
=(by)™! ZBq(s+k+ Ln—k+1)
s 2.1
_b w7 |To(s +k+ DEy(n—k + 1) @D
=(bn) ]

y(s+n+2)

st MR+ ST i
=(bn) [k]![n+ s + 1]! ’

Lemma 2.1. Foralln e Nand 0 < g < 1, we have

Fn,q(l;x) = l,

b, — 2
Foqt;x)=q" (x + 4 x)

[n+ 2]

g¥"2x*[n]? + ¢**([3] + q)x[nlb, + q2"+2[2]bﬁ
[n+2][n + 3] ’

Fn,q(t2; x) =

g °nPx’ ([51 + 4131 + ¢)g”" > [n)*x°b,
[n+2][n+ 3][n + 4] [n+2][n + 3][n + 4]
([6] + 2¢[4] + 2¢*[2])g™>" [n]xb> . " 3[21[31b]
[n+2][n+3][n + 4] [n+2][n+3][n+4]

Fn,q(t3; X) =

412 [ (171 + ql51 + 131 + ¢*) " nP b,
[7n+2][n + 3][n + 4][n + 5] [7n+2][n + 3][n + 4][n + 5]
((1+ 241 + (1 + g + gA)I6] + [2113]) ¢*" P 2b2
- [n+ 21n + 31 + 41 + 5
((1+g)B01+ (1 + g+ ¢ + ¢H)[4] + [51[4]) ¢ [n]xb} [21031[41¢*" b
[n+ 2)n+ 31n + 41ln + 5] T+ 2+ 3+ 4n+5]

Proof. We have to estimate F, ,(*; x), s = 0, 1, 2. The result can easily be verified for s = 0. Using the defination (1.2)
of F, 4(f; x) for s = 0, one has

Fo (' x) =

+

[n+1]
bn

NgE

e [n]![A]! N
Foq(l;x) = q (1+k)(1+ k)p ( q; )( n)— (1+k)(1+n—k)

[k]![n + 1]!

o~
Il

0

ipnk Q;bi) =

k=0 n
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When s = 1, using [k + 1] = [k] + ¢*, one has

[Vl+ 1] —(1+k)(1+n—k) X fb
Fpq(t; " 5 — ik | G5 td,t
(6 X) = b § Pni|q: b, Oni\q — b”

1 k+1
[n-: ]Z (k) ) (q;b )( b, {’]g'{niz}' (k+2)(14+n—k)

7(1+k)(1+n k) k4 11g& 4=k
[n+2]Z pk(q,b)[ +1lq

b” N X +n—
=[n 7] an,k (q,b—n)([k] +q)g"

N 1+n—k N . i 1+n
It 2] (Z{;[k]pnk (q, ) + ; Dk (q, bn)q )

””b qx[]_ " +qbn—2x
T2l mr2 T\ T )

For s = 2, using [k + 1][k + 2] = [k1? + (1 + [2D[k] + ¢*[21, by the formulas (1.1) and (2.1), we have

2. [+ 11 Y —taiien—i AN
Fn,q(t,ac)=b—nZq“”(+ P |0 - | o q,b Pyt

B e

n

2(1+n—k)
n+3] T ank(q, )[k+ Ik +21g

R — 3][n " Z Pu (q, ) k1 + g1 + [2DIK] + g [2D)g* "~

= 3][n+2] (Z[ ] pnk(q, ) A ’”+Zm(q,b )q(1+[2]>[ 1g* R

+ ank(% ) 12147 ")J

b2 2.2
= o S]En i ([n[]jzx q2n—2 + [n]an—l(B] + C])i + [2]q2n+2)

"2 [n)? + ¢*([3] + @)x[nlb, + qz”*z[Z]bz
a [n+2][n + 3]

Also we can write this equation as

x((1B1+ @lnlb, — ¢" (¢72(121 + BDIn] + ¢"2[2131) x) 2212
[n+2][n + 3] [n+2][n+31)

F,,,q(tz;x) — q2n [q_2X2 +

When s = 3 by the formulas (1.1), (2.1) and using

[k + 310k + 2][k + 1] = [kI* + ¢*(1 + [2] + BDIKI* + g% (121 + [3] + [21[3]D)[k] + ¢*[21(3]
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we have,

m+1] & _ _ x\ [
F, t3; — (1+k)(1+n—k) . S f . + tdt
g3 %) =— Zq P\ @3- | | ‘qub

”ko

[l’l+2 [l’l+3 [l’l+4 ank( )[k+1][k+2][k+3] o

N 3 3(l+n—k) el 2 3(1+n-k)
[n+2[n+3[n+4 [an ( )[k]q +ank(q ™ )q<1+[2]+[3]>[k]

k=

+ank( ) (121 + 3] + [213DIK]g* 0 + ank( b,,) 21314870 k>)

3n— 6[}’1]% 3 3n '%[n]2 2

_ b, q )
_[n+2][n+3][n+4]{ b +([5]+q[3]+q) =

+ (161 + 24141 + 24 [21)q nlx q3"+3[21[3]}

n

_ @O + ([5] + ql3] + ¢P)g>" > [n]*x2b,, + ([6] + 2q[4] + 2¢°[21)g>" [n]xb?
- [n+2][n + 3][n + 4]

L aPRIBE
[n+2][n + 3][n + 4]
When s = 4 by the formulas (1.1), (2.1) and using
[k + 41[k + 3][k + 21k + 11 =[k]* + ¢“(1 + [2] + [3] + [4DIK] + g™ ([2] + [3] + [21[3] + (1 + [2] + [3D[4D[K]?
+q?* ([21[3] + ([2] + [3] + [21[3D[4D[K] + [21[3][4]¢*

we can get the desired result.

Lemma 2.2. Let g € (0, 1), x € [0, 00), we have
gb, —2x
Fn r—x; =(" -1 " )
At=x9=( )“‘1([“2])

x([n]b, + [3]x)

2.
Fn,q((t_x) ,X)S(l"‘f]) [}’l+2][l’l+3] .

Proof. By Lemma 2.1, we have

" gb, —2x " . qbn —2x
Fojt—xx)=F(t;x)—x=q (x+ [+ 2] )—xz(q -Dx+gqg ( [+ 2] )

By Lemma 2.1, we have
Foug((t = x)%5 %) =F (1% X) = 2xF 4 (£; %) + X*
_ (612”‘2[n]2 + [n+2][n + 3] — 2¢"[n][n + 3] ) ER (q2”bn[n]([3] +q) —2¢""b,[n + 3])x

[n+2][n + 3] [n+2][n + 3]
e 210
[7n+2][n + 3]
<x(((l +q)lnl = (1+ g+ g*)(1 +q)) b, - ([n] - [2][3]) x) LRI
- [n+2][n + 3] [n+2][n + 3]

x ([n]by + [3]x)

S T
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Also by using
Fog((t = 0% %) = Fo (£ %) = 4xF, o (£ X) + 657 F (175 X) — 4 Fpp g (1 ) + x*
we can get
(5113710
Foo((t—x)*x) < ——— "
na((t =250 < o ]

3. WEIGHTED APPROXIMATION IN WEIGHTED SPACES

Theorem 3.1. Let the sequence q = g, satisfies q, € (0,1) and q, — 1 as n — co and let b, be a sequence of positive

real numbers, increasing and such that
2

lim b, = oo, lim 2 = 0.

n—oo n—oo n

For f € C,[0, 0], we have
Jim [|Fog, f = 1,105, = 0

Proof.
lim [[Fonq (1520 = 1||p,[0,hn] =0,

| e - D (557
,}L[Eo ”Fn,qn tx) — x”p,[o,b“ Z,}E{}o x:[g’rb)”] 1+ 2
=1 gt by + 1
=1 +
e 2 [n+2]
Since g, € (0, 1), lim,,, g, = 1 and we have lim,,_,, [[;—‘] = 0, so we can obtain lim,,_,« HFn,qn(t; Xx) — x”p 06,] = 0.
: 2. 2
llml‘lﬂoo ||Fn,q,, (t ’ -x) - X “P,[O,bn]
2n3 b 2n—1_1 2_n5 21[31a" n 5
i x\g™([3] + @)buln] + ((¢ )nl” = q"(S[n] + [21[31g")x) q*"[21b? 1
= +
53 100 1 [n+ 21l + 3] n+2ln+3]| 1+
iy L2100+ @B+ @)baln)/2 + 5[] + [2113]
n—eo [n+2][n + 3] '
Since g, € (0, 1), lim, . g, = 1 and we have lim,,_,, % = 0, so we can obtain lim,,_,, HF,,,%(IZ; X) — x”p 0] = 0.
O

4. A VoroNovskAYA TyPE THEOREM
In this section, we prove a Voronoskaya type theorem for the operators F, .

Theorem 4.1. For every f € C,[0, b,] such that f', f” € C,[0, b,], we have
[n+2]

{Fug(fo0 = F0) = F/(0) + xf" ()

lim
for each fixed x € [0, b,].
Proof. Let f, f', f” € C,[0, b,]. In order to prove the theorem, by Taylor’s theorem we write

1) = F) + @ =) f" () +1/2(t = ) f7(x) + (t = x)*n(t — x), if 1#x
S = 0, if t=x
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where n(h) tends to zero as h tends to zero. From Lemma 2.2,

[n+2] [n+2]( , o[ abn —2x\\ ,
b, {Fug(f.®) —f(x)} oy ((q - Dx+gq (m))f (x)
1[n+2] x([n]b, + [3]x)\ , [n+2] 2 )
+5 b, ((1 + Q)m)f (x) + b Fug((t = 0)"n(t = x); x).

If we apply the Cauchy-Schwarz-Bunyakovsky inequality to
Fog((t = (1 = x); )
we conclude that

2
e L R R TS P e

[n+2] |
bﬂ

Fg(( = )% x4 20F, (Ol = 2))%: ).

From Lemma 2.1 we can get

[n+2] [n+2]( [51[371%b%
——F,(t-x*%x< 1
Tl =0 b2 ([n + 21[n + 3]
hence
+2
lim I 2l (=2 =0,
n
On the other hand, by the assumption
lim n(t — x) = 0.
So it follows that )
Jim 22! |Fog((t = xYn(t = x); )] = 0.

n—o b,

Then we have
[n+ 2]
by

2]x ,, " (2131, [Olln +21x* ,
b, S )+ xf"(x) - mxf (x) - Wf (x).

{Fug(fo0 = f0) = /() -
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