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Abstract: In this paper, the notions of derived sub-algebras and blE\BCK-algebras are introduced and
some properties are given. We introduce the notion of coratorg inBCK-algebras and also discuss their
properties. It has been found that the sub-algebras, iggimimage and inverse image of a solvaBleK-
algebras are still solvabBCK-algebras.
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1. Introduction

In 1966, Y. Imai and K. Iseki [3,4] defined an algebra of ty@e0), also known a8CK-algebra,

as a generalization the notion of algebra sets with the aciiin set with the only a fundamental,
non-nullary operation and the notion of implication algepr,8] on the other hand. This notion
is derived using two different methodologies, one of whigbased on set theory and the other on
classical and non-classical propositional calculi.

Definition 1. An algebra(X,*,0) of type(2,0) is called 8BCK-algebra, If it satisfies the following
axiom: for allx,y,z € X,

1. ((xxy)*(xx2))*(zxy) =0,
2. (xx(xxy))xy=0,

3. xxXx=0,

4. 0xx =0,

5. xxy=yxx=0impliesx=y.

This definition is a dual form of the ordinary definition [1]. nGiny BCK-algebra(X, x,0), the
natural order can be defined by puttirgl y if and only if xxy = 0, for all x,y € X. In aBCK-
algebraX, for all x,y,z € X, the following identities hold [4,6,9].
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(Xxy)*xZ= (X*2Z) xY, Q)
(Xxy) <X, )
x<yimpliesxxz<ysxzandzxy < zxXx 3
x%0=X (4)

BCK-algebraX is said to be bounded if there exists an elemeatXlsuch thak < 1, for allx € X.
For elementx andy of a BCK-algebraX, we denote

XAY=Yyx*(yxx) andxVy = N(NxANy) whereNx= 1xXx. (5)

A BCK-algebraX is said to be commutative if it satisfigg\y = yA X, for all X,y € X. A nonempty
subsetS of a BCK-algebraX is called aBCK-sub-algebra o, if xxy € Swheneverx,y € S
Moreover, a nonempty subdebf a BCK-algebraX is called aBCK-ideal if [5]

oel, (6)
xxyelandye |l imply xe | forall x,y € X. )

A BCK-algebraX is called implicative if and only ifx (y*x) = X, alsoX is called a positive
implicative BCK-algebra if it satisfies in propertyx x z) x (y*z) = (x*Yy) *z, The number of
elements of 8CK-algebra is its order. L€, x,0) and(Y,.,0) be twoBCK-algebras. A mapping
f : X — Y is called a homomorphism frold to Y if for any x,y € X, f(xxy) = f(x).f(y) holds.

In any commutativalBCK-algebra, the following statements hold:

XAX=XV X=X, (8)
XVO0=0VX=XA1l=1AX=X, 9)
XAY=YAX, (20)
XVy=yVX, (11)
xV1=1vx=1, (12)
OAX=xA0=0, (13)
NNx= x. (14)

For any fixed elements < b of a BCK-algebraX, the set
[ab] ={xeX:a<x<b}={xeX:ax=xb=0}, (15)

is called the segment of [2]. Note that the segmefd,b] = {x € X:x<b} = {xe X:xxb=0}
is called initial.
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Let| be an ideal of 8CK-algebraX. Define an equivalence relatienon X by x ~ y if and only

if xxy, yxx € |. LetCy denote the class afc X. ThenCy = 1. Let X/l denote the set of all classes
Cx, wherex € X. ThenX/I is aBCK-algebra, an/| is called the quotienBCK-algebra ofX
determined by with C, +C, = C,,y andC, < C, if and only if x <y, the notion of commutators in
BCK -algebras is considered and some related results are etia].

2. Pseudo Commutators irBCK-Algebras

From now on, for simply in this sectiod is aBCK-algebra, unless otherwise is stated.
Definition 2. [10] Let x1,X2, X3, ..., Xy be elements oK. Then the elemen(x; A x2) * (X2 A X1) Of
X is called pseudo commutator xf andx, of weight 2 and denoted by, x;]. i.e.,

[X1,X2] = (X1 A X2) % (X2 A Xq) (16)

In general, the elemefi;, Xz, ...... Xn] = [[X1, -+, Xn—1], Xn] IS @ commutator of weight > 2, where
by conventionx;] = x;. A useful shorthand notation g, y], = [X,V,...,Y]

\.,—J

n times
Example 1. [10] Let X = {0,1,2,3,4}. Definex by the following table

TABLE 1

W w N O O
A WO EFL O|IN
R O O O O|Ww
O O O O o~

A W N PP Of*
A W DNPEFE OO

Then(X,x,0) is a bounded positive implicatiMCK-algebra with the largest element 4. We have
2,4 =0#£2=[4,2].

By Definition 2 and Example 1, in the general case thefg,ig # [y, x| in BCK-algebras, so this
definition of commutators is not the commutators in the sexisesual commutators of group
theory. Thus the commutators defined in this paper are éalbedirected commutators.

Now, we list the properties of commutatorsBEK algebras.

Lemma 1. [10] For anyx,y € X

1. if x<y, then[x,y] =0,
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3. Commutator of Sub-Algebras

It is useful to be able to compute the commutators of the sslig&CK-algebras as well as their
elements.

Definition 3. [10] Let X3, Xy, ...... ,Xn be nonempty subsets . Define the pseudo commutator
of subset 0iX; andX; to be

(X1, Xo] = {[X1, %] : X1 € X1, %2 € X2}
More generally,

(X1 Xn] = [[X1, -0, Xn-1], Xn]

wheren > 2.
Furthermore, the subspt, X] = {[a,b]|a,b € X} of X is called the derived subset Xt

In the general case, the pseudo commutators of the subsétarefnot a sub-algebra .

Example 2. Let X = {0,1,2,3,4} and let thex operation be defined by the following table

TABLE 2
*x10 1 2 3 4
0j0 0 0O OO
1/1 0 0 0 O
212 20 20
3|13 1101
414 4 4 4 0

Then (X, x,0) is aBCK-algebra.A = {4} andB = {2} are two subsets of. However,|A,B] =
{[4,2]} = {2}, therefore Z [A,B] and 2«2 =0 is not member ofA, B, i.e [A, B] is not sub-algebra
of X.

In the following, we give the definition of a derived sub-dige

Definition 4. [X,X] = {[[a,hi] : a,bi € X}, where[] product represents a finite number of com-
mutators. [X,X] is called the derived sub-algebras Xfand is denoted bx'. X = [X,X] =
{Nia,b] : a,b € X}, X" = X, X] = {Na,b]:a,beX}, XMW = [x-1 xn-1] -
{Nla,bi] : a,by € XM=},
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Generally,[ X1, X2] # [X2,X1], we write [X,Y], for [X,Y,...,Y].

n times
For anyx € X, we have[x,0] = [0,x] = [x,x] = 0. For any two nonempty sub-algebrasB of X,
so Oc [A, B], that is Oc X',

Example 3. Let X = [0,1]. Definex on X by

0 ifx<y
XxYy = )
X otherwise

Then (X,*,0) is a boundedBCK-algebra. LetX; = [0,1],X; = [0,1/2],X3 = [0,1/3],..., X, =
[0,1/n]. Then[X1,Xz] = [0,1/2], [X2, X1] = [0,1/2), [X1, X2, ..., Xn] = [0,1/n]. Also for anyn > 1,
there isX(W =0 .

The notions of pseudo commutators RCK-algebras and derived sub-algebta= [X,X] =
{[a,hbi] : &,b; € X} are studied in [10]. In this paper, we generalized the nabibderived sub-
algebrax’ by X' = [X,X] = {[[a,bi] : &,bi € X}.

Example 4. Let theX = {0,a,b,c,d} and(x) operation be given by the following table.

TABLE 3
[0 a b c d
00 0 OO0O
ala 0 a 0 a
b(b b0 0O
cic ¢c c0ec
did d b bo

It is not difficult to verify that(X,x*,0) is a BCK-algebra. ConsideA = {0,a} andB = {0,c},
then A and B are sub-algebras of. It is easy to check thgA,B] = {0} and [B,A] = {0,a},
therefore[A, B] # [B,A]. Now, X' = {0,a,b} is a sub-algebra oX, but X' is not an ideal ofX
becausal b =b e X" andb e X" butd ¢ X'. Its initial segments oK are[0,a] = {0,a},[0,b] =
{0,b},[0,¢] = {0,a,b,c},[0,d] = {0,b,d}. HenceX is not an initial segment 0.

Remark 1. In Example 1, considering = {0,2} andB = {0,1,2,3,4}, we seeA andB are two
ideals ofX and[A,B] = {0,1}, but[A, B] is not a sub-algebra d.

Theorem 1. 1. X is commutative if and only iK' = {0},
2. X' is sub-algebra oX.

Proof. 1. See Theorem 2.6. [10].
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2. Letx,y € X'. Thena;,b;, ¢, di, € X exist fori = 1,2, ...,n such thak = Mlai,bi] andy = [][c;, di].
Therefore, fore, fi € X (i = 1,2,...,n), xxy = ([[a, bi]) * ([][ci, di]) = &, fi] € X, thenxxy €
X" andX' is a sub-algebra of.

Corollary 1. Let (X,*,0) be a commutativ8CK-algebra. IfA andB are two subsets of, then
[A.B] = [B,A = {0}.

Example 5. Let theX = {0,a,1} and(x) operation be given by the following table

TABLE 4

Then(X,*,0) is a commutative boundeBCK-algebra with the largest element 1. Thes {0,1},
B = {0,a} are two sub-algebras of and[A,B| = [B,A] = {0}.

Example 6. Let X ={0,1,2,...,n} andx is given

0 ifx<y
XxYy = .
X otherwise

Then(X,*,0) is a bounded positive implicatiM@CK-algebra of orden. X' = {0,1,2,...,n—1},
thereforeX' is of ordern— 1. Also, X" = {0,1,2,....n—3} andX® = {0,1,2,....n—4} ...,
X1 — {0}.

Theorem 2. If Y is a sub-algebra of, thenY' is a sub-algebra of .

Proof. Letx €Y'. Then there exist, b € Y such thatx = [a,b], butY C X, thena,b € X and
x = [a,b]. Hencex € X" and soY’ C X'. HoweverY' andX' are two sub-algebras . Therefore
Y' is a sub-algebra of.'.

Theorem 3. Let| be anideal oK. ThenX/I are commutativ8CK-algebras if and only K CI.

Proof. X /I are commutativ8CK-algebras if and only if for atk,y € X , C, ACy = C, ACy if and
onlyifforall x,y € X, Cxny = Cyax if and only if for allx,y € X, Cjyyj = Cixay)«(yax) = Cxay *Cyax =
Co = I if and only if for all x,y € X, [x,y] ~ O if and only if for all x,y € X, [x,y]*0 € | and
0x[xy] €l ifand only if for allx,y € X, [x,y] € | ifand only if X' C I.



CUJSE 11, No. 2 (2014) SolvableBCK-Algebras 25

4. Main Result

Definition 5. X is called a solvabl8CK-algebra, if there exists a non-negative real nunmzrch
thatX(™ = {0}.

Note that ifX is a commutativdBCK-algebra, therX is a solvableBCK-algebra. Since any im-
plicative BCK-algebraX is a commutativeBCK-algebra [9], therX' = {0} for any implicative
BCK-algebraX, so any implicativeBCK-algebraX is a solvableBCK-algebra.

Example 7. [9] Let X = {0,a,b,c,d,e, f,1} and(x) operation be given by the following table

TABLE 5
x10 a b cde f1
0|0 OO0OOOODO O
ala 0 0O00a 0O 0@Oo
b/b a0O0OWbaOo o0
c/lc a al0O¢caa6o
did d d d a0 O0@D 0
ele ddd a0 0O
f|lf eddb a0 o0
11 e e d c a a0

It is not difficult to verify that(X, *,0) is a boundedBCK-algebra of order 8. It is easy to check
thatX = {0,a} andX" = {0}. SoX is a solvableBCK-algebra.

Example 8. Let X = {x € R: 0 < x < 1} and(x) operation define oX by xxy = max0,x—y}.
Then(X,*,0) is aBCK-algebra. We see that = {0}. ThereforeX is a solvableBCK-algebra.
But if we define

0 ifx<y
X*xYy = )
X otherwise

Then(X, ,0) is aBCK-algebra an& (" = [0,1) for anyn > 1, soX is not a solvabl&CK-algebra.

Let f be a homomorphism froBCK-algebras(X, x,0) to BCK-algebra(Y, */,0/) andx,y € X.
Thenf ([x.y]) = f((xAY) * (yAX) = f(xAY) ¥ F(yAX) = Fyx(yx))  f(xx (xxy)) = (F(y) ¥
Flyx))  (F(x) # f(xxy)) = (F(y) = (F(y) = £00)) # (Fx) (F) F(y)) = (FY) A F(X))
(FOOAT(Y) =[F(), f(y)]. e if [xy]eX, thenf(xy]) = [f(x),f(y)] Y.

Theorem 4. Let f be an isomorphism fronX to BCK-algebraY. X is a solvableBCK-algebra if
and only ifY is a solvableBCK-algebra.
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Proof. Since f(X) =, thereforef(X') =Y', because ify € f(X), then there exists ae X’
such thatf(x) =y. Butx e X', then there exisa,b; € X such thatx = Mlai,bi]. Consequently
f(x) = f(Mla, b)) = 1 fa, bi] = [[f (&), f ()] =y e Y. So,f(X) CY"

Conversely, leth € Y'. Then, there exists;, ki € Y such thath = [][h;,k]. However, f is an
isomorphism, so there exist,bj € X such thath; = f(&),k = f(b). Thus,h = [h k] =
Mif(a), f(b)] = M fla,bi] = f(Mfa,]) € f(X). By induction, we can show thet(X(") =
Y™, SinceX is a solvableBCK-algebra, there exists € N such thatX(" = {0}. Therefore,
{0} = f({0}) = f(X(M) =Y that is,Y is a solvableBCK-algebra.

Conversely, leY be a solvabl®&CK-algebra. Sincd (X) =Y, thenf(X(™)=Y{® = {0}, There-
fore f(X(M) = {0} = f({0}), soX(™ = {0}; that isX is a solvableBCK-algebra.

Theorem 5. Sub-algebras and homomorphic images of solv@8@&-algebras also are solvable.

Proof LetY be a sub-algebra of. Then for anyn € N,Y(" is sub-algebra oK(". SinceX is a
solvableBCK-algebra, there existssuch thalX (" = {0} and sor (" = {0}; that is,Y is a solvable
BCK-algebras.

Now, let(X, *,0) and(Y, * ,0) be twoBCK-algebras ani be a solvabl@&CK-algebra,f : X —Y
be a epimorphism (homomorphism) frodnto Y. Then for some non-negative real numbewe
have f(X(™) =Y Hence{0} = f({0}) = f(X(M) =Y. So, f(XM) =Y = {0}; that is,Y
is a solvableBCK-algebra.

Theorem 6. Let | be an ideal oiX. If | andX/I are solvabldBCK-algebras, theiX is a solvable
BCK-algebra.

Proof. Let f be the natural homomorphism frokonto X /I. SinceX/I is solvable, so for some
n, f(XM) = (X/1)™ = {I}. HenceX" is a sub-algebra dfer(f) = I. By Theorem 5X(" is
solvable. Therefore there exists a positive integer nurktsrch thatx ("¢ = (X(M)& = 10},
That isX is solvable.

Lemma 2. Let A,B C X. Then

1. AUB C (AUB),
2. (ANB) CANB.

Proof. 1. SinceA andB are two subsets AAUB, A C (AUB) andB' C (AUB)". Therefore,
A'UB C (AUB).
2. SinceANBC AandANB C B. Then(ANB) C A and(ANB) C B. So(ANB) CANB.

In general(AUB) ¢ AUB andA NB ¢ (ANB)'". For example, in thBCK-algebra in Example 4,
considetA = {0,a} andB = {0,c}. ThenA = {0}, B'= {0} and(AUB)' = {0,a} ¢ A UB = {0}.
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Moreover, in Example 5, considér= {0,1} andB = {a}, thenA' = B' = {0} andA NB = {0} ¢
(ANB) = 0.

Theorem 7. The intersection of any two solvable sub-algebraX of solvable.

Proof. Let X; and X, be the two solvable sub-algebras Xf SinceX; N X, C X; and Xz is
solvable, there exists € N such thatx” = {0}. Therefore,(X; N %)™ < X" = {0}. Then
(XN X)W = {0}, that is(X1 N Xp) is a solvableBCK-algebra.

The above result can be generalized such that the inteysectiany arbitrary family of sub-
algebras of a solvablBCK-algebra, is again a solvabBRCK-algebra. However, in general, the
union of two solvableBCK-sub-algebras of BCK-algebra may not be a solvabiBCK-algebra.
For example, consider thBCK-algebra(N,x*,0) together withx«y = max0,x —y}, for all
X,y € N. Let X; be the sub-algebra of multiples of two with the operatioand X, be the sub-
algebra of multiples of three with operatien Observe thaX; U X, is not a sub-algebra, because
it is not closed undex.

We have only ond3CK-algebra of order one, that iX, = {0}, for this aIgebraX' = {0}. Also,
there is a uniqudCK-algebra of order two, that i = {0, 1} with the following operation [9]
for this algebraX’ = {0}. Up to isomorphism, there exist only thr@K-algebras of order 3

TABLE 6

P Ol *
P o|lo
o olr

and fourteerBCK-algebras of order 4 and eighty-eigBCK-algebras of order 5 all being solvable
BCK-algebras, so aBCK-algebras with order less than 6 are solvable.

Open Problem: Is any finiteBCK-algebra a solvablBCK-algebra?
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