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Abstract: A bounded linear operatorT on a separable Hilbert spaceH is calledhypercyclic if there exists
a vectorx ∈ H whose orbit{T nx : n ∈ N} is dense inH . In this paper, we characterize the hypercyclicity
of the weighted composition operatorsCu,ϕ on ℓ2(Z) in terms of their weight functions and symbols. First, a
necessary and sufficient condition is given forCu,ϕ to be hypercyclic. Then, it is shown that the finite direct
sums of the hypercyclic weighted composition operators arealso hypercyclic. In particular, we conclude that
the class of the hypercyclic weighted composition operators is weakly mixing. Finally, several examples are
presented to illustrate the hypercyclicity of the weightedcomposition operators.
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1. Introduction

A bounded linear operatorT on a separable Hilbert spaceH is calledhypercyclic if there exists

a vectorx ∈ H whose orbit underT , {T nx : n ∈ N} is dense inH . Such a vector is called a

hypercyclic vector for an operatorT . The concept of the hypercyclicity is intimately related tothe

invariant subset problem in such a way that an operatorT has no nontrivial invariant closed subsets

if and only if all nonzero vectors are hypercyclic forT . This outstanding fact has attracted many

mathematicians’ attention to study the hypercyclicity andthe dynamics of the linear operators

in the recent two decades. Especially, the hypercyclic phenomena for some types of operators

such as the weighted shifts and the composition operators has been observed by many authors.

S. Rolewicz [10] gave a historical example. Indeed, for every scalarλ with |λ | > 1, he showed

that λB is hypercyclic, whereB is the backward shift operator onℓ2(N). The satisfactory and

comprehensive discussions of the main concepts of the linear dynamics such as cyclic, supercyclic,

hypercyclic and weakly mixing operators may be found in the survey articles [1, 8, 12, 13, 15] and

in the interesting books [2, 7].

Recall that a bounded linear operatorT on a separable Hilbert spaceH is weakly mixing if and

only if T ⊕T is hypercyclic [2]. In a separable F-space setting,T is weakly mixing if and only ifT
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satisfies the hypercyclicity criterion [13]. It should be mentioned that not all hypercyclic operators

are necessarily weakly mixing (c.f. [11]).

The main idea of this paper is based upon H. N. Salas’s work [12] who has widely characterized

the hypercyclic weighted shifts. For example, we remind oneof his interesting results below.

Theorem 1. Let T be a bilateral weighted shift with a positive weight sequence {wn} i.e.,Ten =

wnen+1. ThenT is hypercyclic if and only if for givenε > 0 andm ∈ N, there existsn arbitrarily

large such that for all| j| ≤ m

n−1

∏
i=0

wi+ j < ε and
n

∏
i=1

w j−i >
1
ε
.

As a consequence, Salas has also shown that every hypercyclic weighted shift is weakly mixing.

Furthermore, the finite direct sums of the hypercyclic weighted shifts have been studied by Salas

in that paper (Theorem 2.5). In [9], a necessary and sufficient condition for the weighted shifts

on the various complex sequence spaces is given to possess a hypercyclic subspace. Moreover, G.

Costakis and A. Manoussos have studied the dynamics of weighted shifts on the space of bounded

sequences of complex numbers [5].

We will confine our attention to the infinite-dimensional separable Hilbert spaceℓ2(Z) consisting

of the square-summable sequences of complex numbers. The usual Schauder basis ofℓ2(Z) is

denoted by{en}
∞
n=1 that is, ei( j) = δi j, whereδi j is Kronecker delta. A weight functionu on

Z and a non-singular transformationϕ : Z→ Z induce the weighted composition operatorCu,ϕ :

ℓ2(Z)→ ℓ2(Z) defined by

Cu,ϕ f := u · f ◦ϕ .

The transformationϕ is usually called the symbol of the weighted composition operator in the

literature. The weighted composition operatorCu,ϕ is bounded if and only if sup{H(n) : n ∈N}<

∞, whereH(n) = ∑ j∈B(n) |u( j)|2, B(n) = { j ∈ supp(u) : ϕ( j) = n} andsupp(u) = { j ∈ Z : u( j) 6=

0}. For more details the reader is referred to [14]. The hypercyclicity of the weighted composition

operators and their adjoints on the holomorphic functions spaces have been studied in [15] in

detail. Before this work, in [13] it was shown that, ifCϕ is hypercyclic onH(U), the F-space

of all holomorphic functions on an open unit diskU , thenϕ is univalent and has no fixed point

in U . Further, Gallardo and Montes [6] have obtained a complete characterization of the cyclic,

supercyclic and hypercyclic scalar multiples of composition operators with the linear fractional

symbols acting on the weighted Dirichlet spaces. In [3], thedynamic behavior of the weighted

composition operators on the space of holomorphic functions, defined on a simply connected

domain, has been studied.

In this paper, we characterize the hypercyclic weighted composition operators in terms of their
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weight functions and symbols. We give a necessary and sufficient condition for the weighted

composition operatorCu,ϕ to be hypercyclic. Then, it is shown that the finite direct sums of the

hypercyclic weighted composition operators are also hypercyclic. In particular, we conclude that

the class of the hypercyclic weighted composition operators is weakly mixing. Finally, to illustrate

the obtained results, some examples are presented.

2. Hypercyclic Weighted Composition Operators

In this section, we are going to extend Theorem 1 and prove some other results related to the

hypercyclicity of the weighted composition operators. Thenecessary and sufficient conditions are

given such thatCu,ϕ and⊕s
k=1Cuk,ϕk are hypercyclic. For this, in what follows, we shall assume that

ϕ is invertible andu(k) 6= 0 for eachk ∈Z. Actually, these conditions do not imply the invertibility

of Cu,ϕ . To distinguish between these facts, consider the following example. Defineϕ : Z → Z

by ϕ(k) = k, defineu : Z → [0,∞) by u(k) = 2 if k ≤ 0 andu(k) = 1
k if k ≥ 1. Note thatϕ is

invertible andu(k) 6= 0 for eachk ∈ Z. However in this case,Cu,ϕ = D whereD is the diagonal

operator given byDek = 2ek if k ≤ 0 andDek =
1
k ek otherwise. Subsequently in this circumstance,

it is clear thatD is not invertible. Remind that a weighted composition operator Cu,ϕ is invertible

if and only if

• infk∈Z |u(k)| > 0,

• ϕ is injective,

• ϕ has dense range.

In other words,Cu,ϕ is invertible if and only ifϕ is invertible and infk∈Z |u(k)| > 0. Throughout

this paper, without loss of generality, we may and will assume that the weight functionu is non-

negative. Further, we adopt the notationsϕn = ϕ ◦ϕ ◦ · · · ◦ϕ
︸ ︷︷ ︸

n times

and ϕ−n = ϕ−1◦ϕ−1◦ · · · ◦ϕ−1

︸ ︷︷ ︸

n times

.

We now turn to investigate the hypercyclicity of the weighted composition operators.

Lemma 1. Let Cu,ϕ be a hypercyclic weighted composition operator onℓ2(Z). Thenϕ cannot be

the identity transformation andu(k) 6= 0 for all k ∈ Z.

Proof. We use the well known fact that the adjoint of a hypercyclic operator has no eigenvalue

(c.f. [2]). Let f ,g be arbitrary elements ofℓ2(Z). Then

〈C∗
u,ϕ f ,g〉 = 〈 f ,Cu,ϕ g〉 =

∞

∑
n=−∞

fnungϕ(n)

=
∞

∑
n=−∞

un fngϕ(n)

= 〈u f ,g◦ϕ〉.
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Suppose on contrary thatϕ is the identity transformation. In this case,C∗
u,ϕ has an eigenvalue

which is a contradiction. Moreover, ifu(k0) = 0 for somek0 ∈ Z, thenCu,ϕ cannot be hypercyclic.

To see this, note that for every integern ≥ 1 and f ∈ ℓ2(Z), we have

Cn
u,ϕ( f )(k0) = [

n−1

∏
i=0

u(ϕ i(k0))] f (ϕn(k0))

= u(k0)u(ϕ(k0)) · · ·u(ϕn−1(k0)) f (ϕn(k0))

= 0,

becauseu(k0) = 0. Thus, there will never exist a vectorf and a strictly increasing sequence(nk)

such thatCnk
u,ϕ → ek0 and so the weighted composition operatorCu,ϕ is never hypercyclic.

Definition 1. Let X be a topological vector space andT : X → X be a bounded linear operator. We

say thatT satisfies thehypercyclicity criterion if there exist an increasing sequence of integers

(nk), two dense subsetsD1,D2 ⊂ X and a sequence of mapsSnk : D2 → X (not necessarily linear or

continuous) such that

• T nk(x)→ 0 for everyx ∈ D2;

• Snk(y)→ 0 for everyy ∈ D2;

• T nk Snk(y)→ 0 for everyy ∈ D2.

For the possible setting,nk = k andD1 = D2, it is calledKitai’s hypercyclicity criterion.

Remark 2.1. Note that neither every hypercyclic operatorT on a separable F-spaceX satisfies

the hypercyclicity criterion nor every such hypercyclic operatorT is necessarily weakly mixing.

While if T satisfies the hypercyclicity criterion then so doesT ⊕T , i.e.,T is weakly mixing. Many

years these facts had been remained as the most exciting openproblems which has been recently

solved by M. De La Rosa and C. J. Read in [11].

Theorem 2. Let T : X → X be a bounded linear operator on a separable F-spaceX . Assume that

T satisfies the hypercyclicity criterion. ThenT is hypercyclic.

Proof. See [2].

In the following theorem, we give a necessary and sufficient condition for the weighted composi-

tion operator to be hypercyclic.

Theorem 3. Supposeϕ is a monotonic map andCu,ϕ is a bounded weighted composition operator

on ℓ2(Z). ThenCu,ϕ is hypercyclic if and only if for eachε > 0 andm ∈ N, there existsn ∈ N

arbitrarily large such that

n

∏
i=1

u◦ϕ−i < ε and
n−1

∏
i=0

1
u◦ϕ i < ε
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on [−m,m].

Proof. First suppose thatCu,ϕ is hypercyclic andε > 0, m ∈ N are given. Since the set of all

hypercyclic vectors forCu,ϕ is dense inℓ2(Z) [2], then for each́ε > 0 there exists a hypercyclic

vector f for Cu,ϕ such that

‖ f −Σ j∈[−m,m]e j‖< έ . (1)

By virtue of the inequality (1), the coefficients off , |〈 f ,e j〉| > 1− έ wheneverj ∈ [−m,m] and

|〈 f ,e j〉|< έ otherwise.

First, we deal with the case thatϕ is an increasing transformation. Therefore, one may find an∈N

sufficiently large, indeedϕn( j)> 2m andϕ−n( j)<−2m for eachj ∈ [−m,m], such that

‖Cn
u,ϕ f −Σ j∈[−m,m]e j‖< έ. (2)

Consequently, we have

‖Cn
u,ϕ(〈 f ,e j〉e j)‖= |〈 f ,e j〉|[

n

∏
i=1

u◦ϕ−i]( j) < έ ,

since it is assumed thatϕ−n( j)<−2m for each j ∈ [−m,m]. Further, we may assume thatέ < 1.

Hence,

n

∏
i=1

u◦ϕ−i( j)<
έ

|〈 f ,e j〉|
<

έ
1− έ

(3)

for eachj ∈ [−m,m]. Moreover, for allj ∈ [−m,m], one may similarly claim that

έ > ‖Cn
u,ϕ f − eϕn( j)‖

= ‖[
n−1

∏
i=0

u◦ϕ i] f ◦ϕn − eϕn( j)‖

≥ |[
n−1

∏
i=0

u◦ϕ i]( j) f ◦ϕn( j)−1|

≥ 1− [
n−1

∏
i=0

u◦ϕ i]( j)| f ◦ϕn( j)|.

Sinceϕn( j)> 2m for eachj ∈ [−m,m], thus giving| f ◦ϕn( j)|< έ and hence

n−1

∏
i=0

u◦ϕ i( j)>
1− έ

| f ◦ϕn( j)|
>

1− έ
έ

. (4)

Eventually, by choosinǵε such that έ
1−έ < ε , the inequalities (3) and (4) yield that both necessary

statements of the theorem are satisfied.

Now we come to the case thatϕ is a decreasing transformation. In this case, we may choose

a n ∈ N sufficiently large,ϕn( j) < −2m and ϕ−n( j) > 2m for each j ∈ [−m,m], such that the
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inequality (2) holds. Then the inequalities (3) and (4) are established wheneverϕn( j)<−2m and

ϕ−n( j)> 2m for eachj ∈ [−m,m], respectively. The rest of the proof proceeds in a similar way.

For the reverse implication, the proof is basically done by Kitai’s hypercyclicity criterion (Defini-

tion 1). Take two dense setsD1 = D2 = span{e j : j ∈ Z}. Define the following maps

Sne j := [
n−1

∏
i=0

1
u(ϕ i( j))

]eϕn( j) , j ∈ Z

and extend them linearly tospan{e j : j ∈ Z}. One can easily examine the following statements:

Cn
u,ϕ e j = [

n

∏
i=1

u(ϕ−i( j))]eϕ−n( j) and Cn
u,ϕ Sne j = e j.

Now assume that for eachε > 0 and each integerm ≥ 0, there exists an arbitrarily large integern

such that
n

∏
i=1

u◦ϕ−i < ε and
n−1

∏
i=0

1
u◦ϕ i < ε

for each j ∈ [−m,m]. Then, for eachf ∈ span{e j : j ∈ Z}, we can find a strictly increasing

sequence(nk) of positive integers such that

Cnk
u,ϕ f → 0, Snk f → 0 and Cnk

u,ϕ Snk f = f

ask → ∞. Thus,Cu,ϕ satisfies the hypercyclicity criterion and hence is hypercyclic.

Remark 2.2. By lettingu = 1 in the previous theorem, it is easily understood that the composition

operatorCϕ on ℓ2(Z) cannot be hypercyclic itself.

Theorem 4. Let {Cuk ,ϕk}
s
k=1 be a sequence of weighted composition operators. Then⊕s

k=1Cuk ,ϕk

is hypercyclic if and only if for givenε > 0 andm ∈ N there exists an ∈ N sufficiently large such

that

max{
n

∏
i=1

uk ◦ϕ−i
k : 1≤ k ≤ s}< ε

and

max{
n−1

∏
i=0

1

uk ◦ϕ i
k

: 1≤ k ≤ s}< ε

on [−m,m].

Proof. By the same argument to that of Theorem 3, the proof can be developed similarly to the

case of the finite direct sums of the weighted composition operators. First assume that⊕s
k=1Cuk ,ϕk

is hypercyclic. Letε > 0 andm ∈N be arbitrary. Then, for anyk (1≤ k ≤ s) there existfk ∈ ℓ2(Z)

andnk ∈ N sufficiently large such that for eachj ∈ [−m,m], we have

‖Cnk
uk,ϕk

(〈 fk,e j〉e j)‖= |〈 fk,e j〉|[
nk

∏
i=1

uk ◦ϕ−i
k ]( j)< ε
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and

‖Cnk
uk ,ϕk

fk − eϕk
nk ( j)‖< ε .

Now, let n = max{nk : 1 ≤ k ≤ s}. Therefore, by the above inequalities, the assertions can be

inferred as argued in the proof of Theorem 3.

Conversely, for eachk, (1≤ k ≤ s) define

Sn,ke j := [
n−1

∏
i=0

1

uk(ϕ i
k( j))

]eϕn
k ( j)

on D1 = D2 = span{e j : j ∈ Z}. By the hypothesis, there exists ank sufficiently large, such that

nk

∏
i=1

uk ◦ϕ−i
k < ε and

nk−1

∏
i=0

1
uk ◦ϕ i

k

< ε

on [−m,m]. Now we may construct a strictly increasing sequence(nk
p) of positive integers such

that

C
nk

p
uk,ϕk f → 0, Snk

p f → 0 and C
nk

p
uk,ϕk Snk

p f = f

for each f ∈ span{e j : j ∈ Z} as p → ∞. Thus, eachCuk,ϕk satisfies the hypercyclicity criterion

and hence is hypercyclic.

Corollary 1. Let Cu,ϕ be a hypercyclic weighted composition operator. ThenCu,ϕ ⊕Cu,ϕ ⊕· · ·⊕

Cu,ϕ is also hypercyclic. Furthermore,Cu,ϕ is weakly mixing.

Proof. The proof is straightforward by Theorem 4. In addition, it isalready followed from the

proof of Theorem 3, as in our setting any operatorT satisfying the hypercyclicity criterion satisfies

thatT ⊕·· ·⊕T
︸ ︷︷ ︸

n times

is hypercyclic.

Recall that a bounded linear operatorT on a separable F-spaceX is weakly mixing if and only if

T satisfies the hypotheses of the hypercyclicity criterion which is proved by J. P. Bès and A. Peris

[4]. By scrutinizing the proof of Theorem 3, it is seen that how the assumptions

n

∏
i=1

u◦ϕ−i < ε and
n−1

∏
i=0

1
u◦ϕ i < ε

would result in theCu,ϕ to satisfy the hypotheses of the hypercyclicity criterion.

3. Examples

Example 3.1. In some setting, the weighted composition operators can be recast as weighted

shifts. For if, defineϕ(n) = n+ 1. ThenCu,ϕ is the bilateral backward shift given byBwen =
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wnen−1, wherew = (wn) = (u(n−1)) for all n ∈ Z. Indeed,

Cu,ϕ en( j) = u( j)(en ◦ϕ)( j)

= u( j)en( j+1)

=

{

u(n−1), if j=n-1;

0, otherwise.

Then Theorem 1 is easily deduced from Theorem 3.

Example 3.2. Define

u(k) =

{
1
k , k=1, 2, ...;

2, k=0, -1, -2, ...

and for eachk ∈ Z, defineϕ(k) = k− t, wheret is an arbitrary positive integer. Then by Theorem

3, the corresponding weighted composition operatorCu,ϕ is hypercyclic. For this, consider that

lim
n→+∞

u u◦ϕ ...u◦ϕn−1 =+∞

and

lim
n→+∞

u◦ϕ−1...u◦ϕ−n = 0

on any symmetric interval ofZ about zero.

Example 3.3.Consider the transformationϕ : Z→Z, defined byϕ(k) =−k+1. Thenϕ2i(k) = k

andϕ2i+1(k) = −k+1 for everyi ∈ N. Now, if the weight sequenceu is defined in such a way

thatu(k)u(−k+1) = 1, then by Theorem 3,Cu,ϕ cannot be hypercyclic.

Example 3.4. Let ϕ : Z→ Z be defined asϕ(k) = −k. Then,Cu,ϕ commutes thek-th weight of

the basis vectorek with the ones ofe−k, for everyk ∈ Z. In this case, two conditions of Theorem

3 cannot be held simultaneously. Even though, if we define

u(k) =

{
1
k , k= ± 1,± 2, ...;

1, k=0.

Then, for eachk ∈ [−1,1], it should be noticed that

n−1

∏
i=0

1
u◦ϕ i(k)

=
1

u(k)u(−k)u(k)...u(−k)
︸ ︷︷ ︸

n times

9 0

asn →+∞. Therefore,Cu,ϕ is not hypercyclic. It is, in fact, not hypercyclic since‖Cu,ϕ‖ ≤ 1.
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[2] F. Bayart,É. Matheron, Dynamics of linear operators, Cambridge Tracts in Mathematics, Cambridge University

Press, Cambridge, (2009).

[3] J. Bès, Dynamics of weighted composition operators, Complex Anal. Oper. Theory,8(1), (2014), 159-176.

[4] J. P. Bès, A. Peris, Hereditarily hypercyclic operators, J. Funct. Anal.,167, (1999), 94-112.

[5] G. Costakis, A. Manoussos,J-class weighted shifts on the space of bounded sequences of complex numbers,

Integr. Equ. Oper. Theory,62(2), (2008), 149-158.

[6] E.A. Gallardo-Gutirrez, A. Montes-Rodrguez, The role of the spectrum in the cyclic behavior of composition

operators, Mem. Amer. Math. Soc.,167(791), (2004).

[7] K.-G. Grosse-Erdmann, A.P. Manguillot, Linear chaos, Universitext, Springer, London, (2011).

[8] B. F. Madore, R. A. Martı́nez-Avendaño, Subspace hypercyclicity, J. Math. Anal. Appl.,373, (2011), 502-511.

[9] Q. Menet, Hypercyclic subspaces and weighted shifts, Advances in Mathematics,255, (2015), 305-337.

[10] S. Rolewicz. On orbits of elements, Studia Math.,32, (1969), 17-22.

[11] M. D. L. Rosa, C. J. Read. A hypercyclic operator whose direct sum is not hypercyclic, J. Operator Theory,61(2),

(2009), 369-380.

[12] H. N. Salas, Hypercyclic weighted shifts, Trans. Amer.Math. Soc.,347(3), (1995), 993-1004.

[13] J. H. Shapiro, Notes on dynamics of linear operators, www.math.msu.edu/shapiro, (2001).

[14] R. K.Singh, J. S. Manhas, Composition operators on function spaces, North-Holland Mathematics Studies, North-

Holland Publishing Co., Amsterdam, (1993).

[15] B. Yousefi, H. Rezaei, Hypercyclic property of weightedcomposition operators, Proc. Amer. Math. Soc.,135(10),

(2007), 3263-3271.


