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Abstract 

The paper investigates the buckling analysis of the functionally graded Timoshenko 

beams with arbitrary boundary conditions. The investigation focuses on the critical 

buckling loads, considering factors such as the slenderness ratio, boundary 

conditions, and the power-law index. The method involves defining the effective 

properties of the FG beam by rule of mixture, with physical neutral surface is 

assumed as a reference surface. Numerical results are presented, demonstrating the 

variation of the non-dimensional neutral surface position with the power law index 

for different material property ratios. The study concludes by discussing the influence 

of slenderness ratio, power law index value, and boundary conditions on critical 

buckling load of FG Timoshenko beams.  
 

 
1. Introduction 

 

In recent years, researchers have been focusing on 

composite materials as conventional materials are 

unable to meet the demands of high-end technological 

applications. Although laminated composites are used 

in a wide range of industrial applications, they have 

certain limitations due to stress concentrations 

occurring at their layer interfaces. However, 

functionally graded (FG) materials overcome these 

limitations by smoothly varying their properties. This 

is achieved by the smooth variation of material 

properties through the thickness direction to attain the 

desired function. These graded materials are ideal for 

various applications such as shells, plates, and beams, 

due to their advantageous features which eliminate 

sudden changes in properties.  

The analysis of functionally graded sandwich 

plates is essential due to their wide use in aerospace, 

civil, and mechanical engineering. These plates, 

which have customized material properties, offer 

improved performance, including better strength-to-

weight ratios and superior resistance to thermal and 

mechanical loads. Despite significant progress in 

understanding their behavior, there is still a need for 

further comprehensive studies to develop more 
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accurate and efficient models for predicting their 

responses. This study aims to address these gaps by 

providing an in-depth analysis of functionally graded 

sandwich plates using advanced theoretical and 

computational approaches. 

Several studies have presented about the 

dynamic and the static behavior of the FG beams and 

plates. Zenkour[1] provided a comprehensive 

analysis of these plates, Li et al.[2]  conducted a three-

dimensional vibration analysis. Reddy [3] offered 

significant insights into the analysis of functionally 

graded plates. Vo et al.[4]  developed a quasi-3D 

theory for vibration and buckling, and Thai and 

Choi[5] formulated a finite element approach for 

various shear deformation theories. Taskin and 

Demirhan [6] focused on the static analysis of simply 

supported porous sandwich plates. Demirhan and 

Taskin[7] investigated bending and free vibration 

using the state space approach. Vo et al. [8] developed 

a refined shear deformation theory for the finite 

element modeling of vibration and buckling. Nair and 

Pany [9] presented a comprehensive review on the 

static, buckling, and free vibration, thermo-

mechanical analysis of FGM panel. Pany and Rao 
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presented studies on the fundamental frequency of a 

uniform cantilever beam undergoing large 

amplitude[10] and large amplitude fundamental 

frequency for a spring-hinged uniform beam[11]. 

Pany[12] presented a study to provide the large-

amplitude first mode frequency for the non-prismatic 

(tapered beam) cantilever beam.  Li and Batra [13] 

conducted a study on the critical buckling loads of FG 

Euler-Bernoulli and Timoshenko beams. Li et al. 

[14], [15] obtained analytical relations of the bending 

analysis of homogenous Euler-Bernoulli beams and 

FG Timoshenko beams. An analytical solution is 

developed by Nguyen et al. [16] for buckling, 

bending, and vibration of the functionally graded 

beam (FGB) utilizing the first-order shear 

deformation beam theory (FOSDT). Li et al. [17] 

compared functionally graded Levinson and Euler-

Bernoulli beams in terms of the critical buckling 

loads. 

Various theories have been used for 

analyzing functionally graded materials. Anisotropy 

of the material properties causes complexity for the 

solution; therefore, researchers investigate the new 

theories. Morimoto et al. [18] offered a suitably 

selected reference plane to eliminate coupled bending 

and stretching deformations. Abrate [19] indicated 

that choosing an appropriate reference plane enables 

in-plane and transverse deformations to be uncoupled. 

Zhang and Zhou [20] called this reference plane to the 

physical neutral surface (PNS) and emphasized that 

the stretching and bending deformations are 

uncoupled in constitutive equations of their theory. 

They presented a static and dynamic analysis of 

functionally graded thin plates based on the PNS. 

Since the calculation procedure of this theory is 

simpler than the other geometrical middle surface-

based theories, it has been used by many researchers. 

Concerning functionally graded plates, many 

research have conducted for static and dynamic 

analysis. Zhang [21] used PNS concept with high 

order shear deformation theory for investigation of 

nonlinear analysis of functionally graded plate (FGP). 

Fekrar et al. [22] developed a high order shear 

deformation plate theory for bending analysis of FGP, 

and used PNS to simplify the solution procedure. 

Zhang [23] presented a model for FGP resting on two-

parameter elastic foundation based on PNS concept 

with high order shear deformation theory (HOSDT). 

Han et al. [24] contributed the dynamic instability 

analysis of Sigmoid FGP on elastic medium, used a 

four-variable refined plate theory with PNS concept. 

By utilizing neutral surface position, Bellifa et al. [25] 

proposed a novel FOSDT for functionally graded 

plate bending and dynamic analysis.  Ebrahimi et al. 

[26] investigated the analytical solution for free 

vibration of shear deformable porous smart plates 

considering neutral surface position. The four-

variable refined theory with PNS concept was used by 

Nguyen et al. [27] to evaluate the static behavior of 

FGP resting on Winkler-Pasternak elastic foundation. 

For analyzing free vibration and mechanical buckling 

of FGP, Sadgui and Tati [28] established a novel 

HOSDT based on the precise neutral surface location. 

There are limited number of papers dealing 

with dynamic and static analysis of FG beam using 

PNS position concept. Ma and Lee [29] offered an 

exact, closed-form solution for the nonlinear bending 

and thermal post buckling analysis of FG beam 

subjected to a uniform in-plane thermal loading using 

PNS concept. Larbi et al. [30] proposed an efficient 

beam theory considering shear deformation based on 

PNS position for free vibration and bending analysis 

of FGB. Zhang [31] investigated nonlinear vibration 

and the thermal post-buckling analysis of FGBs using 

HOSDT with PNS concept. Al-Basyouni et al. [32] 

presented a modified couple stress theory with neutral 

axis concept for vibration and bending analysis of FG 

micro-beams. Ebrahimi and Salari [33] developed a 

semi-analytical solution for free vibration and 

buckling of nano-FGBs based on the PNS position. 

Zoubida et al. [34] conducted the static and free 

vibration analysis of FGB using a new refined beam 

theory based on PNS position. Phuong et al. [35] 

presented the bending analysis of functionally graded 

porous beams using the PNS concept and 

Timoshenko beam theory. Derikvand [36] 

investigated the buckling behavior of a sandwich 

beam that had face layers made of functionally graded 

materials and a porous ceramic core. Van Vinh et al. 

[37] introduced a static bending analysis of the FGP 

by developing an improved first-order beam element 

that considers the PNS position. 

While some previous studies investigated the 

buckling analysis of FGBs using the PNS position 

concept, these have primarily focused on thermal 

buckling and thermal post-buckling analysis [38] and 

[31]. To the best of the author’s knowledge, no studies 

have yet presented a comprehensive investigation of 

arbitrary boundary conditions for critical buckling 

loads value of FGB using the neutral surface position 

concept. This gap in the literature emphasizes the 

need for further research. The current paper fills this 

gap by presenting a novel and comprehensive study 

on the buckling analysis of the FG Timoshenko beam 

with arbitrary boundary conditions, all based on the 

PNS position concept. The study investigates the 

variations of critical buckling load value of the FG 

Timoshenko beam in relation to the slenderness ratio, 
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value of the power law index, and boundary 

conditions. 

 

2. Material and Method 

 

In this study, we consider a FG beam of length L, 

width b, and thickness h.  

 

Figure 1. Position of the physical neutral surface. 

 

The rule of mixture is utilized for defining 

effective properties of functionally graded beam.  

𝐸(𝑧) = 𝐸𝑚 + (𝐸𝑐 − 𝐸𝑚) (𝑧 +
ℎ

2
)

𝑘
      (1) 

𝜌(𝑧) = 𝜌𝑚 + (𝜌𝑐 − 𝜌𝑚) (𝑧 +
ℎ

2
)

𝑘
       (2)  

where k is denotes for the power law index, E 

and  is the elasticity modulus and the density of 

functionally graded beam, respectively. Subscript c 

for ceramic and m for metal. 

In this study reference surface of the FGB 

assume as the PNS (Fig.1) and the coordinates of axis 

is defined as follows [15]: 
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  The displacement field is defined for the 

functionally graded Timoshenko beam as follows:  

u = u0(x) − (z − z0)φ𝑥(x)        (4) 

w = w(x)                  (5) 

 Strain-displacement relations are written as: 

εx =
∂u0

∂x
− (z − z0)

∂φ

∂x
               (6)                      

γxz =
dw0

dx
+ φ                    (7)         

 Constitutive relations can be derived as 

follows: 

σx = Q11(z)εx                  (8)  

τxz = Q55(z)γxz                (9) 

 where 

Q11(z) = E(z)                (10) 

Q55(z) =
E(z)

2(1+υ)
                (11) 

The strain energy of functionally graded 

beam can be given as: 

U = ∫ ∫ (σxεx + τxzγxz)
ℎ

2

−
ℎ

2

dzdx
L

0
= ∫ (A11 (

∂u

∂x
)

2
+ 2B11

∂φ

∂x

∂u

∂x
+D11 (

∂φ

∂x
)

2
+ 𝐴55𝜑2 + 2𝐴55𝜑

∂w

∂x
+

L

0

A55 (
∂w

∂x
)

2
) dx   (12) 

Total potential energy due to the external axial load 

(P0) can be written as follows: 

V = ∫
1

2
P0 (

∂w

∂x
)

2L

0
                (13)  

Total potential energy can be derived by: 

∏ = 𝑈 − 𝑉                  (14)  

∏ = ∫ (A11 (
∂u

∂x
)

2
+ 2B11

∂φ

∂x

∂u
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(15) 

The rigidities are given as follows: 

{A11, B11, D11} = ∫ {1, (z − 𝑧0), (z − 𝑧0)2}Q11dz
h

2

−
h

2

                                      (16) 

A55 = ∫ K𝑠Q55dz
h

2

−
h

2

            (17)  

Shear correction factor Ks is taken as 5/6. 

For the solution of the governing equations 

Ritz method is employed. Displacement function 𝑢, 

𝑤,  is defined as follows: 

𝑢(𝑥) = ∑ 𝑐𝑖𝑓𝑢
𝑛
𝑖=1                 (18)  

𝑤(𝑥) = ∑ 𝑑𝑖𝑓𝑤
𝑛
𝑖=1               (19)  

𝜑(𝑥) = ∑ 𝑒𝑖𝑓𝜑
𝑛
𝑖=1                (20)  

For boundary conditions (BC), trivial 

functions are chosen as the polynomial series (Table 

1). F, C, and S denotes boundary conditions for the 

clamped, free, and simply supported, respectively 

(Fig.2). 
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Table 1. Trivial functions for boundary conditions 

 S-S C-C C-S C-F 

𝑓𝑢 𝑥𝑖 𝑥𝑖(𝐿 − 𝑥) 𝑥𝑖(𝐿 − 𝑥) 𝑥𝑖 

𝑓𝑤 𝑥𝑖(𝐿 − 𝑥) 𝑥𝑖(𝐿 − 𝑥) 𝑥𝑖(𝐿 − 𝑥) 𝑥𝑖+1 

𝑓𝜑 𝑥𝑖−1 𝑥𝑖(𝐿 − 𝑥) 𝑥𝑖 𝑥𝑖 

 

Figure 2. Boundary conditions of FG beam 

 

For the buckling analysis, the governing 

equations can be obtained by substituting Eqs. (18-

20) into Eq. (15) then minimizing the total energy 

function with respect to ci, di, ei   
𝜕 ∏

𝜕𝑐𝑖
= 0                           (21)  

𝜕 ∏

𝜕𝑑𝑖
= 0                          (22)  

𝜕 ∏

𝜕𝑒𝑖
= 0                          (23) 

The buckling behavior of functionally graded 

beam can be obtained by: 

 

([

[𝐾11] 0 [𝐾13]

0 [𝐾22] [𝐾32]
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where {{𝑐}, {𝑑}, {𝑒}}
𝑇
 is vector of unknown coefficients. Stiffness matrix [𝐾𝑚𝑛] can be obtained as 

follows: 
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Critical buckling load can be found from the 

homogenous equation system as its lowest 

eigenvalue. 

 

3. Results and Discussion 

 

The investigation focused on analyzing the buckling 

behavior of functionally graded Timoshenko beams 

with arbitrary boundary conditions. The analysis 

centered on examining critical buckling loads in 

relation to factors such as slenderness ratio, boundary 

conditions, and the power-law index. This section 

presents the numerical results of the buckling analysis 

of the functionally graded Timoshenko beam.  

Effective properties of metal and ceramic are selected 

as Em=70GPa, Ec=380GPa. Poisson's ratio is taken 

constant and is assumed as =0.3, unless specifically 

stated otherwise. For convenience, the non-

dimensional parameter is used for the critical 

buckling load:  

𝑃𝑐𝑟 = 𝑃0

12𝐿2

𝐸𝑚ℎ3
 

Utilizing the rule of mixture, the effective 

properties of the FG beam were defined. Notably, the 

physical neutral surface was assumed as a reference 

surface, simplifying the analysis. The numerical 

results portrayed the variation of the non-dimensional 

neutral surface position with the power law index for 

different material property ratios. It was observed that 

as the power law index increased, the divergence of 

the neutral surface from the geometrical centroidal 

axis decreased, indicating a convergence towards 

isotropic behavior. Figure 3 shows the variation of the 

non-dimensional neutral surface position (NSP) 

concerning the power-law index for different 

elasticity modulus ratios. As known, the position of 

the neutral surface coincides with the geometrical 

centroidal axis for isotropic material. In functionally 

graded material, on the other hand, this position 

diverges from the geometrical centroidal axis as 

material properties become distinct. As shown in the 

figure, this divergence increases as the Ec/Em ratio 

increases.  The non-dimensional coordinates of the 

neutral surface increases with power law index (k) to 

specific values for each ratio. After passing this index 

value, z0/h decreases as the power law index value 

increases. This is because the metallic properties 

increase as the k value increases in other words, the 

material properties of the beam approach isotropic.  

Table 2 and Table 3 show the non-

dimensional critical buckling load value of FG 

Timoshenko beam for arbitrary boundary conditions. 

To verify the solution, Table 2 compares the current 

results with those of [13] and [16] based on FOSDT, 

[8] based on refined shear deformation theory 

(RSDT). Similarly, Table 3 compares current results 

with [17] based on Timoshenko (TB) and Levinson 

(LB) beams. The results are in good agreement with 

the reference results. Comparative analysis with 

existing literature showed consistency and alignment 

with prior research findings. The agreement between 

the current results and reference values validated the 

strength of the analytical approach used in this study. 

The results show that the closest values are obtained 

for the CF beam, while the values for the SS and CC 

beams are slightly different from the reference values. 

The reason for this might be the change in the shear 

effect with the boundary conditions. As power law 

index value increases, the non-dimensional critical 

buckling load value decreases due to the increase in 

the metallic properties of the functionally graded 

beam. As L/h ratio decreases, the critical buckling 

load value decreases as the flexibility of the beam 

decreases. The critical buckling load values were 

significantly influenced by the boundary conditions. 

Beams with clamped-free (CF) boundary conditions 

displayed the highest critical load values, while those 

with simply supported (SS) or clamped-clamped (CC) 

boundary conditions showed comparatively lower 

values. This difference can be attributed to the 

varying degrees of restraint imposed by different 

boundary conditions, which impact the overall 

stability of the beam. 
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Figure 3. Variation of non-dimensional coordinates of neutral surface (z0/h) with the power law index (k) for various 

Ec/Em ratios  

Table 2. Non-dimensional critical buckling load of functionally graded beam 

L/h B.C. Ref. k=0 k=0.5 k=1 k=2 k=5 k=10 

5 CC [13] 154.3500 103.2200 80.4980 62.6140 50.3840 44.2670 

  [8] 154.4150 103.2750 80.5480 62.6616 50.4207 44.2946 

  Present 151.9319 102.7112 79.3843 61.7402 49.5793 43.4983 

 SS [13] 48.8350  31.9670  24.6870  19.2450  16.0240  14.4270  

  [16] 48.8350  31.9610  24.6870  19.2450  16.0240  14.4270  

  [8] 48.8372  31.9695  24.6898  19.2479  16.0263  14.4286  

  Present 48.5904 31.8231 24.5844 19.1616 15.9417 14.3465 

 CF [13] 13.2130  8.5782  6.6002  5.1495  4.3445  3.9501  

  [8] 13.0770 8.4992 6.5428 5.1042 4.2986 3.9031 

  Present 13.0670 8.4900 6.5371 5.1000 4.2943 3.8979 

 CS Present 89.0643 58.9453 45.7487 35.6236 29.1454 25.9088 

10 CC [13] 195.3400 127.8700 98.7490 76.9800 64.0960 57.7080 

  [8] 195.3730 127.9050 98.7923 77.0261 64.1324 57.7329 

  Present 194.3623 127.2926 98.3263 76.6474 63.7669 57.3778 

 SS [13] 52.3090  33.9960  26.1710  20.4160  17.1920  15.6120  

  [16] 52.3080 33.9890 26.1710 20.4160 17.1940 15.6120 

  [8] 52.3085 33.9981 26.1728 20.4187 17.1959 15.6134 

  Present 52.2857 33.9566 26.1429 20.3931 17.1771 15.5880 

 CF [13] 13.2130  8.5666  6.6570  5.1944  4.3903  3.9969  

  [8] 13.3137 8.6363 6.6425 5.1830 4.3785 3.9850 

  Present 13.3097 8.6337 6.6406 5.1823 4.3783 3.9840 

 CS Present 103.6303 67.5806 52.1023 40.6320 34.0357 30.7791 

20 CC Present 208.9496 135.8224 104.5632 81.5712 68.6805 62.3520 

 SS Present 53.2364 34.5342 26.5620 20.7264 17.5077 15.9383 

 CF Present 13.3731 8.6811 6.6675 5.2027 4.3984 4.0055 

 CS Present 108.0484 70.1508 53.9771 42.1128 35.5253 32.2977 
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Table 3. Critical buckling load of functionally graded beam (non-dimensional) (=0.23) 

h/L BC Ref. 0 0.1 0.5 1 2 5 10 100 10^10 
1/5 CC [17] LB 154.35  140.36  103.41 80.329 61.783 48.333 42.162  31.010  28.433  

  [17] TB 154.35 140.16 103.22 80.497 62.614 50.384 44.267  31.231  28.433  

  Present 154.35 140.16 103.22 80.497 62.614 50.384 44.267 31.231 28.434 

 CS [17] LB 89.523 81.172 59.317 45.905 35.473 28.477 25.183 18.146  16.491  

  [17] TB 89.971 81.476 59.491 46.152 35.941 30.883 26.206  18.338  16.573  

  Present 89.971 81.477 59.491 46.152 35.942 29.449 26.207 18.339 16.574 

 SS [17] LB 48.835 44.139 31.985 24.671 19.166 15.811 14.196  9.9975  8.9959  

  [17] TB 48.835 44.118 31.967 24.687 19.245 16.024 14.427  10.020  8.9959  

  Present 48.835 44.118 31.967 24.687 19.245 16.024 14.427 10.020 8.9959 

1/10 CC [17] LB 195.34 176.55 127.94 98.685 76.663 64.242 56.784 39.990 35.984 

  [17] TB 195.34 176.47 127.87 98.748 76.980 64.096 57.708 40.081 35.984 

  Present 195.34 176.47 27.870 98.748 76.980 64.096 57.708 40.082 35.985 

 CS [17] LB 103.93 93.719 67.712 52.161 40.590 33.814 30.531 21.324 19.122 

  [17] TB 103.93 93.803 67.758 52.232 40.735 34.137 30.883 21.384 19.146 

  Present 103.94 93.803 67.759 52.233 40.735 34.138 30.883 21.384 19.147 

 SS [17] LB 52.308 47.180 34.002 26.166 20.394 17.132 15.544 10.778 9.6357 

  [17] TB 52.308 47.174 33.996 26.170 20.416 17.194 15.612 10.784 9.6357 

  Present 52.308 47.174 33.996 26.171 20.416 17.194 15.612 10.784 9.6357 

 

 
Figure 4. The non-dimensional critical buckling load for various slenderness ratio ( L/h= 5, 10, 20)  

 

Figure 4 illustrates the change in the critical 

buckling load of CC, CF, SS, and CS beams with 

power-law index value for various slenderness ratios 

(L/h=5, 10, and 20). As seen, the non-dimensional 

critical buckling load value increases with an increase 

in slenderness ratio, decreases with an increase in 

value of power law index for all presented boundary 

conditions. The analysis uncovered interesting 

findings about how the slenderness ratio and power 

law index affect the critical buckling load. As the 
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slenderness ratio goes up, the critical load decreases, 

showing that higher aspect ratios lead to reduced 

stability. Similarly, an increase in the power law 

index results in lower critical buckling loads, 

indicating that material gradient has a diminishing 

effect on beam stability. 

Figure 5 illustrates the non-dimensional 

critical buckling loads of functionally graded beam 

(L/h=5, 10, and 20) with respect to power law index 

for CC, CS, SS, and CF boundary conditions. The 

critical load decrease with the increase in the value of 

power law index for all presented boundary 

conditions. As expected, the largest critical load 

values are obtained in CC beam followed by CS and 

SS beams, respectively. The smallest critical load 

values are observed in CF beam.  

Figure 6 shows the non-dimensional critical 

buckling loads of the functionally graded beam 

concerning the slenderness ratio for SS, CC, CF, and 

CS boundary-conditions. It is seen that the critical 

load value increase with the increase in slenderness 

ratio for all boundary conditions. The increment is 

more significant among the ratios 5 to 20, after 

passing this value, a small change is seen. 

The findings highlight the complex 

interaction between material composition, boundary 

conditions, and geometric parameters in influencing 

the buckling behavior of functionally graded 

Timoshenko beams. It's important to understand these 

relationships for designing and optimizing structures 

in different engineering applications. The knowledge 

gained from this study offers valuable guidance for 

engineers and researchers aiming to improve the 

performance and reliability of functionally graded 

structures. 

 

 

 
Figure 5. The non-dimensional critical buckling loads of functionally graded beam with respect to power law index for 

different boundary conditions 

 

 



P. A. Demirhan / BEU Fen Bilimleri Dergisi 13 (3), 633-645, 2024 

641 
 

 
Figure 6. The non-dimensional critical buckling loads of functionally graded beam with respect to slenderness ratio for 

different boundary conditions 

4. Conclusion and Suggestions 

 

In this study, buckling analysis of FG Timoshenko 

beam is investigated. The reference surface of the 

FGB is assumed neutral surface then bending-

stretching couplings vanished. This assumption leads 

to considerable simplification in the calculation. The 

governing equations of the FGB are derived from the 

principle of the minimum potential energy. The Ritz 

method is employed for obtaining the critical 

buckling load of the FGB with arbitrary boundary 

conditions. The current study examined the effect of 

boundary conditions, slenderness ratio, and power-

law index value on the non-dimensional critical 

buckling load. 

The present solution is in line with the results 

of previous study. The highest critical buckling load 

values occurred the beam with the CC boundary 

condition, as the CF has the lowest values. The 

slenderness ratio affects the critical load values 

adversely, the values decrease as the ratio increases. 

Similarly, the critical buckling loads decrease with an 

increase in the value of the power law index.  

In conclusion, this study presents a refined 

understanding of the behavior of functionally graded 

sandwich panels and highlights the effectiveness of 

advanced theoretical and computational models in 

predicting their responses. In particular, a novel 

relationship between material composition and 

vibration characteristics have been identified, which 

provides insight into the design optimization of such 

structures for various engineering applications. 

The study may have simplified the variation 

of material properties, assumed certain boundary 

conditions and made modeling assumptions that 

could affect the accuracy of the predictions. It may 

also lack comprehensive experimental validation and 

have a limited scope. Acknowledging these 

limitations is essential for understanding the study's 

scope and guiding future research. A future study may 

be conducted to include thermal effects in addition to 

the presented results. 
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Nomenclature of Symbols and Abbreviations 

L  : length of beam  

B : width  

z0  : Physical neutral surface position 

ρ, ρm, ρ𝑐  : Density, density of metal, density of ceramic 

𝐸, 𝐸m, 𝐸𝑐  : Elasticity modulus, Elasticity modulus of metal, Elasticity modulus of 

ceramic 

x, y, z  : Coordinates 

h  : Thickness of the beam 

k  : power-law index 

ν  : Poisson’s ratio                      

u0 : The in-plane displacements in the x direction 

wb , ws  : Bending and shear components of the transverse displacement in the 

through-thickness direction  

f(z) :  The shape function 

εx, εz γxz : Strain components 

σx, τxz : Stress components 

Qij : Rigidity matrix                               

U  : The strain energy 

V : Potential energy 

P0  : the external axial load 

Ks  : Shear correction factor  

Nx, NyNxy  : Force components 

Aij,  Bij, Bij,
s  Dij, Dij

s , Hij
s   : Rigidity matrix components 

{K} : The column matrix derived from the boundary conditions of two edges 

parallel to the y-axis (x=0 and x=a) 

𝑢, 𝑤,    : Displacement function  

fu , fw, fφ  : Trivial functions for boundary conditions  

{{𝑐}, {𝑑}, {𝑒}}
𝑇
 : vector of unknown coefficients 

[𝐾𝑚𝑛] : Stiffness matrix  

∏  : the total energy function 

 

FG : functionally graded  

FGB : functionally graded beam 

FOSDT : the first-order shear deformation beam theory  

PNS : physical neutral surface 

HOSDT : high order shear deformation theory 

FGP : functionally graded plate 

BC : boundary conditions 

NSP : neutral surface position  

TB, LB : Timoshenko and Levinson beams 

CF, SS, CC, CS : clamped-free, fully simply supported, clamped-clamped and clamped-

simply supported boundary conditions 
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