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Abstract: In this paper, a Clique collocation method is presented to numerically solve the third-order
multisingular (MS) functional differential equation. This method convert this equation to a system of the
algebraic equations via the collocation points and the matrix relations. Also, the error estimation technique
is constituted for the third-order multisingular (MS) functional differential equation. Applications of the
Clique collocation method and the error estimation technique are made for three examples. In addition,
the comparison is made with another method in the literature. The obtained results are tabulated and
visualized to demonstrate the effectiveness of the presented method. Applications of the method and
graphics are made by using MATLAB. According to the applications, it is observed that the results have

quite decent errors.
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1. Introduction

Recently, studies on functional differential equations with singular points have been of great
importance for researchers. Functional differential equations are used in many applications such
as electrodynamics [12], models based on chemical kinetics [31], models of population growth [26],
infection models of HIV-1 [27], models of tumor growth [37], B-virus infection hepatitis models
[15] and many more [5, 8, 23, 33, 36]. Differential equations with singular points have been used
in some important application areas such as oscillating magnetic fields [11], study of thermal
explosions model [1], models of the stellar structure [38] and study of the model of isothermal gas

spheres [7]. Many researchers have solved functional differential equations using many methods
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such as one-step implicit methods [3], Taylor polynomial method [35], homotopy analysis method
[4], variational iteration method [10], Laguerre matrix method [42], a matrix-collocation method by
using Miintz-Legendre polynomials [39], two novel memory-based root-finding approaches [30] and
an iterative method [13]. In addition, singularly perturbed differential equations have been solved
using many methods such as spline finite difference method [24], the finite difference methods
[16, 22], the seventh order numerical method [9], B-spline collocation method [20, 21], Bessel
collocation method [40] and Laguerre method [41]. Besides, an approach has been presented to
study the existence, uniqueness and stability of the solutions of nonlinear differential equations with
infinite delay [6]. The collocation methods are one of the methods that obtain effective results to
calculate numerical solutions of differential equations. In the literature, the collocation method
has been used to obtain approximate solutions of many differential equations such as the singular-
perturbation problem [20], general linear differential-difference equations with variable coefficients
[34], the generalized pantograph equations with linear functional argument [35] etc. [29, 40-42].
The clique polynomials were first introduced in [18] and associated with graph theory. Nevertheless,
there are many studies in the literature on the numerical solutions of many differential equations
using Clique polynomials [2, 14, 17, 19, 25, 28, 43]. Effective results are obtained from these
studies. But there is no study in literature yet on the solutions of the third-order multisingular
(MS) functional differential equations using Clique polynomials. Hence, the approximate solution
of this equation is investigated based on Clique polynomials in this paper.

In this study, we consider the model based on the third-order multisingular (MS) functional

differential equations with initial conditions [32]

. (1)

W (s+01)+ 8 0 (s+605) + B2 W (s+605) + s u(s+0,) =als),
w(0) =ki, u(0)=ks, u (0)=ks.

Here, the parameters (1, 02,0; (i=1,2,3,4), k; (j =1,2,3) are the real constant values and «(s)

is the continuous function.
Our aim is to obtain the approximate solution of (1) in form of the Clique polynomials

N
un(s) = Z_‘banCn(SL (2)

where N > 0 is chosen to be any positive integer. Here, a, and C,(s) are, respectively, the

unknown coefficients and Clique polynomials described by [19]

Ci(s) = :ZO (Z)s’f. 3)

The recursive formulation of the Clique polynomials is
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Cni1(8) = (1+8)Cr(s), Co(s)=1, Ci(s)=s+1. (4)

Let’s summarize rest of this paper as follows: The fundamental matrix relations are presented
in Section 2. The Clique collocation method is presented in Section 3. The error estimation method
is given in Section 4. In Section 5, the applications of the method are made. Also, a comparison
is made with another method in the literature. Thus, the obtained results are interpreted. The

results of the paper are summarized in Section 6.

2. Fundamental Matrix Relations

Let’s start this section by writing the Clique polynomials in matrix form

Cn(s) =Sn(s)Mn, (5)

where CN(S)z[CO(s) Ci(s) - Cn(s) ],SN(S):[I s 52 . SN ],

o) (&) @ -~ (§)
o () () -~ (1)
My=| 0 0 (;) (%V)
0 0 0 (M)

Secondly, we can express the approximate solutions (2) as

UN(S) = CN(S);AN7 (6)
where Cn(s) =[ Co(s) Ci(s) -+ Cn(s) |and Ax=[ao a1 - an ]T.
Using relation (5) in (6), we get
UN(S) = SN(S)MNAN. (7)

By taking the derivative of (7), we have

un(s) = Sn(s)PyMyAy, (8)
where
010 - 0 O
o o0 2 - 0 0
Py = : I
0 0 O N 0
0 0 O 0 0

Similarly, the second and the third derivative of (7) becomes

un(s) = Sn(s)(Pn)*MyAy 9)
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and

"

un(s) = Sn(s)(Pn)*MpyAy. (10)

By writing s - s+ 64 in (7), we obtain the relation
un(s+604)=Sn(s+0,)MyAy
or since Sy(s+04) =Sn(s)Dn(04), we can also write it as
un(s+04)=Sn(s)Dy(0,) MpyAN, (11)

where

Doo Qe - (e
Dn(64) = 0 (1>(:94)0 (1)(9.4)]\{_1

0 0 (%) (94)0
Similarly, substituting s - s+6s, s > s+ 6y and s - s+ 60, respectively, into (8), (9) and

(10), we have

un(s+05) = Sy (s)Dy(03)PyMyAy, (12)
Up (s +05) =Sy (s)Dn(62)(Pn) MyAy (13)
and
uy (s +61) =Sx(5)Dn (61)(Py) My An, (14)
where
Q@ @t (B0 OO (e - (e
pr@n=| 0 QO - ET | pyg | 0 Q07 - G)ET
0 0 e (R)(83)° 0 0 o (B)(02)°
B Qo - (o)
Dy (61) = ‘? (1)(:91) (1)(9:1) )
0 0 (MO
Finally in this section, by writing s — 0 in (7), (8) and (9), we have, respectively
un(0) =Sn(0)MyAy, (15)
Uy (0) = Sy (0)PyMyAy (16)
and
un (0) = Sy (0)(Py)*MyAn. (17)
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3. Clique Collocation Method

Firstly, we write the relations (11) - (14) instead of (1) and so we have

SN(S)DN(gl)(PN)SMNAN + %SN(S)DN(QQ)(PN)QMNAN + %SN(S)DN(QLQ,)PNMNAN
+s SN (8)Dn(04)MnAN = a(s).

(18)
Secondly, we obtain
Sn(s0)Dn(61)(Pn)*MyAy + %SN(r"O)DN(GZ)(PN)zMNAN + (:ﬁs\/ (50)Dn(03)PNMpyAN +50Sn(s0)Dn(04)MyAN = aso)
Sn(s1)Dn(01)(Pn)*My Ay + %SN(SI)DN(‘QZ)(PN)QMNAN + %SN(SI)DN(QS)PNMNAN +51Sn(s51)Dn(02)MNAN = afs1) (19)
Sn(s8)Dn(01)(Pn)*MyAy + LSy (sn)Dy(62) (Pn)*My Ay + (‘;:\‘,2)2SN(SN)DI\"(HS)PAN'MNAN +snSN(sv)Dn(04)MyAN = a(sn)
by using the collocation points defined as
—a. .
s;i=a+ i, ©=0,1,...,N (20)
N
in the range [a,b], where a is a sufficiently small positive number in the range 0 <a < 1.
Sytem (19) can also be written, briefly, as
WAy =G, (21)

where

W = (SDn(61)(Pn)® + E1SDy(602)(Py)? + EoSDy (65)Py + E3SDy (64)) My,

a(so) Sn(s0)
G-= 04(291) , S= SNgsl) : E1=diag(%), E2=diag((§2)2)7 E;s = diag (s;).
a(sy) Sn(sx) z 1

As the next step, we write system (15)-(17) instead of any 3 rows of system (21). Thus, we
get

Sn(50)Dn(61)(Py)*MyAy + %’,SN(SO)DN(@)(PN)ZMNAN + (;f%)zsw(So)DN(93)PNMNAN +50Sn(50)Dn (04)MyAN = a(so)

Sn(s1)Dn(61)(Py)*MnyAy + %‘Sw(sl)DN(az)(Pw)ZMNAN + (f%)zsw(h)DN(93)PNMNAN +51Sn(51)Dn(04)MyAN = a(s1)

Sn(sn-3)Dn(01)(Pn)*MyAy + siisSN(5'3\'73)DN(‘QZ)(PN)ZMNAN + (sf:)z Sn(sn-3)Dn(03)PNMyAN +sy-3Sn(sn-3)Dn(02)MyAN = a(sn-3)
Sw(0)My Ay = k1
Sx(0)PyMyAy = ks
Sn(0)(Pn)’MpyAy = k3.

(22)
Let’s note that we select the last 3 rows in the system (22). Finally, we solve the obtained
new system and so we calculate the unknown Clique coefficients matrix A . Hence, we achieve

the Clique polynomial solutions uy(s) by putting the obtained matrix Ay into (6).
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4. Error Estimation Technique

Let’s start this section by defining residual function as

Ru(s) = L[uy ()] - a(s). (23)

Since the Clique polynomial solutions satisfy problem (1), we get

{ up (s +61) + % Uy (s +05) + % U (5+03) +5 un(s+04) = als), (24)
UN(O)Zkl, UN(O):kQ, UN(O):kg.
Secondly, we subtract (24) from (1) and so we gain the error problem
e']'\',(s +61)+ % e’]'\,(s+ ) + % e'N(s +03)+sen(s+6y)=-Rn(s), (25)
en(0)=0, eyn(0)=0, €x(0)=0.

Here, u(s), un(s) and en(s) denote, respectively, the exact solution, the Clique polynomial
solution and the actual error function. Also, let’s note that ex(s) = u(s) —un(s).

Finally, we solve the system (25) according to Clique collocation method in previous section

and thus we gain the estimated error function

M
enm(s) = Z:OGZCn(SL (26)

where a; is the unknown coefficients. The error estimation method is important. Because we can

calculate the made error if the exact solution of the problem is not known.

5. Applications

In this section, the applications of methods in previous sections are made using MATLAB.

Example 5.1 Firstly, we consider the model based on the the third-order multisingular (MS)

functional differential equations with initial conditions [32] given as

u (s—1)+ éu"(s +1)+ 2 (s+2) +su(s) = e + %es*l + 5%6“2 + se’, (27)
w(0)=1, u(0)=1, u (0)=1.
Our aim is to obtain Clique polynomial solutions for N =3 as:

3
uz(s) = Y a;iCi(s), (28)

i=0

or

uz(s) = S3(s)MsAs, (29)
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1 1 11

T 01 2 3

wheresg(s):[l s 82 53],A3:[a0 a1 asg ag] and M3 = 00 1 3
0 0 01

If we use the relation (20), we write the collocation points for @ =0.01, b=1 as sg = Wlo’ $1 =

%, S9 = %, s3 = 1. Hence, if we utilize the system (21), then we get
WA =G, (30)
where

W = (SD5(-1)(P3)? + E;SD3(1)(P3)? + E2SD3(2)P3 + E3SD3(0)) M,

€ + 06 + =e + Sp€ 83(80) 01 0 0
s1—1 1 s1+1 s1+2 s1
G- e +5e + Se +sye - S3(s1) P - 00 2 0
= 65271 + S12 652+1 + 2;652+2 + 8oe52 ) = S3(82) ) 3= 000 31
e53 1 + 1 653+1 + 2653+2 + 83653 S3(53) 0 0 0 O
53 3
1 -1 1 -1 1 1 11 1 2 4 8
0o 1 -2 3 01 2 3 01 4 12
DS(_I) = 0 0 1 -3 |’ D3(1) = 00 1 31 D3(2) = 0 0 1 6 ’
0 O 1 0 0 0 1 00 0 1
1 0 0 0
01 00 . 1 . 2 .
D3(0) = 00 1 0l E, —dmg(—i), Eg—dzag(w), E; =diag (s;).
0 0 0 1

Figure 1 (a) shows the exact solution and the approximate solutions for N =4 and N =5.
Also, this figure compares these solutions with the solutions of differential transform method (DM)
[32] for N =4 and N =6. Figure 1 (b) shows these functions more closely. Accordingly, the closest
result to the exact solution is obtained with our method. In addition, the values of these functions
at some s points are compared with the solutions of DM [32] in Table 1.

Figure 2 (a) compares the actual absolute errors of Example 5.1 with the errors of DM [32]
for N =4 and N =5. Accordingly, the results of DM [32] for N =4 and N =6 are the same. The

result obtained with our method with N =4 is better than these results.

The best result is obtained when N =5 is chosen in our method. In other words, with our
method, a more suitable result is obtained with a smaller N value. Figure 2 (b) visualizes the
actual absolute errors of Example 5.1 for N =4 and N =5 and the estimated absolute errors of
Example 5.1 for (N,M) = (4,5) and (N, M) = (5,6). This shows that the actual and estimated

absolute error for N =4 and (N, M) = (4,5) overlap. Also, it can be concluded that the actual
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T T T T

26
—+—u(s)
2.4 | —>%— N=4forDM \ 1
N=6 for DM

22 |—<—N=4for PM
—&— N=5 for PM

2 4
1.8 8
16 1
1.4 .
1.2 7
1
0 0.2 0.4 0.6 0.8 1
S
a) The exact solution and the approximate solutions
—tu(s)
19k —— N=4 for DM 4
N=6 for DM
—&— N=4 for PM
—&— N=5for PM
1.85 1

1.75

| 1 1 1 1 1 1 1

0.56 0.58 0.6 0.62 0.64 0.66 0.68 0.7
S

b) Close angle of solutions

Figure 1: Comparison of solutions of Example 5.1 with DM [32]
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and estimated absolute error for N =5 and (N, M) = (5,6) are very close. Moreover, it can be

seen from figures that the error decreases as N increases.

Example 5.2 Our second model is [32]

{ W (s—1)+u" (s + 1)+ ﬁ%u'(s +2) +su(s) = s + 455 +48 + 18 + 3, (31)

w(0)=1, u(0)=0, wu (0)=0.

The exact solution of this problem is 1+s*. Our aim is to obtain Clique polynomial solutions

for N =4 as:
4
us(s) = Y a;Ci(s), (32)
i=0

or

’U,4(S) = S4(8)M4A4. (33)

Utilizing the system (21), we get

WA =G, (34)

where

W = (SD4(-1)(Py4)” + E1SD4(1)(P4)* + E2SD4(2)Py + E4SD4(0)) My,

55+ 450 + 48+ 128 1 05
s‘;’+4531+48+%8+(Si—g1
5
G=| s3+45s;+48+ 105 03
o3 + 455y + 48 + 108 61
3 83 S3
s2 + 455, + 48 + 198 | 62
| 4 S Sy

By writing s —» 0 in (7), (8) and (9), we have, respectively

ug(0) = S4(0)MyAy, (35)
uy(0) = S4(0)P, M4 A, (36)

and
uy(0) = 84(0)(P4) My Ay, (37)

where S4(0)=[1 0 0 0 0 ].

Finally, the approximate solution is obtained 1+s* by solving the system (34) with conditions

(35), (36) and (37). This is the exact solution.
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i ——— N=4 for DM N=4 for PM
I —©—N=6for DM —&— N=5 for PM
10-15 L 1 1 L L
0.2 0.4 0.6 0.8 1
)
a) Actual absolute errors
100 T T T T
&2
2
wm
[0}
=
o
[%2]
Qo
<
10 4
10 —x— |e4’5(s)|
—O—leg sl
le,(s)l
f ——legs)l
10-15 L 1 1 L L
0 0.2 0.4 0.6 0.8 1

b) The actual absolute errors and the estimated absolute errors

Figure 2: Comparison of absolute errors of Example 5.1 with DM [32]
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Example 5.3 Finally, we perform the model based on the the third-order multisingular (MS)

functional differential equations with initial conditions [32]

{ u (s—1)+ %u"(s+ 1)+ %u’(s+2) +su(s) =s*+s+18+ 30 4+ 23 (38)

w(0)=1, «(0)=0, wu (0)=0.

The exact solution of this problem is 1+s3. Our aim is to obtain Clique polynomial solutions

for N =3 as:
3
us(s) = Z(:)aiCi(s), (39)
Ug(s) = Sg(S)MgAg. (40)

Utilizing the system (21), we obtain
WA =G, (41)

where

W = (SD3(-1)(P3)® + E;SD5(1)(P3)* + E2SD3(2)P3 + E3SD3(0) ) Ms,

s+ s0+48+ 22+ 2
5‘11+31+48+@+%
G: S1 Sh

53+32+48+%+§—2
30+2él

4 30
53+ 53+ 48+ 32

By writing s — 0 in (7), (8) and (9), we have, respectively

u3(0) = S3(0)M3As, (42)
u(0) = S3(0)P3M;sAs (43)

and
ug(0) = S5(0)(P3) MsAs, (44)

where S3(0)=[1 0 0 0 ].

Finally, the approximate solution is obtained 1+s? by solving the system (41) with conditions

(42), (43) and (44). This is the exact solution.

6. Conclusions

In this paper, we investigate the approximate solution of the third-order multisingular (MS)
functional differential equation via Clique collocation method. In addition to method, we constitute

error estimation technique for the problem. Also, we make applications of the Clique collocation
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method and the error estimation technique for three examples by using MATLAB. Accordingly,
we obtain the exact solution in Example 5.2 and Example 5.3. This result demonstrates the
advantage of our method. In addition, we compare the results with differential transform method
(DM) [32] for Example 5.1. Accordingly, the best result is obtained when N =5 is chosen in our
method. In other words, with our method, a more suitable result is obtained with a smaller N
value. According to our method, the error decreases as N increases. Moreover, the estimated
errors are close to the actual errors, which shows the importance of the error estimation technique.
From all numerical results, we conclude that the presented method is efficient and reliable. The
presented method can be improved for nonlinear multisingular functional differential equations or

multisingular functional differential equations of fractional-order.
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