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Ozet. Bu makalede hasar toleransinda etken olan énemli parametrelerin hasar tolerans
Omiirleri lizerine etkileri ¢galismasi kapsaminda yiik devirlerini sayma yonteminin yorulma
catlagi biiyiimesi tahminlerine etkileri analiz edilerek, sistemlerin hasar toleransina dayali
tasarimlarinda en uygun ¢oziimi ararken géz oniinde bulundurulmas: gerekli devir sayma
teknikleri irdelenmektedir.

Anahtar Kelimeler. Hasar toleransi, yorulma catlagi biiyiimesi, émiir, devir sayma
teknigi.

Abstract. In this paper, within the context of a study on the effects of the parameters
which are important for damage tolerance, upon damage tolerance life, cycle counting
techniques are assessed while looking for an optimum solution to design of systems on the
basis of damage tolerance, through analysing the effects of load cycle counting technique
on fatigue crack growth life estimations.
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1. Girig

Bu makalede hasar toleransi omiir analizinde etken olan parametrelerden yiik devri
sayma teknikleri yorulma catlagi biiytimesi tahminlerine gore irdelenmekte ve opti-

mum ¢ozimiin bulunmasina katk: saglayacak sayma teknigi onerisi getirilmektedir.
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2. Metodoloji

2.1. Hasar toleransi. Sistemlerin yorulmaya karsi tasarimlarinda iki temel yak-

lagim kullanilmaktadir; giivenli 6miir ve hasar toleransi.

Giivenli omiir yaklagiminda, yorulma yontinden kritik olan parcalar belirli bir kul-
lanim omriine gore tasarimlanmakta ve bu omir tamamlandiginda veya oncesinde
kullanimdan kaldirilarak yorulmaya dayali kirim olasiliginin azaltilmasi amaclan-
maktadir. Bu yaklagim, yorulma dayanimi ve uygulanan yorulma yiiklerinin ras-
gele kombinasyonlarindan kaynaklanan, istatistiksel olarak tahmin edilebilir yorulma
kirmmlarima uygulanmaktadir. Giivenli 6miir yaklagimi, parcada mevcut kusurlarin
etkilerini yeterli 6lciide degerlendirememektedir. Yillarca gozlemlenen kullanim veri-
leri; giivenli omiir yaklagiminin imalat kusurlari, bakim hatalar1 ve kullanimla olugan
hasar gibi ongoriilmemis etkenlerin yolactigi yorulma kirimlari nedeniyle yetersiz
oldugunu géstermigtir [1].

Bu yetersizlik nedeniyle giivenli omiir yaklagimi 1960’1 yillarda yerini, malzemede
mevcut veya sonradan olugmug kusurlarin boyutlarinin, malzeme kalan dayaniminin
glivenli seviyenin altina diigmesi durumunda goriilecek hasar seviyesine ulagmadan
once parca muayenesinde tespit edilmesine dayali kirim giivenli tasarim yaklagimina
terketmigtir [2].

Bu yaklagimin kapsami 1970°1i yillarda genisletilerek, sistemin hasar1 belirlenmig
bir zaman araliginda yapisal giivenligi olumsuz etkilemeden muhafaza edebilme
yetenegine dayali hasar toleransi tasarim yaklagimina dontistiiriilmiig ve kirim gii-
venli tasarim, hasar toleransi yaklagimin bir alt dali olarak degerlendirilmeye bas-
lanilmistir. Hasar toleransi yaklasimi; kritik yapisal parcalarda tasarim, imalat ve
muayene yontemlerinin tiim onleme ¢abalarina ragmen tespit edilmeyen kusur veya
hasarlarin mevcudiyetinde bile yapisal giivenligi giivence altina alma amach olarak
kullanilmaktadir.

Hasar toleransi tasariminda iki yapi bi¢imi esas alinmaktadir; parcada mevcut kusur
biiyiikliigiiniin dengesiz hizli ¢atlak bliytimesini baglatacak kritik ¢atlak bliytikligiine
ulagmadan sistem muayenesinde tespitini ongoren yavas catlak biiytimeli yap1 ve bir
ana yiik yolu veya elemani kirimi sonrasi yapinin belirli bir siire giivenli kullanimini

esas alan kirim giivenli yap [3].

Hasar toleransinda gatlak baslangic uzunlugu varsayiminda; delikler igin, kalinligi
<0,05 in¢ olan yapilarda, deligin bir tarafinda 0,05 in¢ uzunlugunda kalinlik boyu
catlagi, kalinligi >0,05 in¢ olan yapilarda ise 0,05 in¢ yaricapl kose catlagi, yapiin
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diger yerleri i¢in ise, kalinlhigi <0,125 in¢ olan yapilarda, deligin bir tarafinda 0,25 ing
uzunlugunda kalinlik boyu ¢atlagi, kalinligi >0,05 in¢ olan yapilarda ise uzunlugu
(2¢) 0,25 ing, derinligi (a) 0,125 ing olan yar eliptik ylizey catlag esas alimmaktadir
[4].

2.2. Catlak biiyiimesinde etken temel parametreler. Dogrusal Elastik Kiril-
ma Mekanigi kullanilarak yiik deviri bagina yorulma gatlagi biiytimesi (da/dN) tah-
mini hesaplamalari, ¢atlak biliylimesinde etken temel parametreleri esas almakta
olup, s0z konusu temel parametreler literatiirde uzun yillardir tizerinde c¢aligilan

konular arasindadir.

Devir bagina c¢atlak biiyiimesinde etkili temel parametreler; gerilme yigilmas: araligi,
tepe degeri ve egik degeri, gerilme orani, kirilma toklugu, yiik ge¢gmigindeki siralama,
yilk devri sayma teknigi, numune kalinhigi, sicaklik, cevre kogullar1 ve frekans olarak

ozetlenebilir.

Degisken genlikli yiiklemenin rasgele 6zelligi nedeniyle tiim bu parametreleri dogru
olarak modellemek oldukga giigtiir. Asir1 yiiklerin catlak biliytimesini yavaglattigi,
diigtik yiiklerin ise artirdigi bilinmektedir. Yiik etkilesiminin yiik ge¢misindeki siraya
biiytlik ol¢iide bagimli olmasi, degisken genlikli yiiklemeyi sabit genlikliye gore ol-
dukga karmagik hale getirmektedir [5].

2.3. Yiik devri sayma tekniginin hasar tolerans omriine etkisinin analizi.
Devir tanimi devir sayma yontemine gore degismektedir. Literatiirde kullanilan
ana devir sayma teknikleri; seviye gecisi sayimi, tepe sayimi, basit aralik sayimi ve
aralik ¢ifti-aralik (veya yagmur-akigi) sayimini icermektedir. Devir sayimlari kuvvet,
gerilme, gerinim, tork, ivme, sehim, veya ilgi konusu diger yiik parametrelerinin

zaman kayitlari i¢in yapilabilmektedir [6].

2.3.1. Seviye gecisi sayimi. Yiikiin pozitif egimli kisminin referans yiikiin tizerin-
deki 6nayarh seviyeyi, negatif egimli kisminin ise referans yiikiin altindaki énayarh

seviyeyi her geciginde bir sayim kaydedilmektedir.

Uygulamada, seviye gecisi sayimlarinda biiylik sayim artigina yol agabilecek kiigiik
genlik degigimlerini ayiklamak igin kisitlamalar siklikla tanimlanmaktadir. Bu du-
rum devir sayimi oncesi kiigiik yiik degigimlerinin filtrelenmesiyle gerceklestirilebil-

mektedir.
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Yorulma analizinde en ¢ok hasari yapacak devir sayimi, tiim seviye gegisleri sayilin-
caya kadar, once olasi en biiyiik devir, sonra ikinci en biiyiik ve sirasiyla digerleri

olugturularak elde edilmektedir.

2.3.2. Tepe sayimi. Tepe sayimi goreli en biiyiik ve en kiiclik yik degeri olusu-
munu tanimlamaktadir. Referans yiik seviyesinin iizerindeki tepeler ve referans yiik
seviyesinin altindaki vadiler sayilmaktadir. Tepe ve vadi sayimlar1 genellikle ayri
olarak kaydedilmektedir. Kiigiik genlikli yiikleri ayiklamak icin ortalamayi gegen
tepe sayimi siklikla kullanilmaktadir. Tim tepeleri ve vadileri saymak yerine, sa-
dece birbirini takip eden iki ortalama gecisleri arasindaki en biiyiik tepe veya vadi

sayilmaktadir.

Yorulma analizinde en ¢ok hasari yapacak devir sayimi, tiim seviye gecisleri sayilin-
caya kadar, en biiyiik tepe ve en kiiciik vadi kullanilarak, once olasi en biiyiik devir,

sonra ikinci en biiyiik ve sirasiyla digerleri olugturularak elde edilmektedir.

2.3.3. Basit aralik sayimi (BAS). Bu yontemde aralik, birbirini takip eden
dontgler arasindaki fark olarak tamimlanmaktadir ve bir vadi bir tepe tarafindan
takip edildiginde pozitif, bir tepe bir vadi tarafindan takip edildiginde ise negatiftir.
Sadece pozitif veya negatif araliklar sayildiginda, herbiri bir devir olarak sayilmakta-
dir. Pozitif ve negatif araliklar birlikte sayilirsa, herbiri yarim devir olarak sayilmak-

tadir. Secili bir degerden kiiciik araliklar genellikle sayim oncesi ayiklanmaktadir.

Genellikle aralik sayimi olarak gosterilen tek degigsimlere dayali BAS teknigi, Sekil
1’de agiklanmaktadir. Bu yik gecmisinde asagidaki araliklar ardigik olarak sayil-
maktadir:

Bir yukar1 aralik r; = Sy — 5

Bir asagi aralik o = S3 — S

Bir yukar1 aralik r3 =S, — S3, vb.

51 S7

SEKIL 1. Basit aralik sayma (BAS) teknigi.
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Her bir araligin ortalama degeri de sayildiginda, yontem basit aralik-ortalama sayimi
olarak adlandirilmaktadir. Bir basit aralik-ortalama sayiminin sonucu bir aralik-

ortalama matrisi bi¢iminde diizenlenmektedir.

2.3.4. Aralik gifti-aralik (veya yagmur akis1) saymimi (YAS). Yagmur akist
yontemine benzer devir sayma yontemlerini tanimlamak tizere literatiirde farkli te-
rimler kullanmilmaktadir. Bunlar; aralik ¢ifti sayimini, Hayes yontemini, aralik-¢ift
araligl sayimini, kosuyolu sayimini ve orijinal yagmur akigini icermektedir. Yik gec-
misi, en biiyiik tepe veya en kii¢iik vadi ile baglar ve biterse, bu yontemlerin hepsi

ayni, diger durumlarda ise benzer fakat genellikle farkli sayimlara yol agcmaktadir.

Aralik ¢ifti-aralik yontemi Jonge [7] tarafindan, yagmur akisi yontemi olarak ad-
landirilan benzeri bir teknik ise aym tarihlerde Japonya’da Watson [8] tarafindan
gelistirilmistir. Iki yontem de yiik ge¢misinden, ozdes yiik aralik ciftleri ve tek
araliklar saymaktadir. Yontem tiim yilik-zaman ge¢misinin ardisik tepe-vadi dizinine
dontstiriilmesiyle baglamakta, bu doniistiirmede belirli bir aralik filtre olgiisti kul-
lanilarak kiiciik degigsimler ayiklanmaktadir. Sekil 2’de gosterildigi tizere aralik
cifti-aralik sayimi, kayith ilk tepe-vadiden baslamilarak; ardistk S, 3, Sp,—2, Sp—1
ve S, dortlii grubu degerlendirilmektedir. Bu grupta, S,—3 ve S, arasimndaki S, -
ve Sp_1, Sp—g ve S, ust-alt siir degerleri arasinda kaliyor ise bir aralik ¢ifti olarak
sayllmakta ve kayitlardan silinmekte, islem geriye doniilerek S,_5, Sp—4, Sp—3 ve
S, dortlist icin tekrar edilmektedir. Sayma kriteri kargilanmiyor ise, bir adim
ilerlenerek S,_a, S,—1, S, ve Spp1 dortlisi degerlendirmeye alinmaktadir. Tim
yiikk gecmisi degerlendirildikten sonra kalan artik yiikler ardisik tek araliklar olarak
sayilmaktadir.

SEKIL 2. Aralik cifti-aralik sayim teknigi.
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3. Bulgular

Degigken genlikli yiiklerin yorulma hasari, esas olarak genlige, ulagilan yiik mutlak
degerinden c¢ok yiik degisimine baglidir. Bu baglamda, yorulma hasar1 acisindan
yiikk-zaman ge¢misini degerlendirmede, yiik ge¢migindeki yiik degigimlerini veya ara-
liklarini gozlemlemek akiler goriilmektedir. Bu nedenle bu ¢alismada yiik degigimi
veya araligini esas alan iki ana teknik kullanilmigtir; en yaygin kulanilan yagmur

akig1 ve gercek yiik gecmisi verisini temsil eden basit aralik sayimu.

Devir sayma tekniginin hasar tolerans omrii tahminleri tizerindeki etkisini belirlemek
lizere literatiirde mevcut deney verileri [9] kullanilarak bir seri émiir tahmin ¢aligmasi

yapilmigtir.

Merkez catlakli cekme numunelerine iligkin sabit genlikli yorulma catlag: ilerlemesi
deney verileri kullanilarak, avcl ugagina ait farkli gorev tipi rasgele sirali yiik geg-
misleri altindaki yorulma catlagi bliylime omiirlerinin tahmini caligmasi, iki farkh
hasar toleransi omiir tahmini modellemesi ile yik etkilesimsiz ve yiik etkilegimli
olarak yapilmistir. Her bir hesaplama, devir sayma yonteminin tahmin edilen 6miir
tizerindeki etkilerini gormek iizere, YAS modeli ve BAS modeli kullanilarak yapil-

migtir.

Tablo seklinde verilen rasgele yiik gegmisleri, bir aver ucagimin Hava-Hava (A-A),
Hava-Yer (A-G), Cihazlama ve Seyriisefer (I-N) ve Karigik (C) gorevlerini igermek-
tedir. Yiik tablolarindaki sayisal degerler tasarim smir gerilmesi (DLS) yiizdesi

seklinde olup, ii¢ DLS seviyesi icin verileri igermektedir; 20 ksi, 30 ksi ve 40 ksi.

Bu galigmada her bir gorev tipine iligkin ytik gegmisi verileri YAS ve BAS devir
sayma teknikleri kullanilarak sayilmig ve 6miir tahmin hesaplamalarinda yiik ge¢misi

verisi olarak kullanilmigtir.

Hesaplamalarda; devir basi catlak ilerleme hizi hesabinda yeniden diizenlenmis
Forman denklemi (1) ve degistirilmis Walker denklemi (2-3), yiik etkilesiminde
Cok Parametreli Akma Bolgesi Modeli (CPABM) [10] ve Willenborg-Chang Modeli
(WCM) [11] kullamlarak, FATIGUE [12] yazilimu ile yapilmigtir.

da CAK™ 0
dN (1 — RMm Ko — AK

Burada C' ve n malzeme sabitleri, AK gerilme yigilmas: arahgi, R°T etkin gerilme

oran ve Kjc diizlem gerinim kirilma toklugudur. R® > 0 iken m = 1, R*"T < 0
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oldugunda m = 2’dir.

da —

- = _ pPeffym—1 n
0 < RF <R Rf— R (2)
0 < Reff > R:;Jt, Reff = R;rut

Denklemde C' ve n malzeme sabitleri, AKq etkin gerilme yigilmas: arahg, ReT etkin
ise da/dN — AK

grafiginde daha fazla gerilme orani tabakalanmasimin goriilmedigi kesme degeridir.

gerilme oran1, m Walker gerilme orani tabaka ¢okme katsayisi, RZ, i

Etkin gerilme orani negatif oldugunda (2) yerine (3) kullanilmaktadir.

da o eff q reff 1n
dN - C[(]' + {R } ) Kmax] (3>
R < 0

Burada ¢ negatif gerilme orani indisi, KT ise etkin gerilme y1gilmas: tepe degeridir.

max

Hesaplamalarda kullanilan malzeme oOzellikleri verisi Tablo 1’de verilmektedir.

TABLO 1. Tahminde kullanilan malzeme ozellikleri verisi.

Malzeme Catlak Biiyiimesi Sabitleri Yiik Etkilesim Parametreleri
Forman Walker CPABM WCM
(ST metrik) (Ing sistemi)
2219-T851 | C' =4,626E -9 | C =8,36TE—-10 | A=1,0 RSO =2,3
n=3,171 n=3,64 Ry :2, =0,3;0,6;1,0
K. =88 m = 0,60 Y =0,0 R*t—099
AKYy =3,3 K. =65 Z =0,5 R = —0,99
Sy = 345 AKYy =25 R;rut =0,99
Sy =48 R,,=-0,99

Analitik tahmin sonuglar1 CPABM igin Tablo 2’de, WCM i¢in Tablo 3’de verilmek-
tedir.

Tablo 2 deki hesaplama sonuglarinin deney sonuglarina orani (Niap/Niest) verilerine
gore, yiik etkilegsimli hesaplamalar etkilesimsiz hesaplamalara gore dogal olarak daha
iyi sonuglar vermektedir. Devir sayma yontemi agisindan sonuclar incelendiginde;
sayma yonteminin yiik etkilegsimli hesaplamalarda ortalama (Niap/Niest) tizerinde
kayda deger farklihk gostermedigi (YAS igin 1,06; BAS ig¢in 1,03), ancak stan-
dart sapmalarda farkhilik yarattigi (YAS i¢in 0,11; BAS igin 0,16), yiik etkilegimsiz
hesaplamalarda ise ortalama (Nian/Niest) Ve standart sapma iizerinde kayda deger
farklilik olugturdugu (ortalama deger YAS i¢in 0,70; BAS i¢in 0,82; standart sapma
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YAS igin 0,12; BAS igin 0,17) goriilmektedir. CPABM sonuglarima gore yiik et-
kilesimli hesaplamalarda YAS, yik etkilesimsiz hesaplamalarda ise BAS y&ntemi
kullanilmasinin daha uygun olacagi degerlendirilmektedir.

TABLO 2. Catlak biiylime 6mrii tahminleri (CPABM).

Gorev Tipi | Test No. | Analitik Tahminler, devir; (Nian/Niest)
(DLS,ksi) | Yiik Etkilesimsiz | Yiik Etkilesimli

YAS BAS YAS BAS
M-81 | 106555 | 130703 | 138137 140798

(20) (0,92) (1,13) (1,19) (1,22)

Hava-Hava M-82 37935 46925 52235 51840
(A-A) (30) (0,65) (0,80) (0,89) (0,88)

M-83 13044 16053 18427 18105
(40) | (072) | (0.88) | (1.01) | (1,00
M-84 224259 266553 308833 299803

(200 | (0.83) | (099) | (115 | (1,11)

Hava-Yer M-85 | 71803 | 60231 | 88731 82933
(A-G) (30) 0,75) | (0,63) | (0,93) (0,87)
M-86 | 20553 | 24519 | 31360 28562

40) | (057) | (0,67) | (0,86) (0,79)

M-88 | 219001 | 254700 | 443101 | 495301

Aletlendirme- (30) (0,58) | (0,67) | (1,16) (1,30)

Seyriisefer (I-N) M-89 80401 93601 178201 197101
(40) | (049) | (057) | (108) |  (1,20)
M-90 179968 215840 261266 241704

(20) 0,82) | (0,99) | (1,20) (1,11)

Karma M-91 | 44417 | 53433 | 63811 61431

(€) (30) (0,68) | (0,81) | (1,05) (0,94)

M-92 | 15388 | 18555 | 24501 21341

(40) (0,69) | (0,84) | (1,10) (0,96)
Ortalama (Nean/Neest ) 0,70 0,82 1,06 1,03
Standart Sapma 0,12 0,17 0,11 0,16

Tablo 3 deki hesaplama sonuglarinin deney sonuglarina orani (Nyap, /Niest) ve standart
sapma verilerine gore, yiik etkilesimli hesaplamalarda degerler ¢ indisi ile degismekle
birlikte, YAS, BAS’a gore ¢ok daha iyi degerler saglamaktadir.

Yiik etkilesimsiz hesaplamalarda ise ortalama (Nian/Niest) agisindan BAS, YAS’a
gore daha iyi sonuglar vermektedir (YAS igin 0,80; BAS igin 0,98). Standart sapma
degerleri goz oniine alindiginda ise YASin, BAS’a gore daha iyi sonug sagladigi
(YAS igin 0,18; BAS igin 0,22) goriilmektedir.
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TABLO 3. Catlak biiyiime 6mrii tahminleri (WCM).

Analitik tahminler, devir; (Ngan/Ntest)
Test Yiik etkilesimsiz Yiik etkilesimli
No. q:0,3 q:OaG q:LO
YAS BAS YAS | BAS | YAS | BAS | YAS | BAS
M-81 133043 | 165690 | 191765 | 291540 | 186796 | 276350 | 179514 | 248729
(1,15) (1,43) (1,66) | (2,52) | (1,61) | (2,39) | (1,55) | (2,15)
M-82 42944 53345 60035 | 96441 | 58735 | 91045 | 56135 | 80645
(0,73) (0,91) (1,03) | (1,65) | (1,00) (1,55 | (0,96) | (1,38)
M-83 14344 18020 19735 | 31441 | 19544 | 29945 | 18435 | 26453
(0,79) (0,99) (1,09) | (1,73) | (1,08) | (1,65) | (1,02) | (1,46)
M-84 282863 | 339150 - - - - 373168 | 475000
(1,05) (1,26) - - - - (1,39) | (1,77)
M-85 70118 83985 106459 | 155235 | 101468 | 145412 | 93481 | 128312
(0,73) (0,88) (1,11) | (1,62) | (1,06) | (1,52) | (0,98) | (1,34)
M-86 22231 26678 34259 | 50169 | 32375 | 46935 | 29831 | 41235
(0,61) (0,73) (0,94) | (1,38) | (0,89) | (1,29) | (0,82) | (1,13)
M-88 271501 | 319201 - - 552001 | 701101 | 360901 | 520201
(0,71) (0,84) - - (1,45) | (1,84) | (0,95) | (1,37)
M-89 93001 109501 - - 198901 | 257401 | 125401 | 189301
(0,56) (0,66) - - (1,21) | (1,56) | (0,76) | (1,15)
M-90 221113 | 267598 - - - - 295636 | 416966
(1,01) (1,23) - - - - (1,36) | (1,91)
M-91 50266 60818 - - 73031 | 112513 | 67756 | 95633
(0,77) (0,93) - - (1,11) | (1,71) | (1,03) | (1,46)
M-92 16506 20286 24946 | 40331 | 23891 | 37545 | 22391 | 31892
(0,74) (0,91) (1,12) | (1,82) | (1,08) | (1,69) | (1,01) | (1,44)
Ortalama 0,80 0,98 1,16 1,79 1,17 1,69 1,08 1,51
(Ntah/Ntest)
Standart 0,18 0,22 0,23 0,35 0,21 0,29 0,24 0,30
Sapma

99

WCM sonuglaria gore yiik etkilegimli hesaplamalarda YAS teknigi, yiik etkilegsimsiz

hesaplamalarda ise BAS yontemi kullanilmasinin daha uygun olacagi degerlendiril-

mektedir.

4. Sonucg ve Oneriler

Bu ¢aligma kapsaminda hasar toleransi 6miir analizinde etken olan parametrelerden

ylk devri sayma teknikleri irdelenmis ve yiik etkilegimli tahminlerde YAS tekniginin,

ylk etkilesimsiz tahiminlerde ise BAS yonteminin daha iyi sonuglar verdigi gézlem-

lenmigtir.



100 Akytirek

Yiik sayimi yapilirken baglangicta kullanilan yiik aralig filtre ol¢iistiniin émiir tah-
minleri lizerine etkisi bu ¢aligma kapsaminda incelenilmemis olup, farkh filtre olgi-

lerinin Omiir tahmini iizerine etkilerinin incelenmesinde yarar goriilmektedir.
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Ozet. Bu makalede, verilen bir X" kategorisi icin, verilen bir M C X derlemesi tizerindeki
kapanig operatorlerinin belli kategorilerini, X’ lizerindeki 6nsinif-degerli esnek 6ndemetlerin
belli kategorilerinin i¢ine tam gémiiyoruz. Daha sonra, X iizerindeki onsiif-degerli esnek
ondemetlerin biraz once bahsi gecen kategorilerini, X {izerindeki topolojik izleclerin belli
kategorilerinin i¢ine tam gomiiyoruz. Elde edilen dolu gommeleri birlestirerek, verilen bir
kapanis operatdriinden bir topolojik izlec inga ediyoruz.t

Anahtar Kelimeler. Kapanig operatorii, esnek éndemet, esnek dogal doniigiim, (tam)
onsirali ya da kismi sirali simf, (zayif) topolojik izleg.

Abstract. In this article for a given category X', we fully embed certain categories of
closure operators on a given collection M C A7, in certain categories of preclass-valued
lax presheaves on X'. We then fully embed the just mentioned categories of preclass-valued
lax presheaves on X, in certain categories of topological functors on X. Combining the full
embeddings obtained, we construct a topological functor from a given closure operator.

Keywords. Closure operator, lax presheaf, lax natural transformation, (complete)
preordered or partially ordered class, (weak) topological functor.

1. Introduction

The categorical notion of closure operators has unified several notions in different
areas of mathematics, [12]. Tt is studied in connection with many other notions
as well as the notion of topological functors. Closure operators and/or topological
functors have been investigated in [1] to show full functors and topological func-
tors form a weak factorization system in the category of small categories, in [3],
to characterize the notions of compactness, perfectness, separation, minimality and
absolute closedness with respect to certain closure operators in certain topological

categories, in [4] to show that the category of MerTop is topological over Top and to
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study certain related closure operators, in [5] to verify that there is a bicoreflective
general process available for carrying out certain constructions and that the bicore-
flector can be adapted to respect a closure operator when the topological construct is
endowed with such, in [6] to prove certain categories are topological, in [8] to define
connectedness with respect to a closure operator in a category and to show that un-
der appropriate hypotheses, most classical results about topological connectedness
can be generalized to this setting, in [9] to define and compare an internal notion of
compact objects relative to a closure operator and relative to a class of morphisms,
in [10] to show that Alg(7") as well as some other categories are topological, in [11] to
provide a product theorem for c-compact objects which gives the known Tychonoff’s
Theorem, in [13] to investigate epireflective subcategories of topological categories
by means of closure operators, in [14] to study initial closure operators which include
both regular and normal closure operators, in [15] to study the concepts of isolated
submodule, honest submodule, and relatively divisible submodule, in [16] in con-
nection with semitopologies, in [17] to show certain fuzzy categories are topological
and extended fuzzy topologies are given dually as a certain fuzzy closure operators,
in [18] to study the notions of closed, open, initial and final morphism with respect
to a closure operator, in [19] to give a connection between closure operators, weak
Lawvere-Tierney topologies and weak Grothendieck topologies and in [21] to prove
for a topological functor over B, every cocontinuous left action of B(b,b) on any
cocomplete poset can be realized as the final lift action associated to a canonically

defined topological functor over B; to mention a few.

The categories we consider in this paper are generally quasicategories in the sense

of [2], however we refer to them as categories.

For a given category X, in Section 2 of the paper, we introduce the categories,
Cl(X) (Cl4(X)), of closure operators (respectively, semi-idempotent closure opera-
tors) and we show they can be fully embedded in the categories, Prclsy;  (respec-
tively, Prclsgfp), of preclass-valued lax presheaves (respectively, preclass-valued semi
presheaves). We also consider the cases where the domain of the closure operator
is a complete preordered class, or a complete partially ordered class and fully em-
bed the corresponding categories in complete preclass-valued lax presheaves, etc. In
Section 3, we show the category Prclséiop can be fully embedded in the category
CAT(X) of concrete categories over X. In Section 4, we fully embed the category
Prclsg(fp in the category, WTop,(&X'), of weak 1-topological categories over X'. We

also prove if the semi presheaves are complete preclass valued, then the embedding
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factors through the category, WTop(X), of weak topological categories over X'; and
that if they are poclass valued, then the embedding factors through the category,
Top(X), of topological categories over X. We conclude this section by combining
the previously obtained full embeddings to get (weak) topological categories from

given closure operators. Finally, in Section 5, we give several examples.

2. Lax Presheaves via Closure Operators

For a category X, we denote the collection of objects by Ay and the collection of

morphisms by A.

Definition 2.1. Let X be a category and for z € X, X;/x be the class of all
morphisms to x. Define a preorder on X;/x, by f < g if there is a morphism «
such that f = g o a and let “~” be the equivalence relation generated by “<”, so
that f ~ g if and only if f < g and g < f. For M C X, the above preorder and
equivalence relation on &) /x can be passed over to M /z. Also we write m ~ M /z
(m ~ M) if there is n € M/z (n € M) such that m ~ n.

Denoting a pullback of g along f by f~'(g), one can easily verify:

Lemma 2.2. Let f : @ — y be a morphism and g,h € X, /y such that f~*(g) and
f7Y(h) exist.

(i) If g < h, then f~'(g) < f~1(h).

(ii) If g ~ h, then f~'(g) ~ f~(R).
Definition 2.3. M has X-pullbacks if for all f : x — y in &), whenever m € M /y,
then a pullback, f~'(m), of m along f exists and f~!'(m) € M/x.

Definition 2.4. Let M C X} have X-pullbacks. A closure operator cy; on M is a
family of {c¢}, : M/x — M/x},ex, of functions with the following properties:

(i) For every m € M/x, m < c¢§,(m) (expansiveness),
(ii) For m,n € M/x with m <n, ¢§,(m) < ¢i,(n) (order preservation),
(iii) For every f : ¢ — y € Xy and m € My, &, (f~H(m)) < f71(c%(m))
(continuity).

Sometimes we use the notations f or cu(f) instead of ¢4 (f).
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Definition 2.5. Let X be a category with a closure operator cp, on it.

(i) An object m € M is called semi-closed if m ~ m. A closure operator cy is
called semi-identity if all the members of M are semi-closed.

(ii) An object m € M is called semi-idempotent if 7 is semi-closed. A closure
operator cyq is called semi-idempotent if all the members of M are semi-

idempotent.

Lemma 2.6. Let cnq be a closure operator.

(i) If m € M is semi-closed, then so is f~(m).

(i) If m € M is semi-idempotent, then f~(m) is semi-closed.

Proof. (i) By Lemma 2.2 (ii), f~'(m) < f~Y(m) < f~'(m) ~ f~*(m). The result

follows.

(ii) Follows from part (i) and the fact that 7 is semi-closed. O

Definition 2.7. A closure morphism, ¢ : cpq — ¢, from a closure operator cp to
a closure operator ¢y is a family of order preserving maps {¢* : M/x — N/} e x,

such that for each f : x — y in X} and each m in M/y, ¢*(f~1(m)) < f~(cv(m)).

The collection of the identities form a closure morphism 1.,, : caq — caq and for
morphisms ¢ : ¢y — ey and ¢ ey — ¢, ¢ oc(fTHm)) < d(fHe(m))) <

(f7X(c(e(m)))). Hence ¢ o c is a closure morphism. So we have:

Lemma 2.8. The closure operators in a category X whose domain has X -pullbacks,

together with the closure morphisms form a category.

We denote the category of Lemma 2.8, whose objects are the closure operators in
a category X for which the domain has X-pullbacks, and whose morphisms are the
closure morphisms, by Cl(X). The full subcategory of CI(X) whose objects are
semi-idempotent is denoted by Cls(X).

With Prcls the category of preclasses with order preserving maps, we have:

Definition 2.9. (a) A preclass valued lax presheaf M : X°°? — Prcls is a map
that satisfies the following two conditions:
(i) For each x € X, 1p7(2) < M(1,).
(ii) For each f,g € X1, M(fog) < M(g)o M(f).
A preclass valued semi presheaf is a preclass valued lax presheaf satisfying
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(iiy For cach f,g € &, M(f o g) ~ M(g) o M(f).
(b) A lax natural transformation ¢ : M — M’ is a transformation such that for
each morphism f : z — y, one has ¢, o M(f) < M'(f) o p,.

If o: M — M’ and ¢ : M’ — M" are lax natural transformations, then for each
morphism f : x — y we have (o), o M(f) < o M'(f)op, < M"(f)oh,0p, =
M"(f)o (¢ op)y,. So 1o isalax natural transformation. It follows that:

Lemma 2.10. Lax presheaves and lax natural transformations on X form a cate-

gory.

We denote the category of Lemma 2.10 by Prclsffjp and its full subcategory whose

. . op
objects are semi presheaves by PrclsgcL :

Definition 2.11. For ¢y : M — M in ClI(X), let M. : X°® — Prcls be the
mapping that takes f : x — y to M.(f) : M/y — M/x, where M.(f)(m) =
f~Y(m) for f the identity morphism, we pick f~! to act like identity.

Proposition 2.12. M. is a lax presheaf.

Proof. Since M has X-pullbacks, M.(f) is well-defined. For m,n € M/y with
m < n, m <n and consequently for each f:x — y, f~1(m) < f~1(n). So M.(f)
is a morphism in Prcls.

For m € M.(x) and morphisms f : z — y and g : y — 2z, we have m < m =

Mc(1)(m) and Mc(g o f)(m) = (go f)~'(m) ~ f~Hog™'(m) < f~(g~'(m)) =
M.(f) o M.(g)(m). So M, : X°° — Prcls is a lax presheaf. O

Definition 2.13. For ¢ : ¢y — ¢y in CI(X), let 0. : M. — N, be the transfor-
mation defined by the collection {¢* : M/x — N /x}.cx,, so that (0.), = .

Proposition 2.14. 0. is a lax natural transformation.

Proof. For each m, we have (6c), o Mc(f)(m) = 0.).(f~Y(m)) = *(f~'(m)) <
f7H(er(m)) = Ne(f)(c?(m)) = Ne(f) o (6.)y(m). Hence 6, is a lax natural transfor-

mation. O

Theorem 2.15. (i) The mapping L : CI(X) — Prclsy; , that takes the object
cm to M. and the morphism ¢ : capy — cpr to 8., is a full embedding.
(ii) The full embedding 1L restricted to Cly(X) factors through Prclsy; , yielding a
full embedding L, : Cl,(X) — Prclsg; .
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Proof. (i) One can easily verify that L is a faithful functor.

Now we show L is one to one on objects. For this aim let L(ca) = L(en). So for
each r € X we have M /x = N /x, and therefore M = N. Also for 1, : © — x and
each m € M we have M.(1,)(m) = N.(1,)(m), i.e cpm(m) = cp(m), consequently
CM = CN.

Faithfulness and the fact that L is one to one on objects renders . an embedding.
Finally to show L is full, let  : M, — N, be in hom(IL(cr(),L(cpr)). Define
¢ ex — ax by olf) = O(f). Since e(f~1(m)) = 0/~ (m)) = OOM(f)(m)) <
N(f)(@(m)) = f~(c(m)), cis in hom(cay, cpr) and it easily follows that L(c) = 6.
(i) We first need to show that for each object cpq in Clg(X), L(cpq) is a semi presheaf.
Let cp : M — M be in Cl(X). For m € M.(x), we have m <m ~ M.(1)(m); and
for morphisms f : z — y and g : y — 2, since cp4 is a semi-idempotent closure
operator, Lemma 2.6 implies, M.(g o f)(m) = (go f)7'(m) ~ f~'og t(m) ~
F (g7 (m)) = M(f) o M.(g)(m). Hence M, is a semi presheaf.

The fact that L is an embedding will easily imply that so is L. O

Definition 2.16. Let M be a collection of morphisms in X and cpy : M —> M

be a closure operator.

(i) M is locally complete if for all x € X', M/x is complete, i.e. it has meets.
(ii) M is stably locally complete if it is complete, it has X'-pullbacks, and for all
morphisms f: 2z — vy, [~ : M/y — M /z preserves meets.
(iii) cpq is meet preserving if M is stably locally complete and for all z, the mapping
iy M/x — M/ preserves meets.

We denote by CmCl(X) (respectively CmPoCly(X), the full subcategory of Clg(X)
whose objects are meet preserving (respectively meet preserving with domain a
poset). Also let ‘Cmprels’ (respectively ‘Cmpocls’) be the subcategory of ‘Prcls’
whose objects are complete (respectively complete and partially ordered) and whose
morphisms are meet preserving and denote by Cmprelsg; - (respectively Cmpoclsg; )
the category whose objects are semi presheaves M : X°°? — Cmprecls (respectively
M : X°° — Cmpocls). We have:

Corollary 2.17. The full embedding L, : Cl,(X) — Prclsg; restricts to give:

(i) the full embedding L, : CmCl,(X) — Cmprelsg; .
(i) the full embedding L, : CmPoCl,(X) — Cmpoclsg; .

Proof. Follows easily. O
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3. Concrete Functors via Lax Presheaves

Definition 3.1. For M : X°° — Prcls in Prclsg;, let [y M have objects (z,a)
with @ € M(z) and morphisms f : (z,a) — (y,b) corresponding to morphisms
f:x — yin X for which a < M(f)(b). Also define M - [y M — X to take
fi(z,a) — (y,b) to f:z —y.

Proposition 3.2. ([, M, M) is a concrete category.

Proof. For each a € M(z) we have a < M(1)(a), so 1, : (v,a) — (z,a) is a
morphism. Also if f : (z,a) — (y,b) and § : (y,b) — (2, ¢) are morphisms, then
a < M(f)(b) < M(f)oM(g)(c) ~ M(go f)(c) meaning o f is a morphism. Hence
| + M is a category. It follows easily that M is a faithful functor. a

The category [ y M is a generalization of the category of elements as defined in [20].

Definition 3.3. For 6 : M — N in Prelsg; ", let 6 - fX M — fXN be defined by
taking f : (z,a) — (y,b) ianMtof.( z,0,(a)) — (y,0,(b)) in [, N

Proposition 3.4. 0 : M — N is a concrete functor.

Proof. Obviously 6 is well-defined on objects. To show it is well-defined on mor-
phisms, let f : (z,a) — (y,b) be given in Jy M. Soa < M(f)(b). Since 6,
preserves order, 0,(a) < 6,(M(f)(b)). Since 0 is lax, 6,(M(f)(b)) < N(f)(0,(b)).
Therefore 0,(a) < ( )( y(

to f: (2,0,(a)) — (y,0,(b)) in J» N. It then follows easily that 0 is a concrete

functor. O

b)), implying the morphism f : x — y lifts uniquely

With CAT(X) denoting the category whose objects are the concrete categories over

X and whose morphisms are the concrete functors between them, we have:

Theorem 3.5. The mapping C : Prclsg, — CAT(X) that takes the morphism
O: M — N to: M— N is a full embedding.

Proof. Tt follows easily that C is a functor. To show it is faithful, let M %;N be
morphisms in Prelsg; . such that § = §'. Then 6(z,a) = @' (z, a), and so (x,0,(a)) =
(2,0 (a)). Therefore 0,(a) = 0 (a), implying 6 = ¢'.

Next we show C is one to one on objects. So suppose M = N. It follows that
[y M = [, N. Now if a € M(z), then (z,a) € [, M and so (z,a) € [, N, which
implies a € N(z). Therefore M(z) C N(z). Similarly N(x) € M(z). Hence
M = N. It now follows that C is an embedding.
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Finally to show fullness, let ' : M — N be a morphism in CAT(X). Since
NoF =M, if F(z,a) = (y,b), then y = 2. We define 6 : M — N so that 0,(a)
is the second component of F(z,a). Therefore we have F(z,a) = (x,0,(a)). To
show 6 is lax, let f : x — y be a morphism in X and b € M(y). Then f lifts to

f (e, M(f)(0)) — (y,b) in [, M and so F(f) : (z,0.(M(f)(b))) — (y,6,(b)) is in
[ N. Therefore, with g = F(f), 0,(M(f)(b)) < N(g)(0y(b)). But NoF(f) = M(f)
implies g = f and so 6, (M (f)(b)) < N(f)(6,(b)). Hence 6 is lax.

It is obvious that § = F. O

4. Topological Functors via Closure Operators

Definition 4.1. A functor G : C — X is said to be weak (1-)topological if every

structured (1-)source (f; : ¥ — y; = G(b;)); has an initial lift (f; : a — b;);.

Proposition 4.2. (i) For M € Prclsy, ", M [y M — X is weak 1-topological.
(ii) For M € Cmprelsg; M : Jy M — X is weak topological.
(iii) For M € Cmpoclsg; M : [ M — X is topological.

Proof. (i) If f: a2 — y = M(y,a) is an M-structured morphism, then obviously
fi(x, M(f)(a) — (y,a) is a lift of f. To show [ : (z, M(f)(a)) — (y,a) is
initial, suppose g : 2 — x is such that f o g has a lift % : (z,¢) — (y,a), then
c<M(fog)(a)~ M(g)(M(f)(a)). Hence there is a lift g : (z,¢) — (x, M(f)(a))
of g.

(ii) Consider an M-structured source S = (f; : © — y; = M (y;, a;)); over I. For
each i € I, M(f;)(a;) € M(xz) which is a complete preclass. Let a be a meet of
M(f;)(a;). We show that S = (f; : (z,a) —> (y;, a;)); is an initial lift of the source
S. If g: 2 —> x is such that So g has a lift P = (fio g : (2,¢) —> (i, a;));, then
for each i we have ¢ < M(f;09)(a;) ~ M(g)(M(fi)(a;)). Since M (g) is a morphism
in Cmprecls, it preserves meets. Hence we have ¢ < M(g)(a), i.e. there is a lift
g:(z,¢) — (x,a) of g.

(iii) If (z,a) ~ (x,b) in M~ (x), then a ~ b in M(x) and so a = b. Therefore M is
amnestic. By part (ii) M is weak topological, hence it is topological. O
Denoting by WTop, (X) (respectively WTop(&X'), Top(&X')) the full subcategory of
CAT(X) whose objects are weak 1-topological (respectively weak topological, topo-

logical), we have:
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Theorem 4.3. We have:

(i) The full embedding C : Prclsg, — CAT(X) factors through WTop,(X),
yielding a full embedding C : Prclsg; — WTop, (X).
(ii) The full embedding C : Cmprelsy, — CAT(X) factors through WTop(X),
yielding a full embedding C : Cmprclsg, — WTop(X).
(iii) The full embedding C : Cmpoclsg, — CAT(X) factors through Top(X),
yielding a full embedding C : Cmpoclsg; — Top(X).

Proof. Follows from Theorem 3.5 and Proposition 4.2. O

Corollary 4.4. We have the following full embeddings.

(i) Wy : Cly(X) — WTop, (&X).
(ii) W : CmCly(X) — WTop(X).
(iii) 7 : CmPoCl(X) — Top(X).

Proof. Composing the full embeddings given in Theorem 2.15, Corollary 2.17 and
Theorem 4.3 yields the given full embeddings. a

5. Examples

Lemma 5.1. Let U : X — Set be a construct, Epi be the collection of all the
epis in X and linc = {i : a — x : 1 is initial and U(i) is the inclusion}. Suppose
X has pullbacks and unique (Epi, linc)-factorization that is pullback stable. If the
collection M 2D Iinc has X -pullbacks and satisfies: m = io0e with m € M, e € Epi

and i € Iinc, itmplies e is a retraction, then:

(i) M is (stably) locally complete if Tinc is.

(ii) any closure operator () : Iinc —» linc extends to a closure operator on M

such as ¢ : M — M. Furthermore c is idempotent if () is.

Proof. (i) Suppose linc is locally complete. Given any collection m, € M/x for
some x, let m, = i, 0 e, be the factorization of m,. Using the fact that e, is a
retraction, one can easily verify that any meet of the collection i, is a meet of the

collection my,.

Now suppose linc is stably locally complete. Given a morphism f : x — y and a
collection my, : b, — y in M/y, let m, = i, © e, be the factorization of m,,

and n, be the pullback of m, along f. Since factorizations are pullback stable,
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in, = [ Himy): S0 Ang = Nip, = Af im,) = T (Nimy) = f7HAM), as
required.

(il) Given m : a — x in M/z, let m = i,, oe,,, with e,, € Epi and i, € linc. Define
c(m) = ip,. Since m < iy, and i, <y, m < c(m). If m < n via a (i.e. m =noa),
then i, < i, via e, o a0 s,,, where s,, is the right inverse of e,, which exists since
m € M. So (m) = i, < i, = c(n). Finally suppose f : # — y is a morphism
in X and m € M/y. Let n be the pullback of m along f. Since factorizations are
pullback stable, i, = f (in). S0 ¢(n) = in = [ (im) < f ' (im) = f ' (c(m)),
as desired. Hence c is a closure operator on M. If m € linc, then i,, = m and so

¢(m) = i,, = m. Hence c is an extension of the given closure operator.

Also with m € M, we have ¢(m) = i, € linc. So ¢(c(m)) = c(iym) = im, rendering ¢

idempotent if () is. O

Example 5.2. Consider the category Set as a construct over Set via the identity
functor. The collection Iinc of Lemma 5.1 is the collection Inc of all the inclusions
which is stably locally complete. So if M is a class of morphisms that has X-
pullbacks and contains all the inclusions (M can be the collection of inclusions, the
collection of monos, or the collection of all the morphisms, among others), then all

the conditions of Lemma 5.1 are met, and so M is stably locally complete.

Next consider the identity closure operator on Inc. By Lemma 5.1, we get an
idempotent closure operator ¢ on M. ¢(m) is just the image of m. Note that each
inclusion is closed and every morphism m € M is semi-closed (because m = i,, o e,

and e, is a retraction). Hence c is a semi-identity closure operator.

The associated category [ M, related to this closure operator, has objects (X, m),
where X is a set and m : A — X is in M for some set A; and has morphisms
f:(X,m) — (Y,n), where f : X — Y is a function such that m < f~!(c(n)) or
equivalently I'm ., C I'm,, or equivalently f om < n. This category over Set is, by

Corollary 4.4 (ii), a weak topological construct.

Example 5.3. Consider the category Top of topological spaces and continuous
functions as a construct over Set via the forgetful functor. The collection linc of
Lemma 5.1 is the collection Inc of all the inclusions (with the subspace topology)
which is stably locally complete. So if M is a class of morphisms that has X-
pullbacks and contains all the inclusions such that in the (Epi, Inc)-factorization of

each m in M, the epi factor is a retraction (M can be the collection of inclusions, the
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collection of embeddings (i.e., initial monos), among others), then all the conditions

of Lemma 5.1 are met, and so M is stably locally complete.

Consider the following closure operators on Inc, that take the inclusion map 7 :
A — X to the inclusion map i : A — X, [7], where A is:

(i) the intersection of all closed subsets of X containing A.

(i) the intersection of all clopen subsets of X containing A.

(iii) the union of A with all connected subsets of X that intersect A.

(iv) the set of all € X such that for every neighborhood U of z, AN{z}NU # 0,
that {z} is the topological closure of the subset {x}.

(v) the set of all z € X such that for every neighborhood U of z, ANU # (), that

U is the topological closure of the subset U.

By Lemma 5.1, each of the above closure operators yield a closure operator ¢ on
M, where ¢(m) = i,,, with i, the image of m. All the above closure operators
are idempotent except the one in part (v). So in cases (i) to (iv), we may consider
the categories [ M related to these closure operators. Objects of these categories
are (X, m), where m : A — X is in M and morphisms are f : (X,m) — (Y, n),
where f : X — Y is a continuous function such that m < f=!(c(n)) or equivalently

fom <i,. These categories over Top are, by Corollary 4.4 (ii), weak topological.

Example 5.4. Consider the category Grp of groups and group homomorphisms as
a construct over Set via the forgetful functor. The collection linc of Lemma 5.1 is
the collection Inc of all the inclusions (with the subgroup structure) which is stably
locally complete. So if M is a class of morphisms that has X-pullbacks and contains
all the inclusions such that in the (Epi, Inc)-factorization of each m in M, the epi
factor is a retraction (M can be the collection of inclusions, the collection of initial
monos, among others), then all the conditions of Lemma 5.1 are met, and so M is

stably locally complete.

Consider the following closure operators on Inc, that take the inclusion map i :
A — X to the inclusion map i : A — X, [7], where A is:

(i) the intersection of all normal subgroups of X containing A.
(i) the intersection of all normal subgroups K of X containing A such that X/K
is Abelian.
(iii) the intersection of all normal subgroups K of X containing A such that X/K
is torsion-free.

(iv) the subgroup generated by A and by all perfect subgroups of X.
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By Lemma 5.1, each of the above closure operators yield a closure operator ¢ on
M, where ¢(m) = 4,,, with 4, the image of m. All the above closure operators are
idempotent except the one in part (iv). So in cases (i) to (iii), we may consider the
categories [ M related to these closure operators. Objects of these categories are
(X,m), where m : A — X is in M and morphisms are f : (X,m) — (Y, n), where
f: X — Y is a group homomorphism such that m < f~'(c(n)) or equivalently

fom <i,. These categories over Grp are, by Corollary 4.4 (ii), weak topological.

Example 5.5. Consider the category Set, of pointed sets and point preserving
functions. Let M be any collection of morphisms that has X-pullbacks and is stably
locally complete. Define ¢ : M — M to take the morphism m : (A, ag) — (X, o)
tom® o : (A]]1,a0) — (X, 20), where 1 is the terminal and zy : 1 — X is
the map taking the point to . Now m < m @ & via vy : A — AJ] 1, the first
injection to the coproduct. If m < n via ¢, then m @ o < n® &y via ¢ [[ 1. Finally,
given f : (X, x9) — (Y,yo) and m : (B,by) — (Y, o), let n : (A, a9) — (X, )
be the pullback of m along f. Then c(f~'(m)) = c¢(n) = n® &y and f~!(c(m)) =
Y m @ 9) = n @i, where i : (f*(vo),70) — (X, z0) is the inclusion. But
n® o <ndivia 1]]Zo. Hence ¢ is a closure operator.

Now for m : (A, ag) — (X, x¢) in M, ¢(m) = m @ &y and c(c(m)) = m & Ty & .
Since m @ Zo © g < m B Io via 1[J(1 1) : (A[J1]]L,a0) — (A]I1,a0),
m @ g~ mo® gD To. Hence c is semi-idempotent but obviously not idempotent.
The corresponding weak topological category can be constructed as in the previous

examples.

Example 5.6. Let (X, <) be a complete partially ordered set and X = C(X, <)
be the associated category. With M = X} and c the identity closure operator on
M, the corresponding category [ M has objects (z,2") with 2/ < z and there is a
unique morphism f : (z,2') — (y,v) if and only if x < y and ' Az < 2/. By
Corollary 4.4 (iii), this category is topological over X.
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