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Ozet. Dinamik sistemlerin birebirligi ve herhangi bir dinamik sistemin esas geniglemesi bu
makaledeki en 6nemli kavramlardir. Herhangi bir dinamik sistem icin birebir geniglemenin
varligin1 kanithiyoruz. Ayrica, ast esas geniglemesi olmayan her dinamik sistemin birebir
oldugunu anhyoruz.'

Anahtar Kelimeler. Birebir dinamik sistem, geri cekme, denklik bagintisi, esas genigleme.

Abstract. Injectivity of dynamical systems and essential extension of any dynamical
system are the most important notions in this paper. We prove the existence of injective
extension for any dynamical system. Also we see that every dynamical system without
any proper essential extension is injective.
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1. Introduction

Motivated by some algebraic notions like injectivity in Module theory [2] we thought
about injectivity in dynamical systems. In view of this goal, by using the definition
of extended morphism, the notion of injectivity in dynamical systems is introduced.
It is definitely very important to show the existence of an injective extension for any
dynamical system, which is a useful tool for proving some theorems in the paper.

Also this note proves the existence of an injective dynamical system.
Retraction and the relation between it and injectivity is the next notion.

In Section 3, essential extension of dynamical systems is a new notion to introduce.

For continuation, in the same section we illustrated the use of congruence relation
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and generated congruence relation by a subset of cartesian product of state space
in dynamical system. In a theorem, we see every dynamical system which has no

proper essential extension, is injective.

2. Injectivity in Dynamical Systems

We see a dynamical system as this view [1]: {4, {¢'}icz} where ¢' : A — Ais a
mapping such that ¢’ o ¢/ = ™ and ¢ = idy.
In [3] we stated the definition of extended morphism between two dynamical systems

as the following:

Definition 2.1. [3] Let {A, {¢'}icz} and {B,{¢'}icz} be dynamical systems. The
mapping f : A — B is called an extended morphism between two dynamical systems
{A ¢ Viez} and {B, {¢'}icz ) if f(o'(a)) = ¥'(f(a)), for all i € Z and a € A.

If f is one to one or onto then it is called an extended monomorphism or an extended
epimorphism, respectively. If f is one to one and onto then it is called an extended

isomorphism

Obviously the composition of two extended morphism is an extended morphism as

well.

Definition 2.2. [3] Let {A, {¢'}icz} be a dynamical system and A’ C A, then
{A" {¢" |a}icz} is called a subdynamical system of the dynamical system
{A{¢' Viez} if p'(a) € A’ for all ¢ and for all a € A'.

Example 2.3. (a) {R",{¢" |g+}icz} is a subdynamical system of {R,{¢'}icz}
where .
:R — R
r — xe?
and 0 € R is a fixed element.
(b) f: R — R, where f(z) = 2z is an extended morphism on the dynamical

system {R", {¢©" |r+ }iez}-
We define injective dynamical system as follows:

Definition 2.4. Let {A,{¢'}icz}, {B,{¢'}icz} and {C,{®'}icz} be dynamical
systems. The dynamical system {A,{¢'}icz} is said to be injective if for every
extended monomorphism h : B — C and each extended morphism f : B — A there
exists a mapping g : C' — A such that gh = f.
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The following proposition is an important key for the other theorems and proposi-
tions. In this proposition, we see any dynamical system has an injective extension.

Also it shows the existence of injective dynamical system.

Proposition 2.5. Any dynamical system has an injective extension.

Proof. Let {A,{¢'}icz} be a dynamical system. A can be embedded in AZ by
p: A — AZ where p(a) = f, and f,(n) = a, for all n (p is an extended monomor-
phism). We note that {AZ, {¢'},cz} can be considered as an dynamical system

W(f) :{ fgo"(a) f:fa

where

f f#fa
If {B,{w'}icz} and {C,{r'}icz} be dynamical systems and k : B — C and

g : B — A? be extended monomorphism and extended morphism, respectively,

between dynamical systems. We consider h : C' — AZ where

[ O cekB)
h“’)(”)‘{ ) cgh(B)

and fy: Z — Ais a fixed point in A% . Clearly ho k = g. O

Corollary 2.6. Any dynamical system can be embedded in an injective dynamical

system.

We define the product of dynamical systems as the following:
Let {A;, {¢}}icz}jes be a family of dynamical systems then

I14 {(H %)l}

jed jeJ iz
is a dynamical system where

(HjeJ ) HjeJ Aj — ngJ Aj
{ajtier = {¢i(a;)}ies

It is easy to see that:

Proposition 2.7. Let {{Qj,{goé}iez},j € J} be a family of injective dynamical
systems then {[1Q;, {(I1¢;) }icz} is an injective dynamical system.
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Definition 2.8. The subdynamical system {4, {¢® |4 }icz} of the dynamical system
{B,{p'}icz} is said to be retract of dynamical system {B,{¢'};cz} if there exists
an extended morphism f : B — A such that f |4=id.

Example 2.9. In Example 2.3, the subdynamical system {R", {¢® |r+ }icz} is a re-
tract of dynamical system of { R, {¢'}icz}. Because there exists extended morphism
f:R— R" where f(x) = |z| and f |g+=id.

A dynamical system is said to be absolutely retract if it is retract of any its extension.

Lemma 2.10. Any retract of an injective dynamical system is injective.

Proof. Let {A,{¢" |a}icr} be retract of injective dynamical system {B, {¢'}icr}-
Then there exists extended morphism ¢g : B — A such that g [4= id. Also let
{C {'}iez} and {D, {p'}icz} be dynamical systems and f': C — D, f" : C —
A be extended monomorphism and extended morphism, respectively. Now there
exists a mapping f : D — B such that ff’ = if where i : A — B is inclusion.

Hence gff' = f". O

Corollary 2.11. Any absolutely retract dynamical system is injective.

Proof. By Proposition 2.5, {A,{¢" |a}icz} has an injective extension like
{D,{¢'}icz}. Then there exists extended morphism h : D — A such that h | 4= id.
Let f: B— C'and g : B — A be extended monomorphism and extended morphism,
respectively. Hence there exists ¢ : C' — D such that ¢ f =C g, where C: A — D
is inclusion. Therefore hof = g. 0

3. Essential Dynamic System and Injectivity

In this section we begin with the definition of congruence relation and an important
theorem. Then we define essential dynamical system and get some interesting notes

about essentiality and injectivity.

Definition 3.1. Let {A, {¢'}icz} be a dynamical system and p be an equivalence
relation on A. We say p is a congruence relation on the above dynamical system if

for all a,a’ € A where a p a’, we have p'(a) p p'(a’) for every i € Z.

Example 3.2. Let
©:R — R

x — ze?
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where 6 is a constant. {R, p'},c7 is a dynamical system. We define an equivalence
relation = on R as the following:

x =y if and only if x,y > 0 or x,y < 0.
It is obvious that x = y < ¢'(z) = ¢'(y), for all i. Then = is a congruence relation.

If § is a congruence relation on dynamical system {B,{¢'};cz} then by considering
B/6 = {[bls | b € B} and
VB0 — B/
[blo = [£*(0)]s
{B/0,{¢'}icz} is a dynamical system.

Proposition 3.3. Let {A, {¢'}icz} be a dynamical system, X C Ax A and p = p(X)
be the generated congruence relation by X. Then for every a,b € A, apb if and only
if a =b or there exist a natural number n and a sequence a = " (¢y),

" (d1) = (), 9"(d2) = ¢"(c3), ., ¢ (dnor) = 0" (cn), @™ (dn) = b
such that ty,...,t, € Z and ((¢;,d;) € X or (d;,¢;) € X), for alli € {1,2,...,n}.
Proof. We show that the above defined congruence relation is the smallest congru-

ence relation which is included in X. It is clear to see p is reflexive and symmetric.

Also if a pb and b p ¢ then there exist natural numbers n and k£ and two sequences

a = 80“(61)7
tld _ .t t2d _ l3 tnfld _  qtn

O (dy) = @™ (c2), @2 (d2) = ©(c3), -y @ Hdno1) = @ (cn),

ptn d,) =0
and

b= " (c)),

P (dy) = "2 (ch), P2 (dh) = '5(cy), .., Pr1(d)_y) = (),
e (d)) = c

such that for all i € {1,2,...,n} and j € {1,2,...,k}, t;,t; € Z and ((¢;,d;) € X or
(d;,c;) € X). Also (C;,d;) €Xor(d,d)eX.

177
Now by choosing d,,1; := d, cyj == ¢; and ¢, := t; we have the following sequence
a= Sotl (Cl)v
¢ (d1) = ¢ (c2), oo ¢ (dn) = @ (Cag); ooy @ (A1) = @ (Copn),s
@tk (dnir) = ¢
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such that for i € {1,2,....,n+k}, t; € Z and ((¢;,d;) € X or (d;,¢;) € X). It shows
apc. Alsoif a =b or b = c then apc. Hence p is an equivalence relation. It is clear
that if a pb then p'(a) p (D), for all i € Z.

Let 0 be a congruence relation on A which is included in X and (a,b) € p(X).

If @ = b then by the reflexivity property (a,b) € 6.

Now let a = @™ (c1), 9" (dy) = ¢"2(ca), ..., @ (dn1) = @™ (cn), ' (d,) = b where
for all i € {1,2,...,n}, ((¢;,d;) € X or (d;,¢;) € X) and t; € Z. Hence by respect to
X C 6, where (¢ (c1), ¢™2(dy)) € 6.

Now let (¢ (e1),p'1(d;—1)) € 6 for all i < n. Because of ¢™(c,)0p™(d,) and
o' (cn) = @' 1(d,_1) and transitivity’s property of 6, (a,b) € 6. O

Corollary 3.4. Let {A,{p'}icz} be a dynamical system and ay,ay € A. Then the
smallest relation on A which is included {(ay,as)} is defined as the following and is
denoted by [ay, as):
951[611, a2]9132
if and only if
(21 = a;,x2 = aj,4,5 € {1,2})
or
ry = 0" (ay,), " (aj) = ¢ (ag,), ..., ¢ (aj,) = 2o,

where (aj,,aj) = (a1, az) or (a;,,a; ) = (az,a1), for allk =1,2,...,n, s1,...,s, € Z.

Now let f : A — B be a extended morphism between dynamical systems. We can

define the kernel as the following:
a ker f d' & f(a) = f(d).

Definition 3.5. Let {A,{¢" |a}icz} is a subdynamical system of dynamical sys-
tem {B,{p'}icz}. B is an essential extension of A if every extended morphism

h : B — C' is monomorphism if i |4 is monomorphism, for every dynamical sys-

tem {Cv {W}zez}

Example 3.6. Let {A, {¢ |4}icz} be a subdynamical system of { B, {¢'}icz}. Then
by Zorn’s lemma the set L = {6 € con(B) | § N A? = A4} has a maximal element
0. Now B/0 is essential extension of A/6f. (see Theorem 3.9)

Lemma 3.7. Let {A,{¢" |a}icz} be a subdynamical system of dynamical system
{B,{p'}icz}. Then the following conditions are equivalent:



CUJSE 10 (2013), No. 1 121

(1) B is essential extension of A,

(2) for every 6 € con(B) such that A — B — B/0 is a monomorphism then
0 = Ap, where Agp = {(a,a) | a € B},

(3) for every 6 € con(B) if 0 N A% = A, then § = Ap.

Proof. (1 = 2= 3): is clear.

(3= 1): Let h : B — C be an extended morphism of dynamical systems such that
h |4 is monomorphism. Now we consider 6 := ker h. Since Ay = kerh [4= 0 N A2,
we have 0 = Ap. O

Theorem 3.8. If {A,{¢" |a}icz} and {C.{¢" |c}icz} are subdynamical systems of
{B,{¢'}icz}. Also A C C and B is essential extension of C. Then the following

conditions are equivalent:

(1) B is essential extension of A,

(2) If 6 is congruence relation on B such that 0 # Ap then 0 N A% # Ay,

(3) For all by,by € B such that by # by there exist a;,as € A such that ay # as
and ay[by, bo)as,

(4) Condition (2) is correct for every congruence relation on C,

(5) C is essential extension of A.

Proof. (1= 2): is the same as (1= 3) of the previous Lemma.
(2= 3): Since by # by we have [by, by] # Ap. This completes proof.

(3= 4): Let 0 is a congruence relation on C, where § # Aq. Since there exists
b1,by € C' where by # by and by 0 by, there exists a;,ay € A where a;[by, be]as and
a1 # ag. Then by Corollary 3.4, a; 6 as.

(4= 5): Let ¢ : C — D is an extended morphism where is not one to one. Now
by consideration [¢] = ker ¢ we have [p] # A¢, by hypothesis [p] N A% # A 4.

(5= 1): It is clear. O

Then essentiality has transitive property, meaning if B is essential extension of A
and C' is essential extension of B then C is essential extension of A. It is clear that

essentiality is an equivalence relation.

Theorem 3.9. Let {A, {¢" |4}icz} be a subdynamical system of dynamical system
{B,{p'}icz} and © be the mazimal relation on B in the following set
L =10 € con(B) | 6N A% = A,}. Then B/O is essential extension of A/©.
Also A/© is isomorphic to A.
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Proof. The natural mapping A — A/©O is one to one, because
[ale = [ble = (a,b) €ONA*=A = a=b.

Let 1/© is congruence relation on B/© such that n/©ON(A/0)* = A 4y then n is the
congruence relation on B such that © C 7, nN A% = A4. Because for all a;,a, € A
where a; 1 az we have [a1]e(/0)[az]e. Now with respect to (/)N (A/O)? = Ay

we have [a1]e = [a2]e. Hence a; = ay. Since © is maximal in L, we have n = ©
and 7/© = Apj9. Then by Lemma 3.7 (3 = 1), B/O is essential extension of A/0.
U

Theorem 3.10. Every dynamical system { A, {¢'}icz} without any proper essential

extenston is injective.

Proof. Let B be proper extension of A. By Corollary 2.11, it is enough to prove A is
retract of B. Using Lemma 3.7, there exists 6’ € con(B) such that ¢ N A* = A4 and
0" # Ap. By Zorn’s lemma, L = {6 € con(B) | §NA? = A4} has a maximal element
0p. By Theorem 3.9, B/0, is essential extension of A/, and A/, is isomorphic to
A. Hence A/0y = B/, and for all b € B there exists unique a € A such that
lalg, = [ble,- Now there exists an extended morphism ¢ : B — A such that
¥ |a=1id. O

4. Conclusion

In this paper we introduced the new notions of dynamical systems. Injectivity,
retraction and essentiality were introduced and in some theorems we considered
their interesting relations. In one of the most important theorem we saw that every
dynamical system without any proper essential extension is injective. In the future

we want to work on the essentiality and its relation with the other types of injectivity.
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