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Ozet. Bu makalede R* icin dig ¢arpim kavrami incelenmektedir. Bu digs carpim kul-
lanilarak R®’te yeni bir carpim ortaya atilmaktadir. R?, standard toplama, skalerle carpma
ve bu ¢arpimla birlikte, birlesmeli bir cebir olugturur. Bu cebir yoluyla kuaterniyonlar i¢in
bir Lie grubu olarak yeni bir temsil sunulur. Ayrica SU(2) icin bir temsil ¢ikarilir.t

Anahtar Kelimeler. Dikgen Lie grubu, dig ¢carpim, temsil.

Abstract. In this paper the concept of outer product for R* is considered. By using this
outer product a new product on R® is introduced. R® with this product and usual addition
and scalar multiplication is an associative algebra. Via this algebra a new representation
for quaternions as a Lie group is presented. Moreover a representation for SU(2) is
deduced.

Keywords. Orthogonal Lie group, outer product, representation.

1. Introduction

In this paper we introduce an outer product on R* which is a generalization of the
outer product of R?. In fact we prove that R* with this outer product is a noncom-
mutative Lie algebra. A Lie algebra homomorphism via this outer product is intro-
duced. This homomorphism determines a representation of three dimensional Lie
subalgebras of SO(4). Moreover its exponential is similar to Rodrigues formula. We
also introduce a concept of curl for the vector fields of R*, and we will show that it
can deduce by differential forms via Hodge star operator. An associative algebra in
R5 by using of the outer product deduced. The representation of this algebra under
a special conditions is isomorphic to quaternions Lie group. This determines a class
of representations for quaternions Lie group and the Lie group SU(2).
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2. Outer Product on R*
Let us begin this section by a new definition of outer product on R*.

Definition 2.1. Let ¢ = (CLl, az, as, CZ4), b= (bl, bg, b3, b4) and A = ()\1, )\27 )\37 )\4) be
three vectors in R* and let A be a fixed nonzero vector. Then we define the outer
product of @ and b by

€1 €z €3 €4

A A2 A3 N\

axb = det (1)
a; Qag a3 aq
by by by by
= [)\2((13[)4 — a4b3) )\3(@2[)4 — a4b2) + )\4((12()3 — agbg)] €1
— [/\1((13()4 — CL4Z)3) )\3( 4 — (l4b1) + A4((11b3 — Clgbl)] €9
+ [/\1(a2b4 - a452) )\2(61154 - a4b1) + )\4(a1b2 - a2b1)] €3
— [Al(agbg — a3b2) )\Q(Cl,lbg — CLgbl) + )\3(&1&72 — agbl)] €4,

where ey, e, e3 and e, are standard members of basis of R*. We denote the usual
inner product of @ and b by a-b and we define aob by aob = (A-A)(a-b)—(A-a)(A-b).
Obviously aoAX=Xoa=boA=Xob=0.

Theorem 2.1. Ifa,b,c € R* and t € R, then

(i) axa=0andaxb=—bxa;
(i) ta x b =t(a x b);
(iil ax(b+c)=axb+axc;

( Joe=a-(bxc)and (axb)oc=ao(bxc);

( Jca=b-(axb)=0and (axboa=bo(axb)=0;
(vi) (axb) xc=(coa)b— (cob)a+ ((A-a)(c-b)—(A-b)(c-a));
(a <)

(axb)

(vii

axb)xc+(bxc)xa+ (cxa)xb=0;

—~
NAPENGS NGNS ENE NS NGNS N

(viii) (a x b)o(axb) = (aoca)(bob)— (aob)?
(ix
a-a a-A a-b
(@xb)-(axb)=| X-a XX X-b |; (2)
b-a b-A b-b

(x) If we define on R, [a,b] = a x b then R* with this bracket is a Lie algebra.
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Proof. One can prove (i), (ii), (iii), (iv) and (v) by direct calculation. We prove

other parts.

To prove (vi) we know that if a X b = (21,9, x3,24) then we only restrict our-
self to x3 which is x3 = Aj(agbs — agbz) — Aa(a1by — asby) + Aa(arby — azby). Let
(a x b) x ¢= (Y1,Y2,Y3,ys). Then
ys = — [M1(asby — asbs) — As(arbs — agby) + Aa(ar1bs — asby)](Aicy — Agcq)

— [A2(asby — asbs) — Az(azby — agbs) + Ag(asby — asbs)](Aacs — Ayco)

— [A1(agbs — agby) — Aa(arbs — asby) + Az(a1by — azby)](Aacy — Aico)
—AtAabics + Afbicr 4+ A3bacy — AeAgbacy — M Asbact + Afbacs)
— A Agaicy + Najey + ANaagcy — dadgascy — MAaasc; + Aagcs)

= — ay(
+ bs(
+ A3(A1arbsey — Agbgarcy — Mbrages + Agagbicr + Apasbscy — Agbgascy
— Aobyaycy + Aqagbacs)
— (A N)(b- ) — (A DA ) +by(A N(a- ) — (A-a)(A- )
+A3((A-a)(e-0) = (A-b)(c-a))
=(coa)bs — (cob)ag+ (A-a)(c-b) — (A-b)(c-a))As.
For the cases xy, xo and x4 one can present the similar proofs for y;, yo and yu

respectively.

Proof of (vii).

(axb)xc+(bxc)xa+(cxa)x
(cob)a+((A-a)(c-b) = (A-b)(c-a))A
+(aobje—(aoc)h+ ((A-b)(a-c) = (A-¢)(a-b))A

+ (boc)a—(boa)e+ ((A-c)(a-b) —(A-a)(b-c))A=0.

=(coa)b—(co

Proof of (viii).
(axb)o(axb)=
Ja+ ((A-a)(a-b) —(A-b)(a-a))X)ob

(@ob) +((A-a)(a-b) = (A-b)(a-a))(Aob)
(
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Proof of (ix).

(axb)-(axb)=(axb)xa))- b

b—(aob)a+((A-a)a-b) = (A-b)(a-a)A) - b

b-b) = (aob)(a-b)+ ((A-a)(a-b) = (A-b)(a-a))(A-D)
(A Aa-a) = (A-a)*)(b-b) = (A A)(a-b) = (A-a)(A-b)(a-b)

((A-a)(a-b) = (A-b)(a-a))(A-b).

Thus we have

a-a a-X a-b
(@axb)-(axby=] X-a A-X XD (3)
b-a b-XA b-b
The proof of (x) follows from (ii), (iv), (v) and (vii). O

We recall that a Lie algebra L. = M + K is the direct sum of two subalgebras M
and K if it is the vector sum of them and each elements of M commutes with all
elements of K, i.e. if X € M and Y € K then [X,Y] =0 (see [8, 9]).

Theorem 2.2. Let \ be a fired member of RY, M = {t\ : t € R, X\ € R},
K={a€eR":X-a=0}. Then R* is the direct sum of M and K.

Proof. The orthogonality condition implies each element of R* is the direct sum of
two elements of M and K respectively. Let X € M and Y € K. Then X = t\ for
somet € RandY =a, a € R* and \-a = 0. Hence

(X, Y] =[th\,a] =t(A xa)=0.

O

Let V' be a real or complex vector space and GL(V') be the group of all nonsingular
linear transformations of V' onto itself. A representation of a group G with the
representation space V' is a homomorphism 7" : g +— T'(g) of G into GL(V'). The
dimension of the representation is dimension of V. As a consequence of definition
we have: T(g192) = T(g1)T(g2), T(g7 ') =T(g9)", T(e) = E, where g1, ¢2, g € G,
e is the identity of G and E is the identity operator on V' (see [2, 3]).
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Now we define a representation via a vector space homomorphism 7 : R* — SO(4),

0 A3aq — A4a3 —Xoayg + Agas Aoag — A3as
A A 0 Atag — A A A
T(a) = A = 3a4 + Agag 104 401 1a3 + Aza1 . (4)
oG4 — Aqao  —A1a4 + Mg 0 A1as — Aaaq
—A2a3 + Azaz  Aiaz — Azar —Ajaz + Aeaq 0

As a consequence T'(a)(b) = a x b, where T'(a)(b) is product of skew-symmetric
matrix 7T'(a) with the column vector b. Moreover this liner transformation is a Lie

algebra homomorphism because
[T'(a), T(b)](c) = (T(a)T(b) = T(b)T(a))(c) = T(a)(b x ¢) = T(b)(a x ¢)
=ax(bxc)—bx(axc)=(axb)xc=T(axb)(c)="T[a,b](c).

So T'is a Lie algebra homomorphism. In fact the image T'(R*) of T' is a 3 dimensional
Lie subalgebra of SO(4).

The characteristic equation of T'(a) is

det(T(a) — T’E) = (TQ(T'Q + ()\2&1 — /\1(12)2 + (/\3@1 — )\1&3)2 + ()\4@1 — /\1a4)2—|—
()\Qag — )\3&2)2 + ()\2&4 — )\4&2)2 + ()\3&4 — )\4&3)2)) = 0.

If we put

t2 = (()\2&1 — /\1(12)2 + ()\3&1 — )\1&3)2 + ()\4@1 — )\1&4)2
-+ ()\2&3 — )\3&2)2 + ()\2@4 — )\4&2)2 + ()\3(14 — )\4&3)2),

then by Cayley Hamilton theorem (see [6]) we have A%(A?+t%1) = 0 or A* = —1? A2
Thus A° = —243, A6 — 142 AT — 1143, AS — (542, A9 — (543

We give the following explicit formula for exp(A) which is similar to Rodrigues
formula (see [1, 6, 7]).

A? A3
exp(A) =T+ A+ t_2(1 —cost) + t_3(1 — sint)

Because

A? A3 A AS A AT A8 A
eXp(A):I+A+§+§+Z+g+a+7+§+a+m
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A2 A3 242 243
=] A i
AT Tyt 51
A2 trA3 642 4643
e Tt e T
T4 A A2 /2 v b 8 A3 /3 b 4T
I TR TR TR TR R TR R TR TR
A2 3 )
:]+A+t—2(1—cost)—|—t—3(1—smt).

Now we would like to define the concept of curl in R*.

Definition 2.2. Let F': R* — R* be a vector field on R*, we define the curl of F

by
el F = Gt = 5 = (Gt = S (G - S
Gt = ) Mt~ )+ M gl
FNGE = 52 = (Gt - 5+ MG — 5 s
-G — 5~ MG = 5 de(G 2 - 5 e

where FY, Fy, F3 and F} are the components of F.

This concept can be reformulated in the words of differential forms. In fact if

W = ()\QFl — )\1F2)dfl,’1d£(]2 + ()\3F1 — Ang)dZEldl'g + (/\4F1 - )\1F4)d1]1d$4
+ (/\3F2 — )\QFg)d[EQdZL‘g + (>\4F2 - )\2F4)dl’2dl‘4 + ()\4F3 - /\3F4)d$3dl’4 (5)
then

. OF  OF OF;, OF OF, OF

dw = [)\ (81'2 B (933'3) )\ (8.’131 B a.ﬁlﬁ'g) )\3(8.771 B ox 2)]d5131d£v2d£173
oF, O0F, oF, O0F oF, 0F

+ [)\1(8—1.2 - a—m) - Z(axl 81‘4) )\4(01.1 - 8—2)]d$1d$2d$4
0F, O0F; 0F, O0F 0F;  OF

+[ 1<3x3 B 8174) B 3(8:61 B 8.1’4) T 8371 B ox 3)]d$1d373d1'4
OF, 0OF3 OF, 0k 0F;  0F,

[)\2< 8x3 81’4 ) B 3( 81’2 8x4 ) )\4( 8x2 B 8.733 )]dIQdQJgdl’z;

If we set dw = Gudridredrs + Gidxidxadry, + Godridrsdxs + Gidredrsdrs then

xdw = —G4dflf4 + ngl’g —

Gadxy + Grdxy where G, Go, G, G4 are components of
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dw as mentioned. Let ¢ : T,R* — T’R* be an isomorphism between the vector

space T,R* and its dual space which is defined by
() (W) = vz wy
where dot is usual inner product in R*. For a given € R* we deduce:
0 H(xdw) = (G1, =Gy, G3, —Gy) = curl F.

Theorem 2.3. For each vector field F : R* — R* and each scalar filed f : R* — R
we have div(curl F') = 0 and curl(grad f) = 0 where

. - 8F1 3F2 8F3 8F4 .
div(F) = o, + 7 + R + . and grad(f) = (

of of of of
81’17 a.I'z’ 8x3’ 8134 )

Proof.
div(curl F)
W 0?F, B 0*F, _ 0*F, B 0*F, )4 0?F3 B 0*F,
N 2 8171(91’3 8x18x3 3 81’181}2 8171(91’4 4 axlaxQ 81‘181‘3
0*F, 0?F3 0*F, 0*F, 0*F3 0F;
— A _ _ _ A _
[ 1(81’281’3 8x28x4) 3 8%281‘1 81’281’4) T 81’281]1 8x28x3)]
0*F, 0*F, 0*F, O*F, 0*F, 0*F,
A — — — A —
+ [ 1<8I381’2 81338174 2 8x38x1 8x38x4) + 4<8I38]I1 81;3(%2
D 0*F3 B O*F, B 0*F; _ 0*F, )4 s 0*F, B 0*F,
! 81’481’2 8x48x3 2 8%481‘1 81’481’3 5 81’481]1 8x48x2
= 0.
Direct calculation implies curl(grad f) = 0 and we left its proof. O

3. An Associative Algebra on R®

In this section we introduce an associative algebra on R® which is look alike the
Clifford algebra (see [4, 7, 10]). If ag, by € R and p = (a1, as, as, a4), g = (by, ba, b3, by)
€ R* then we denote z = (ag, a1, as, as,as) and y = (by, by, by, b3, by) by ag + p and
by + q respectively. With these notations we have the next definition.

Definition 3.1. We define the product of x and y by:
xxy = (ag +p)* (bo + q) = aobo —po g+ aoq +bop +p x ¢+ (P Q).

Since © = (aop, a1, as,as,as) = (ap,0,0,0,0) + (0, a1, as,as,as) = ag + p, then the

above definition of x x y is well-defined.
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Theorem 3.1. (R, +,%) is an associative algebra with an identity element, where
its scalar product is the usual scalar product of R,

Proof. We only prove the associativity. The proof of the other properties are simple.
(xxy)xz) —x*(y*2)
= (aobo —po g+ aog +bop +p x ¢+ (p- @A) (co +7)
— (ap +p)(boco —qor +bor + cog +q x 1+ (g 1)A)
= [(aobo —p o q)co — (apgor +bopor ++(p-q)(Aor))
+ (aobo — p o g)r + co(aog +bop +p X g+ (p- @)A) + ao(qg x r)
+bo(p x 1)+ (px q) x7) + (p.g)(A X 1) + (aog +bop +p X g+ (p-q) - 7)A
— lao(boco —qor) —bo(por) —qor) —clpog) —po(xr)—(g-r)(poA)
+ agbor + apgcoq + ao(q X 1) + ag(q - r)A + bo(p X r) + co(p X q)
+px(gxr)+(qg-r)(pxA)+ (boco—qor)p+ (bo(p-7)+ +co(p-q)
+polgxr)+(g-r)(p-A))A.

By using of the equalities

polgxr)=(pxqor,p-(gxr)=pxq) 1, pxA=¢gxA=0,pord=qor=0

and
(pxg@)xr—px(gxr)=(@ExgxXr+(gxr)xp=(pxr)xq

we deduce

(xy)*z) —z*(yx*2)

=—poqr+(pxq) xr+{@og)(A-r)A
—px(gxr)+(gor)p+(qgor)(A-pA
=(pxr)xqg—(gop)r+(gor)p+[pog)(A-r)—(gor)(A-p)A=0.

Now by an example we show that (R5, +,x) is not a commutative algebra.

Let e = (1,0,0,0,0), e; = (0,1,0,0,0), e = (0,0,1,0,0), e3 = (0,0,0,1,0),
es = (0,0,0,0,1). Then

xxy = [agho — (O°A2) (O asby) + (O Nias) (O Aibi)]eo + [aoby + arbo + Ao (azby — asbs) —
Az(agby — asbs) + As(agbs — aszba) + M (D ab;)]er + [aobs + asby — Ai(asbs — asbs) +
As(arby — aghy) — Ag(arbs — asby) + Ao(>_ a;b;)]es + [apbs + asby + A1 (agby — asbe) —
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)\2(a1b4 — a4b1) + )\4(&1()2 — (lgbl) -+ )\3(2 aibi]eg —+ [a0b4 + a4b0 — )\1((12173 — ang) +
)\2(@1()3 — CL3b1) — Ag(albg — CL2b1 + )\4(2 aibi]e4

Hence

6% = 6% = 63 = 6?1 = )\161 + )\262 + /\363 + )\464
and
€ xe; = )\Z')\jeo + ( )H_] (Akel )\lek), € x e = )\i)\jeo + (—1)i+j+1 ()\kel — /\lek)

where i < jand k, € {1,2,3,4} —{i,j} and k <. So e;xe; # e;xe;. In the above

algebra ej is an identity element.

4. Main Results

Let A be an associative algebra with multiplicative identity e and let W be a complex
vector space. A representation p of A on W is determined by a set of linear operators
p(a) on W such that

p(ya+ pb) = ypla) + pp(b), a,be A, v, peC
p(a ) = pla)p (b)
3. p(e) = E, where E is the identity operator of W (see [5]).
If z = (ag, a1, az, as, ay) € R® then we define p : (R, +,%) — M(5,R) by: p(z) = A,

where

a a, as as ay
tap + s ap+Mar  wi+ Aoar  —wy + Aza; Wi + M\ay

A= tag + Xos —wj + Aas  ag+ Aaay  wi+ Azaz  —w + \as (6)
tas + X35 wy + Aaz  —wi + Xaz  ag+ Azaz  wi+ \as
tag + M8 —ws +Mag w4+ Aoay  —wi+ Nzag  ag + A\aq

and
4 4 '
= —(Z A, s= Z)‘iai and w] = Naj; — Nja;, 0,5 =1,2,3,4 (7)

Theorem 4.1. With the above assumptions p is a representation of the algebra
(R®, +,%).
For the proof see appendix.

Theorem 4.2. If G = {p(x) = A € GL(5,R) : = € (R*,+,*), det(A) =1} then G

18 a group which is isomorphic to quaternions Lie group Q).
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Proof. Obviously G is a group (see [6]). We define ¢ : G — @ by:
V(p(x)) = P(A) =v(plao, a1, az,a3,a4)) = ag + (A1az — Agar + Azaq — Agaz)i
+  (Mag — Aag + Aas — Azaz)j + (Arag — Aza; — Asay + Agaz)k.

Since p is an isomorphism, G isomorphic to G = {z € (R®, +, %) : det(p(x)) = 1}.
If we put p(x) = ¥(p(x)), then we prove that ¢ is an isomorphism. We have
olx+y) =)+ o(y). f £ =ay+pand y = by + ¢q then

p(z)e(y) = (p(ao) + ¢(p))(w(bo) + ¢(q))
= ¢(ao)p(bo) + p(ao)p(q) + ¢(p)e(bo) + ¢(p)p(q)-
Moreover
o(zy) = ¢((ap +p) * (bo + q)) = p(agbo —po g+ asg+bop+p x g+ (p- @)\
= p(aoho) — ¢(p o q) + ¢(aoq) + ¢(bop) + w(p x q) + w((p - PN).
We also have
©(aoq) = aow(q) and p(X) =0, ©(p x q) = p(p)e((q) +pog.
So ¢ is a homomorphism. We see that
det(p(x)) = [ao + a1\ + agAs + ashs + aghg][ad + (Maz — Aaar + Azay — Mgas)?
+ ()\1&4 — )\4@1 + )\2@3 — )\3&2)2 + ()\1@3 — )\3@1 — )\2&4 + )\4@2)2].
Then det A =1 and p(z) =1 imply that ¢y = 1 and
al)\l + CLQ)\Q + CL3)\3 + (14)\4 =
&2)\1 — al)\g — ag)\4 + a4)\3 =

a4)\1 — CL1)\4 + CL3/\2 — a2)\3 =

o o o o

CL3/\1 — CL1)\3 — a4)\2 + CL2>\4 =

Since determinant of coefficient matrix of ay,as,as,as is non zero (It is equal to
(A2 + 22+ A2+ 23)?) then a; = ay = a3 = a; = 0. So ker(p) = {1}. Thus ¢ is an

isomorphism. O

Theorem 4.3. Let H = {A = p(z) € GL(5,R) : z € (R*,+,x) : det(4) = 1,
ag + a1A; + aghe + azAs + aghy = 1}. Then H is isomorphic to SU(2).
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Proof. We know that SU(2) is isomorphic to three dimensional unit sphere S* (see

[6]). Since ) in the previous theorem is an isomorphism then 1 ~*(S?) is a subgroup
of G. If ¥(p(x)) € S* then

| v(p@) [P=1 = af+ (Maar — Maz)? + (Aza; — Aas)? + (M\ga1 — Aay)?
+ (Aaaz — Aza)? + (Aaay — Maz)? + (Azay — Agaz)?,

where || . || is the standard norm of R*. We also have
det(p(z)) = [ao + a1 1 + azAa + asAs + as\d]

[ag + (A3 + A5+ A))ai + (AT + A5 + A\))aj

+ AT+ A3+ A))a3 + (AT + X3+ AJ)al — 2\ \earaz — 2M\ Azaqa3

— 20 \4a1G4 — 209 A30203 — 2X0 M\ 40004 — 2X3\4a304)]?

= [ap + a1 A1 + ax)a + azAz + agh][ag + (Moar — Aaz)? + (Aza; — M\az)?

+ (Aar — Arag)® + (Aaaz — Aza2)? + (Aeag — Aaz)? + (A\zaq — Mgaz)?).

The facts det(p(x)) = det(A) = 1 and ¥ (p(z)) € S® imply that
ag + a1 A1 + aghy + asAs + aghy = 1.

Thus H = ¢~1(S?). O

Remark 4.4. If v = (ap,a1,a2,a3,a4), y = (bo,b1,b9,b3,04) € R and
A= (A1, A2, A3, \4) € R%, then we can define the inner product of z, y by

g(a,y) = ag + (Z O aib) = (O ai)\i)(z biAi) (8)

i= =1

g is degenerate and its associated matrix with respect to the usual basis of R is

1 0 0 0 0
0 A2+ A2+ )2 — A1 —A1 )3 — ANy

J=10 — Ao\ A2+ 2 -3 —Xa)y . (9)
0 — A3\ — A3y M+ A2+ A2 — A3y
0 — M — Mg — A3 A+ A2+ A2

We see that for each A € (R® +,x) presented in Equation (6) we have AJA! =
g(z,z)J for all vectors z € R®> where A = p(x) and so for A € H presented in
Theorem 4.3 we have AJA! = J . Also simple calculations show that for each V in
the Lie algebra of G we have V.J + JV! = 0.
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5. Conclusion

Theorems 4.2 and 4.3 present new representations of quaternions Lie group and
SU(2). This representations are based on the new concept of outer product in R*,

and special attention to R® as an associative algebra.

Appendix

Proof of Theorem 4.1. Let V = {p(z) = A: z € (R®,+,%)}. Then V is a vector
space. We have p(x +vy) = p(z) + p(y), p(tz) = tp(z) and p(e) = p(1,0,0,0,0) = I,
p(@)p(y) = laobo + ar(—(S A2y + M(SAb) + aa(— (5 A2)bs + Aa(S b)) +
az(—(20 A))bs 420 Aibi)) +aa (= (32 A7)ba+Aa (30 Xibi) )] L + [aoby + a1 (bo+ Aiby) +
as(—A3bs+ Aibs + A1b2) + az(Aabs — Aaba + A1b3) + ag(Aabs — Asba + A1b4)| EF + [aobs +
a1(A3by — Agbs + Aaby) + aa(by + Aabo) + az(—A1bg + Agby + Aabs) + ag(Abs — A3y +
Aaby)| B3 4 [aobs + a1 (—Aabs + Aaba + A3b1) + az(Abs — Aaby + A3ba) + az(bo + Asbs) +
as(—A1by + Aoby + A3by)|ET + [agby + a1(Aabs — A3by + Agb1) + aa(—A1bs — A3by +
Ab2) + azg(Aibe — Aaby + Aab3) + ag(bo + Maba) B + [(— (O Mar + M (O Niay) )bo +
(ao+A1a1) (= (D0 AD)br+A (30 Xibi)) + (Azas — Agaz+Aaa1) (— (30 AP ba+ A2 (37 Nibi)) +
(=Aoas + Mg+ Agar) (= (32 A7)bs + A3 (D2 Aibi)) + (Aaas — Asag + Agar ) (= (D0 A)bs+
MO NONES+[(— S A2 ar + M (O Miai)by + (ag+Araq) (g +Aiby) + (Azag — Agaz +
Aoa1)(—Agbs + Agbs + A1ba) + (—Asaq + Agas + Azaq)(Aoby — Agbs + A1b3) + (Aaag —
A3a+A1a1) (Aabs — Azba + M1ba) | B3+ [(— (30 A2)ar + M1 (O Niai)ba + (ao+ Aar ) (Asby —
Aabs 4+ Aob1) + (=A@ + Agaz + Azaq) (bo + Aob2) + (Aaag — Azag + Agar) (—A1bg + Agby +
A2b3) 4 (A2az — Azas + Agaq) (A1bg — Asby + Aoby)| B3 4 [(— (30 A2)ar + M (O Niai))bs +
(ao+Arar)(—Aaba+ Agba + A3b1) + (Azas — Asaz + A2a1) (A1bs — Asby + A3bo) + (—A2as +
Asaz+A3a1) (Do +Asbs) + (Aoas — Azag + Aaa1 ) (= Aiba+Xob1 +Asba) | By +[(— (30 AF)as +
A (0 Aiai))ba+ (ag+ Arar) (Aabs — Asba + Ay ) + (A3aq — Agas + Aaay ) (—A1bs + Asby +
Maba) + (—Aoas+ Agas+ A3a1) (A1ba — Aaby + Asbs) + (Aaas — Azao + Agaq) (bo+Aaba) | E5 +
(= - A2 ag+ A2 (D0 M) oo+ (—Azag+Agaz+A1a2) (— (O A2 by + A1 (O \ibi)) + (ao+
A2a2)(— (35 AD)by + Ao (XS Aiby)) + (Arag — Agay + Azaa)(— (3 A2)bs + A3 Aibi)) +
(=A1az + Aza; + Aaz) (= (" A2) by + (O Mo Ea 4+ (=02 A2)ag + Ao (3 Miai) )by +
(=A3a4 4 Aga3 + Aaz) (bo + A1by) + (ag + A2ag) (—Asbs 4 Aybs + A1b2) + (A1as — Aga1 +
A3a2) (Aaby—Agba+A103)+(—A1az+Aza1+A1a2) (Aebs —Azba+ A1 04) | B2 +[(— (30 A2)ag+
A2 (D2 Xia;))ba 4+ (Azaq + Agag + Araz) (Asbs — Aabs + Aoby) + (ag + Asaz) (b + Aobs) +
(Mrag — Agaq + Aza2)(—A1bs + Agby + Aob3) + (—Aiag + Asaq + Agaz)(A1bs — Asby +
Mob)ES + [(— (02 A2)ag + Aa(D] Xiai))bs + (—Azaq + Agaz + Ajag)(—Aabs + Agby +
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A3b1) + (ao 4+ A2a2) (A1bs — Aab1 4 Agba) + (Mg — Agay + Aza2) (b + Asbs) + (—Aias +
Aza1 + Agaz)(—A1ba + Aoby + A3b0)|E5 + [(— (O ADaa + Ao (30 Niai))bay + (—Azaq +
M@z + A1az)(Aabs — Azba + Asb1) + (ap + A2a2)(—A1bs — Asby + Aabo) + (Aras — Agaq +
A3a2)(Aiby — Aoy + Mabs) + (—=Aiaz + Azar + Maas)(bo + Aaba)| B3 + [(—= (30 Af)az +
A3(D2 Niai))bo + (Aaas — Agaz + Maz) (= (30 AD)br + Ai(30 Nibi)) + (= Aag + Agar +
Aoa) (— (30 A)b2 + A(30Nibi)) + (a0 + Azas)(— (30 AD)bs + As(X2 Aibi)) + (Miaz —
Aaay 4 Aaaz) (= (30 A7)ba + M (D0 Xibi))I By + [(—= (30 AP)as + As (D2 Xiai) )by + (Moaq —
Aag + Aas)(bg + Abr) + (—Aag + Mag + Aaaz)(=Asby + A\gbs + M\bo) + (ag +
Astts) (Aaby — Aaba+ A1bs) + (Aras — Apar +Aaas) (Aabs — Asba+A1b) B2+ [(— (3 A2)as+
As(DoNiai))ba + (As(D0 Niai))(Asbs — Aabs + Xabi) + (—Aiag + Agar + Aeas)(by +
Aaba) + (ag + Asaz)(—A1bs + Agby + Aabs) + (Aas — Aaay + Agaz)(Aibs — Asby +
Ab)ES + [(—( A2)as + As(S] Aa))bs + (Aaas — Aaas + Arag)(—Asbs + Aabs +
Asb1) + (Arag + Agar + Aaag) (A1by — Aaby + A3ba) + (ag + A2a2)(bo + Asbs) + (Aag —
Aoay + Agaz) (—A1ba 4 Aoby + Asba) | Ef + [(— (30 AZ)as + A3 (30 Xiai))ba + (Aoas — Mag +
A1a3)(Aabs — Agby + Agb1) + (=Ajag + Mgay + Xoas)(—A1bs — A3y + \gby) + (ag +
A3az)(A1by — Aoby + Agb3) + (Araz — Aaar + Agaz)(bo + Maba)|E5 + [(— (O Maz +
A3(X0 Niai))bo + (Aeaz — Azag + Aag)(—(O- A2)by + MO \iby)) + (Miag — Asaq +
A2as) (= (30 A2)ba 4+ Ao (DS Aibi)) + (—A1az + Asar + Azaq) (— (- AD)bs + A3 (30 Niby)) +
(a0 + Aaag) (= (30 AD)ba + A (30 Nibi))] Es + [(—=(32 ADas + As(32 Niai)br + (Aeas —
A3z + Aag)(by + Aib1) + (Mag — Azar + Asas)(—Azbs + Aabs + Aiba) + (—Aias +
Aaay + Aza) (Aoba — Aabay + Aib3) + (a0 + Maaa) (Aabs — Azby +A1ba) | EE +[(— (30 A )as +
A3(D°Xia;))ba + (Aaag — Agag + Arag)(Asbs — Aabs + Aoby) + (Aag — Agar + Azaq) (by +
Aoba)+ (= Arag+A2a1+A3a4) (—A1ba+Aab1+Aab3 )+ (ao+Agas) (A1bs — Asby +Aaby )| EZ+
(=2 A as + A3(D° Niai))bs + (Agag — Agag + Ayaz)(—Aabsy + Agba + A3b1) + (Arag —
A3a1+A2aq) (A1bg—Agby +Agb2) + (= A1as+Aaar +Asaq) (bo+Asbs) + (ao+Agaq) (— Ao+
Aob1 + A300)| B2 + [(—= (02 A2)az + A3(D° \iai))ba + (Aoas — Agas + Aiaz)(Mabs — Azby +
Aab1) + (Aras — Asar + Aaaq)(—A1bs — Asby + Agba) + (—Aras + Aaay + Azaq)(Aiby —
Aobi 4 Aabs) + (ao + Asaq)(bo + Aabs)|E2.

If we put

20 = aoby — (0 AD) (30 aibi) + (32 Nias) (32 Aibs)

21 = aghy + a1bg + A2(azbs — agbz) — Az(agby — agbs) + Ay(agbs — azbs) + M (> a;b;)
29 = agbg + asby — A1(agby — agbs) + Az(arby — asby) — Ay(arbs — azby) + Xo(>_ a;b;)
23 = apbs + agby + Ai(a2bs — asbs) — Aa(a1bs — asby) + As(arbs — azby) + A3(D_ ab;)
24 = agby + asby — Ai(a2bs — asbe) + Aa(ar1bs — azby) — As(arby — asby + A (> a;b;)
then by suitable factorization in the above formula we have:
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p(@)p(y) = [20] By + [21] BF + [22) EY + [2] EY + [2a] BY + [— (320 AD) 21+ M (30 Miz) | B3 +
[[20 + M121) B3 + [A3zg — Aazz + Aozt ES + +[—Aoza + Aazo + A3z B + [Aozg — Agzo +
Mz1)ES + [ (00 M2zo + Xa(D- Mizi)|Es + [— X320 + Aazz + M22) B2 + [20 + Aezo] ES +
[Aizg — Mgzt + A320) B + [—A123 + X321 + Mz BS + [ (O M)z + A0 \izi)|EL +
[Aozg — Agzo + A123] B2 + [=Azg + Mgzt + Aoz ES + [20 + A3z Ef + [Azo — dozy +
Mzs|ES + [—(30 A2)zs + As(D0 Nizi) | Es + [Aazs — Agzo + Mza] B2 + [Mzs — Asz +
Nozg| B2 + [—A129 + Aozt + A324) B + [20 + Aaza] E2 = p(z x y). O
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