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Abstract

In this present work, a brief introduction to the gyrator transform and its fundamental
properties are given. The gyrator transform of tempered distributions is being discussed.
This article made further discussion on the boundedness properties of pseudo-differential
operators associated with the gyrator transform on Schwartz space as well as on Sobolev
space.
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1. Introduction

The Fourier transform is one of the oldest and frequently used integral transform because
of its wide range of applications in applied mathematics, physics, signal processing, image
processing, and engineering. The fractional Fourier transform, which is a generalization of
the Fourier transform, has received great importance in the last 30 years or so because of
its wide applications in optics, signal recovery, and image analysis [7,9]. It has been also
applied in many branches of pure mathematics such as wavelets [2, 14], pseudo-differential
operator [10, 11].

Recall the classical Fourier transform of a function f is denoted by f , is defined as

fr =30 = oy [ S0 w e, (1.1
so that its inverse is given by
F(t) = (2;3 /nf(w)ei<t’w>dw, tER™, (1.2)

provided the integrals exist.
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The fractional Fourier transform F* of a function f(t), is defined as [1,7-9, 14],

(FF)(w) :/RK“(t,w)f(t)dt, w e R, (1.3)

where the kernel K“(t,w) is given by

— Q22 .
1 z2c0ta62(t +w?) cot « nfwcscoz7 Oé7én7[',
V I

KYt,w) = 5t —w), o = 2nm, (1.4)
ot +w), a=(2n-1)m,n € Z.

Here and in what follows we always assume that w, wy, wo,t,t1,t2, x1, 9 € R.
The inverse fractional Fourier transform of (1.3) with respect to angle « is the fractional
Fourier transform with angle —a;, is given by

£(t) = /R (F ) (w) K~ (t, w)duw. (1.5)

The n—dimensional fractional Fourier transform is defined by taking the tensor product
of n copies of the one dimensional fractional Fourier transform [9, p. 175]. In particular,
in two dimensions

(T2 f(t1, 12)) (w1, w2)
= /]R2 Kal(tl,wl)Kaz(tQ,wg)f(tl,tg)dtldtg, (16)

where K (t1,w;) and K“2(t2,wy) are the kernels of the one dimensional fractional Fourier
transform given by (1.4).

Pseudo-differential operators are a generalizations of linear partial differential opera-
tors. Pseudo-differential operators acts as an pivotal role in the area of partial differential
equations. Various properties of pseudo-differential operators are investigated by Wong
[18], Zaidman [19], Hérmander [4], Friedman [3], and Rodino [15] by exploiting the the-
ory of Fourier transform. Later on a series of papers [10-13] is devoted to the study of
pseudo-differential operators involving the fractional Fourier transform.

In 2000, Simon [17] introduced the gyrator transform named as ‘cross gyrator’ and
studied its basic properties. Moreover, [5,16] discussed the gyrator transform in detail and
obtained certain fruitful results. Throughout this article, we assume that a # nw,n € Z.
The gyrator transform of f(t1,t2) is defined by

(R ) (wr,w2) = /}R2 Go(ti,ta, wi,w2) f(t1, t2)dt1dts, (1.7)

where the kernel G, (t1,t2, w1, ws) is defined by
Ga(th t27 wi, w2)

1
= sinal exp [i(t1t2 + wiwe) cot a — i(tawy + t1wa) cscal. (1.8)

The inverse of (1.7) is given by [5,16,17]

f(tl,tg) = /RQ Ga(tl,tg,wl,wg)(Raf)(wl,wg)dwldwg. (19)

This present study is motivated by the work of [5,16,17] and [10-13,18]. We have
investigated the mapping properties of pseudo-differential operators involving the gyrator
transform and derived certain boundedness results.
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2. The gyrator transform

In this section we recall the definition of Schwartz space S(R?) and derive certain
important properties of the gyrator transform.

Definition 2.1. An infinitely differentiable complex valued function f(t1,2) on R? is said
to be a member of S (RQ) if and only if for every choice of m,n,p, and g € Ny, it satisfies
oP 04

2 0tP ot ut

sup [t]"t5 t1, tg)‘ < 0. (2.1)

(t1,t2)€R?

Remark 2.2. If ¢(t1,1s) is of polynomial growth and locally integrable function on R2
then ¢ generates a distribution in S’(R?) as follows:

(@, f) = /RQ ¢(t1,t2) f(t1,t2)dt1dts, for all f e S(R?).

Definition 2.3. The space S, (R?) is defined as the collection of all complex valued smooth
functions f(t1,t2) € R? which for every m,n, p and ¢ of non-negative integers it satisfies

i AP f(tl,tg)' < o0, (2.2)

Sup t1,ta,a

(tl,tg)ERQ
pa  _ (08 _ Prog . g
where Ay, = <% it cot a) (872 it cot a) .

Proposition 2.4. Let G, (t1,t2, w1, ws) be the kernel of the gyrator transform and ALY,
P
= ({% — ity cot a) (% — it1 cot a) . Then, we have

t1,l2,a

Aflqh aGa(tl,tQ,wl,wg) == (*iCSC Oé)(p+q)’w U)ZG (tl,tg,’wl,wg).

Proof. See [6, Proposition 2.3(i)]. O

Proposition 2.5. Let f(t1,t2) € S(R?), and let r,p, and q be any non-negative integers.
Then we have

(1) Jr2 ALY, aGalty, ta, wi,w) f(t1, t2)dt dts
*
—fRQ tl,tz,’wl,wz)A P4 (tl,tg)dtldtg,

t1,t2,a
(ii) (fRQA:ﬁgqaf(tl,h)) (w1, w2)
= (—icsc ) PTD wlwh (RO f(ty, ) (wi, wa),
(iii) A%?wm(fRO‘f(thtz))(w1=w2) (—icsc o) PTD (RO f (11, t2)) (w1, wa),

(iv) R : S(R?) — S,(R?), is linear and continuous mapping,
. p . q
where A} 24— (—l)pﬂ(a%1 4+ itg cot a) (8%2 + 4tq cot a) )

t1,t2,cx

Proof. (i) See [6, Proposition 2.4].
(ii) See [6, Theorem 2.5(i)].
(iii) We know that,

AT g0 (REf (1, t2)) (w1, w2)
= / B e aGalty, to,wi,w2) f(t1, t2)dtrdts
= (—i CSC Oé) p+q) /R2 t({tgGa(tl,tg,wl, wg)f(tl,tg)dtldtg

= (—icsc a)(p+Q) (RUIEE £ (t1,t2)) (w1, w2).

In this way, we obtain the desired result.
(iv) Linearity of R* is obvious.
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Let {f;j}jen, be a sequence taken from S(R?). Consider,

sup fwiws (AL, 0)RF(t1, ) (w1, ws)]
(w1,w2)€R?

=  sup |wjwiR* ((—z cse a)(pW)t(ftgfj(tl,tg)) (w1, w3)|.
(w1,w2)€ER?
Since, {f;}jen, € S(R?) implies (—icsca)PTDIth f;(t1,t2) € S(R?).
Hence, sup [|wjws (ALY, (R f(t1, t2)) (wr,wo)| — 0, if {f;} — 0 in S(R?).

9 w1, w2,
(w1,w2)€ER

Which shows the continuity of R®. O

3. The gyrator transform of tempered distribution

In this section, we obtain the relation between the gyrator transform and the two
dimensional fractional Fourier transform. We notice that the results of this section can be
found in [5]. However, for the sake of completeness, and since we use a different technique,
we decided to present the proofs here below. Moreover, we derive the continuity of the
gyrator transform in Schwartz type space.

Lemma 3.1. If o # nm,n € Z. Then
(R f) (w1, wa)

_ |:97047_04f <al:1\;§w27 acl\—/i—;gﬂ <w1\—/i—§w2’ —wi/g w2> .

Proof. In viewing (1.6), we have

[9a77af(x1\;§x27 xlx—/{—imz)} (wl\—/i—iwg7 —wl\/—%— wg)

= [ K%(m m}w) K= (z —wi/t w2y p( o \—/‘:2 o }m)dxld:rg
R? T2 ’ 2 2 7 V2

_ 1 %[w%—&-%} cot a—%xl(wl—kwg)csca

27| sin o Jr2

Xe_% [z%.;.%} cota—i—%xg(—wl—FwQ)CSCa (3}1 —T9 X1+ 9
V2 V2
1 6% [mf—x%—ﬂwlwg] cot 046%[_17171}1 —T1w2—xaw] +T2w2] csc o
27| sinaf Jr2
Xf(xl — X9 X1+ T2

V2 V2
T1—Ty _

Putting #1752 = #; and %;2 =

)dl’ld$2

)d:rldacg.

to, the above expression becomes

-t o2 2
27| sin o Jr2

. 2 2
1 i [(t1+t2) _titty) +2w1w2} ot

i [_ (t1ta) ) ‘ilj;)m_<‘t3/gi2>w1+(‘tl¢;t2>w2] e

Xeﬁ V2
Xf(tl, tg)dtldtg
1

_ : ei(t1t2+w1w2) cot a—i(tjwa+tawr) csc af(tlu tg)dtldtg
27| sin o] Jr2

= (RYf) (w1, wa).
Which completes the proof. ]

Theorem 3.2. The gyrator transform is a continuous linear map of S(R?) onto itself.



Pseudo-differential operators associated with the gyrator transform )

Proof. From (1.6), we observe that

(REF) (w1, wo)

1 ’ . .
_ : ez(x11’2+w1w2)cotoc Z(x1w2+a:2wl)%caf(l’1,.%'2)d.%’1d332
27| sin o] Jgr2

eiwlwz cot « ) )
—i(xrwa+tzowi) cscaiw1 T2 cot af(l'l xg)d:cldxg
)

27| sina| Jr2

w1 wse cot o

= mg[eizlzz cot af(xl, $2)](w2 csc a, wy cse a)
= eiwlwz cot a®a(w17w2)7

where @, (wy, w2) = miﬂem” cota £z, x9)](ws csc a, wy csc ).

Now, for any f € S(R?), we need to prove that (R*f)(wi,ws) € S(R?). For which, we
have to show

or 01
( su;)) . wi” w28 i q(ﬂQ f)(wl,wg)‘ < 00,
w1,w2)E
ie,
o 91 .
sup  |wtwhy —5 e 2N YD (wr, wa)| < 00,
(w17w2)€R2 8w11’ 8wg @ ‘
for all m,n,p,q € Np.
Now, consider
o 91 .
su wmwn W1 W2 cotaq) wi, w
(w1,w21))€R2 L 6wp 8wq a( ! 2)‘
q _
98 i H1—8
= sup ——emzeote @ (wq,ws)
(w1,w2)€R2 Z( )8105 8wg o ‘
d . 91—b
= sup Z ( ) Zwl COtO[ B ZwleCOtaW(pa(wl7w2)’
(’LU1,U)2)€R2 1 5320 8w2
_ p o . B _iwiws cot
= sup  |witwy Z {(zwl cot a)’e }
(wl,wg)ERQ « ﬁ 0
gr—o 918
— (w1>w2)
ow? “awg*ﬁ “ ‘
@ o'
= su wtwd 1cot a —w
(w17w21))€R2 b Z ( ) ﬁZ:O <B>( ) a’zz:o (al> dwy '
aa—a’ ) . gp—a  Ha—pB
X 8wa—a’ w1 W CO aawp_a Wq)“(wl’ ’w2)‘
1 1 w2
(0%
— sup  |wi® w2 Z 1 > a/ (i cot )~ B Al
(w1,wz)€ER2 B=0 B o’ =0 «
r o o~ 9ah
Xwgfa ezwlwgcota77¢a(wl,w2)’

owt ™ owi ™’

P\ <& () = [ / /
= e[S (9) 5 (e tan
(wiw2)eR? ' 520 \Y/ 3= B oo\
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gp—a  9a—ph

ouwl™® 811)‘27_’3

< i <Z ) qu (g) 3 (2) (i cot @)= *B A

a=0 B=0 a'=0

a—a’+neiw1w2 cot «

XW§ @a(wl,wg)‘

op—e  9a—pB
X sup e —-1
(w1,w2)€ER? owy ™ dws ’

as @ (w1, ws) € S(R?). Thus, (RYf)(w1,ws) € S(R?) for all f € S(R?).

To show the continuity. Assume that {f;}en be a sequence of functions in S(R?) con-
verging to zero in S(R?) as j — oo, then exploiting the fact that the Fourier transform as
well as the fractional Fourier transforms are continuous linear map on S(R?), we see that
{R*f;} = 0asj— oo.

Which shows the continuity of the gyrator transform. O

B—a'4+m_  a—a'+n

wy ws @a(wl,wg)‘ < 00,

Remark 3.3. The inverse of the gyrator transform is a continuous linear map from S(R?)
onto itself.

Definition 3.4. The generalized gyrator transform R*¢ of ¢ € S’(R?) is defined by

(R%¢, f) = (¢, R*f), where f € S(R?). (3.1)
The generalized inverse gyrator transform R™%¢ of ¢ € S'(R?) is defined by
(R7%¢, f) = (4, R7°f), where f € S(R?). (3.2)

Theorem 3.5. The generalized gyrator transform is a continuous linear map from S’ (R?)
onto itself.

Proof. By the previous Theorem 3.2, we see that R*f € S(R?), whenever f € S(R?).
Hence the right side of (3.1) is well defined. Assume that {¢, },en be a sequence in S(IR?)
converges to 0, then by the continuity of the gyrator transform {R%¢,} — 0 as n — oo.
So the right side of (3.1) converges to 0, which implies that {(R*f, ¢n)} — 0 as n — oo.
Thus R%¢ is continuous on S'(R?).

In the similar way we can conclude that the generalized inverse gyrator transform is also

continuous on S'(R?). O
Theorem 3.6. (Parseval’s identity) If f,g € S(R?), then we have

((Rf) (w1, wa), (R¥g) (w1, w2)) = (f (w1, w2), g(wr, w2)). (3.3)
Proof. See [16]. O

4. Pseudo-differential operator

This present section is dedicated for deriving the boundedness properties of pseudo-
differential operator associated with the gyrator transform for the symbol class S;"""* on
S(R?).

Definition 4.1. Let m;,mp € R. We define symbol class S;"*" to be the set of all
functions v(t1,t2, w1, ws) in C*°(R*) such that for any non-negative integers s, m,n,p and
q, there exists a positive constant € depending on s, m,n,p and g only, such that

g™ ogr o 91
ot oty dw? dwl
< C(1 + |wy cot o)™ IPI(1 + Jawy cot o] )™2al (4.1)

(1 + |tz cot al)® V(t1, b2, wi, w))|

for all t1,to, wy,wy € R.
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Definition 4.2. Let v(t1,t, w1, w2) be a symbol satisfying (4.1). Then the pseudo-
differential operator A, , associated with the gyrator transform is defined by

Av,af(t1,t2)
/R2 Ga(tl, tQ, w1, wg)\/(tl, tQ, w1, wg)(ﬂlo‘f)(wl, w2)dw1dWQ,

where (R f)(wy,ws) is defined in (1.7).

Theorem 4.3. Let v(t1,t2, w1, ws) be a symbol taken from S7"™"* my,my < —1. Then
Ay o maps the Schwartz space S(R?) into itself.

Proof. Let f € S(R?). Then for any non-negative integers m,n,p and q € Ny, we need to
prove that

or 01
sup

t1,t20€R ’tmt2 8tp 8tq V704f(t17 t2)| < Q.
1,12

Let B, = m, then from Definition 4.2 we have
or 91 _ , ‘
tmt2 Ba atp 6tq /]R2 —i(t1ta+wiws) cot a+i(wita+wati) csc a\/(tl, t2, wy, w2)

X (fRaf) (wl, UJQ)dwlde

_ man —i(t1ta+wiwa) cot a+i(wite+wati) csca
_ttBatp/antﬂ( )

918
X( - (751,t2,w1,w2)>(Raf)(whwz)dmdwz

8t35

mn IB aﬁ’ —i(t1teot+wiw2) cot
- L5 £ ()

o8-8 q—pB

0
(e 2(w1t2+w2t1)csca)( (tl,tg,wl,wg))(Raf)(w1,w2)dw1dw2

>< !
oty

—p
» & (g
= 'tYB —/ —ity cota —i(t1ta+wiws) cot a

x (iwy csc )P =F z(wltﬁwm)maﬂ( (751,152,w1,w2))(Raf)(w17w2)dw1dw2

ot}
5 B
no q*ﬂ ,
X%ez(wﬁg—&-wgtl)csca( 4 V(tl, tg,wl,w2)>wlﬂ_ﬂ (fRo‘f)(wl,wz)dwldwg.
1

otg~"°

As %ei(wltg—&—wgtl)csca — (’itQ cse a)nei(w1t2+w2t1)csca and <an7g> _ (_1)n<f’ Dng> for
all f,g € S(R?).
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Then, the above expression becomes

5
(=1 B atp /]1%2 Z ( ) <§/> (—1t1 cot 04)5/ (i csc a)B*B'*n

B'=0
an [{e—i(tltz—l—wlwz)cota aqfﬁ
Oy oy’

i(wita+waty) csc o
><e( 1tatwaty) V(t17t27w1aw2)}

x{uqﬁ—ﬁ(mafxuq,wgﬂ}duudwz

= (=1)™""B, 8#’/ Z( ) < )(—z’tl cot a)? (i csc )P~

H1—>b
Xez(w1t2+w2t1)c5ca —1 t1t2+w1w2) cot « vt to.wr. w
l;) a'll)it{ 8tg_/8 ( 1,42, W1, 2)}

871
8”“

ﬁ
= (=1)"B, " o /Rzz< > <§,>(—it1 cot a)? (i csc )P

I
Xei(w1t2+w2t1)csca <n> Z <,u/> (—iw2 cot a)u'efi(hterwlwz) cot o
=0 12 =0 2
om
wy”

{wlﬁ F (R f) (w1, w2) }dw; dws

=1 §a—B —H

V(tl,t27w1,w2)8 {wlﬁ 6/(Raf)(w1,w2)}dw1dw2

X 8w”_“/ atq—ﬁ

B
n m q B . —B'—n 5/
= Bt} / E E icsca)?B t
< ) 8=0 (,B) 8'=0 <5l>( ) 8757{
i(w w csca or- n L 2 . '+ —i wiws) cot o
w« etwita+waty) }8#1)_7 [ E ( ) E (M) (—i cot a)ﬂ 1’ g—i(tit2+wiws) cot

u=0 \M/ =0
or—H §a—B Hr—H .
X ———————=V(t1, to, w1y, w w1 P Wk (R ) (wr, wo) | dwy dw
D o7 (t1,t2, w1 2)}aw§l—“{ 1 b (Rf) (w1 2)}} 1dw;

= (1B tm/ Z( )ﬁ 0<5>ﬁio<§’>(icsca ’ ”Z( )3757 d

X 8’717// {ei(wltz-&-wztl)csca} Z <p - 7) Xn: (n> XM: (”/){(—i cot a)ﬂ'-l—l/

oty —o a=0 \M/) "o \M
gp—r—T  Gu—i  Ha—B
A W

o i(t1ta+ ) cot
Xi(e_l 1t2+wiwg) co a)

oty

o
X@w"ﬂ‘

o ([ o 1
= 1)" Butt icsca n At? 7
/ Z( >,8 0(,8) 5/220(5/ ( ) yzzjo v)

o Rl p—7\ & (n) & [ p I
X (iwg csca))T™7 gl(witatwaty)csca Z ( ) Z ( ) Z ( ,>(—i cot oz)ﬂ TH
r

=0 p=0 \F/ =0 \M
gp—r—r =i Ha1—B
AN W T

V(tl, t2, w1, wz)}

{wlﬁ_ﬂlwgl (R ) (w1, wa) }dwy dws

—i(t1ta+wiwa) cot «

X (—itg cot )" e v(t1,t2, w1, ws)

g

X~ {w15_5lw§/ (R ) (w1, wa) }dwy dws
ow,
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B ¥
= 1)"Bq q) <ﬂ> i csca)B—A - (Fy)/ltﬁl_wurm
/ Z < )5 0 <6 /3/2:0 p ( ) 7ZO 04 !

! i(wrtatwaty) (P s () s (H B +u'
% (1 Y=Y ptlwit2+waly ) CcsC o _icot "
(iesca)’™ Ve E ( . ) E < ) E (M’>( icot a)

=0 u=0 \M*/) i=o
gp—r—r  gu—i  §a—B
" w9ty P

X (—ity cot o) HhitaFwiwz) cota v(t1,t2, wi, ws)

8” ® / / _ A~
%ol Y (R ) wn, ws) b doo
1
¢\ & (B g
oL EOE0E B £
,8 0 6 ﬂ/:() /3 —0
/ 85 - "+m . p p—~ n I u
X (12 csc o =p L el(wltz-i-wztl)csca
( ) aw5_7+m( )§< . Mz_% i ,/Z:o y

gp—r—r  gu—i  §a—B
oI dut ™ oty 0

X (—ity cot o) hitaFwiwz) cota v(t1,t2, wi, ws)

oy O

wl

x (—i cot o)’ w2 wh T (R ) (wy wa) Ydwn duwsy.

Again, using (D" f, g) = (=1)"(f, D"g), for all f, g € S(R?), the above expression becomes

g Y
B 1 n+8'— '7+mB ( ) ( > (5/) i ese o B—B'—n <’)//>
(-1) /Z 3 (5) 3 () ueear> 2 ]

v'=0
_ n o
< A(i cse @)~ itz buat) o 5 (p ) 7) 3 (Z) 3 (:;)
r=0 ©=0 w'=0
8/3/77/+m
owg

H—H

/ ’ y api')/ir
X(—’i cot 04)6 +p (—’itz cot a)r [e—z(t1t2+w1w2)cota —— -
O Guhh

/

o518 ok
X 8tq75 V(tla t27 w1, ’U)Q) awn,#

B Y
- LSO $ (e £ (01
=) / Z = \P [3/2::0 B ( ) Z Y

~'=0

- n H ! !
« (Z cse a)'y—ﬂ’—mei(wltg—l-wztl)Csca Z <p 7) Z <n> Z <)u/> (*Z' cot Oé)ﬂ +u
r 7

=0 =0 \*/ u=o

{wl’B g “+7 K (Ro‘f)(wl,wg)}}dwldwg

/

B —~'+m o o
% (_ it t )r Z B, - ’7/ +m o efi(tlthrwlwg)cota oPITr gHTH
itg cot v ' —awg P T

1

n=0 !
98 =y +m-n  gn—p

§1—>8
X
-8
otd

q B Y
- e SRR (e £
(1) /Wz 3 (5) 2 ()t 32 (]

v(ty,ta,wr, wg)} wlﬁ_ﬁlw’;ﬂ*y/ (R f) (w1, wa) tdwdws

1~ _ —
8w5 QA T
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§om itz bty esca N~ (P =Y\ 5~ () 3~ (H Bl
% (1 y—=B"—m _i(wite+waty) csc a —jcot n
(i csca) e E ( . ) E (M) E (M’) (—icot )

r=0

pn=0 w'=0
e L A A L . on—n'
X(*itz cot a)r Z Z . {6—2(t1t2+w1w2)cota}7/
/ n —n
n=0 n n'=0 n 8w2

ow]
b’ =y +m-n  gn—p

gp—r—T  Gu—i  Ha—B

X —~—r — 7 — Vt7t2awlaw2
(8#{ 7wt g P (t )

X(Raf)(wl,wg)dwldwg

- e S50 5 (e 2 0)
Z

Y / Y
— —wy Pl Y
Al YT G

/=0
w
xA(icsca)? —B'—m gi(witz+waty) cscox <p '7) < ) Z (:“/) (—i cot a),@'-HI»'
w'=0 H
B'—'+m B — n ‘
x (—its cot )" Z ( > Z < ) —iw; cot )" ' e—ititaFwiwz) cot o
n=0 =)

g’ gp—v—r  gu—i §a—B
X —7 gVt b, wi, wa){
dwyg " Oty owi ™M otd
X w§’+7_7/ (R ) (w1, wa) pdwy dws.
Therefore,

T
‘t t5 5 T atq-AV af(t17t2)‘

< |Ba !Z( );(g) Zﬂjo< )\cscayﬁ § nz( >A,Cscap B —m

9B’ =y +m-n  gn—p

B—p'

wy
B Fm=1 gy, ik
ow, owy

B'—'+m / /
% Z <p 'Y) Z%) <M> XM: <Z/>|C0ta‘ﬂl+w|t2 cot al” Z (5 - —I—m)
o

=0 7=0 K
n

377 n o gp—y—r Gu—u  Ha—B
X Z (:;/)/ |wy cota\”\

— — ———=V(t1, ta, w1, wa)|
= =1 9T gut T ol

9B = +m-n  gn—p (R ) Vdwyd
X — — ¢ ) (w1, wo)|dwi dws,
|aw5 7 +m—n awl m 1 1 2 1 2

where R = wy P~ wh 777 (R f) (w1, wy). Then, the above expression becomes

W) E () 5 () (o

~'=0

1 (ol ot o1 (A ol G

n'=0 n=0 1

o' gr—y-r  gu—’
X Z ( ) / (1 + Jwq cot a|)? |(1 + |t200ta’)p|aw

n=n" P~ YT 5, u—p

an

98— +m-n  gn—n
X atq_ﬂv(th tg, w1, w2)|}|
2

— R ) (wr, wo)|dwy dws.
8w§*7+m*’78w?_“( 1) (w1, wa)|dwy dwsy
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Using the condition (4.1), we get,

S ()5 (1) 5 (e 5 (tona o

B=0 =0
- H B'—~'+m o
X Z (p 7) Z < ) Z ( ,>’00t a|6,+ﬂl Z <ﬁ Yy +m>
#=0 H w'=0 1% =0 n
7
e <7777/>6/R2(1 + wn cot )™ HTHIE (14w, cot af )2
n'=0

9B =y +m-n  gn—p

X 7 — RE w1, w dw dw,
|8w§"7+m‘”6w? 7 (R f) (w1, wa)|dwy dws

Where7 ¢ depends Only onp,q,r K, ,ulv n, 77/7 67 B/'
Since, R$ f (w1, ws) € S(RQ) the last integral is convergent.

aq
Hence oS I 7'ty o o’ af (t1, t2)] < oc.
1,02

Which completes the proof. ([

5. Boundedness of pseudo-differential operator

In this section we assume that v(x1, x2, w1, ws) satisfies the following condition instead
of (4.1). For given m € R, assume that

|(1 4 y/2? + 23 csca)"DE DL DP DI v(z1,20,w1,ws)|
< €1+ \/wi + w3 csc a)m_(p+q), (5.1)

for all 1,22, w1, wy € R and, for all n,k,I,p,q € Nyg. The class of all such symbols is
denoted by S™, where D, = 8%.

Definition 5.1. A tempered distribution 1 belongs to generalized Sobolev space H? (R?)
and s € R, if it’s gyrator transform R, satisfies

sl = ([, 10+ (6 + ) esc? 0)E (R0) (11, 1) Ptz < oo, (5.2)
for all ¢ € S'(R?). The H$(R?) space is complete with respect to the norm [|¢|| s .
Proposition 5.2. Let f(t,t3) € S(R?) and for any k € Ng, we have
(i) /RQ (Aty ) G (tr, o, w1, wo) f (1, t2)dtrdts
/RQ Gal(ty, t2, w1, wa) (A}, 4,)F f(t1, t2)dtrdts,
(1) (ROAL 0) F(t1,t2)) (wr,w2) = (—i(wy + wp) csc @) (R f(t1, £2)) (w1, ws),

where Ay, ¢, = 8%1 + 8%2 +i(t1 +t2) cot o, and Ay, 4, = —(ait1 + 8%2 —i(t] + t2) cot ).
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Proof. (i) For k = 1, we have
/ Atl,tgG (tl,tg,’u}l,wg) (tl,tg)dtldtg

0 0
— <6tl + (97752 tl + t2 COt a) Ga tl,tQ,U]l,’UJQ)f(tl,tQ)dtldtQ

0
= (aTlG (t1, 2, w1, w2) f(t1,t2) + 5~ 8 (t17t2,w1,w2>f(t1,t2))
(tl + tg) cot OéG (tl,tQ, wl,wg)f(tl,tg)dtldtQ

oty
— ity + t2) cot aGq(t1, ta, wi, w) f (1, tg))dtldtg

if(th t2)

- (_ Ga(t1,t2, w1, ws) Ity

R2 f(t17t2> _Ga(t17t27w17w2)
Z/R2 Ga(t1,t2,wl,w2)A;1,t2f(t1,t2)dt1dt2~

Continuing in similar manner, we get the required result.
(ii) As we know that

(RN, 1) (1, 12) ) (g, w2) = /R Gt tay wr, wa) (A}, ) f(tr, o) dtrds.

Exploiting the previous result of (i), for k = 1 we have
/R2 Ga(ty, ta, wi, wo) Ay, 4, f (L1, t2)dtrdls
= _/]RQ At1,t2Ga(t1) t27 wi, w?)f(tla t?)dtldtQ

= R2(—i(w1 + U)Q) cse Q)Ga(tl, to, w1, wz)f(t1, tz)dtldtg

= (—i(wl + wg) csc a) /]1@2 Ga(tl,tg,wl,wg)f(tl,tz)dtldtg
= (—i(w1 + wa) csc a) (R f(t1,t2)) (w1, wa).

Continuing in similar manner, we get the required result. O

Lemma 5.3. For any symbol v(z1, z2, w1, ws) belongs to S™,m € R and 1 < k € N, there
exists a positive constant Cp, such that

m _
](iRo‘v(xl,xg,wl,wg))(tl,tg,wl,w2)|S(‘fm(l—i—\/w%—i—w%csca) (1+(t1+t2)2csc2a) .

Proof. Exploiting (1.7), we see that

MES

(fRaV(xl, o, Wi, wg))<t1, tQ, w1, ’wQ) = /R2 Ga(xl, X2, tl, tg)\/(xl, T2, W1, wg)dxldl'g.
Following Proposition 5.2, we have
(R (1 - A%, ) f(l‘l,l“Q)) (w1, w2)

= (1 + i(wy + w2) csc 0é>k9zaf($1,$2)(w1,w2)7

so that

k
i(t1 + t2) csca) R*v(t1, t2, w1, w2)

\/—\

$1,$2,t1,t2)(1 A;l’w)kv(xl,acg,wl,wg)daclde. (5.3)
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Now (1—AL ) =3k o (5)(=1)" (AL, ,,)", then we have

1,22 x1,T2

( Alxl xg) ($1,1‘2,w1,w2)

) (5 + o + il +a)cota) ¥ )
(9.1‘1 8$2 Aval I9)COt I1,T2,W1,W2

l l
( > Z’l,.’L’Q,ll,lQ)DxllD;ZV(xl,.TQ,’LUl,WQ)

>,
;

where P(x1,x9,l1,1l2) = Z Ch,lz% 1’2 Then the above expression becomes
l1+a<r
"k
I .1 1 l
= Z <r> Z Ch,lﬂf9522Dx11Dx22V(931,932,w1,w2)-
r=0 hh+1<r

Hence using (5.1), the above expression (5.3) can be re-written as

| (14 it + t2) csca) |F|ROV(ty, ta, w1, ws)|

k
k
= |B,| /R? Z <r> Z C’ll,lgxlfxlf])illDizzv(ml,952,wl,wg)dazldazg
r=0

li+l<r

< |Bo|D(1 + \/w? + w3 csca)™ /R?<1 + /22 + x3 csc a) Fdxydas.

Since the integral is convergent for large value of k, there exists a constant C, > 0
depending on k, a, 1, 7,m. Thus from the above inequality we obtain,

k

[(RYV (21, 22, w1, w2)) (t1, ta, w1, w2)| < Cp(1 + \/w? + w3 csca)™(1 + (¢ + t2)2csc2 a)" 2.
U

Proposition 5.4. For any symbol v(t1,te, w1, wy) € S™,m € R, the associated operator
Ayt admits the representation

Ay o (21, 22)
ei:clxg cot «

_ IE / Ga(xl’x2’t17t2)671(2w1w27t1w27t2w1)cota
4
e

X Ra\/(tl — w1, to — w2, W1, wg)iRaw(wl, wg)dwldwgdtldtg,

provided all involved integrals are convergent.

Proof. In order to establish it’s validity. We first note that

(14+4/ (w? +wd) csca)™ < Lo (1+(wi+w3) csc? @)

m
2

, where m € R and £, = max(1,27).

Hence, by Lemma 5.3, we obtain

=

| RV (1, to, w1, wa)| < ConLn(1 4 (w? 4 wd) csc? ) 2 (1 4 (t1 + t2)%csc? a) 2.
Since (R¥) (w1, ws) € S(R?), exploiting the above inequality we have

[ ROVt = wi, o — wa, wr, we) (R) (wn, ws))

k

C(1+ (w% + w%) csc? a)%_q(l + ((t1 —wy) + (t2 — U]Q))2CSC2 )2
< (1 + (w? 4 w3) csc? )%*q(l + ((t1 — w1)? + (t2 — wo)?)csc? a)’g.

IN
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where ¢ and k can be chosen sufficiently large natural numbers. Hence,

/R? |fRaV(t1 — wm, to — wa, W1, ’LUQ)(.'Raw)(U)h wg)\dwldwg

m
2

= e/Rz(l + (W} +wd) esc? @) T UL+ ((t — wi)? + (t2 — wa)?)ese? a) ™2 dwidw
< o0

For large g and k, the right hand side is a convolution product of two integrable functions
on R?. Therefore, the function

ga(tlv t2)

= - eii(lew?ftleitgwl) COtafRa\/(tl — w1, e — w2, wr, wg)(fRaw)(wl, wg)dwldwg

is in L'(R?). Now we compute it’s inverse gyrator transform

/ Ga(l‘l, x2,t1, tg) / e—i(2w1w2—t1w2—t2w1)cotaiRav(tl —wy, te — wa, Wy, w2)
R2 R2
X (R*) (w1, we)dwi dwadtdty

=B, » e~ i(z1m2+t1t2) cot ati(mitawat) csc o, —i(2wiwe —tiwa —tawy ) cot @ (RAY) (wy, wo)
X ZRa\/(tl — w1, to — wa, W1, wg)d’wldwgdtldtg

-B e—i[$1$2+(t1 —w1)(t2—w2)] cot a+i[z1 (b2 —w2)+z2(t1—w1)] csc ae—i(t1w2+t2w1 —wiws) cot a
=Dq
R4

% ez(m1w2+x2w1) csc ae—z(2w1w2—t1w2—t2w1) cot a:RaV(tl

X (Raﬂ)) (wl, wg)dwldwzdtldtg

— wy, tg — wa, Wi, w2)

— w1, wa)

—i(tiwa+t2wi —wiws) cot a+i(r1wa+zowr) csc a—i(2wiwa—tiwar—tawi) cot & pav

e (R¥)(
R4

% Baefz[zlngrnTg} cot a+i[ziTo+x271] CSC afRaV(Tl, To, W1, ’ll)Q)dTldTdeld’wQ

= &
R2
X V(xl, T2, W1, wz)dwldwg

—i(t1wa+taw1 —wiwz) cot a+i(z1 w2 +r2wi) csc a—i(2wiwz —t1 w2 —taw1) cot (Rad}) (wl w2)
bl

—iwi w2 cot a+i(riwa+xows) csca(:Roew)(wl’ ’LUQ)V(.%l, To, w1, wg)dwldwg

=€
eimlmg cot «
:T - Ga(xl, T2, W1, wg)(fRa’Iﬂ)(wl, ’LUQ)V($1, o, W1, wQ)dwldwg.
«

This establishes the required Proposition. [l

Lemma 5.5. (Peetre) For any real number s and for all (ti,t), (wi,ws) € R2, the
following inequality

(14 (83 +3) csc? a)®

(1 + (w? + w3) csc? a)

- < 21511+ ((t1 — w1)? + (t — w2)?) esc? a)l*!

holds.
Proof. See [19, p. 97]. O

Theorem 5.6. Let v(x1,x2,t1,t2) € S™,m € R and (A o) be the associated operator.
Then the following estimate holds true:

”(-Av,oﬂl})HH;f{ < GH@Z}HH(SX‘Fma (5.4)
for all s € R and for all ¢ € S(R?) for a certain constant € = C(a).
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Proof. From Proposition 5.4, we have seen that the tempered distribution
(e*i"’“"”’2 cot O‘Ayyoﬂ/}) has the gyrator transform equal to

1 ,
F e—z(2w1w2—t1w2—t2w1) cot afRaV(tl — Wi, t2 — W2, W1, wg)(fRO‘LZ))(wl, WQ)dwlde.
(e}
Set
Up, (1, t2)
_ (1+ (t% + t%) csc? a)z / o~ i(2wiwa —tywa—tawy) cot Ry (t) — wy, ty — wa, Wi, W)
Ba ]RQ ) ) 9
X R (w1, we)dwy dws
1 (1+ (82 +13) csc? )2 :

efi(2w1w27t1w27t2w1)cota(l + (wl + wz) csc? Oé)

Bo Jr2 (1 + (w? + w3) csc a)?
X ZRaV(tl — w1, to — w2, W1, wg)iRO‘z/J(wl, wg)dwldwg.
Using Lemma 5.5, we have
Uz (t1, t2)]
2%+2
< /2(1 + (w} + w?) csc a) (14 ((t1 — w1)? + (ta — w2)?) csc? )
R

«

Nlw

X ’fRa\/(tl — w1, to — wa, W1, wg)]iRaw(wl, ’lUQ)dwlde.
Exploiting Lemma 5.3, we get,
[UZ(t1, t2)]

2‘%‘+2

<
- B,

Cm /2(1 + (w% + w%) csc? a)mT“iRaw(wl,wg)
L+ ((t1 — w1)? + (t2 — w2)?)esc? a)%dwldwg
/ fa(wi, w2)he(t1 — wi, ta — we)dwidws

=(fa * ha)(t1, t2).
If k is sufficiently large, ho, € L'(R?). Also, since R € S(R?), fo(wy,w2) € L?(R?).
Then, (fu * ha)(t1,t2) belongs to L?(R) and the inequality
[fa * hallL2w) < [[fallr2@)llhall L2 )
implies that
UG (£1, 2) | L2 (r2) < E(@) ||| fyssm.
Therefore in viewing Proposition 5.4, we have
le™ 1220 A (p(a1, 22)|mg
= (1 + (5 + 1) esc? @) 2R*eT 12OV (@, w2) | g
= U&(t1, t2) | 22 (r2) < Cla)|[¥]| st

Which completes the proof of this theorem. O
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