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Ozet. Dagilim parametreli sistemler igin optimal kontrol teorisinde kullanigh olan,
Lebesgue regiiler noktalarinin bazi sonuclari ispatlanmigtir.
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kontrol.

Abstract. Some corollaries of Lebesgue’s regular points which are useful in the theory of
optimal control for distributed parameter systems are proved.

Keywords. Variable exponent Lebesgue spaces, Lebesgue regular points, optimal control.

1. Introduction

In recent years, stimulated by some problems in fluid dynamics and differential
equations, a great interest has arisen in spaces with variable exponents and in the
extension of the results of classical Harmonic Analysis to the variable exponent
setting. The mathematical applications of these problems have been carried out by

the variational integrals with non-standard growth [1, 7].

Let p: € — [1,00) be a measurable bounded function which is called the variable
exponent on 2 € R, and write p* = sup,cq p(t) and p~ = inf,cq p(t). The variable
exponent Lebesgue space Ly)(§2) consists of all measurable functions f : 2 — R
such that the modular

I(f) = [ |ft)[PDat
/

is finite. If p™ < oo, then

1y = inf{A 01 ({) < 1}

Received February 11, 2010; accepted October 25, 2010.

ISSN 1309 - 6788 (© 2010 Cankaya University



106 Mashiyev

defines a Luzemburg norm on L,y (€2). This makes L,.)(€2) a Banach space. If p is
a constant function, then the variable exponent Lebesgue space L,)(€2) coincides

with the classical Lebesgue space. The basic properties of these spaces can be found
in [3, 4, 8].

Proposition 1. [3,8] Let p be a measurable function such that 1 < p~ < p(t) <

pt < 0o, and Q be a measurable set in R"™. Then,

1 lzy@ > 1= 1A @) < T <A o

[l @ < 1= ||f|| @ <1 <AL, @

Let
Q=(a,b)={teR": a;<t; <b;, 1=1,2,... ,n}
be an open parallelepiped in R"”, and
Q(T,T)E{tER”: Ti—ggtign—l—g, i:1,2,...,n}

be a closed cube with its centre at 7 € {2 and its edges parallel to coordinate
axes with their length equal to » > 0. The classical Lebesgue theorem on regular
points accepts various generalizations and may be used in many different applications
including in the calculation of variations of functionals of distributed problems in
the theory of optimization. The non-trivial Lebesgue Theorem 1 on regular points
in variable exponent Lebesgue spaces (see [6]) and its consequences will be used
here to calculate the functional’s variations. Moreover, it may be applied in various
problems of optimal control theory.

2. The Main Results

Theorem 1. (i) Assume that @ € R" is a bounded measurable set, f(s,y) : £ X
R! — R is a Carathéodory function (i.e the map y — f(s,y) is continuous
for a.e. s € Q, while s — f(s,y) is measurable on Q for all y € R!), and
the condition |f(s,y)| < a(s) + Cly| holds, where s € Q, C = const. > 0, and
a() € Ly (@), ive. o) o) < A

(i1) yo(s) and {yn(s) : h={r,r} € QA x [0,00)} € L;(,)(Q), such that

/ [y ()Pt < B, lyn = ol o) = 0,
Q
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as v — 0 uniformly for T €
(ili) 1 <p™ <p(t) <pt < oo and f € Ly ().

Then, for almost everywhere,

hm—/|ftyh f(ryo)|PPdt =0, 7 € Q,

uniformly in yo, yn, where Q. = Q. (1) ={t € Q:t € [1,7 + 7]}, i.e. T is known as
a Lebesgue point.

Proof. Let {r;}32, be countable, and dense everywhere in [0, 00). Since f € L,.(Q2)
and p* < oo, then |f(t,yn) — m:i[P® € LL () uniformly. Indeed, with fixed i, we
have

/'f(t’yh) = nif"Vdt < 2p+_1/|f(t,yh) — P
O, ke

< ot / (1770 4+ 271 (Ja(B)P© + 7" [y ) ] a

Q,

< 21’*—1/ [\mﬁ +ort (\AW + CP*\BV’*)] dt < oo.

Q,

By the Lebesgue theorem, for each ¢ € N, a subset E; C €,, (E =U El) of
i=1
Lebesque measure zero is available, and with V¢ € Q, \ E, we obtain

1
lim — / |f(t,yn) — riPDdt = | (7, yn) — raf T
r

Assume that 0 <e < 1,0<¢e; < }1, 0<ey < }L, and 7 € Q,./E. Choose r; such that

. €1
|f(7yh) - Ti|p() < 2p+*1

and
. €2
(- m0) — i) < -1

with all and any o, yp, € LL(,)(Q). Thus, we get
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1
hmwn—/Uﬁww—ﬂﬂmW@ﬁ
r—0 rn

Qr

1 1
<ot lim sup T—n/\f(t,yh)—ﬁ|p(t)dt+ﬁ/\ri—f(ﬂyo)!p(t)dt
o o

iy - €1 €2
< 2T (rgn) =il + | f(rgo) =) S 207 (G + ) <<

The proof of Theorem 1 is complete. O

In the distributed parameters systems and optimal control theories we face the
following problem [2, 5]:

Let €2 € R™ be a bounded measurable set and
{flm,7](-) € Ly(y(Q) : m eN, 7 € Q}
be a family of functions satisfying the following condition:
[ fIm, 7], @) — 0, as m — +o0, uniformly in 7 € Q.

Moreover, assume that

MMm—i /UWﬂWM%

=
Q[m,7]

where Qm, 7| ={t € Q:t € [r, 7+ ru)}, 'm — 0 as m — +oo.

Then, the question is for which subsequence {m;} C N and set 0y C €2, meas(€)) =

meas(2) of Lebesque measure zero
Fy[mg](1) = 0Vr € Qg as k — 400 (1)

will be valid.

Let’s explain why we refer to a subsequence {my} rather than a whole sequence
{m}. We consider the simple case, i.e. when subintegral functions do not relate to 7
and a family of functions {f,(-) € Ly)(R2) : m € N} such that || f,n()||z,,@ — 0

as m — +oo, and

1
Filml(r) = [ 1P
™ Q7]
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We will show that, in general, convergence F;[m](7) — 0 for almost all 7 € € as

k — 400 may not be true.

Remark 1. Let n = 1, Q = [0, 1], and define the sets

J—17 J—17
Qk,j: [T’E)’ Pk,j: {T7E—%,j>a

where v, ; = J# for j=1,....k, k=2,3,.... Further, let’s assume

Po=|JPuj, k=2,3,... and Qo =[] P
j=1 k=2

Then it is clear that meas(€2y) > 0. Let ¢ ; be the characteristic function of sets
Qr,j, and

Jilt) =21,  fot) = 022, [f3(t) = @31 falt) = @32, [5(t) = @33,....

Similarly, let constitute the following sequence

rn=%.1, T2="722, T3=731, T4=732, T5=733,----

It is obvious that f,,.(-) C Ly,[0,1] and || fn()[lz,y100) = 0, 7 — 0 as m — o0,
while

Frm](r) = Tin / Fn(D)POdt - 0, Vr € Qg as m — +oo.

Q[m,7]
Indeed, if we take 7 € €, then 7 € P, for k = 2,3,..., and there exists j = j(k)
such that 7 € Py ;. However, by this construction, if r,, = 7y , then Qm, 7] =
(7,7 + Y] C Qk;, and thus f,(t) = @i ;(t) = 1 for t € Qm, 7], and eventually

F3yIm](7) = 1. This means the set Fy[m](7) contains a subset F;[m,](7) = 1. O

We will require the following definitions to obtain the main results.

Definition 1. A system M of measurable sets containing a point £ € R™ will have a
compaction to the point &, if sets are as small in diameter as desired among system’s
sets and regular compaction, and a cube Q(&, h) D e for all and any e € M such

that h™ < Lmeas(e), where L is a constant which is invariable with e.

Definition 2. A system {Q2[m,7] : m € N,7 € Q} of measurable sets will have a
regular compaction on a set {2, provided

(i) 7 € Qm,7] Vm eN,
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(i) supdiam Q[m, 7| — 0 with m — +o0.
TESQ

Remark 2. It is obvious that the subsystem deriving from the sets system which
have regular compaction on (2 with constant 7 € €2 will have compaction to the point
7. In addition, if the condition of regularity holds we can speak about a uniform and
regular compaction sets system Qm, 7] ={t € Q:t € [r,7+ 1]}, rm — 0. It is
obvious that a parallelepiped system will be uniformly and regularly compactable.

It is also clear that the said class will extend further.

Theorem 2. Assume that f(t,y) : Q x Rl — R is a Carathéodory function and

satisfies the following conditions:

(i) Sets system {G[m,7|: m € N, 7 € Q} is uniformly and reqularly compactable
on Q, Qm, 7] = G[m, 7| NQ,
(11) 1< p_; p+ < 00, {|y[m7 h’]()’ s me N7 h S G} - Lzlg()(Q)i and
Hom(:) C Ly (1)} such that by ()L, @ — 0 as m — +o0, and
ly[m, h](-)| < bp(-) Vm € N, h € G for almost all T € Q,
(iii) Vy € Lé(_)(Q) we will get f(-,y(-)) € Lp)(2), where
G ey = 0. 19O, @) .
Remark 3. To get the condition (ii), it is sufficient to show the following inequality
holds true
|ylm, k] ()] < b (t)N <\|X9[m,r]\1’(t)HLW(Q)> , Ym e N
for almost all 7 € 2, where b,,(-) € Lp)(2) and W(-) € L,y(2) are some constant

functions and N(-) : Ry — R is a nondecreasing function such that N(8) — +0
with 8 — 0.

Proof. [Remark 3| Let’s point out that for all m € N the set Q[m, 7] is contained in
some closed ball of radius diam Q[m, 7]. Therefore, its measure does not exceed this
ball’s measure, i.e. diam Q[m, 7] < C(n)[diam Q[m, 7]]", C(n) = const. > 0. O

Proof. [Theorem 2] This can be obtained immediately from the proof of Theorem
3. O

Lemma 1. Assume S(Q) is a space of measurable functions for almost everywhere
onQ, 1 €N, c(-), d(-) € SYQ)-measurable on Q, l-vector functions, c(t) < d(t) for
almost all t € €2 such that

C, dERlZ C§d<:>Cj de, j:1,2,...,l, [C,d] = [Cl,dl] X [Cg,dg] X ... X [Cl,dl],
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and f(t,y) : Q2 x R — R is measurable in t € Q and continuous in y € R

Then the function p(t) = [11(12)1)5( ) f(t,y) will be measurable on Q0 and there exists
yE[e(t),d(t

0(-) € Tle,d] = {y € SYQ) : y(t) € [e(t),d(t)]} such that f(t,0(-)) = @(t) for
almost all t € €.

Proof. The proof can be obtained immediately from [5, Assertion 1.2, p. 326 and
Theorem 1.4, p. 327]. O

Theorem 3. Assume 1 < p~ < p(t) < p™ < oo and f(t,y) : QxR — R is a

Carathéodory function and satisfies the following conditions:

(i) vy € L;(.)(Q) we get f(,y(-)) € Lp(-)(Q)r
(ii) bm() S Lp(.)(Q), m € N.

Then

16m (2, @) — 0 == / by (D) [POdt — 0 with lyOllze, @) = 0
Q

Moreover, for sufficiently large m € N, we have

p(t) =max{f(t,y): y €R', [y < bum(t)}, (2)

where o (+) € Lpy(Q2) and |lom ()L, @ — 0 as m — +o0.

Proof. In view of Lemma 1, for each m € N the function ¢,,(t) is measurable on €.
Let € > 0. By the condition (i), there exists a number d(¢) > 0 such that

J 1Pt 170 < = 3 € Ly @)
Q

[ 1Ot = Tyl o < 66
Q

Since [y ()2, ) — 0 as m — 400, we can choose a number m* = m*(¢) € N

sufficiently large such that
lem(')HLp(,)(Q) <d(e) with m>m”.
By Lemma 1, we have

30m() € S81(Q) + [0 (t)] < bun(t),
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for almost all t € Q, v, (t) = f(t,0,,(t)). Thus, if we consider

18m (Y2, = 16l 0 < Um0,

we will get 0, (+) € Lpy (), [om( )z, < &, ¥m > m*(e). This implies that (2)
is fulfilled. Therefore, the proof of Theorem 3 is complete. O

Theorem 4. Assume conditions (i), (ii), and (iii) of Theorem 2 hold with p* < co.

Then there exists a subsequence my — +00 as k — 400, and a set (g C Q with
meas(£)y) = meas(Q2), such that V1 € Qy and Yh € G

1
meas(G[mg, 7))

/ |f(t, y[mg, h](t))|”(t)dt —0ask — +oo.

Q[mk 77-]

Proof. We may assume that f(¢,7) > 0 for almost all ¢t € 2, Iy € R!. Set

m = max t,y).
4 yE[=b(t),b(t)], ft,9)
Then by (2), we get

f(t,y[m, h](t)) < on(t) Vh e G, for almost all t € Q. (3)

By Theorem 3, ¢y, () € Ly () for all sufficiently large m € N and

HQOm(’>HLp(,)(Q) — 0 as m — +00.

Thanks to the Theorem on the Convergence Regulator, a subsequence ¢, \, +0 as
k — 400 and a function w(-) € Ly)(£2) can be found so that

lom(t)] < e w(t) for almost all t € Q. (4)

Let’s choose any closed parallelepiped [2] D Q including all sets G[m, 7|, Ym € N,
V1 € Q along with a set 2 and extend function w(+) to this parallelepiped with zero.
Then, obviously, w(-) € Ly.y(£2), and directly from (3) and (4) and by contractiveness
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of system {G[m, 1], m € N, 7 € Q} to the point 7 € Q, it follows that

1
t IANERE
meas(G[mg, 7]) / |F(t ylma, h(2))]
Q[mkﬂ—]
€k
— meas(Clmr ) / \w(t)|p(t)dt
Q[my,7]
Ek .
- meas(G[mk 7—]) / |w<t)|p(t)dt —0- |w(7—)|p( ) — O,
G[myg,T7]
for almost all 7 € ). Hence, the proof of Theorem 4 is complete. ]
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