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ABSTRACT. The primary objective of this study is to introduce the concepts
of Za-deferred Cesaro summability and Za-deferred statistical convergence for
double sequences in fuzzy normed spaces (FNS). Furthermore, the aim is to
explore the connections between these concepts and subsequently establish
several theorems pertaining to the notion of Zz-deferred statistical convergence
in FNS for double sequences. We further define Zo-deferred statistical limit
points and Za-deferred statistical cluster points of a sequence within FNS and
explore the relationships among these concepts.

1. INTRODUCTION

The concept of statistical convergence, initially introduced in Zygmund’s mono-
graph [40], was later revisited by Fast |[11] and independently reexamined for both
real and complex sequences by Schoenberg [32]. Mursaleen and Edely [26] extended
this investigation to double sequences. Additionally, Fridy |13] explored statistical
limit points and cluster points in the context of real number sequences.

Kostyrko et al. [20] introduced the concept of ideal convergence, which encom-
passes various convergence notions such as usual convergence and statistical con-
vergence. Das et al. |7] extended this concept to double sequences in a metric
space, termed Z-convergence. In a subsequent work, Savag and Das [30] further
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expanded the idea of ideal convergence introduced by Kostyrko et al. [20], explor-
ing its application to Z-statistical convergence and investigating its fundamental
properties.

Zadeh [39] pioneered the theory of fuzzy sets, laying its foundation. Matloka [24]
explored the convergence of sequences of fuzzy numbers, while Nanda [27] demon-
strated that the set of convergent sequences of fuzzy numbers forms a complete
metric space. Nuray and Savag [28] extended the notion of convergence to statis-
tically Cauchy and statistical convergence sequences of fuzzy numbers. Kumar et
al. [21}/22] delved into Z-convergence, Z-limit points, and Z-cluster points for se-
quences of fuzzy numbers. Tripathy et al. [36] further investigated Z-statistically
limit points and Z-statistically cluster points for sequences of fuzzy numbers. In [19],
researchers extended existing theories on the convergence of fuzzy number sequences
to Zy-statistical convergence, broadened the notions of Z-statistical limit points and
ZI-statistical cluster points to double sequences, and investigated fundamental fea-
tures and relationships between sets of Z,-statistical cluster points and Z,-statistical
limit points of double sequences of fuzzy numbers. Katsaras [17] initially introduced
the concept of fuzzy norm while examining fuzzy topological vector spaces. In 1992,
Felbin [12] extended this concept to a fuzzy norm on linear spaces, drawing from
the idea of fuzzy numbers initially proposed by Kaleva and Seikkala in the context
of fuzzy metric treatment. Further research, including studies in [6l/38], investigated
diverse topological characteristics of these FNS, while works such as [2,/3] explored
various types of FNS.

Agnew [1] introduced the concept of deferred Cesaro mean for real (or complex)
sequences, followed by Kiigiikaslan and Yilmaztiirk’s [23] presentation of deferred
statistical convergence for single sequences. Subsequently, Sengiil et al. |[34] intro-
duced deferred Z-convergence. Dagadur and Sezgek [4}/5/35] investigated deferred
Cesaro summability and deferred statistical convergence for double sequences. Sta-
tistical convergence and deferred statistical convergence have been explored in var-
ious studies, as referenced in [8}|9,/15}|16}/18}25.[29431}37].

In this study, we adhere to the approach delineated in Felbin’s work. Within
the realm of FNS analysis, the convergence of sequences of fuzzy numbers plays
a pivotal role in defining standard convergence within these spaces. This paper
seeks to utilize the concept of generalized statistical convergence of fuzzy number
sequences via ideal to explore a more extensive form of convergence, particularly Z,-
deferred statistical convergence within an FNS. The goal is to establish fundamental
principles and key insights in this domain.

This paper is dedicated to introducing a novel form of convergence for sequences
of fuzzy numbers within FNS. In Section 2, we provide some preliminary definitions
and theorems concerning fuzzy number sequences, FNS, and deferred statistical
convergence. In Section 3, we intend to define the concepts of Zy-deferred Cesaro
summability and Z,-deferred statistical convergence for double sequences within
FNS. In Section 4, our goal is to investigate the interconnections between these
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concepts and subsequently establish several theorems regarding the notion of Z,-
deferred statistical convergence in FNS for double sequences. Additionally, we
define Zy-deferred statistical limit points and Z,-deferred statistical cluster points
of sequences within FNS, and delve into the relationships among these concepts.

2. DEFINITIONS AND PRELIMINARIES

In this section, we commence by revisiting some fundamental definitions related
to fuzzy numbers, fuzzy number sequences (FNS), and deferred convergence.

Definition 1. ( [33]) Suppose u : R — [0,1] represents a fuzzy subset of R. For
any « € [0,1], the a-level set of u, symbolized as p,, is described as the set of real
numbers R, where the measure p is at least «. When 0 < oo < 1, the notation [u]q
refers to the collection of points t in R where p evaluates to at a. In the case where
a = 0, [p]e indicates the closure of the set of points t in R where u evaluates to
strictly greater than 0.

Definition 2. ( /35]) A fuzzy set denoted by p defined on the real numbers R is
termed a fuzzy number subject to the specified conditions:

(1) w is normal, signifying the existence of a specific point to in R where u reaches
its mazimum membership grade of 1.

(#i) p is fuzzy convex, implying that for any pair of real numbers t1 and ta, and any
A in the interval [0, 1], p (At 4+ (1 — N)t2) is greater than or equal to the minimum
of p(t1) and pu(t1).

(4i1) p is upper semi-continuous.

(iv) The set [u]o, comprising all t in R where u(t) is greater than 0, is compact.

A real number 7 can be represented as a fuzzy number 7 defined by, if ¢ equals 7,
then 7(t) equals 1, if ¢ is not equal to r, then 7(t) equals 0. It can be demonstrated
that p qualifies as a fuzzy number if and only if each a-level set [u], forms a
non-empty, bounded, and closed interval. We denote [u]o = [ug, ul].

Definition 3. ( [33]) Let’s consider L(R), the collection of all fuzzy numbers. If
a fuzzy number u is a member of L(R) and its membership grade u(t) is zero for
t <0, it is termed a non-negative fuzzy number.

By L*(R), we denote the set of all non-negative fuzzy numbers. We can express
that p € L*(R) iff p, > 0 for each o € [0,1]. Clearly, 0 € L*(R).
A partial order denoted by < on L(R) is defined as follows:

p=<viffu, <v, and pb <viforall ac]o,1].
The strict inequality denoted by < on L(R) is established as p < v( or v > p) iff
ps < vyand pt < vifor all a € (0,1].

Definition 4. ([33]) We define the operations of addition (), multiplication (®),
and scalar multiplication on the set L(R) as follows:
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(1) The convolution of two functions p and v, denoted as (u ® v)(t), is defined for
any t in the real numbers R as the supremum of the minimum values obtained by
shifting and overlapping the functions p and v.

(i) The product convolution of two functions p and v, denoted as (u ® v)(t), is
defined for any t in the real numbers R as the supremum of the minimum values
obtained by scaling and overlapping the functions p and v.

(#i1) Scalar multiplication of a function p by a scalar k is defined for any t in the
real numbers R as p evaluated at t/k, where k is a real number not equal to zero.
Additionally, when k = 0, the result is the zero function 0(t).

Theorem 1. ([33]) Let u,v € L(R) and o € [0,1]. Then we have
(@) [n®V]a = [ +va,nd +val,

(@) [n @ v]a = [pgva, novE] (u,v € L*(R))

[kpg kpl] if k>0
hpd kpg ] if k<0

Theorem 2. ([14)]) Let p be a fuzzy number in L(R), with a-level sets denoted by
(o = 15, L], The theorem establishes the following:

(i) p3is a bounded, left-continuous, non-decreasing function on (0,1],

(11) ptis a bounded, right-continuous, non-increasing function on (0, 1],

(i4i) at o = 0, both py and pg are continuous,

(iv) pyis less than or equal to ,uf,

(#11) [kpla = k[pla = {

On the other hand, given functions p(a) and ¢(«a) satisfying conditions (i)-(iv),
there exists a unique fuzzy number p € L(R) such that [u], = [p(«@),q(a)] for all
a € [0,1].

Definition 5. ( [33/) Considering p and v as elements of the space L(R), we
define the discrepancy between two measures pn and v, denoted as F(u,v), as the
supremum over all possible values of « in the interval [0, 1] of the mazimum absolute
differences between the lower and upper variations of p and v. This function, F, is
known as the supremum metric on the set L(R). If (u,) is a sequence in L(R) and
w is an element of L(R), we say that the sequence (u,,) converges to u in the metric

F, indicated as p,, EX woor (F) — limy o0 b, = i, if the limit as u approaches
infinity of the supremum metric F (u,, 1) is equal to zero.

Definition 6. ( [12]) Consider a vector space X over R, equipped with a mapping
Il : X = L*(R), and let symmetric, non-decreasing mappings L, R : [0,1]x[0,1] —
[0,1] be given, satisfying L(0,0) = 0 and R(1,1) = 1. We denote this quadruple
as (X, || - |, L, R), termed an FNS, where || - || is referred to as a fuzzy norm, if it
adheres to the following conditions:

(i) The norm of x equals zero iff x is the zero vector 6.
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(i) For any vector x in X and scalar r, the norm of the scalar multiple rx is equal
to the absolute value of r multiplied by the norm of x.

(iii) For any vectors x and y in X :

(a) The norm of their sum x +y is greater than or equal to the minimum of their
norms.

(b) The norm of their sum x + y is less than or equal to the maximum of their
norms.

Additionally, functions L(z,y) and R(x,y) are defined as the minimum and
maximum of z and y, respectively, when z and y are within the interval [0, 1]. The
FNS is denoted as (X, |- |) or simply X when L and R adhere to these definitions.

Lemma 1. ([12]) In a FNS, the norm of the sum of two vectors is less than or equal
to the sum of their individual norms as defined in Definition[6| (iii) (a) ( with L being
the minimum function ) is equivalent to the inequality ||z + yll, < ||zl + lvll5,
holding for all a € (0,1] and xz,y € X.

Lemma 2. ( [19]) The triangle inequality specified in Definition [6 (iii)(b) (with
R = max ) is equivalent to the inequality |z + y|} < |z|T + |y|t for all o € (0,1]
and x,y € X.

Remark 1. By referring to Theorem (iii) and Lemma |l we can infer that the
condition described in Definition[6 (iii)(a) (with L = min ) implies that

| .
T [Jo+ gl < Tim [l2]7 + lim [ly];

that is, [z +yllg < |lzllg + lylly - Similarly, according to Deﬁnition@ (11i)(b) (with
R = max ), it follows that the non-negative part of the sum of two elements, denoted
by ||z + yll§, is bounded above by the sum of their respective non-negative parts,
lzlld + |lylla. Consequently, in a FNS (X, || - ||), the triangle inequality specified
n Deﬁnition@ (it1) suggests that the norm of the sum of two elements, denoted by
lx + yl|, is less than or equal to the composition of the norms of x and y, denoted

by [zl @ fly]l-

According to Definition @ we have x = 0 iff ||z|| = 0, iff ||z||; = ||z]|} = 0 for
all @ € [0,1]. Furthermore, we have ||z||, > 0 whenever = # 6. Now if r = 0, then
llrzllla = [)10]l]a = [0,0] = [|Jr|||z]]]o for all & € [0,1] and « € X. For r # 0, we have
lirella = Irlllzllo for each o € [0, 1, ie., [rallz = [rll2llzand lrallf = |rlllz]for
each « € [0,1]. Thus, we can say that || - ||;and || - ||Zare norms on X in the usual
sense in view of Definition [6] with the choice of L = min and R = max, where
a € [0,1].
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Example 1. ( /35]) Let (X,] - |lc) be an ordinary normed linear space. Then a
fuzzy norm || - || on X can be obtained as

0 if0<t < (zlle ort = nllz|c
Iz1(t) = a=amre — e ¥ Cllzle <t < ele
WJF% if |zllc <t < nlz|lc

in the given context, ||z|c denotes the standard norm of x (excluding the zero
vector), where 0 < ¢ <1 and1 < n < co. For the zero vector x = 0, we define ||z| =
0. Consequently, (X, ||-||) constitutes a FNS. The specific fuzzy norm discussed here
is referred to as the triangular fuzzy norm.

Example 2. Let (R, || - [|[r) i a normed linear space. Then the fuzzy norm || -|| on
R can be obtained as
szl g s g
Izl (s) = ¢ >+
0, s < |z

and (R, ||z||) is a FNS.

Definition 7. ( [10]) Let (X, - ||) be an FNS. A sequence (x,) in X converges
to x € X with respect to the fuzzy norm on X, denoted by x, EELR x, if (F)—
lim, o || — x|| = 0, where for every € > 0, there exists an N(e) € N such that

F <||J:, | ,6) < e for all v > N. This means that for every ¢ > 0 there is an
N(e) € N such that sup,epo 4 |2 — x||: = ||z, — x||3_ <e.

Definition 8. ( [28]) A sequence (x,) of fuzzy numbers is considered to be statisti-
cally convergent to the fuzzy number x, denoted as st-lim z, = x, if for each ¢ > 0,
there exists a positive integer N such that,

S({reN: F(x,,z)>e})=0.

Definition 9. ( [1]) Let K be a subset of the positive integers N, and let Kq.(n)
denote the set of integers in the interval [d(n) + 1,¢(n)] that belong to K, where
d = (d(n)) and ¢ = (c(n)) are sequences of non-negative integers satisfying the
conditions:

d(n) <c(n) forall neNand lim c(n) = oo.

n—oo

The deferred density of K is denoted and defined by

. 1
dac(K) = lhm —— |Kq4.(n)].

)

Definition 10. ( [23]) Consider a sequence (x,) of real numbers. We say that (x,)
is deferred statistically convergent to [ € R if, for every e > 0, the following holds:

. 1 e _
Ji s €N [dn) + Lew)] ey — 1] 2 e} =0
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where d = (d(n)) and ¢ = (¢(n)) are sequences of non-negative integers satisfying
the conditions specified in Equation (1).

For a double sequence w = (wyy), the deferred Cesaro mean D, 4 is defined by

1 Valp 1 Valp
psd af uv uv
pad)ﬁ u=to+1 pa¢ﬁ u=tgy+1
v=kg+1 v=kg+1

where (to), (va), (kg), (I3) are non-negative integer sequences satisfying following
conditions:

to < Va, aler;ova =o00; kg <lg, Bleréolg =00 (1)

Vo —ta = P lﬁfkﬂzﬁbﬁ-

Note here that the method D, 4 is openly regular for any selection of the sequences
(ta) s (va) , (ks) , (Lg).

All through this study, except where otherwise stated, (¢4), (va), (kg), (Ig) are
conceived non-negative integer sequences satisfying

A double sequence (wy,) is strongly deferred Cesaro summable to w provided
that

Va,lp

lim —— Z Wue —w| T =0
oy 2 e =l o,
U:kg-i-l

A double sequence (w,,) is considered bounded with respect to the fuzzy norm X,
if there exists U > 0 such that ||wy, — w||0Jr < U for all (u,v) € N2 Additionally,
L2, denotes the set of all bounded double sequences.

By double lacunary sequence, we mean that a double sequence 82 = {(pa,qs)}
of two increasing integer sequences (p,) and (gg) such that

p():O,ha:pa—pa,l—>ooandq0:O,fLﬁ:qI3—qﬁ,1—>ooasa,6—>oo.

3. NEw CONCEPTS

In this section, we present the notions of deferred statistical convergence, Zo-
deferred Cesaro summability, and Z,-deferred statistical convergence for double
sequences in the context of FNS. We establish essential properties concerning these
concepts and delve into defining Zs-deferred statistical limit points as well as Zo-
deferred statistical cluster points for double sequences in FNS. Our inquiry centers
on elucidating the interconnections among these introduced concepts, presenting
pivotal findings that enrich the comprehension of Z,-statistical convergence within
FNS.

Throughout the article, we will consider (X, ||.||) as a FNS.
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Definition 11. A sequence (wy,) in X is considered to be deferred statistically
convergent to w € X regarding the fuzzy norm on X, where (to), (va), (kg), (Ig)
are sequences of non-negative integers satisfying the conditions specified in Equation

1, then we write Wy, DStgFN) w or DSty (FN) — limw,, = w, provided that
DSty (FN) —lim ||wy, — w|| = 05 i.e., for each A > 0, we have

da ({(u,v) tla <UL v, kg <v<lg, ]'—(me; — wl| ,6) > )\}) =0,

or equivalently,

1 .
lim 7{u7v:ta<u§va,k <v§l7_7-'(wuv—u}70 2)\}‘:0,
0850 085 (u,v) 8 5 | [ )

This implies that for each A > 0, the set
K\ = {(u,v) o < U<V, kg <0<, |wew —w|F > )\}

has a natural density of zero. That is, for each A > 0, ||wyy — w||g < A for a.a.
u, v (all most all u, v). The element w belongs to the set X serves as the deferred
statistical limit of the double sequence (Wyy).

A concise and insightful interpretation of the mentioned definition is as follows:

v DSEAEN, iff DSty (FN) — lim |[wy, — w||§ =0

Wy
Noting that DSty (FN) — lim |[wy, — w||} = 0 implies that
DSty (FN) — lim [|wy, — w]|, = DSty (FN) — lim [Jw,, —w||f =0
for each o € [0,1] since
0< = wllg < llway = wllf < [l — wli

holds for every u,v € N and for each o € [0,1].

Example 3. Let (R,| - ||r) be an FNS. Then, a fuzzy norm || - || on R is define in
Ezample|d and (to), (va), (kg), (Ig) are sequences of non-negative integers satisfy-
ing the conditions specified in Equation . Define the sequence w = (wyy) as
uw?v? [Ua] — 1 < u < [\/Ua]
Wyp = Vil —1<v <[] aB=123,...
0; otherwise.

where 0 < to < [Jua] =1, 0 < kg < [\/Ig] =1 and (va), (Ig) are monotonic

. . DSt2(FN
increasing sequences. Then, Wy, g ) 0.
Justification: For every 0 < A <1, s > |lw|| we have

KO\ = {(u,v) o < U< Vs kg <0 < lg ot Jwe — O >>\}.
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This implies that,
K\ = {(u,v) tta <u< vy, kg <v<lg: s—llwunll 5 /\}

3+kuv H =

1-)
= {(u7’l)) Zta <u S Uo"kﬁ <v S lﬁ : kuvH < S(1+)\)}
for suitable value of s and A\, we get {(u,v) : ||[wyy|| > 0}. Hence

KO\ :{(u,v):ta<u§vmkg<v§lg, wa—ongzx}
= {(u,v) tta <u <o, kg <v<lg, wm,:uzvz}

={(1,1),(4,4),(9,9),(16,16),...} € Zs.

DSty (FN
As a result, Wy, tﬁF ) 0.

Definition 12. The double sequence (wyy) is called to be Io-deferred Cesaro sum-
mable to w € X regarding the fuzzy norm on X, if for each A > 0

+
1 Vaslp
(O(,,B)ENQI - Wyy — W > Ay €y,
po‘(bﬂ u=tq+1
v=kg+1 0
and this condition is denoted in the format wy, PO@EN) ) o DC (I) (FN) —

lim wy, = w.

Definition 13. The double sequence (wyy) is said to be strongly Ts-deferred Cesaro
summable to w € X regarding the fuzzy norm on X, if for each A > 0

’Ua,l[;
(a, B) € N2 : Y wuw —wlg =X} €Ty
poe¢6 u=to+1
’U:k3+1
. . ) DC4[T2](FN .
and this case is denoted in Wy, 1[—2>]( ) w or DCY [Z3] — limwy, = w format.

The notation DCy [Z;] (F N) represents the collection of all double sequences that
exhibit strongly Zs-deferred Cesaro summability with respect to the fuzzy norm X.

Remark 2. DCy (Z3) (FN) and DC [Z3] (F N)-summability concepts;

(i) Forto =0, v = o and kg = 0, lg = 5, match with Z,-Cesdaro and strongly
Is-Cesaro summability concepts regarding the fuzzy norm on X, respectively.

(i7) For to, = Pa—1, Va = Pa and kg = qs—1, lg = q3 {(Pa,qs)} states double
lacunary sequence), match with Ty-lacunary and strongly Is-lacunary convergence
concepts regarding the fuzzy norm on X, respectively.

(¢i1) For the ideal I{ (the ideal of density zero sets of N?), match with deferred
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Cesaro and strongly deferred Cesaro summability concepts regarding the fuzzy norm
on X, respectively.

Definition 14. The double sequence (wy,) is considered to be I-deferred statistical
convergent to w € X regarding the fuzzy norm on X, if for every A, u > 0, the set

2.7
{<a,/3>eN e

This scenario is denoted as Wiy, PS@UEN) ) or DS (Z2) (FN) — lim wy, = w.
The collection of all double sequences of sets that are Iy-deferred statistically con-
vergent with respect to the fuzzy norm X is represented by DS (Zz) (FN).

Remark 3. The concepts outlined match with different forms of convergence within
the framework of DS (I3) (F'N);

(1) When toq = 0,v4 = a and kg = 0,lg = B, it corresponds to the Ly-statistical
convergence concept with respect to the fuzzy norm X.

(17) When ty = pa—1,Va = Do and kg = qa—1,lg = qz (where {(pa,qp)} denotes
a double lacunary sequence), it aligns with the Iy-lacunary statistical convergence
concept with respect to the fuzzy norm X.

(iii) When considering the ideal IS (the ideal of density zero sets of N ), it corre-
sponds to the deferred statistical convergence concept with respect to the fuzzy norm
X.

Definition 15. Let (wy,) be a sequence in (X, ||-||) with (ta), (va) ., (kg), (1) being
sequences of non-negative integers satisfying the conditions specified in FEquation
. We say that the sequence (wyy) in X is Iy-deferred statistically Cauchy with
respect to the fuzzy norm on X if, for every A\, u > 0, there exist natural numbers
N =N(A), M = M(\) such that

{(u,v) tta < U< vy, kg <v<lg, ||[Wyy —wHS_ > )\H > u} € Is.

1
{(a,ﬂ) eN?. — {(u,v):ta < U < Vg, kg <V Slg,kuv—wNMHar > )\}‘ Z,u} € Io.

Theorem 3. Let (wy,) be a sequence in (X, | - ||) with (ta),(va), (kg),(g) are
sequences of non-negative integers satisfying the conditions specified in Equation
[Ql Then, every Ip-deferred statistically convergent sequence is also a Ip-deferred
statistically Cauchy sequence.

Proof. Let DS (Z3) (FN) — limw,, = w and A,z > 0. Then, we have

1 A
{(Q’IB)GNQ: {(uav):ta<u§vaak5<v§l,37”wuvw'gZ}‘ZM}GIQ-
Choose N, M € N such that
1 A
{(a,ﬁ) eEN?: —— {(u,v) tta < U< Vo, kg < <lg, |wy *wNMH(J)F 2 H 2 ,u} € 1,.
PaPp 2 2




734 O. KiSi, R. AKBIYIK, M. GURDAL
Now || - ||&” being a norm in the usual sense, we get

{apen: 4

pa/}

{(uw) tta < U< Vo, kg < v <lg, || wyw —wNMHSr > )\H > ,u}

_ {(a,ﬂ) eN: L H(u,v) o < U< Vo kg < 0 < g, || (waw — w) + (w — wyar)|F > )\}‘ > p}

C {(a,ﬁ) e N2 pul% H(u,v) tta < U < Vg, kg < v <lg, || Wy —wHar > %H > ‘5‘}

U{(a,ﬁ) eN?: p:% H(u,w) o < U< Ve, kg < v < lg, | waw — warllg > %}‘ > %} € Do.

This indicates that the double sequence (wy,) is Zo-deferred statistically Cauchy.
O

4. MAIN RESULTS

In this section, we initially explore the connections between DC} [Zo] (FN)-
summability and DS (Zy) (F N)-convergence concepts.

Theorem 4. Let (wyy), (tyy) be sequences of real numbers, then

(i) If DS (Z3) (FN) — lim wy,, = wo and DS (Z3) (FN) — limt,, = tg, then

DS (IQ) (FN — lim (wuv + tuv) = wo + to,

(#)If DS (Z2) (FN) — limwy, = wo and q € C, then

DS (Z5) (FN) — lim (qwy, ) = quwo,

(#ii) If DS (Z2) (FN) — limwy, = wo and DS (Zy) (FN) — limt,, = to, and there
are positive numbers u and v such that |[wy|| < u and ||to|| < v for any u, v, then
DS (IQ) (FN) — lim (wuvtuv) = ’woto.

~— e —

Proof. (i) Assume that DS (Z3) (FN) —limwy, = wo and DS (Z3) (FN)—limt,, =
to. Since || - |4 is a norm in the usual sense, we get

[ (wup + tuw) — (wo + tO)”S_ < JJwyw — U’O”; + [tuw — tO”E)‘— (2)
for all u,v € N. Now let us write

K = {(w,0) : ta <u < va,ks <0 <l (a0 + tn) = (wo +to) I > A,
Ki(\) = {(u,v) tta <u<va, kg <v<lg:||wyw —w0||g > %}

Ko(\) = {(u,v) tta < U< Vo, kg <v<lIg: |ty —to||ar > %}

Therefore, based on Equation [2} it follows that K(\) C K;(A) U Ka(A). Given
our assumption that Ki(X), K2(\) € Z;. We conclude that K () € Zy, thereby
completing the proof.
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(ii) Let, DS (Zz) (FN) — lim wy, = wp, then ¢ € R — {0} for every A\ > 0, we have
A
{(u,u) tta < U< Vo, kg <V <lg: ||wyuw —ong > q|} € I,

|
e {(u,v) tta < U< Vo, kg < <Ig:|lquyy —qw0||3' > /\} € 1.

So DS (Z2) (FN) — lim (qwy, ) = quwo, (¢ € R).
(791) Assume A, p > 0 and w,v > 0 then

K= {(a,ﬁ) eN?: #Hta < U< Vo kg < < g, Wy — wolld > /\H < 2&} € F(I)

Pa¢[s
and
- {(a,ﬂ) eN: L Htﬂ << Vs ki < v < Ly, [tuw — to]| > )\H < %} € F(Iy).

Since KNL € F (Zy) and ) ¢ F (Zo) this means KNL # 0. So, for all (u,v) € KNL
we have

”wuvtuv - thOHS_ = ||wuvtuv — Wypto + Wunlo — U)oto”;
< ||wu'utuv - wuvtong_ + ||wuvt0 - thOHS_

<ty — tng + v Wy — wO”:)r < “ﬁ + U% = K,
ie.,
{(a,ﬂ) e N? . Hta <u < g, kg < v <lg, |l wyvtuw — w0t0||5r > )\H < ,u} € F(Zy).
Hence DS (Z2) (FN) — lim (wyptyy) = woto. O

Theorem 5. DS (I,) (FN) N L%, is a closed subset of L2,.

Proof. Suppose that (wj)jeN = (w},) € DS (Zy) (FN)NLZ, is convergent sequence
and that it converges to w € L?.. We need to prove that w € DS (Z) (FN) N
L2, Assume that w/ — L; (DS (Zy) (FN)) for Vj € N. Take a positive strictly

decreasing sequence {)\; }j en Where \; = 2% for a given A > 0. It is evident that
the sequence {)\j}jeN converges to 0. Let’s select positive integer j such that

|w—wi|| _ < 2. Let 0 < p < 1. Then
A= (a,B)GNQ:ﬁ|{ta<u§va,k5<v§l5,
et = Lilly 2 3 f| < 5} € F (@),

B= (mﬁ)ENQ:ﬁ|{ta<u§va7k‘5<v§l5,
lwidt = Lisally = 22} < 4} e F (@),
Since AN B € F(Iz) and ¢ ¢ F (Z2), we can choose (a, 8) € AN B. Then

! j + pV W
% {ta <u < e, kg < v <lg, ||wl, — L, = 4]}‘ <%,

and
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and
—_— {ta <u < vy, kg <v<lg, ||wﬁf1 — Lj+1||Jr > At H < B
Pabs = = 0=y 3
and so
- {t <4< v, =
Vwit = Linfly > A]H H <p<lL
Hence, there exist t, < u < v4, kg < v < lg for which ||w] —L; Ho > TJ and

[wit! — LjHHS > % Then, we can write

125 = Lysally < 125 = wdally + llwde —wdiH g + it = Liallg

IN

e = Lillg + ki = Lisallg + oo = w? [l o + oo = w1l

<J+J+1+ +]+1<)\

This implies that {L; }j cn is a Cauchy sequence in R, and so there is a real number
L such that L; — L, as j — oo. We need to prove that w — L (DS (Z) (FN)).
F(;lr any A > 0, choose j € N such that \; < 3, <2, L; - L||;)F < 2.
Then

pa% {t < u < Va, kg <v <lg, |wew — LT >)\H

sp;ﬂ{m<u§vmm<vsw4wafLm;+w%«ﬂ%mm+wafuwzAH

1
< P {t <u < Vg,

—Lilly +3+ 320}

<7 VQ<US%%w<vsw4wa—Lm;z%H-

This implies that

{(045)6N2;#Huv o <u<va,k5<v<zﬁ,wa_L||§ZAH<u}
2{( B) N L [{ty <u<vg,kp <v<lg,

lwd,y — Lillg > 5} M} € F(Lr).
So

1
@mmeN%p¢w{mmwm<ugum@<vsm,wwuwzxﬂ<u}ef@m
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and hence
1
{(a,ﬁ) eEN?: — {(u,v) o < U< Vo, kg <v < g, |Jwyy — L§ > )\H > u} € I,.

This implies that w — L (DS (Z) (FN)), thereby completing the proof of the
theorem. O

Theorem 6. If a double sequence (w.,) is strongly Zy-deferred Cesdaro summable
to w € X, then this sequence is To-deferred statistical convergent to w € X. Also,
the inclusion DCy [I3) (FN) C DS (Zy) (FN) is strict.

DC, [Ij;(FN)

Proof. Suppose that wy, w. For each A > 0, we can express

’Ua,lﬁ Ua;lﬁ

Z ||wuv _wH(—)‘r Z Z ||wu’U _w”g
u=to+1 u=to+1
v=kg+1 v=kg+1

1w —w|| >

)

ZAH(u,v):ta <u < v, kg < v <lg, | wew —wl|g > /\}

and therefore, we have

Va,lg

11 L1 N
- |wyo —wlly > —— H(u,v) tta <u < Vo, kg < v <lg, ||wyy —wlly > /\}’ .
APaPs u:%;+1 Pa®s

v=k’g+1

For every ;1 > 0 we obtain

{(a,ﬂ) eN2: pl% H(u,v) o < U< Vg, kg < v <, |[we —w|d 2)\}’ Zu}

O(7l
< {(Oé,ﬁ) € N?: Tl@j EZ:ti-H | wuw — w”(T z )‘M} €Iy
’U:k[g+l

DS(I)(FN
Thus, we get wy, ( 2—)>(F ) w.

To show the strictness of the inclusion, choose v = o, to, =0 and lg = 3, kg =0
define a sequence (wy,) by

) pg, u=p*v=¢
wuv— 2 2
0, uFp v #E g

Then, for every A > 0, we have

1

. < VP4
pa¢ﬂ a

H(u,v):ta << Vg, kg <0< g, |lwew — O|fF zAH p
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and for any p > 0 we get

{(04,5) e N2 ﬁ H(u,v):ta < u < Vo, kg <v§lg,||wm,—0H3_ 2)\}’ Zu}

C {(a,ﬂ)eN%% Zu}-
As the set on the right-hand side is finite and thus falls within Z5, it implies that
DS (Zy) (FN) — lim wy, = 0. On the other hand
Va,lp
1 lvPally/Pd]
> wuw —0llg = Wrdlvpd

PaPs 1 q
U:kg +1

Then

Va,lg
(0,8 EN?: e 3wy — 0§ > 1
u=tq,+1
’U:k’g—‘rl

:{(a,B)ENQ:g21}:{(m,n),(m—l—1,n—|—1),(m+2,n+2),...}

for some m,n € N which belongs to F(Z3), since Zy is admissible. So w,, -
0(DC1 [Z2] (FN)). O

s
Corollary 1. If wu, BEN w, then Wy, DS@ENY
The converse of Theorem |§| is not generally valid. To illustrate this point, we

can consider the following example by choosing Zo = I{ (the ideal of density zero
sets of N ).

Example 4. Consider X = R? and let (w,,) denote a double sequence defined as
follows:

< U < Vg,
<v<lg, (u,v)€N?

u?v?; v, — H‘\/;Ta
Wy = Is = [|v/%s

0; otherwise.

This sequence is unbounded. Additionally, it is Io-deferred statistical convergent to
w = 0 with respect to the fuzzy norm X, but it is not strongly Is-deferred Cesaro
summable with respect to the fuzzy norm X.

Theorem 7. If a double sequence (wy,) € L% is Iy-deferred statistical convergent
to w € X with respect to the fuzzy norm X, then this sequence is also strongly
Is-deferred Cesaro summable to the same limit.
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DS(Z3)(FN)
%) w. Let (wyy) € L% . There-

Proof. Suppose that (wy,) € L2, and w.,
fore, there exists U > 0 such that ||wy, — w||;)Ir < U for all (u,v) € N2. For each

A > 0, we have

Va,lg

+
palaaﬁ > lww —wlg
u=tqo+1
’U:k‘ﬁﬂ*l
va,l[g 'Uaul,(i
_ 1 o+ 1 o+
= puts Z [wew — wllg +pa¢5 Z [Waw — wllg
o o
l[wao —wllg <X

kuv_wHJZA

u
- Pa¢[3

So, for all p > 0 we get

{(u v) tte < u < vy, kg <v§l5,kuU—w||g 2)\}‘—1—/\.

U(,,lg

(0‘7B) S N2 : m Z ”wuv - w”(—; Z M

u=tqy+1
’U:k‘5+1

L H(u V) 1 to < u < vy, ks <U§lﬁ7”wuq;—w‘|a— Z)\H > 5} € Io.

c {(ap) en: L

O

DCy[T:)(FN
As a result, we get wy, 1[—2>]( ) w

By Theorem [6] and Theorem [7} we obtain the following corollary.
Corollary 2. L2 N DC [Z,] (FN) = L?, N DS (Zz) (FN).
kﬂ) be bounded, then

Theorem 8. Let (t—"‘) and (
Po ¢/3
S@)(FN) DS(Z(FN)

wuv uv

ta

Proof. To begin, given that (p

) is bounded, there exists exists a positive value
o > 0 such that Z—” < o for all @ € N. Therefore, we express this as:
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S(Z2)(FN)

Assume that w,, w. For each A > 0, we have

{(u,v) tta <u <o, kg <v<lg,||wyy — w||ar > )\}

C {(u,v) 2U < Vg, v < g, || Wyy — ng > )\},

and so
pal% {(u,v) tta < U <o, kg <v<lIg, || wyy — w||g > )\H

< Yals _1 ‘{(u,v):ugva,vglg,ﬂww—wﬂg2)\}‘.

= Pabs valg

Thus, for any positive value u > 0 we obtain

{(a,B)Esz L H(u,v):ta<u§va,k5<v§157||ww—wH§2)\HZﬂ

Pats

+
c {(ap) en®: 7l [{(w0) s u < va v <l oo —wly 2 M| > i ) -
As a result, we get wy, DS(L)(FN) )

We will examine the following theorems under the given constraints:
ta <ty <, <o and kg <kp <15 <lg

for all a, 8 € N, where each of these represents sequences of non-negative integers.

Theorem 9. If (Zi’ii) is bounded, then

Proof. To begin, given that (pc‘%) is bounded, there exists an w > 0 such

P
that Zfz,ﬁ < w for all o, € N. Assuming (wy,) € DS (Zz) (FN),, and
a?s )
DS(Z2)(FN)
W L . For any A > 0 since

{(wv) st <w <o, Ky <v <l flww —wlf =2}
- {(u,v) tta < U< Vg, kg <v<lg,||wyy —wHS_ > )\},

we can express

{(wo) st <w <o, Ky <v <l llww — wlf > /\H

1
PaPs
{(u,v) tta <u <y, kg <v<lg,||wyy —ng > /\H)

PaPs ( 1
- Pé)((b;a Pa¢5
So, for each p > 0 we obtain

{(a.8)eN: 2 [{(w0) it <w ol Ky < v <y Jwn —wli§ 2 A} 2 1)

C {(a,,@) eN?: pal% {(u,v) tta <u <, kg <v<lg,||Wyy — ng > /\}‘ > g}
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DS(Z2)(FN) |1 4]
_>

Thus, we get wy, w. As a result,

DS (T2) (FN)(, 4 € DS (o) (FN) s 1 -

O
Theorem 10. If the sets {u : to <u < t,},{u: v, <u§va}7{v:k5 <v§k/’8},
{v : l’ﬁ <v < 15} are finite for every a, 8 € N, then

DS(Z2)(FN) [ 4]
%

Proof. Let (wyy) € DS (Z2) (FN), 4 and wy, w. Then, for all

A, 1t > 0 we have

{(a,ﬁ) eN?:

s {(u,v) < u <, ky <o <, |we —u}||:)r > )\H > ,u} € I,.
a¥p
Additionally, for each A > 0, since

{(u,v) tta <u <, kg <v<lg,||Wyy — w||3_ > /\}

= {(u,v) tta <u<t, kg<v< k’ﬂ,me 7w||3' > )\}

US (u,0) i tq <u <t k%<v§l'ﬁ,|\wuv—w||ar2)\}
U{w0) s ta <u <ty Uy < v <y, flwu, - wlg = A
+
U (u,) )y < u <ol kg < v < K, lfw — wld 2/\}
Us (u,v) 1 t), <u <o, k’5<v§lf3,\|wuv7w||32)\}
U 0) sty < w < v, Uy < v <y, flwuy - w]ig 2 A
Uq (u,0) : 0, < u < g, k5<v§kg,||wuv—w||ng}
U9 (u,0) 1oy <u < wa, kj <v§l’ﬂ,||wuu*w||3_ 2/\}
U (u,v) : 0, < u < g, l;3<0§lg,|\wuv—w||32)\},
we have
1
o d H(u,v):ta<u§va, k5<v§13,||wuv—w||32)\}‘
a¥p
1
< m {(u,v):ta<u§t’a, k,3<11§k,’@,||wuv—w\\§2)\}’
(o7
1
+ m {(u,v):ta <u<t, kg<v§lg,||ww—w||32)\}‘
(0%
1
v {wo)ita <u<t, l%<v§lg,||wuv—w||3'2/\}‘
(o7
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1
Pty
1
Pl

(u,v) 1 ), <u<wl, kg <v< k,’B,kuv—ng 2)\}‘

(w,0) : t, <u <ol Ky <o <l |lwe —w|d 2)\}’

o
Pabs
1
Pl
1
o
Pa®s
1
Pads
and hence, for all >0

{(a,ﬂ) e N2 ;. ﬁ H(u,v) tta < U< vy, kg <v<lg,||wyy —wHa_ > )\} > u}

(u,v) 1 v, <u <y, kg <vSk:b,”wm,fw||ar 2)\}’
(u,v) : v, <u < v, kj <v§l,’8,||wuv—ng 2)\}’

{
{

+ ! {(u,v):t’ <u <, Iy < <lg, |[wyy —wl|g 2)\}‘
{

+ o7l

+

{(u,v) sl < u < v, 123 < v <lg, [|[wye fw||g > )\}

b

g{(a,B)GNQ:m }]2u}
U{(a,ﬂ)eszpiqb;s {(u,v) to <u<t, k’5<v§l/ﬂ,||wuvfw||32/\}‘ Z#}
U{(a,B)GNQ:ﬁ {0) it <u<th, Uy <<l o —wl§ =\ ]z,L}
U{(a,ﬂ)ENQ:m {(u,v) t, <u<uvl, k5<v§kz’6,||wuv—w|\3_2>\}’ Zu}
U{(a,ﬁ)eNQ:ﬁ {wo) ity <u<o, kg<vgz;3,||ww—w||ng}‘zu}
U{(a,ﬁ)eN%ﬁ {(u,v):t’a<u§v;, lg<u§l5,\|wuv—w||§2>\}‘zu}
U{(a,ﬂ)eN%ﬁ {(u,v):v;<ugva, kg<v§k,’67||ww—wH§2)\H Zu}
U{(a,ﬂ)eszm {(u,v):v,’l<u§va, k'B<v§l/’3,||ww—w||32)\H Z/i}
U{(a,ﬂ)eNz:Tl% {(u,v):v,’l<u§va, l%<v§lﬁ,||wuv—w||5rz/\}‘ 2#}-

Ifthesets {u: to, <u <t,},{u:v), <u<vy}, {v thg <wv < k’ﬁ}, {v gy <v< lg}
are all finite for every «, 8 € N within the given expression, based on the assump-
tion, we conclude

1
{(Oz,ﬂ) eN?:, — {(u,v):ta <u < vy, kg <v§lg,|\wuv—w||g 2)\}‘ z,u} € Iy,

o DS(Z2)(EN) 5, )
This indicates that wy, — w and (wyy) € DS (Z2) (FN),, 4. Hence,

DS (Iz) (FN)[p/’qy] c DS (12) (FN)[p,gb}

Based on Theorem [6] Theorem [7] Theorem [J] and Theorem we derive the
following corollary.
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Corollary 3. (i) Assuming that (Zf‘zg) is bounded. If a double sequence (Wyy) 18
DC1 [L3] (FN), 4 -summable to w € X with respect to the fuzzy norm X, then this

sequence is also DS (Iz) (FN) 4 -convergent to w € X.
(1) Let the sets {u : to, < u <)}, {u: v, <u<wv,}, {v thg <wv < k’B}, {v:l,g <wv < lg}
are finite for all o, 3 € N. If a double sequence (wy,) € L2, is DS (I5) (FN) iy o1

convergent to w € X with respect to the fuzzy norm X, then this sequence is
DC [I) (FN)[/MM -summable to w € X.

Now, we will examine the notions of Zs-deferred statistical limit points and Zs-
deferred statistical cluster points of a double sequence of fuzzy numbers, expanding
upon the concepts previously discussed regarding a sequence of fuzzy numbers. Ad-
ditionally, attention will be directed towards significant fundamental characteristics
pertaining to the set of all Zs-deferred statistical cluster points and the set of all
Tr-deferred statistical limit points of a double sequence of fuzzy numbers, and an
exploration of the relationship between them will be conducted.

Definition 16. An element wg € X is termed an Iy-deferred statistical limit point
of double sequence (wy,) with respect to the fuzzy norm X if, for each X\ > 0 there
exists a set

U= {(u1,v1) < (ug,v2) < ... < (up,vs) < ...} CN?

such that U ¢ Ty and DSty (FN) — limw,, ,, = wo.
The notation TN — S (Ay,) represents the set comprising all Iy-deferred statis-
tical limit point of a double sequence (Weyy).

Theorem 11. If DS (Zy) (FN) — lim wy, = wo, then ZFN — S (A,,) = {wo} .

Proof. Given that DS (Zz) (FN) — limwy, = wo, for each A, > 0, the set

T= {(a,ﬁ) € N?: Hta <u < v, kg <v§lﬁ,||wuv—w0||3_ 2)\}‘ 2#} € Iy,

pa¢5
where 75 is an admissible ideal.

Let’s assume that Z&'V — S (A,,) includes qq distinct from wy, that is, gy €
ZFN — S (Ay). Therefore, there exists a U C N? such that U ¢ Zy and DSty (FN)—
lim wy,,. v, = qo-

Let
1

P:{(O‘MB)EM: {ta<u§va7 k5<v§15,|qu—QO||3rZ/\HZu}.
pa(bﬂ

So, P is a finite set, implying that P € Zs. So

1
PC{(a,ﬂ)EM:M {ta<u§va, k5<v§lg,wuvq0||§2)\}‘<u}€]:(12).
a¥p
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Let T be defined as follows:

1

Ty = {(@,5) €M: P {t(x <u < v, kg <v < g, [ Waw — wollg > /\H 2 /i}~
a¥'B

SoTy CT €Iy, ie, Tf € F(Zy). Therefore, TF N P¢ # (), since Tf N P¢ € F (Ly).

Suppose (i,7) € K§f N P and let \ := M > 0. Then

e {ti <u <y, kj <o <l |wew — wollg ZAH < p and

1
Pid;

{ti <u <, ki <v <l || wye —QO”Sr > /\H < fy

which means, for the maximum ¢; < u < v;, k;j < v <1; we have ||wy, — wo||ar <A
and ||wy, — qOHar < A for a very small p > 0. Therefore, we need to obtain

{ti <u <, kj <v <l || wye —w0||ar < /\}
ﬂ{ti <u <, ki <v <1, || wye —qOHg < )\} #),

which leads to a contradiction, as the neighborhoods of wy and gy are disjoint.
Thus, ZFN — S (A,) = {wo} . O

Definition 17. An element wq is considered as Is-deferred statistical cluster point
of a double sequence w = (wyy) if, for each A, >0, the set

{(a,ﬁ) € N?: L {ta <u < g, kg <v <lg, |[wey —wolg > )\H < u} ¢ To.
IFN S (T,) represents the set of all To-deferred statistical cluster point of a double
sequence (Wyy) -
Theorem 12. For any double sequence (wyy),
TEN —S(A,) CZEN —S(Ty).

Proof. Let wy € ZFN — S (A,,). In that case, there is a set

U= {(u1,v1) < (uz,v9) < ... < (up,vs) < ...} CN?
such that U ¢ Ty and DSty (FN) — limw,, ,», = wp. So, we have

1
tim —— |{to < < vaskis < vy < Iy, 0, — wolly > A} =0,

a,B—o00 pa¢6
Take p > 0, so there is ng € N such that for m,n > ng we obtain
1

- {tm < Up < U, ki, < Vs <y, | Wy 0, — w0||8_ > /\}‘ < p.

Pm®Pn
Let

1
K = {(m,n) eN?: —— {tm < Up < Oy, kp < Vs <y, Wy, 0, —w0||ar > )\H < ,u}.
PP
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In addition, we get

K > U\ {(ulavl) ) (UQ, UQ) PIERES) (unovvno)} .

Given that Z5 is an admissible ideal and U ¢ Z,, therefore K ¢ Z,. Consequently,
according to the definition of an Z,-deferred statistical cluster point wy € ZFV —
S (T'y). This concludes the proof. O

Theorem 13. If w = (wy,) and ¢ = (quy) are two double sequences such that

{(u,v) € N2 P Wy 7é qu} S 127
then
(1) ZIN = S (Aw) =3V = S (7).
(ii) ZFN — S(Ty,) = I8N — S (Ty) .
Proof. (i) Let wg € TN — S (A,,). As per the definition, there exists a set U C N2
arranged as
U ={(u1,v1) < (ug,v2) < ... < (uy,vs) < ...} CN?
such that U ¢ T, and DSty (FN) — limw,, ,, = wp. Since
{(’U,, U) €U : Wy, 7é qu} - {(u,v) S N2 L Wy 7é qu} € 1y,
U ={(u,v) €U :wyp = quuv} € I and U’ C U.
Thus, the fact that DSty (FN) —limg,s ,» = wo implies that wo € Z3N — S (A,),
and consequently
N =5 (M) SN — S (A,).
By symmetry,
IEN — S (Ay) CIEN — S (Ay).
Hence, we obtain
IgN_S(Aw):IfN_S(Aq)-
(i) Let wo € ZF'N — S (T'y,). So, according to the definition for each A, u > 0, we
have

K= {(aﬁ) e N?: Hta <UL Vs hp <0 < g, [[wuy — woll§ > )\} < u} ¢ Tp.
pa¢ﬁ

Let
1

T:{(a,ﬁ)ENQ:MHta<u§va, k,@<v§l5,||quv—w0||arz)\} <,u}.
a’p

We have to prove that T' ¢ Z,. Suppose that T' € T, So

T¢ = {(a,ﬂ) eN?: " Hta <u < Vg, kg <v <lg,|quo *wo||8L > )\} Zu} € F(Z,).
a'’p

According to the hypothesis,
P={(u,0) €N? 1wy = quo} € F(Ts).
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Hence, T°N P € F (Iz). Furthermore, it’s evident that 7N P C K¢ € F (I2),
implying K € Z,, which contradicts the initial assumption. Therefore, T' ¢ 7, and
thus the desired result is achieved. (]

5. CONCLUSION

In conclusion, this study has advanced the understanding of convergence in
FNS by introducing the novel concepts of Zs-deferred Cesaro summability and
T>-deferred statistical convergence for double sequences. Through rigorous investi-
gation, we have uncovered significant connections between these concepts and have
established several theorems elucidating the notion of Z,-deferred statistical con-
vergence in FNS for double sequences. Moreover, we have defined and explored the
properties of Zs-deferred statistical limit points and Z,-deferred statistical cluster
points within the context of FNS, providing valuable insights into their relation-
ships. These findings not only contribute to the theoretical framework of conver-
gence in FNS but also pave the way for future research directions and applications
in related fields.
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