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Abstract

This examination analyzes the integrable dynamics of induced curves by utilizing the
complex-coupled Kuralay system (CCKS). The significance of the coupled complex Kuralay
equation lies in its role as an essential model that contributes to the understanding of intricate
physical and mathematical concepts, making it a valuable tool in scientific research and
applications. The soliton solutions originating from the Kuralay equations are believed
to encapsulate cutting-edge research in various essential domains such as optical fibers,
nonlinear optics, and ferromagnetic materials. Analytical procedures are operated to derive
traveling wave solutions for this model, given that the Cauchy problem cannot be resolved
using the inverse scattering transform. This study uses the generalized Riccati equation
mapping (GREM) method to search for analytical solutions. This method observes single
and combined wave solutions in the shock, complex solitary shock, shock singular, and
periodic singular forms. Rational solutions also emerged during the derivation. In addition
to the analytical results, numerical simulations of the solutions are presented to enhance
comprehension of the dynamic features of the solutions generated. The study’s conclusions
could provide insightful information about how to solve other nonlinear partial differential
equations (NLPDEs). The soliton solutions found in this work provide valuable information
on the complex nonlinear problem under investigation. These results provide a foundation
for further investigation, making the solutions helpful, manageable, and trustworthy for
the future development of intricate nonlinear issues. This study’s methodology is reliable,
robust, effective, and applicable to various NLPDEs. The Maple software application is
used to verify the correctness of all obtained solutions.

1. Introduction

Partial differential equations (PDEs) play a crucial role in mathematical modeling by serving as a critical mechanism for analyzing and
understanding the dynamics of intricate systems across various fields, including physics, engineering, economics, and other disciplines.
PDEs offer a robust framework for predicting and interpreting the behavior of diverse phenomena, effectively capturing intricate relationships
between variables and their rates of change. These equations elucidate the temporal and spatial evolution of functions with multiple variables.
NLPDEs hold significance across various disciplines, such as mathematics, science, and engineering. Contemporary research has unveiled a
diverse range of complex nonlinear models, prompting the development of sophisticated mathematical methodologies by numerous scholars
to derive exact solutions. Consequently, the exploration of nonlinear phenomena has garnered considerable attention among academics. The
construction of soliton structures is progressively gaining importance due to its relevance in multiple scientific domains [1–5].
Furthermore, an emerging application of NLPDEs lies in investigating soliton waves. Soliton waves, characterized by localized wave
packets that maintain their shape and velocity as they propagate, are the subject of study in various nonlinear physical models researchers
employ to elucidate and forecast their dynamics. Consequently, the significance of soliton waves is progressively growing across diverse
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disciplines, including nonlinear optics, optical fibers, and ferromagnetic materials. Recent advancements in understanding soliton waves
are comprehensively examined in the literature reference [6–10]. Researchers can advance their knowledge and explore novel applications
by enhancing their comprehension of soliton waves. Alongside the advantages of utilizing NLPDEs, numerous methodologies have been
devised to address the difficulty of accurately determining analytical solutions for NLPDEs. Recently, there has been a growing interest
among scholars in investigating the exact solutions of NLPDEs, particularly concerning nonlinear physical phenomena. Nonlinear critical
approaches have been introduced and employed by many physicists and mathematicians, such as the Hirota bilinear method [11], the Painlevé
analysis [12], the Bäcklund transformation [13], Lie symmetry analysis and conservation laws [14]. Some more techniques can be found in
the literature [15–20].
The Kuralay equation is a mathematical model that has been the subject of a thorough examination by scholars in integrable systems and
nonlinear dynamics. Its origins are not attributed to a singular discoverer but have emerged through research endeavors and mathematical
inquiries, solidifying its significance as a foundational model in scientific exploration. The Kuralay equation is utilized across diverse
disciplines in contemporary scientific studies, notably in analyzing ferromagnetic materials and wave propagation phenomena. This
mathematical framework investigates the generation and movement of solitary wave solutions, enhancing comprehension of intricate physical
phenomena. Moreover, the Kuralay equation is crucial in examining the integrable dynamics of spatial curves and geometric flows, offering
valuable insights into the interactions among curves, multilayer spin systems, and the vector nonlinear Schrödinger equation. The coupled
complex Kuralay equation is fundamental in contemporary scientific disciplines because of its integrability and practical implications. This
mathematical framework plays a crucial role in examining diverse phenomena and has been subject to thorough investigation for its capacity
to depict intricate systems precisely. Scholars have concentrated on deducing exact solutions, examining optical solitons, and delving into
innovative soliton solutions through computational modeling techniques centered on the Kuralay equation [21–27].
The primary aim of this study is to utilize the GREM technique on CCKS to investigate novel soliton solutions. For this purpose, we discuss
some previous work and our newly obtained results. Researchers have explored various solutions to the complex nonlinear Kuralay-IIA
model operating methods, such as the Hirota bilinear procedure [22], simple equation and Paul-Painlevé approaches [23], generalized
Kudryashov scheme, extended Sinh Gordon equation expansion scheme, expα -function scheme [24], new auxiliary equation scheme [25],
modified F-expansion, and new extended auxiliary equation techniques [26]. In this study, we have considered the GREM method. The
GREM method is a valuable tool to get the exact solitary wave solutions and control theory, particularly for linear time-invariant systems.
Compared to other methods, this method is highly convenient and easy to implement, offers a wide range of solutions, and works efficiently.
The paper is structured as follows: Section 2 presents the mathematical analysis of the model under consideration. Section 3 describes the
offered method. Analytical solutions for the model are discussed in Section 4. Section 5 presents a graphical discussion and Section 6
explains the conclusions.

2. Analytical Analysis of the Complex-Coupled Kuralay System (CCKS)

Consider the CCKS as [27]: 
iΦt −Φxt − τΦ = 0,
iΩt +Ωxt + τΦ = 0,
τx +2R2(ΩΦ)t = 0,

in which Φ(x, t) is complex function with a complex conjugate as Φ∗(x, t). Subsequent, τ represents the potential real function, and they
depend on the independent spatial and temporal variables x and t, respectively.
By assuming that R = 1, Ω = εΦ∗, where ε =±1, the above system of differential equation will become:{

iΦt −Φxt − τΦ = 0,
τx−2ε(|Φ|2)t = 0.

(2.1)

Now, the following complex traveling wave transformation is applied to the complex system of PDEs Eq. (2.1)

Φ(x, t) = ϒ(ξ )× exp(i(αx+β t + γ)), τ(x, t) = Ψ(ξ )× exp(i(αx+β t + γ)), ξ = sx+ vt, (2.2)

where, 
Φt = (vϒ′+ ıβϒ)× exp(i(αx+β t + γ)),

Φx = (sϒ′+ ıαϒ)× exp(i(αx+β t + γ)),

Φxt = (vsϒ′′+ ıβ sϒ′+ ivαϒ′+ ıαβϒ)× exp(i(αx+β t + γ)),

(2.3)

and α,β ,γ,s, and v are real numbers. The Eq. (2.2) along with Eq. (2.3) is plugging into Eq. (2.1) and gets,{
i(vϒ′+ iβϒ)− (vsϒ′′+ iβ sϒ′+ ivαϒ′−αβϒ)−Ψϒ = 0,
sΨ′−4vεϒϒ′ = 0,

(2.4)

integrating the second part of Eq. (2.4), we attain

Ψ =
2εvϒ2

s
− v1

s
. (2.5)

The Eq. (2.5) is putting into the first part of Eq. (2.4):

i(vϒ
′+ iβϒ)− (vsϒ

′′+ iβ sϒ
′+ ivαϒ

′−αβϒ)−
(

2εvϒ2

s
−σ

)
= 0, (2.6)
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where σ = v1
s .

The real part and imaginary part of Eq. (2.6) are give as, respectively,

ϒ
′′+

(β (1−α)−σ)

vs
ϒ+

2ε

s2 ϒ
3 = 0, (2.7)

(v−β s− vα)ϒ′ = 0. (2.8)

The imaginary part Eq. (2.8) implies

s =
v(α−1)

β
. (2.9)

The value of s Eq. (2.9) is substituting into Eq. (2.7), and get a nonlinear ordinary differential equation (NLODE)

ϒ
′′+

β (β (1−α)−σ)

v2(α−1)
ϒ+

2β 2ε

v2(α−1)2 ϒ
3 = 0. (2.10)

3. GREM Method

This section will present the GREM method [28–30].
Consider the following NLPDE:

Z(Φ(x, t),Φx(x, t),Φt(x, t),Φxx(x, t),Φxt(x, t),Φtt(x, t), . . .) = 0, (3.1)

in which Z is generally a polynomial function of its argument, and the subscripts of the dependent variable denote the partial derivatives.
By using the Eq. (2.2), Eq. (3.1) can be transformed to an NLODE:

W (ϒ,ϒ′,ϒ′′, . . .) = 0. (3.2)

Suppose that the solution of Eq. (3.2) is in the polynomial form

ϒ =
p

∑
j=0

A jΛ
j(ξ ), Ap 6= 0, (3.3)

in which A j(0≤ j ≤ p) are arbitrary constants that are determine later, and p is a positive integer that is obtained by the help of the balancing
principle in Eq. (3.2). In Eq. (3.3), the function Λ(ξ ) satisfies the generalized Riccati equation is provided as follows:

Λ(ξ )′ = θ0 +θ1Λ(ξ )+θ2Λ(ξ )2, θ2 6= 0, (3.4)

in which θ0, θ1, and θ2 are all real constants. Substituting the Eq. (3.3) with Eq. (3.4) into the regarding NLODE and removing all the
coefficients of Λ j(ξ ) will obtain a system of algebraic equations. Solving the algebraic equations, with the known solutions of Eq. (3.3), one
can easily obtain the solutions to the Eq. (3.1). We can obtain the following twenty seven solutions to Eq. (3.2) such as:
Set 1: For ∆ = θ 2

1 −4θ0θ2 > 0, and θ1θ2 6= 0 (or θ0θ2 6= 0), the solutions of Eq. (3.4) are

Λ1(ξ ) = − 1
2θ2

(
θ1 +

√
∆ tanh

(√
∆

2
ξ

))
, (3.5)

Λ2(ξ ) = − 1
2θ2

(
θ1 +

√
∆coth

(√
∆

2
ξ

))
, (3.6)

Λ3(ξ ) = − 1
2θ2

(
θ1 +

√
∆

(
tanh

(√
∆ξ

)
± isech

(√
∆ξ

)))
, (3.7)

Λ4(ξ ) = − 1
2θ2

(
θ1 +

√
∆

(
coth

(√
∆ξ

)
± csch

(√
∆ξ

)))
, (3.8)

Λ5(ξ ) = − 1
4θ2

(
2θ1 +

√
∆

(
tanh

(√
∆

4
ξ

)
+ coth

(√
∆

4
ξ

)))
, (3.9)

Λ6(ξ ) =
1

2θ2

−θ1 +

√
∆(P2 +Q2)−P

√
∆cosh

(√
∆ξ

)
Psinh

(√
∆ξ

)
+Q

 , (3.10)

Λ7(ξ ) =
1

2θ2

−θ1−

√
∆(P2 +Q2)+P

√
∆cosh

(√
∆ξ

)
Psinh

(√
∆ξ

)
+Q

 , (3.11)
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in which P and Q are two non-zero real constants and satisfies P2−Q2 > 0.

Λ8(ξ ) =
2θ0 cosh

(√
∆

2 ξ

)
√

∆sinh
(√

∆

2 ξ

)
−θ1 cosh

(√
∆

2 ξ

) , (3.12)

Λ9(ξ ) = −
2θ0 sinh

(√
∆

2 ξ

)
θ1 sinh

(√
∆

2 ξ

)
−
√

∆cosh
(√

∆

2 ξ

) , (3.13)

Λ10(ξ ) =
2θ0 cosh

(√
∆ξ

)
√

∆sinh
(√

∆ξ

)
−θ1 cosh

(√
∆ξ

)
± i
√

∆

, (3.14)

Λ11(ξ ) =
2θ0 sinh

(√
∆ξ

)
√

∆cosh
(√

∆ξ

)
−θ1 sinh

(√
∆ξ

)
±
√

∆

, (3.15)

Λ12(ξ ) =
4θ0 sinh

(√
∆

4 ξ

)
cosh

(√
∆

4 ξ

)
2
√

∆cosh
(√

∆

4 ξ

)2
−2θ1 sinh

(√
∆

4 ξ

)
cosh

(√
∆

4 ξ

)
−
√

∆

. (3.16)

Set 2: For ∆ = θ 2
1 −4θ0θ2 < 0, and θ1θ2 6= 0 (or θ0θ2 6= 0), the solutions of Eq. (3.4) are

Λ13(ξ ) =
1

2θ2

(
−θ1 +

√
−∆ tan

(√
−∆

2
ξ

))
, (3.17)

Λ14(ξ ) = − 1
2θ2

(
θ1 +

√
−∆cot

(√
−∆

2
ξ

))
, (3.18)

Λ15(ξ ) =
1

2θ2

(
−θ1 +

√
−∆

(
tan
(√
−∆ξ

)
± sec

(√
−∆ξ

)))
, (3.19)

Λ16(ξ ) = − 1
2θ2

(
θ1 +

√
−∆

(
cot
(√
−∆ξ

)
± csc

(√
−∆ξ

)))
, (3.20)

Λ17(ξ ) =
1

4θ2

(
−2θ1 +

√
−∆

(
tan
(√
−∆

4
ξ

)
− cot

(√
−∆

4
ξ

)))
, (3.21)

Λ18(ξ ) =
1

2θ2

(
−θ1 +

±
√

∆(−P2 +Q2)∓P
√
−∆cos

(√
−∆ξ

)
Psin

(√
−∆ξ

)
+Q

)
, (3.22)

in which P and Q are two non-zero real constants and satisfies P2−Q2 > 0.

Λ19(ξ ) = −
2θ0 cos

(√
−∆

2 ξ

)
√
−∆sin

(√
−∆

2 ξ

)
+θ1 cos

(√
−∆

2 ξ

) , (3.23)

Λ20(ξ ) =
2θ0 sin

(√
−∆

2 ξ

)
√
−∆cos

(√
−∆

2 ξ

)
−θ1 sin

(√
−∆

2 ξ

) , (3.24)

Λ21(ξ ) = −
2θ0 cos

(√
−∆ξ

)
√
−∆sin

(√
−∆ξ

)
+θ1 cos

(√
−∆ξ

)
±
√
−∆

, (3.25)

Λ22(ξ ) = −
2θ0 sin

(√
−∆ξ

)
√
−∆cos

(√
−∆ξ

)
+θ1 sin

(√
−∆ξ

)
±
√
−∆

, (3.26)

Λ23(ξ ) =
4θ0 sin

(√
−∆

4 ξ

)
cos
(√
−∆

4 ξ

)
2
√
−∆cos

(√
−∆

4 ξ

)2
−2θ1 sin

(√
−∆

4 ξ

)
cos
(√
−∆

4 ξ

)
−
√
−∆

. (3.27)

Set 3: For θ0 = 0, and θ1θ2 6= 0, the solutions of Eq. (3.4) are

Λ24(ξ ) = − θ1ζ0

θ2 (ζ0 + cosh(θ1ξ )− sinh(θ1ξ ))
, (3.28)

Λ25(ξ ) = − θ1 (cosh(θ1ξ )− sinh(θ1ξ ))

θ2 (ζ0 + cosh(θ1ξ )− sinh(θ1ξ ))
, (3.29)

Λ26(ξ ) = − θ1 (cosh(θ1ξ )+ sinh(θ1ξ ))

θ2 (ζ0 + cosh(θ1ξ )+ sinh(θ1ξ ))
, (3.30)
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in which ζ0 is any arbitrary constant.
Set 4: For θ0 6= 0, and θ1 = θ2 = 0, the solutions of Eq. (3.4) are

Λ27(ξ ) =−
1

θ0ξ + c1
, (3.31)

in which c1 is an arbitrary constant.

4. Solving the CCKS Using the Recommended Method

In this part, we explore the analytical solutions of the CCKS by applying the GREM technique. Balancing Φ′′ with Φ3, we get p = 1. From
Eq. (3.3), the solution is presumed as

ϒ = K0 +K1Λ, K1 6= 0. (4.1)

Putting Eq. (4.1) along with Eq. (3.4) into Eq. (2.10), and setting the coefficient of Λ j(ξ ) to be zero, which gives a system of algebraic
equations. After solving the system of equations, we get the solutions are as follows:

K0 =∓
θ1vσ

ε(−4v2θ0θ2 + v2θ 2
1 +2β 2)×

√
− 1

ε

, K1 =±
2θ2vσ

√
− 1

ε

(−4v2θ0θ2 + v2θ 2
1 +2β 2)

,

α =
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2 . (4.2)

By putting constant values Eq. (4.2) along with Eq. (3.5)-Eq. (3.16) in the Eq. (4.1), and by using the wave transformation Eq. (2.2), we get
the solutions as follows:

Φ1(x, t) = −
σv
√

∆ tanh
(√

∆

2 (sx+ vt)
)

ε(4v2θ0θ2− v2θ 2
1 −2β 2)×

√
− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ2(x, t) = −
σv
√

∆coth
(√

∆

2 (sx+ vt)
)

ε(4v2θ0θ2− v2θ 2
1 −2β 2)×

√
− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ3(x, t) = −
σv
√

∆

(
tanh

(√
∆(sx+ vt)

)
+ isech

(√
∆(sx+ vt)

))
ε(4v2θ0θ2− v2θ 2

1 −2β 2)×
√
− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ4(x, t) = −
σv
√

∆

(
coth

(√
∆(sx+ vt)

)
+ csch

(√
∆(sx+ vt)

))
ε(4v2θ0θ2− v2θ 2

1 −2β 2)×
√
− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ5(x, t) = −
σv
√

∆

(
tanh

(√
∆

4 (sx+ vt)
)
+ coth

(√
∆

4 (sx+ vt)
))

2ε(4v2θ0θ2− v2θ 2
1 −2β 2)×

√
− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,



Journal of Mathematical Sciences and Modelling 151

Φ6(x, t) = −
σv
(

P
√

∆cosh
(√

∆(sx+ vt)
)
−
√
−(−∆)(P2 +Q2)

)
ε(4v2θ0θ2− v2θ 2

1 −2β 2)(Psinh
(√

∆(sx+ vt)
)
+Q)×

√
− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ7(x, t) = −
σv
√
−(−∆)(P2 +Q2)+P

√
∆cosh

(√
∆(sx+ vt)

)
ε(4v2θ0θ2− v2θ 2

1 −2β 2)(Psinh
(√

∆(sx+ vt)
)
+Q)×

√
− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ8(x, t) = −

σv

 4θ2θ0 cosh
(√

∆

2 (sx+ vt)
)

−θ 2
1 cosh

(√
∆

2 (sx+ vt)
)
+θ1 sinh

(√
∆

2 (sx+ vt)
)√

∆


ε(4v2θ0θ2− v2θ 2

1 −2β 2)

 θ1 cosh
(√

∆

2 (sx+ vt)
)

−
√

∆sinh
(√

∆

2 (sx+ vt)
) ×√− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ9(x, t) = −

σv

 4θ2θ0 sinh
(√

∆

2 (sx+ vt)
)
−θ 2

1 sinh
(√

∆

2 (sx+ vt)
)

+θ1 cosh
(√

∆

2 (sx+ vt)
)√

∆


ε(4v2θ0θ2− v2θ 2

1 −2β 2)

 θ1 sinh
(√

∆

2 (sx+ vt)
)

−
√

∆cosh
(√

∆

2 (sx+ vt)
) ×√− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ10(x, t) =

σv

 4θ2θ0 cosh
(√

∆(sx+ vt)
)
+
√

∆θ1 sinh
(√

∆(sx+ vt)
)

+i
√

∆θ1− cosh
(√

∆(sx+ vt)
)

θ 2
1


ε(4v2θ0θ2− v2θ 2

1 −2β 2)

 √
∆sinh

(√
∆(sx+ vt)

)
−θ1 cosh

(√
∆

2 (sx+ vt)
)
+ i
√

∆

×√− 1
ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ11(x, t) = −

σv

 4θ2θ0 sinh
(√

∆(sx+ vt)
)
−θ 2

1 sinh
(√

∆(sx+ vt)
)

+
√

∆θ1 cosh
(√

∆(sx+ vt)
)
+
√

∆θ1


ε(4v2θ0θ2− v2θ 2

1 −2β 2)

 θ1 sinh
(√

∆(sx+ vt)
)

−
√

∆cosh
(√

∆(sx+ vt)ξ
)
−
√

∆

×√− 1
ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ12(x, t) = −

σv


8θ2θ0 sinh

(√
∆

4 (sx+ vt)
)

cosh
(√

∆

4 (sx+ vt)
)

+2θ1
√

∆cosh
(√

∆
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)2

−2θ 2
1 sinh

(√
∆

4 (sx+ vt)
)
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(√

∆

4 (sx+ vt)
)
−
√

∆θ1


ε(4v2θ0θ2− v2θ 2

1 −2β 2)

 2θ1 sinh
(√

∆
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)

cosh
(√

∆

4 (sx+ vt)
)

−2
√

∆cosh
(√

∆

4 (sx+ vt)
)2

+
√

∆

×√− 1
ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
.
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By putting constant values Eq. (4.2) along with Eq. (3.17)- Eq. (3.27) in the Eq. (4.1), and by using the wave transformation Eq. (2.2), we
obtain the solutions as follows:

Φ13(x, t) =
σv
√
−∆ tan

(√
−∆

2 (sx+ vt)
)

ε(4v2θ0θ2− v2θ 2
1 −2β 2)×

√
− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ14(x, t) = −
σv
√
−∆cot

(√
−∆

2 (sx+ vt)
)

ε(4v2θ0θ2− v2θ 2
1 −2β 2)×

√
− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ15(x, t) =
σv
√
−∆
(
tan
(√
−∆(sx+ vt)

)
+ sec

(√
−∆(sx+ vt)

))
ε(4v2θ0θ2− v2θ 2

1 −2β 2)×
√
− 1

ε

×exp

(
i

((
−4v2θ0θ2 + v2θ 2

1 +2β 2−2βσ

−4v2θ0θ2 + v2θ 2
1 +2β 2

)
x+β t + γ

))
,

Φ16(x, t) = −
σv
√
−∆
(
cot
(√
−∆(sx+ vt)

)
+ csc

(√
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))
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√
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ε
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(
i

((
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)
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))
,

Φ17(x, t) =
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√
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(
tan
(√
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)
− cot

(√
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))
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√
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ε
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(
i
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)
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))
,

Φ18(x, t) =
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√
−∆cos
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))
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−∆(sx+ vt)

)
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ε
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,
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,
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Φ21(x, t) = −
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,
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)
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.

By putting constant values Eq. (4.2) along with Eq. (3.28)- Eq. (3.30) in the Eq. (4.1), and by using the wave transformation Eq. (2.2), we
reach the solutions as follows:

Φ24(x, t) =

σvθ1

(
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,
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.

By putting constant values Eq. (4.2) along with Eq. (3.31) in the Eq. (4.1), and by using the wave transformation Eq. (2.2), we attain the
solution as follows:

Φ27(x, t) =
σv(θ0θ1(sx+ vt)+ c1θ1−2θ2)
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ε
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i
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)
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5. Graphical Discussion

In this section, we discuss the graphical behavior of the solutions successfully obtained using the GREM method for the CCKS.

Figure 1. The 3d, contour, and density plots for the solution |Φ1(x, t)|.

Figure 2. The 3d, contour, and density plots for the solution |Φ2(x, t)|.

Figure 3. The 3d, contour, and density plots for the solution |Φ4(x, t)|.

Figure 4. The 3d, contour, and density plots for the solution |Φ6(x, t)|.
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Figure 5. The 3d, contour, and density plots for the solution |Φ24(x, t)|.

Fig.1. The diagram of |Φ1(x, t)| when v = 2, β = 1, s = 2, σ = 3, ε = 1, θ0 = 1, θ1 = 3, θ2 = 2, γ = 3, ξ = sx+ vt.

Fig.2. The diagram of |Φ2(x, t)| when v = 2, β = 1, s = 2, σ = 3, ε = 1, θ0 = 1, θ1 = 3, θ2 = 2, γ = 3, ξ = sx+ vt.

Fig.3. The diagram of |Φ4(x, t)| when v = 2, β = 1, s = 2, σ = 3, ε = 1, θ0 = 1, θ1 = 3, θ2 = 2, γ = 3, ξ = sx+ vt.

Fig.4. The diagram of |Φ6(x, t)| when v = 2, β = 1, s = 2, σ = 3, ε = 1, θ0 = 1, θ1 = 3, θ2 = 2, γ = 3, P = 2, Q =−1, ξ = sx+ vt.

Fig.5. The diagram of |Φ24(x, t)| when v = 2, β = 1, s = 2, σ = 3, ε = 1, θ0 = 0, θ1 = 2, θ2 = 3, γ = 3, ζ0 = 2, ξ = sx+ vt.

6. Conclusion

This examination focused on analyzing the CCKS, which is employed in diverse areas like ferromagnetic materials, nonlinear optics, and
optical fibers. The CCKS is significant as it is a crucial model that enhances the understanding of complex physical and mathematical
concepts, making it a valuable tool for scientific research and applications. The GREM approach was operated to scrutinize analytical
solutions to the considered equation. It is a powerful analytical technique for solving various differential equations, particularly nonlinear
ones. Following the application of the method, shock, complex solitary shock, shock singular, and periodic singular wave solutions were
seen for both single and mixed wave solutions. The derivation also leads to reasonable solutions. 3D, contour and density graphs were
plotted by choosing suitable parameter values via Mathematica to visualize the graphical representation of the acquired soliton solutions.
These solutions we obtained using the GREM method can be extended to the analytical examination of various other types of NLPDEs in
fields such as mathematical physics, plasma physics, applied sciences, nonlinear dynamics, and engineering. The accuracy of the results was
verified by utilizing Maple to substitute the solutions back into the initial equation.
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[2] M. Şenol, Abundant solitary wave solutions to the new extended (3+ 1)-dimensional nonlinear evolution equation arising in fluid dynamics, Mod. Phys.
Lett. B., (2024) 2450475.

[3] A.R. Seadawy, N. Nasreen, S. Althobaiti, S. Sayed, A. Biswas, Soliton solutions of Sasa–Satsuma nonlinear Schrödinger model and construction of
modulation instability analysis, Opt. Quantum Electron., 53 (2021), 1-15.

[4] C. M. Khalique, O. D. Adeyemo, Soliton solutions, travelling wave solutions and conserved quantities for a three-dimensional soliton equation in
plasma physics, Commun. Theor. Phys., 73(12) (2021), 125003.

[5] M. Bilal, U. Younas, J. Ren, Dynamics of exact soliton solutions to the coupled nonlinear system using reliable analytical mathematical approaches,
Commun. Theor. Phys., 73(8) (2021), 085005.

[6] S. Arshed, G. Akram, M. Sadaf, M. Irfan, M. Inc, Extraction of exact soliton solutions of (2+ 1)-dimensional Chaffee-Infante equation using two exact
integration techniques, Opt. Quantum Electron., 56(6) (2024), 1-15.

[7] M. A. Ullah, K. Rehan, Z. Perveen, M. Sadaf, G. Akram, Soliton dynamics of the KdV-mKdV equation using three distinct exact methods in nonlinear
phenomena, Nonlinear Eng., 13(1) (2024), 20220318.

[8] M. Bilal, H. Haris, A. Waheed, M. Faheem, The analysis of exact solitons solutions in monomode optical fibers to the generalized nonlinear Schrödinger
system by the compatible techniques, Int. J. Math. Comput. Eng., 1(2) (2023), 149-170.



156 Journal of Mathematical Sciences and Modelling

[9] A. Ali, J. Ahmad, S. Javed, Exact soliton solutions and stability analysis to (3+1)-dimensional nonlinear Schrödinger model, Alex. Eng. J., 76 (2023),
747-756.

[10] E. H. Zahran, H. Ahmad, M. Rahaman, R. A. Ibrahim, Soliton solutions in (2+1)-dimensional integrable spin systems: an investigation of the
Myrzakulov–Lakshmanan equation-II, Opt. Quantum Electron., 56(5) (2024), 895.

[11] W. Ma, S. Bilige, Novel interaction solutions to the (3+1)-dimensional Hirota bilinear equation by bilinear neural network method, Mod. Phys. Lett. B.,
(2024) 2450240.

[12] A. M. Wazwaz, L. Kaur, New integrable Boussinesq equations of distinct dimensions with diverse variety of soliton solutions, Nonlinear Dyn., 97
(2019), 83-94.

[13] D. Wang, Y. T. Gao, X. Yu, G. F. Deng, F. Y. Liu, Painlevé Analysis, Bäcklund Transformation, Lax Pair, Periodic-and Travelling-Wave Solutions for a
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