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ABSTRACT

ARTICLE INFO

In this study first, natural logarithm function f(x) = Inx with base e has been
examined as polynomial function of 5%, 6t%, 7t" order Bézier curve. By modelling
matrix representation of 5, 6", 7t" order Bézier curve we have found the control
points in plane. Further, Mercator series for the curves In(1 + x) and In(1 — x) have
been written too as the polynomial functions as 5%, 6", 7¢" order Bézier curve in
plane based on the control points with matrix form in E2. Finally, the curve In(1 —
x?) has been expressed as 5, 6", 7¢" order Bézier curve, examined the control points

and given matrix forms.
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1. Introduction

Bézier curves are named after Pierre Bézier, a French engineer
who used them in the 1960s for designing automobiles at
Renault. They are widely used in computer graphics software
like Adobe Illustrator, Photoshop, and in programming
libraries such as SVG (Scalable Vector Graphics) and
OpenGL for creating smooth curves in digital designs and
animations. In 3D animation, Bézier curves are commonly
used to define paths that objects follow through space. This is
often used for creating smooth and natural-looking motion.
Overall, Bézier curves are a powerful tool in 3D animation for
defining both the overall path of movement and the
interpolation between keyframes, helping animators create
lifelike and fluid animations.

Bézier curves have been the focus of attention of many
researchers due to their properties. Some of the publications
that attracted our attention and examined while preparing our
study are as follows: In [3], Marsh showed geometric
applications for computer graphics and CAD, and also
emphasized the importance of Bézier and B-spline curves in
this regard. In [6], H. Hagen investigated Bézier curves with
curvature and torsion continuity. In [5] and [7], Bézier curves

and Bézier surfaces were examined by H. Zhang, F. Jieging
and S.Michael. In [4], G. Farin used Bézier curves for CAD
and also studied the equivalence conditions of control points
and their application to planar Bézier curves. In [8], [9], [10]
and [12] it has been examined cubic Bézier curves, their
involutes, Bertrand and Mannheim mate of a cubic Bézier
curve by using matrix representation in E3, respectively. In
[11] and [13], it has been researched matrix representation of
Bézier curves and 5" order Bézier curve and their derivatives,
respectively. In [14] and [15], it has been investigated Bézier
curves and 5" order Bézier Curve in three dimensional
Euclidean space. In [16],[17],[18] and [19], approaches to
various curves (circular helix, sine wave, cosine curve and
exponential curves, respectively) with various order Bézier
curves were examined.

In simplest form, a Bézier curve is defined by a set of control
points. A linear Bézier curve, for example, is defined by two
points, while a quadratic Bézier curve is defined by three
points, and a cubic Bézier curve is defined by four points.

Generally, it can be defined n*" order Bézier curve by n + 1
control points Py, Py, ..., B, with the parametrization

B(t) =1 (1) £/t — " [P].
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For more detail see in [4], [5], [6], [7]. As is well known,
Taylor series f(x) =, f(”)(a)% of a function is an
infinite sum of the functions derivatives at a single point a,
also a Maclaurin series f(x) =%, f (")(0)’;—! is a Taylor
series where a = 0.

In this study we will focus on the natural logarithm with base
e, for 5t1, 6t 7t order Bézier curves. For more detail see
[2], [8]. We need to write the coefficients matrix of any 5t*
order Bézier curve. It is clear that the coefficients matrix on
matrix representation is 5¢%, 6t", 7t" order Bézier curves as
in the following (see [11]):

The coefficients matrix of any 5" order Bézier curve is

[—1 5 -10 10 -5 1]
|5 —-20 30 —-20 5 OI
_|—-10 30 -30 10 0 0

5
B1=110" Z20 10 o ol

0
l—s 5 0 0 0 oJ
1 0 0o o0 0 0

The coefficients matrix of any 6" order Bézier curve is

1 -6 15 —-20 15 -6 1
-6 30 —-60 60 -30 6 0
15 —-60 90 —-60 15 0 0
[B] =|-20 60 —-60 20 0 0 0
15 -30 15 0 0 0 0
-6 6 0 0 0 0 0
-1 0 0 0 0 0 0-

The coefficients matrix of any 7" order Bézier curve is

-1 7 -21 35 -35 21 =7 17
7 —42 105 —140 105 —42 7 0
—-21 105 —-210 210 —-105 21 0 0
[B7] = 35 —140 210 —140 35 0 0 0 _
—-35 105 —105 35 0 0 0 0
21 —-42 21 0 0 0 0 0
-7 7 0 0 0 0 0 0
L1 0 0 0 0 0 0 0-

2. Thecurve Inx as a 5t*, 6", 7t* order Bézier curve

The natural logarithm is used in many areas of mathematics,
science, and engineering, particularly in calculus, probability
theory, and the natural sciences. It has applications in areas
such as exponential growth and decay, compound interest, and
solving differential equations. The natural logarithm of a
number is its logarithm to the base of the mathematical
constant e, which is an irrational and transcendental number.
We cannot find the Maclaurin series for In(x). Hence the
natural logarithm of x is generally written as f (x) = Inx with
Taylor series for centered at x = 1 is

- (x — 1)k
_ E _qVk+1
Inx = ) (—1) P
k=1

ifo<x<?2

(x—1)°
5

-1 (-1° (-1

Inx=(x-1)— 3 2
(x-1° (x=-1)
-y . - 6 7.
Proposition 1: The matrix representation of the curve f(x) =
Inx as a 7t" order Bézier curve has the control points P,, P,
P,, P;, P,, P, Pg, and P,

363 1

140
503

140
573

140
1859

420
491 ¢

105
512

105
353

70
363
70 |

i
TR NN AN AN W NN R o

Proof. The function f(x) = Inx has 7" degree Taylor series
expansion centered x = 1

7 21 35 35 363
+

1
Inx =7x7 —gx6 +—x——x*t+—x —— %2+ Tx——

5 4 3 2 140

It can be written as in parametric form and a 7" degree
polynomial function

1 7 21 35 35 21
— _+7 __ 46 45 " +4 3 _ 42
(t,Int) (t,7t 6t + c t 2 t* + 3 t > t“+ 7t
363
140)'

It has been already known that the matrix representation of
a(t) = (t,a,t” + agt®+...+a;t + a,) is the following
matrix equation,

,0 1
7
0 7
7 216 o717 P,
té| [0 — té Py
t5 > t5 P,
4 35 4 p
t 0 ——|_1It [B7] 3
¢ 354 t3 P
t? o = t? Ps
t 321 t p;
1 0 _7 1 _P7_
7
0 363
L™ 140
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Proposition 2: The matrix representation of the curve f(x) =

Inx as a 6" order Bézier curve has the control points that P,,

P11P2,P3,P4_,P5,P6are
497
20
29
20
19
20
37|
60
11

30
1

6
0

NSO
1]
P W NN RW RO~ O

SRR

|
|
|
|
|

SRR
=)}

Proof. The function f(x) = Inx has 6" degree Taylor series
expansion centered x = 1.

1 6 15 20 15
__2,6,2.5_22 4,%Y 3_ 2 2
Inx x+5x 4x +3x 2x + 6x
19 if 0<x<2
20 if x <

it can be written as in parametric form and a 6" degree
polynomial function

1 6 15 20 15
— — _ 46 4 — 45 _ V44 273 V2
a(t) = (t,Int) = (¢, 6t +5t 4t+3t 2t + 6t
49
20)'

It has been already known that the matrix representation of
a(t) = (t,agt®+...+ay) is as in the following equation

1
0 %
6
1 0 3 resr P,
s 0 150 S Py
t: 204 ~ t: (59 |£2
lel o 5 |1l e
[tJ 15 [tJ |P5|
110 Y 1 |~P6J
1 649
20

Proposition 3: The matrix representation of the curve f(x) =
Inx as a 5" order Bézier curve has the control points P, P;,
P,, P;, P,, and Pg, where Py, P, P,, P, P,, and Ps are

49
%
5
P
|7| 4
pl_|5 s
Ps

Tm oGl v wal Nl e
_
w

Proof. The function f(x) =In(x) has 5" degree Taylor
series expansion is

15 20 15 49
S——xtt —xd——x? 4+ 6x——

Inx =gx” =7 3 2 20

it can be written as in parametric form and a 5" degree
polynomial function

6 15 20 15 49
— (+ —45 _ 4 3 _ 2 _
(t,Int) (t,St 4t +3t Zt + 6t 20)

Hence we get the following equation

_0 6
5
15
[tS]T 0 - [tS]T [Po]
4 4
t3 20 t3 Py
[e3] o = =|t|[Bs] P,
t2 315 t? Py
t 0 —— t P4J
ll J p 2 ll J [Ps
49
20

3. Mercator Series as a 5%, 6, 7t* order Bézier curve

The series known in mathematics as the Mercator series or
Newton-Mercator series are actually the Taylor series for the
natural logarithms with of (1+ x) and (1 —x) that are
generally written as

x
In(1+x) =52, (—1)"“7
x% x3 x* x5 x® x7
Xty Tty ety ¥
-1<x<1
k
x
In(1-x) = —,;‘°=1?
x? x3 x* x5 «x®
=_7x_7_?_7_?_?
— .., if-l<x<1
e if x <
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Although the serias were first discovered by Johannes Hudde
and lIsaac Newton, they were independently published by
Nicholas Mercator in his 1668 treatise named
Logarithmotechnia [1].

3.1. The curve In(1 + x) asa 5, 6!, 7t" order Bézier curve

Proposition 4: The matrix representation of the curve f(x) =
In(1 + x) as a 7*" order Bézier curve has the control points
Py, Py, P,, P;, P,, Ps, Pg, P, as follows

0 0
11
7 7
. 2 11
P° 7 42
Pl 3 11
PZ 7 30
P3 —|4 193]
P“ 7 420
PS 5 229
| |7 420
477 e 37
7 60
. 319
L~ 420!

Proof. Function f(x) = In(1 + x) has 7" degree Maclaurin
series expansion is
2 X3 x4 xS x6 x7

x
= _— _—— _—— J— — <
In(1+x) =x 2+3 4+5 6+7’ (-1<x<1)

it can be written as in parametric form and a 7" degree
polynomial function
t?2 3 tr 5 8 7
(tIn(1+0) = (t,t—?+§—z+-§—g+7).-
It has been already known that the matrix representation of
a(t) = (t,a;t” + agt®+...+a,) is as in the following
equation

,0 1
7
1
7" 0 ~3 e P,
té 0 1 t6 Py
t5 5 t5 P,
4 1 4 P.
sl o -3l |e| By
t2 1 t? Ps
t | |0 3 t P,
1 0 1 L1 P;
2
1 1
L0 0

Proposition 5: The matrix representation of the curve f(x) =
In(1 + x) as a 6" order Bézier curve has the control points
Py, Py, P,, P;, P,, Ps, Py as follows

_0 0_

11

6 6
Po] 11 32
|P.| |3 10
[P| 1 5
[Ps|=1]2 12
pl |2 31
P 3 60
p |5 37

6

1

Proof. Function f(x) = In(1 + x) has 6" degree Maclaurin
series expansion is
x? x3 x* x5 «x
ln(1+x)=x—7+?—x+?—z, (-1<x<1)
it can be written as in parametric form and a 6" degree
polynomial function

4 5 6

2 t3 t4 tS t6

t
(th(@+0)=(tt-S+o—F+--2).

It has been already known that the matrix representation of
a(t) = (t, agt®+...+ay) is as in the following equation

o 1
6

1
t710 < 57 [Po]
| > -
[¢*] fo -7 [¢4] [P2]
t3 1 |~ ¢3| [Be1|Ps|
t2 0 § t? [P4|
t t P
l1J 0 _% l1J Pg

11

o 0

Proposition 6: The matrix representation of the curve f(x) =
In(1 + x) as a 5** order Bézier curve has the control points
Py, Py, Py, P3, P,, P as follows

0 0 1
1 1
55
(o] |2 7
P1 5 20
2| |3 29|
P3 y _
[PJ 5 60
4 4 7
Pl |- =
5 12
1 47
L 60

Proof. Function f(x) = In(1 + x) has 5" degree Maclaurin
series expansion is

x% x3 x* x°
Inl+x)=x——+—-—+

— — <
7Tz gty Cl<x=D
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it can be written as in parametric form and a 5" degree
polynomial function
2 3 t4- tS

t
(t;]n(1+t))—(t,t—?+?.—z+g). -
It has been already known that the matrix representation of

a(t) = (t,ast’+...+ay) is as in the following equation
-0

tSTO gl tST [PO]

e =3 [o] |

Igl 0 % =|§| [B5] gz

L <2 L] 12
5 o

3.2. The curve In(1 — x) asa 5%, 6", 7t" order Bézier curve

Proposition 7: The matrix representation of the curve f(x) =
In(1 — x) as a 7t" order Bézier curve has the control points

PO'PI:PZ:P3,P4,P5,P6,P7a5f0"0WS
0 0 _

1 1
7 7
, 2 13
PO 7 42
Pl 3 107
P2 7 210
|P3|=4 319
P“ 7 420
51 |5
7
6
7
1

1401
Proof. Function f(x) = In(1 — x) has 7t" degree Maclaurin
series expansion is

x2 x3 x* x5 x® «x
ln(l—x)=—x—7—?—x—?—z—7, (—1<x£1)
it can be written as in parametric form and a 7" degree

polynomial function

7

t2 3 t* > t° 7
(A=) = t-5 -5 -5 -g )

Hence we get the following matrix equation

0 -3

7

0 1
|’t7]T 6 |'t7]T P,
t6 0 1 t6 Py
ts 5| |ttt | P2 |
t* 1 _ t* 7 P3
les] [0 =3[ [es| B et
t? 1] |[¢? [P
t 0 3 t IP7|
) h lp,]

2

1 -1

LO 0

Proposition 8: The matrix representation of the curve
f(x) =1In(1 — x) as a 6" order Bézier curve has the
control points P,, P;, P,, Ps, P,, Ps, P, as follows

0 0 -
1 1
6 6
Py |1 11
Pl |3 30
P, |1 37
P;|=12 60}
p| (2 19
|Ps| 3 20
el |5 29
6 20
LY
| 204

Proof. Function f(x) = In(1 — x) has 6" degree Maclaurin
series expansion is

x2 x3 x* x5 «x°
I A S B H
it can be written as in parametric form and a 6" degree

polynomial function

(tIn(1—-0) =(t,—-t—

(-1<x<1)

t2 3 t* 5 ¢
77373 5%

Hence we get the following matrix equation

0 1
6
1
710 —2| [t [Po]
| H -
[¢*] fo -7 [¢4] [P2]
t3 1 ¢3| [Be1|Ps|
t2 0 —§ t? [P4|
t t P
l1J 0 _% l1J Pg
1 -1
L0 0
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Proposition 9: The matrix representation of the curve

f(x) =1In(1 — x) as a 5" order Bézier curve has the In[(1 —x)(1 + x)]. Hence we

x2 3

Proof. We have already known that f(x) = In(1 — x?) =

get

4 5 6 7

control points P,, P,, P,, P5, P,, Ps as follows 5 x xt x> x% o«
In(1—x2%) = x—7+?—z+?—z+7
0 0 2 3 4 5 6 7
11 Y S S S A S
= —= 3 4 5 6 7
P, > 5 1 1
[PO] 2 9 = —x6 oyt _ 42
N [ p— 3 2
Py _ g’ ﬁg Also it can be written as in parametric form and a 6" degree
[ijj 5 T80 polynomial function (t,In(1—¢?)) = (t,—%t6 - %t“ -
4 77 . . .
Py T ~%o tz). Hence we get the following matrix equation
137 [ 17
1 -5 e
t5] |0 0 t5 Py
. . 4 4
Proof. Function f(x) = In(1 — x) has 5" degree Maclaurin Ello == |5 (5] ﬁz
series expansion is |§2| 0 0 |§2| P3 i
x? x3 x* x5 0 -1 |P4|
h(l-x)=-x——5—-——5——- — (-1<x<1) t t 5
. i 2 3 4 5 1d]1 0 1 Lp,
it can be written as in parametric form and a 5" degree lo o
polynomial function
t2 3 t* S
(601 -0) = (&, ~t = 273777 % Proposition 11: The matrix representation of the

Hence we get the following matrix equation curve f(x) =In(1—x?) as a
N 1

4th order Bézier curve has

0 -2 control points Py, P, P,, P, P4Oas Bollpws
il -t [ Lo
R N - o
iZ 0 —=|% tz [BS] PZ - P1 l _l
3 t P3 Pl=12 6
t 1] |t [ 4J Pl 3 1
l1J 0 ) l1J P: lP4 1 73
1 -1 1 3
lo 0 1 -3
a2 th th - .
3.3. The curve In(1 —x%) as a 4™ and 6" order Bézier o ¢ qice F) = In(1 — 22) = (x _§+x3_3_§ %5) +
curve ( PR xs) L,
X =) =—-x"—x°,
2 3 4 5 2

Proposition 10: The matrix representation of the curve

f(x) =In(1 —x?) as a 6 order Bézier curve has the polynomial function (t, In(1 —

it can be written as in parametric form and a 4" degree

t2)) = (t,—5t* — 2)

Control pOintS Pg, Pl! Pz; P3; P4a PS! P6 as fOIIOWS t4- T [0 1] t4 T Po
g0 A I I
Z 0 0 0 4
3 t2 =|¢2| [B*]|P;
Py |1 1 L P,
p| 13 715 i ] (1) 8 o] P
11 : ion i i
ﬁz _l3 -z Solving the above equation give us the control points, where
Pj 5 13 [B*] is the 4" order Bézier curves matrix in E2.
.| [3 30
led |5 5
6 6
) 11
B 6
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