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ABSTRACT. The research conducted in this investigation focuses on extend-
ing known results from the second-order differential subordination theory for
the special case of third-order strong differential subordination. This paper
intends to facilitate the development of new results in this theory by showing
how specific lemmas used as tools in classical second-order differential subor-
dination theory are adapted for the context of third-order strong differential
subordination. Two theorems proved in this study extend two familiar lemmas
due to D.J. Hallenbeck and S. Ruscheweyh, and G.M. Goluzin, respectively.
A numerical example illustrates applications of the new results but the the-
orems are hoped to become helpful tools in generating new outcome for this
very recently initiated line of research concerning third-order strong differential
subordination.

1. INTRODUCTION AND PRELIMINARIES

For the special case of third-order differential subordinations, J.A. Antonino
and S.S. Miller [1] extended differential subordination theory first proposed by S.S.
Miller and P.T. Mocanu [23], setting a new direction for further research into this
topic. Applications of the outcomes discussed in [1] rapidly followed, and this topic
of research is currently progressing successfully. By applying fundamental results
regarding the third-order differential subordination, a direction of study deals with
defining appropriate classes of admissible functions. Specific devellopments of third-
order differential subordination continue to be obtained nowadays in view of this
approach. For example, p-valent functions connected to a generalized fractional
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differintegral operator are analyzed in [4]. The same approach delivers interesting
conclusions for special functions in [5] and [6] as well as for a generalized operator
in |7).

Recent studies have started the development of an alternative approach in third-
order differential subordination theory concerning another essential concept, that of
the the best dominant. New ways of identifying the best dominant of a third-order
differential subordination are provided in [8,(9], along with techniques for finding
the dominants for any third-order differential subordination.

The study presented in this paper intends to show how the classical results con-
cerning third-order differential subordination are extended for the particular con-
text of strong differential subordination theory in general and for the third-order
strong differential subordination in particular. The first results in this directions
are proposed in the very recent paper [10]. In their work, the authors extend the
definitions specific to second-order strong differential subordination adapting them
for the third-order strong differential subordination and develop some new results
using the approach consisting in choosing appropriate classes of admissible func-
tions. In this research, we propose other extensions form the classical theory of
differential subordination to strong differential subordination and we obtain par-
ticular third-order strong differential subordination results.

Certain basic aspects concerning strong differential subordination theory were
first presented in a published study from 2009 [11], following certain ideas set by
J.A. Antonino and S. Romaguera through their work from 1994, [12], where the
notion of strong differential subordination was first mentioned in the context of
the special case of Briot-Bouquet differential subordination. The paper [11] defined
the fundamental concepts of dominant of the solutions of the strong differential
subordination and of solution of a strong differential subordination, as well as the
three problems that form the basis of the theory and the fundamental tool in the
analysis of strong differential subordination that is the class of admissible func-
tions. The theory was further improved by the introduction of certain classes of
analytic functions particularly applied in strong differential subordination studies
in 2012 [13]. Latest results applying the results presented in [13] include strong dif-
ferential results involving different operators [14L[15], multiplier transformation and
Ruscheweyh derivative applications in strong differential subordination theory |16/,
first order strong differential subordinations [17], and g-calculus aspects included
in strong differential subordination studies alongside particular operators [18].

Those classes [13], used also in the present investigation, are:

Analytic functions in U x U represented by H(U x U);

Hlla,n] ={f € HUxU): f(2,() = a+ an({)2" + ant1({)2" T + -+ },

considering ay,(¢) holomorphic in U, k > n, a € C, n € N, the class derived from
the classical:

Hla,n)={f € HU): f(z) =a+ap2" + apny12" ™+, z€U};
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H¢y(U) = {f € Hela,n] : f(+,¢) univalent in U for all ¢ € U};
ACYL = {f € H(U Xﬁ) : f(zvc) :Z+a/n+1(C)Zn+1 +-, ZE U7 Ceﬁ}7
with A¢; = A¢ and ay(¢) holomorphic functions in U, k > n + 1, n € N, the class
derived from the classical:

Ap={feHU): f(z) =2+ an 12" +---, 2€ U}, with A} = A4;

er o 2fi(z:0)
S*¢ ={f € AC : Re B

the class of starlike functions in U x U derived from the classical class of starlike
functions:

>0, z€U ¢cU},

s = {fea:rLE gy

f(z) ’
2fl2 (2,€) =
K¢ = feAg:Re<Z+1 >0, zeU, (€U},
{ 7 0) J
the class of convex functions in U x U, derived from the classical class of convex
functions:

K:{feA:Re(zfl//(ij)—i—l) >0, f(0)=0, f/(0)#0, ze€U}.

The notions of strong differential subordination necessary for this research are
listed as follows.

Definition 1. [15] Let h(z,¢) and f(z,¢) be analytic functions in U x U. The
function f(z,C) is said to be strongly subordinate to h(z,(), or h(z,() is said to
be strongly superordinate to f(z,() if there exists a function w analytic in U with
w(0) = 0, |w(z)| < 1 such that f(z,¢) = h(w(z),¢), for all ¢ €U, z € U. In such

a case, we write

f(z,0) << h(z,(), z€U, (eU.

Remark 1. [15] a) If f(2,¢) is analytic in U x U and univalent in U for ¢ € U,
then Definition[1] is equivalent to:

£(0,¢) = h(0,¢), for all ¢ €U and f(U x U) C h(U x U).

b) If f(2,¢) = f(2), h(z,{) = h(z), then the strong superordination becomes the
usual superordination.

Definition 2. [13] We denote by Q. the set of functions q (-, () that are analytic
and injective, as function of z, on U\E(q(z,()) where

E(q(z,¢)) ={¢€dU: ;LHEQ(%C = oo}

and are such that ¢, (2,¢) # 0 for ¢ € OU\E (¢ (z,¢)), ¢ € U.
The subclass of Q¢ for which ¢(0,() = a is denoted by Q¢ (a).
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Definition 3. [15] Let Q¢ be a set in C, ¢ (-,¢) € Q¢ and n a positive integer. The
class of admissible functions ¢,[Q¢, q (-, ¢)] consists of those functions
Y : C? x U x U — C that satisfy the admissibility condition

o(r,5,1:€,¢) & Q¢
whenever

/ t 2q2 (2,6)
r=4q(z,(), s =ngq, (z, ,Re(—&—l)ane[z
zeU, (€ dU\E(g(,¢) and n > 1. When n = 1, we write ¢1[Q¢,q(-,¢)] as
Pl q (-, ¢ _

In the special case when h (-, () is an analytic mapping of U x U onto Q¢ # C

we denote the class ¢, [M(U x U),q (2, 0)] by ¢, [ (2,¢) ,q (2, )]

+1].

The class of admissible functions has been extended in [10] for the case of third-
order strong differential subordination as it shows the next definition and will be
used as such in the present investigation.

Definition 4. [10] Let Q¢ be a set in C, q(-,¢) € Q¢ and n > 2. The class of
admissible functions ¢,,[Qc, q (-, C)] consists of those functions
Y : C* x U x U — C that satisfy the admissibility condition

@(T,S,t,u;£,<) ¢ QC (1)
whenever

r=a4(0), s =nd, (=) Re (Z“) >nRe[

u 224 (2,€)
Re— > n?Re~—22 22
s AENY
zeU, (€ dU\E(q(-(C)) and n > 2.

2q} (2,6)

£ (=0 “]’

An important known result that will be applied for the proofs of the new results
is the following lemma used in third-order differential subordination theory and
given here having a particular form required by the theory of strong differential
subordination:

Lemma 1. ( [1], [19]) Let q(2,{) € Q¢ (a) and let p(z,{) = a + an ({) 2" +
an+1(Q) 2" +... € H(U x U), withp(2,¢) # ¢, andn > 2. Ifp(-,¢) is not subor-
dinate to q (-, (), then there exist points 29 € U, zo = 19e'?0 and &, € OU\E (¢ (-, ())
for which p (U X Uiro) Cq (U X U) and p(z0,¢) = q(&y,¢), and an m > n, such
that the following conditions are satisfied:

(Z) Zop/z (Zv C) =q (507 C) ;

. £04’2(£0,0)
(ii) Reoq,:éfz.) >0 and

zop’, (20,¢) .
AR ’ sm;
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(ZZZ) ZOp; (ZO, C) = mqug (507 C) ;

. ZOp;’z(ZO,C) 504/2,2(5070 .
() Re( ACKI 1) = mRe( L) T 1)’

2, 111 2 111

(1) RS0 2 m RSl

The first part of this lemma was used in [10] for developing a theorem. In the
next section, the form of this lemma is adapted for strong differential subordination
theory and will be applied for proving the original results contained in the Main
results section of this paper.

The main concern of the present investigation is to present applications in third-
order strong differential subordination studies of the known results due to D.J.
Hallenbeck and S. Ruscheweyh [20] and G.M. Goluzin [21], respectively. The fol-
lowing two lemmas are used in the next section for developing two new theorems.

Lemma 2. ( [20]) Let h € K, with h(0) = a and let v € C*, Rey > 0. If
p € Hla,n] and

p(2) + %p' (2) < h(2),
then

p(z) <q(2) <h(2),

where

q(z) = 77/ h(t) thLat.
0

nzw

Function q € K and is the best (a,n)-dominant.
Lemma 3. ([21]) Let h € K. If the following differential subordination is satisfied:
zp’ (2) < h(z2),

then

and q s the best dominant.

Remark 2. In 1970, T.J. Suffridge [22] proved that Goluzin’s result remains true
even if h € S*.

Lemma [2] and Lemma [3] have facilitated major developments in second-order
differential subordination theory, hence, the new theorems presented in the next
section based on those popular results should help for the development of the newly
initiated line of research concerning third-order strong differential subordinations.
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2. MAIN RESULTS

The first original outcome of the study extends the results obtained by Hal-
lenbeck and Ruscheweyh [20] shown in Lemma [2| The theorem proved here also
provides techniques of finding the best dominant of a third-order strong differential
subordination.

Theorem 1. Take h(z,() € K¢, satisfying h (0,¢) = a € C for all¢ € U. Consider
the functions p(2,C) € Hla,n], n> 2, p(2,C) # a and ¢ (2,C) € Ha,n], 4(2,C) €
Q¢ (a) satisfying:

(Z) Rquzz(éyC) 2 O and

Z”zzo‘<n where z € U, £ € OU\E (q(2,()), n > 2;

PACHS) (60
(i) q(2,¢) + 2. (2,() + 2%¢/> (2,{) = & [; h(t,{)t""1dt, v € C, Rey > 0,

2z€eU,Cel.
Ifp(2,¢) € Q¢ (a) and

p(2,Q) + 2p% (2,¢) + 2°p%> (2,() +
2z2p), (2,¢) + 32%p’: (2,¢) + 2°p’% (2,¢)

5 €eH(UxU),
then
, 2p 3 "
plC) 4 28 (5:0) 4 22pla 1) 4 BT (2O H TR (00)
24 3 m
050 2, (2:0) + s 3, 4 ZEEO IR BOTTRED

implies
p(z,€) << q(z,¢),
where z € U, ¢ € U and q(z,() is said to be the best dominant.

Proof. The functions p(z,(), q(z,¢) and h(z,() may be assumed to be satifying
the conditions of Lemma [If and the condition ¢, (z,¢) # 0 for £ € OU\E (¢(z,()).
Otherwise, the functions can be replaced by p, (2,¢) = p (pz,(), ¢, (2,¢) = q (pz,()
and h, (2,¢) = h(pz, (), respectively, with 0 < p < 1 and those functions have the
necessary properties on U x U.

Hence, Lemma [1| will be applied for the proof of this result, also considering the
definition given for the class of admissible functions.

Define now the function ¢ : C* x U x U — C as

2 3t
w(r,s,t,u,z,g):r+s+t+u, r,s,t,u € C, Rey > 0. (3)
0

Taking r = p(z,¢), s = 2p., (2,¢), t = 22p"> (2,¢), u = 23p”} (2,(), the function
in becomes:
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¥ (p(2,0), 20, (2,0), 2P (2,€) . 2°Pls (2,Q)) = (4)

201 3 "
P(5.) 20 (2,0) + 229l (2,) 4+ 2B T3P W( O+ 2 (2,0)

Using (4]), strong differential subordination becomes:

¢ (p(2,0),20% (2,0), 2D (2,0) , 2°plh (2,0)) << (5)
2 1 3 11
q(2,¢) + 2¢. (2,¢) + 2%¢2 (2,¢) + 224: (,4) 827 W( 0+ 2 (= O,
Revy > 0.
Using relation (ii), we can write:
1
2 [q(2,0) + 2. (2,Q) + 2%¢% (2,0)] :7/0 h(t,¢) -7 dt. (6)

By differentiating @ with respect to z, making simple calculations yield:

224, (2,¢) 4+ 32%¢> (2,¢) + 2°q% (2,¢) —h(=0)
¥ e

By applying , the strong differential subordination can be written as: "
¥ (p(2,0), 20l (2,.0), 2% (2,0), %D (2,0)) == h(2,0),
which can be interpreted in view of Remark |1} ' part a), as:
{0 (p(2.0) 20l (2,Q) . 2 (2,Q) .25 (2,Q) } Ch (U X T).
Considering z = 29 € U, we write:
{¥ (p(20,¢) , 200, (20,€) , 25p%2 (20,€) 25075 (20,€)) } Ch (U xU) .

Assume now that p(2,¢) A< ¢(2,¢). In this situation, Lemma [1| shows that there
exist zo = roe'? € U and &, € OU\E (¢ (z,¢)) such that

p (ZO, C) =4q (§07 C) ’ Zoplz (Z07 C) = mfoqlz (£O’ C) )

q(2,0) +2d. (2,0) +2°¢% (2,0) +

(8)
t= Z(QJPIZI2 (207 C) , U= Zopué (207 C) 5
satisfy the conditions of Lemma
By replacing r = ¢ (£y,¢), s = m&yq.. (£y,¢), ¢t and u in the admissibility condi-

tion , we obtain:
¥ (q(£05C) s mEpqs (£o5€) s t,u) E R (U X U) .
Using the equalities given by , we have:
¥ (p(20,€) > 200 (20, C) » 20072 (20, €) , 200 (20,C)) € h (U x U),
but this contradicts . Hence, we must have that
p(2,¢) << q(z,¢), z€U, CeU.
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Since ¢ (z,¢) € H(y (U) and is a solution for the equation (7)), it follows that ¢ (2, ¢)
is the best dominant for the strong differential subordination . ([

Remark 3. This theorem shows that finding the best dominant for a third-order
strong differential subordination requires only the existence of a univalent solution
for the differential equation associated with the strong differential subordination.

The next theorem extends the result proved by G.M. Goluzin in 1935 [21] for
second-order differential subordinations to fit the theory of third-order strong dif-
ferential subordination.

Theorem 2. Let h(z,() € K¢, with h(0,{) = a € C for all { € U. Consider
the functions p(z,{) € Hla,n|, n > 2, p(z,{) # a and q(2,{) € Q¢ (a), q(z,¢) €
H(y (U) satisfying:

(i) Reff(éiﬁ)@ >0 and z;ilz((zz’cc))‘ <n, where z € U, £ € QU\E (q(2,()), n > 2;

(ii) 24 (2,C) - €, (2, ) + 22q (2,¢) = [ M8t - e U, ¢ € T.
If

2p (2,€) -1l (2,Q) + (20 (2,0))" + 2P (2, Q) [P (2, Q) + 2] + 2% (2, Q) <=

zq (Z7 C) : C]; (27<) + (qu (Z7 C))z + 22(1/2/2 (Z, C) [C] (27 C) + 2] + qu,/z/é (Z7 C) )
implies
p(z,¢) ==4q(z,0), z€U, (€T,
with q(z,¢) designated as the best dominant of the third-order strong differential
subordination @)

Proof. As seen in the proof of the first theorem, the functions p(z, (), ¢(z,¢) and

h(z,¢) may be assumed to be satifying the conditions of Lemma [llon U x U and
the condition ¢, (z,() # 0 for £ € OU\E (¢ (z,()).
By differentiating (ii) with respect to z, we have
q(2,0) - ¢, (2,0) + 22 (¢ (2,0))" + 2q (2,Q) ¢la (2, €) + 22°¢/% (2,Q) +
2% (2,0) = h(2,0). (9)
By applying @D, third-order strong differential subordination becomes:

2 (2,0) P (2.Q) + [20L (2, O + 220 (2,0 [p (2.Q) + 2+ 2°p0% (2,C) << h(2,0).

(10)
For finalizing the proof of this theorem, define the function ¥ : C* x U x U — C as
VY (r,s,t,u,z,0) =r-s+8> +t(r+2)+u, rs,tucC. (11)

Taking r = p(2,¢), s = 2p, (2,(), t = 2°p’s (2,¢), u = 2°pli (2,(), relation
becomes:
(12)

b (p(2,0), 20, (2,0), 2%pl2 (2,€) . 2°P5 (2, €))
p(2,0) - 2pl (2,0) + [0 (2, OF + 2l (2,0) [p (2,0) + 2] + 2% (2,0) -
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Using (12)), the third-order strong differential subordination becomes:

U (p(2,0), 2L (2,0) . 2% (2,0) , 2Dl (2,0)) <= h(2,¢), z€U, CeU. (13)
Since h(z,() € K({ we have that h(z,{) € H(y (U) and applying part a of
Remark [1| we can write an equivalent form of :
{0 (00,20l (2,0, 2% (2,0, 205 (,O0)} Ch (UxT) . (14)
Considering z = 2y € U, from we have:

’l/) (p (Zo, C) 720p,/z (207 C) ?ng/z/2 (207 C) 7nglz/‘!3‘ (Z(), C)) €h (U X U) . (15)
Assume now that p(z,{) A< ¢(z,{). Then, according to Lemma [I| there exist
zo € U and £, € OU\E (q(z,()) such that:

p (ZOa C) =9q (503 C) 3 ZOP'Z (ZOa C) = mgoq/z (507 C) 5
(16)
t= Z(%pg2 (ZOa <) , U= ng;/é (ZOa <) )
satisfy the conditions of Lemma
By replacing 7 = ¢ (§y,¢), s = m&yd. (§o,C), t = 2502 (20,C) , u = 23p% (20,¢)
in the admissibility condition from Definition [3} we have:
¢ (q <507 C) 7m§OQ,/z (EO? C) ’ nggz (Zo, C) 7281);,1/3 (207 C)) ¢ h (U X U) :
Using the equalities seen in , relation is written as:

T/’ (p (207 C) aZOp/z (’207 C) ’2(2)p/z/2 (207 C) ’ng;lé (207 C)) ¢ h (U X U) )
which contradicts . Hence, we must have that
p<ZaC) == Q(zaC>7 S Ua CGU

Since ¢ (z,¢) € H(y (U) and is a solution for the differential equation (9)), it follows
that g (z, () is the best dominant for the third-order strong differential subordination
(2)- O

Example 1. Using the outcome of zheorem we can write:
Let h(z,§) =1+22§, z€ U, £ €U, h(z,¢§) € K h(0,§) =1€C,
p(2,8) =1+23, q(2,8) =142 2€ U, £ €U, v=1 satisfying:

(i) RS2 —Rel =020 and |22 = 3% <3, 2 € U,

£ € U\E (¢(2,9));
(i) (1+28) + 26 =1 [T (1+2t)dt, v =1.
If (14 238) + 2 (32%) + 22 - 62€ + 22 (322€) + 322 - 626 + 23 - 6§ =
14+ 236 + 3226 + 6236 + 6236 + 18236 4+ 623¢ = 14 402%¢, is analytic in U x U, then

1+402% << 14 26 + 26 + 226 = 1 4 426,

implies B
14236 <<1+42¢ zeU €€,
and q(z) = 1+ 2 is designated as the best dominant.
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3. CONCLUSION

The new results established in this investigation are contained in Section 2 of
the paper, after the necessary notions and previously established results necessary
for the investigation are presented. The line of research followed by this study con-
cerns the development of the newly initiated theory of third-order strong differential
subordination. Having seen the new recent results obtained by researchers concern-
ing classical third-order differential subordination theory, and considering the nice
developments involving the theory of strong differential subordination, this study
extends previously known lemmas established in [20,[21], popular in researches in
geometric function theory, providing new tools for improving the knowledge re-
lated to third-order strong differential subordination theory, recently initiated by
the publication [10]. The new results obtained here are given in Theorem [1] and
Theorem [2| A numerical example is provided hoping to inspire certain applications
for particular functions to be used as best dominants of third-order strong differen-
tial subordinations, which could result in obtaining interesting consequences with
significant geometrical interpretations. Nevertheless, the main idea of the study
doesn’t focus on numerical examples but on providing new means of investigation
in the field.

Since the initial lemmas that have motivated this study presented as Lemma
and [3] concerning second-order differential subordination theory have facilitated
major developments of that topic, it is expected that the new results proved during
this investigation to have the same effect on motivating future research in third-
order strong differential subordination theory.
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