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Abstract 
In this paper, we introduce the concepts of rough ideal convergence, rough ideal limit set and rough ideal Cauchy sequence for double sequences of 

fuzzy numbers. We establish some properties of this convergence and obtain relation between rough ideal limit set and extreme ideal limit points of 

such sequences. Next, we explore the relation between ideal convergence and its rough analogue. Finally, we examine the connections between the 

set of cluster points and rough ideal limit set within double sequences of fuzzy numbers.  
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1. INTRODUCTION 

The concept of ideal convergence of sequences in metric space was introduced by Kostyrko et al. [8] in 2000. This concept is a 

generalization of statistical convergence Fast [7] which holds significant importance in many fields such as summability theory, 

number theory and mathematical analysis. Therefore, most studies on statistical convergence have been extended to ideal convergence 

by many authors. Some notions like symmetry, monotonicity and Cauchy condition which known for statistical convergence were 

extended to ideal convergence by Salat et al. [16]. Also, extremal limit points and their basic properties were studied with respect to 

the ideal by Kostyrko et al. [8] and the concepts of limit superior and limit inferior were defined by Demirci [4]. Then, the statistical 

convergence of double sequences presented by Savaş and Mursaleen [12] was generalized to ideal convergence by Das et al [3]. In 

addition to these, applying fuzzy logic to functions, sequences and series in traditional mathematical analysis expands the scope and 

results of classical mathematical analysis. So, all these studies conducted for ideal convergence have been examined for fuzzy number 

sequences. We refer readers to [6,9,14] for more details.  

In 2001, Phu [15] introduced rough convergence and investigated boundedness, convexity and closure of rough limit set. Also, he 

transformed some properties of classical convergence to rough convergence. Then, Akçay and Aytar [1] examined this convergence 

for sequences of fuzzy numbers and they showed some properties of rough limit set. After that, Babaarslan and Tuncer [2] defined 

rough convergence and rough Cauchy of double sequences of fuzzy numbers.  

Recently, Dündar [5] studied on rough ideal convergence of double sequences. All of these studies have been pioneering for us and 

than, in this paper, we introduce the concepts of rough ideal convergence, rough ideal limit set and rough ideal Cauchy for double 

sequences of fuzzy numbers. We give some properties of these sets and a relationship between them by defining the rough ideal limit 

inferior and rough ideal limit superior. Next, we explore the correlation between ideal convergence and rough ideal convergence. 

Finally, we examine the connections between the set of cluster points and rough ideal limit set within double sequences of fuzzy 

numbers. So that, the concepts defined in the fuzzy number space that does not satisfy the properties of a vector space give us different 

results and these can provide important theoretical tools to examine the generalized convergence of sequences widely used in fuzzy 

information theory.  
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2. MATERIAL AND METHODS 

In this section, we briefly recall some basic concepts and notations of theory of fuzzy numbers and we refer to [11] for more details. 

A fuzzy number   is a fuzzy subset of the real line  , which is normal, fuzzy convex, upper semi-continuous and closure of the set 

   *     ( )   + is compact. This properties imply that for each   ,   - the   level set of   defined by    *  

   ( )   +   [      ] is a nonempty, compact convex subset of  .  

 ( ) denotes the set of all fuzzy numbers on   and the supremum metric on this is defined by  

 ̅(   )     
  ,   -

 (     )  

where   (     )=     {|     | |     |}.  

Note that    (   ) defined by 

  ( )  {
               
              

 

is a fuzzy number. 

Also, the partial ordering relation   is defined by             and        for each   ,   -.  

Definition 1. [17] A double sequence of    (   ) of fuzzy numbers is a function     into  ( ).  (   ) denotes the value of the 

function at (   )     . This sequence is said to be convergent if for every    , there exists     such that  ̅(     ̃)     for 

all       and it is denoted by         ̃.  

Definition 2. [17] A double sequence of   (   ) is said to be Cauchy if for every    , there exists     such that  ̅(       )  

   whenever       and       . 

Definition 3.  [10] Let     . A class    of subsets of   is said to be an ideal in   provided that  

i.      

ii.       implies        

iii.     and     implies      

If    , then it is called a nontrivial ideal. A nontrivial ideal in   is called admissible if * +    for each    . 

Definition 4.  [13] Let     . A nonempty class of subsets of   is said to be a filter in   provided that  

i.    , 

ii.       implies        

iii.      and     için    . 

If    is a nontrivial ideal in  ,    , then the class  ( )  *    (    )(     )+  is a filter on  , called the filter associated 

with  , [8]. 

A nontrivial ideal    of     is called strongly admissible ideal if * +    and ve   * + belongs to    for each    . 

Throughout the paper,    denotes a strongly admissible ideal in      ,   be a nonnegative real number and   (   ) denotes a 

double sequence of fuzzy numbers. 
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Definition 5. [6] A sequence   (   ) is said to be    convergent to a fuzzy number  ̃, denoted by                 ̃,  if for 

every      there exists  ( )     *(   )            ̅(     ̃)     +    . 

Definition 6. [2] A sequence (   ) is said to be rough convergent to a fuzzy number  ̃, denoted by    
 
  ̃, if for every    , there 

exists      provided that  ̅(     ̃)      whenever        . 

Here,   is called roughness degree and the set         * ̃   ( )    
 
  ̃+ is called   limit set. 

Definition 7. [2] A sequence (    ) is said to be rough Cauchy if for every    , there exists      provided that  ̅(       )     

  whenever               . 

3. RESULTS AND DISCUSSION 

In this section, we define rough ideal convergence and rough ideal Cauchy of double sequences of fuzzy numbers. Then we give some 

properties and we prove theorems about these new definitions.  

Definition 8.  For    , a sequence (    ) is said to be      convergent to a fuzzy number  ̃ with the roughness degree  , 

denoted by    
    
→   ̃ if  ( )     *(   )            ̅(     ̃)         +     for every    . 

If we take      , then we obtain    convergence of these sequences. In general, the      limit may not be unique for      . 

Therefore, rough    limit set of (    ) is defined as       
 (   )  { ̃   ( )    

    
→   ̃}. 

A sequence (    )  is said to be      convergent,  if       
 (   )     

Theorem 1. Let   (   ) and   (   ) be two double sequences of fuzzy numbers. Then, 

i.          
   

     ̃  implies             
   

     ̃  

ii. 
 

| |
          

   

     ̃  implies            
   

       ̃  for any     * +   

iii. if              
   

     ̃  and             
   

     ̃ , then                 
   

(       )   ̃   ̃. 

Proof.   

i. Let     and          
   

     ̃. Then, for each    , there exists    ( )    such that  (     ̃)      for every 

       For    , let  ( )  {(   )       (     ̃)     }  (  *     (   )+ *     (   )+   )   Since 

   is a strongly admissible ideal, then  ( ) belongs to   . Hence, we get             
   

     ̃. 

ii. Let   ,   -  and   be any real number. Let    
 
  ̃  be the   level set of     and  ̃, respectively. So, we assume that   

 . Let     be given. Since  (    
 
   ̃ )  | | (   

 
  ̃ ), we have  (       ̃)  | | (     ̃). From our assumption, 

since 
 

| |
          

   

     ̃, we write {(   )       (     ̃)  
 

| |
 

 

| |
}    . Then, we have 

{(   )       (       ̃)     }  {(   )      | | (     ̃)     } 

                                                                                                = {(   )       (     ̃)  
 

| |
 

 

| |
}      
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Hence we get {(   )       (       ̃)     }      that is,            
   

       ̃. 

iii. For   ,   -, let     
 
    
 
  ̃    ̃  be   level sets of            ̃ and  ̃, respectively. Since  (   

 
    

 
  ̃    ̃ )  

 (   
 
  ̃ )   (   

 
  ̃ ) , we have   (          ̃   ̃)   (     ̃)   (     ̃). Let    . Take 

  {(   )       (     ̃)     
 

 
}, 

  *(   )       (     ̃)     
 

 
+ 

and 

  *(   )       (         ̃   ̃)         +. 

Since       and from our assumptions, then we have   belongs to     

Definition 9. A sequence    (   ) is said to be rough    Cauchy with roughnesss degree   or       Cauchy if for every    , 

there exists      such that {(   )          ̅(       )     }     whenever         and        . 

Theorem 2. If   (   ) is      convergent to a fuzzy number  ̃, then it is       Cauchy. 

Proof. Let    . Since     
    
→   ̃ , we write 

    *(   )            ̅(     ̃)        
 

 
+    , 

that is, 

      *(   )            ̅(     ̃)        
 

 
+   (  ). 

Since       we can choose (   )        such that (   )   , then we have   ̅(     ̃)        
 

 
 .  

Let   {(   )          ̅(       )      }.  We show that      Take (   )   . Then,       ̅(       )  

 ̅(     ̃)   ̅( ̃    )   ̅(     ̃)      
 

 
. This implies that   

 

 
  ̅(     ̃)  and therefore (   )     As     and     , 

hence it is       Cauchy. 

Definition 10.     limit inferior and     limit superior of (   ) are defined as follows respectively: 

                    

and 

                    

where 

   {   ( ) *(   )                +    } 

and 

   {   ( ) *(   )                +    }. 
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Lemma 1. If   ̃        
 (   ), then *(   )            ̅(              ̃)      +     and *(   )            ̅(   

           ̃)      +     . 

Proof. We assume that *(   )            ̅(              ̃)      +    . Then, let we define  ́    such that 

 ́  
 ̅(              ̃)    

 
 . By the definition of    limit superior, we have   ̅(                )   ́ for each (   )     where 

     . On the other hand, since  ̃        
 (   ), we have  ̅(     ̃)      ́ for each   (   )     where        

Let        
 . Then,     . Therefore,  ̅(              ̃)   ̅(                )   ̅(     ̃)      ́    

 ̅(              ̃)     ̅(              ̃) for each (   )    . This is a contradiction. 

That the set {(   )           ̅(              ̃)    } belongs to    can be proved by using the similar way. 

Theorem 3.  If       
 (   )   , then we have       

 (   )  [                             ]   

Proof. Let      and   ̃        
 (   ) . Then, *(   )            ̅(     ̃)         +    . That is, there exists (   )     

such that       and  
   
     

   {|   
 
  ̃ | |   

 
  ̃

 

|}       

or for every   ,   -   

|   
 
  ̃ |       and  |   

 
  ̃

 

|     . 

Hence, for each  (   )      such that         we have 

 ̃  (   )       ̃  (   ) . 

Here, two situations are obtained:  

First, *(   )                 ̃  (   ) +     that is   ̃  (   )      and from Lemma 1., we write 

                      ̃  (   ) . 

Secondly, *(   )                ̃  (   ) +     that is  ̃  (   )     and from Lemma 1., we write 

                      ̃  (   )  

Hence we get   ̃  [                             ].  

Theorem 4. For a sequence    (   ), the diameter of r    limit set is not greater than      

Proof. Let us assume the opposite. Then there exists             
 (   )  such that      ̅(   )      . 

Let     (  
 

 
  ) . Since            

 (   ), we have         and           where 

      *(   )            ̅(     )         +, 

and  

      *(   )            ̅(      )         +. 

Thus, for all (   )       
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 ̅(   )   ̅(      )   ̅(      )   (   )   (  
 

 
  )     ̅(   )  

which is a contradiction. 

Theorem 5. The r    limit set of (   ) is closed.  

Proof. If       
 (   )     , it is obvious. Assume that        

 (   )     . We take an arbitrary sequence (   ) in    

    (   )  such that it convergent to a fuzzy number    ̃ Let      . Since         ̃, for each (   )    (   ) 
 
 , there exists (   ) 

 
  

        such that  ̅(     ̃)    
 

 
. In the form “ (   )    (   ) 

 
”, the “<” relation used for indices is the coordinatewise order. Then, 

we choose (     )        provided that (     )    (   ) 
 
 . So, we write  ̅(       ̃)    

 

 
. On the other hand, since (   )     

    (   ) , we have              
 (   ). Hence  {(   )           ̅(          )     

 

 
}      If we choose an arbitrary 

(   )  {(   )           ̅(          )     
 

 
}, then we have 

 ̅(      ̃)     ̅(         )     ̅(       ̃)         . 

Then, we get 

{(   )           ̅(     ̃ )      }  {(   )           ̅(          )     
 

 
}. 

Since we have 

{(   )           ̅(          )     
 

 
}   (  ), 

then we get {(   )           ̅(     ̃ )      }   (  ). This shows that  ̃        
 (   ). 

Theorem 6.  If (   ) is    convergent to  ̃ and for each (   )         , there exists   ̅(       )      , then (   )    

   convergent to  ̃.  

Proof. From our assumption for every    , we have  ( )  {(   )           ̅(     ̃ )    }    . Since  ̅(       )        for 

all  (   )         , we get 

{(   )           ̅(     ̃ )      }  {(   )           ̅(     ̃ )    }  

Hence we write   ( )  {(   )           ̅(     ̃ )      }       

Theorem 7. If    (   ) is    convergent to a fuzzy numbers   ̃, then        
 (   )    ( ̃)  *   ( )  ̅(    ̃)      +. 

Proof. Let    ( )     *(   )            ̅(     ̃)     + . From our assumption, we write    ( )     . Let we take     ( ̃) .  For 

(   )    
 ( ),  since we have  

 ̅(     )   ̅(      ̃)   ̅( ̃   )       

where   
 ( )  *(   )            ̅(     ̃)     +, we get          

 (   ). 

Let   ( )     *(   )            ̅(      )       +. For         
 (   ), we write   ( )    . Since   (   ) 

   convergent to a fuzzy number  ̃, then    ( )    . Since  ̅(   ̃)   ̅(      )   ̅(      ̃)       for (   )    
    

 , we 

get      ( ̃). 
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Definition 11. A fuzzy number  ̃ is said to be ideal cluster point of (   ) provided that for each    , the set 

*(   )            ̅(     ̃)     +    . 

We denote the set of all ideal cluster points of (   ) by   ( ( )). 

Lemma 2. For     ( ( )) and  ̃        
 (   ), there exists  ̅( ̃  )     . 

Proof. Let  ̅( ̃  )       and   ̃        
 (   )  such that       ( ( )). Then, we write 

{(   )           ̅(     ̃ )      }  {(   )           ̅(      )   } 

for    
 ̅( ̃  )  

 
  . Since     ( ( )), we get 

{(   )           ̅(      )    }      

Hence, we have 

{(   )           ̅(     ̃ )      }     

This contradicts with  ̃        
 (   ). 

Theorem 8.  

i. If      ( ( )) , then       
 (   )     ̅̅ ̅( ),  

ii. There exists        
 (   )   ⋂   ̅̅ ̅( )    ( ( )) ={ ̃   ( )   ( ( ))     ̅̅ ̅( ̃)}.  

Proof. 

i. Let  ̃        
 (   )  and      ( ( )) . From Lemma 2., we have  ̅( ̃   )     . Otherwise for      

 ̅( ̃   )  

 
  we get 

{(   )           ̅(     ̃ )      }      This contradicts with  ̃        
 (   )   

ii. From (i), for every     ( ( ))        
 (   )     ̅̅ ̅( ) is obvious. If we show that   ̅̅ ̅( )        

 (   ) for every 

    ( ( )), then we prove the theorem. Let   ⋂   ̅̅ ̅( )    ( ( )) . Then, for every     ( ( )), we have  ̅(    )    . 

This shows that   ( ( ))     ̅̅ ̅( ), that is ⋂   ̅̅ ̅( )    ( ( ))  * ̃    ( ))   ( ( ))    ̅̅ ̅( ̃)+. Now, let       

    (   ). Hence, there exist     such that {(   )           ̅(      )      }    .  This shows that     ( ( )) 

provided that  ̅(    )      Then we write   ( ( ))     ̅̅ ̅( ̃) and     * ̃   ( )   ( ( ))     ̅̅ ̅( ̃)+. Thus, we get 

* ̃   ( )   ( ( ))     ̅̅ ̅( )+          
 (   ). 
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