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ABSTRACT. In this paper, we study the stability and convergence of fully dis-
crete finite element method with grad-div stabilization for the incompressible
non-isothermal fluid flows. The proposed scheme uses finite element discretiza-
tion in space and linearly extrapolated blended Backward Differentiation For-
mula (BLEBDF) in time. We prove the unconditional stability over finite time
interval and optimally convergence of the scheme. We also present numerical
experiments to verify our theoretical convergence rates and show the reliability
of the scheme.

1. INTRODUCTION

Most of practical engineering problems including insulating in windows, solar
collectors, cooling in electronics are modelled by natural convection flows. In the
dimensionless form, the equations governed by these flows are given on the domain
Q C R4(d =2 or 3) and a time interval (0,t*], t* < oo, as follows

u + (u-V)u—vAu+ Vp = RiT¢ +f, (1.1)
V-u=0, (1.2)
T, + (u- V)T — kAT = g, (1.3)

where u is the velocity filed, p the pressure, T the temperature and f and g are
the external forcing and thermal source. £ is the unit vector in the direction of
the gravitational acceleration, v is the dimensionless kinematic viscosity which is
inversely proportional to the Reynolds number, i.e. v = Re~!, x the thermal con-
ductivity defined as Kk = Re~'Pr~! where Pr is the Prandtl number and Ri the
Richardson number, and Rayleigh number is defined by Ra = RiRe?Pr. The sys-
tem is complemented with the appropriate initial and boundary conditions.
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This system is well posed under some restriction on the Rayleigh and Prandtl num-
bers [21I]. Simulations with standard Galerkin finite element method of —
for high Rayleigh number leads to severe computational problems and can exhibit
global spurious oscillations, [21 [0, 18]. One remedy to overcome this issue is to
use the grad-div stabilization. This type of stabilization adds the penalization term
vV(V - u) to the momentum equation which leads to v(V - up, V - v,) in the dis-
cretization. It was originally proposed in [3] and since then it has studied from both
theoretical and computational points of view. The studies on grad-div stabiliza-
tion show that this stabilization improves mass conservation, leads to much more
accurate approximate solutions for the Stokes/Navier-Stokes and related coupled
multiphysics flow problems, [5l 12} 14} [15], 19} 20].

The aim of this study is to use this advantage of grad-div stabilized finite element
for approximating of the natural convection flows. For the temporal discretization,
a new second order time stepping scheme called an blended three step Backward
Differentiation Formula (BDF) is used. This selection is due to the fact that such
scheme is of second order accuracy with a smaller constant in truncation error term,
A-stable and is more accurate than two-step BDF scheme, [22] [16], [2] [10].

The remaining of the paper is organized as follows. Section 2 presents some mathe-
matical preliminaries necessary for the finite element analysis. Section 3 introduces
the numerical scheme. Section 4 and 5 provides theoretical results of the stability
and convergence. We show that approximate solutions are unconditionally stable
over finite time interval and converge both in time and space quadratically. Sec-
tion 6 provides two numerical experiments. The first one verifies the second order
convergence in space and time. The second one, on the other hand, tests the re-
liability and efficiency of the algorithm. For this aim, we compare the solutions
of the scheme with BLEBDF (without the stabilization) on Marsigli’s experiment.
The results show that our method captures very well the flow pattern at each time
level.

2. MATHEMATICAL PRELIMINARIES

We consider the domain Q C R?,d = 2,3 to be a convex polygon or polyhedra.
The L2-inner product and its induced norm will be denoted as (-,-) and || - ||, the
H*-norm by || - |, and the L>-norm by || - ||z, [1]. Continuous velocity, pressure
and temperature spaces are given by respectively:

X:=HQ) = {ve (L*)():VveLX(Q)% v=0on o},
Q:=I13(Q) = {ge I2(Q) /quxzox

Y = H} Q).

Further, we define the space V C X to be the divergence free subset of X. The
dual space of X is denoted by H~! with the norm

(£, v)|
fl|_1:= sup .
Il 0#veX [Vv]]

We frequently use the Poincaré-Friedrich’s inequality, [I1]: there exists a constant
Cp such that
vl < Cp||Vv|, ¥veX.
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Define the skew symmetrized trilinear form for the non-linear terms to ensure sta-
bility of the numerical method

bi(u,v,w) := - [(u-Vv,w) — (u-Vw,v)], u,v,weX,

ba(1,0,®) := - [(u-V0,P) — (u-VP,0)], ueX,0,0€cY.

N~ DN —

Lemma 2.1. For u,v,w € X and v,Vv € L, the skew symmetrized trilinear
form b(-,-,-) is bounded as follows, [13]

bi(u, v, w) < C[|[Vul[[|Vv|[[Vw], (2.1)

bi(u,v,w) < Cllu|| ([[Vv][Ls + [[v][Le) [VW]. (2.2)

We assume that 7, is a regular, conforming mesh with a maximum diameter h,
and X C X, @Qp C Q, Y, CY be conforming finite element spaces which satisfy

approximation properties of piece-wise polynomials of local degree k,k — 1, and k
with k& > 1 respectively, [7]

inf {[lu—va|| + hlIV(a = vi)[l} < CAEulls,
vheXy
inf |[p — qull < CR*|Ip|-
ot llp = anll < Ch¥lpllx
inf {|T = Tp|l + 2| V(T = Tu) [} < CR*H|T |41
Th€Yn
We also assume that the velocity-pressure finite element pair, (Xy,, @), satisfy the

discrete inf-sup condition:
) V-
inf  sup 7(% Vi)
0 €Qn vy ex, Vv [l an ||
We denote the discretely divergence-free space by V;, and defined as
V= {Vh e Xy : (V . vh,qh) = O, th c Qh}
We also introduce the following norms on time interval [0,¢*]: 1 < p < oo
1/p

o
[@llp.k == /Ilsb(tw)llidt i N@lloo == sup [|6(t,-)[loo
J 0<t<t*

> [ > 0.

and discrete norms

0<n<N

N-1 1/p
lllp.x == (At >l -)Z) s Mélllook := max [[(t", )k,
n=0
where t" = nAt, n=0,1,2,... N =t*/At.
We also introduce the following notations for the stability and convergence analysis
5 5 1
8"t = §¢n+1 - §¢n +om ! — 6¢n_2’ (2.3)
E[¢"T] = g™t = 3¢" 4+ 3¢" 71 — 9", (2.4)
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and estimates which are the conclusion of the use of Taylor’s Theorem with integral
remainder term, [I0]:

tn+1

n 5 n+1 7
for+t = e < Lot [ owelar, (25)
tn72
tn+1
| [ < 9AF / e, (2.6)

t
To simplify our finite element analysis, we use the G-stability framework as in [§].
For third order backward differentiation, the positive definite matrix G-matrix and
the associated norm are given as

L[ 19 —12 03
G=—| -12 10 =3 |, |UE=U,GU), Ue L*(Q).
21 3 3 1

For Y™+t .= [u"*t! w" u"‘l]T, Vul € L?(2), the following identity holds, [2]
1
(B[, u ) = U™ G = U™ g + S I B 1% (2.7)

The G- and L?-norms are equivalent in the sense that: there exist C;,C, > 0
positive constants such that
2 2 2
Clltle < lU)” < Culltd]e- (2.8)
We also use Young’s inequality and the discrete version of Gronwall Lemma.

Lemma 2.2. Let a,b be non-negative real numbers. Then for any e > 0,

—a/p 1 1
c b, —+=-=1, and 1<p,q< .
P q
Lemma 2.3 (Gronwall Lemma). Let At, H and ay,, by, ¢n, d, be non-negative num-

bers such that

€
ab < —a?P +
p

N N—-1 N—-1
ay + ALY by SAEY  dan + At Y e+ H, for N > 0.
n=0 n=0 n=0

Then for all At >0

N N-1 N-1
an —i—Athn < exp (At Z dn> <At Z cn—i—H) .

n=0 n=0 n=0
3. NUMERICAL SCHEME

The proposed numerical scheme uses three-step backward differentiation in time
and finite element in space.

Algorithm 3.1. Let forcing terms £ € L*(0,t*;H™Y(Q)), g € L2(0,t*; H-1(Q2))
Choose an end time t* and a time step At such that t* = N At. Denote the discrete
solutions at time levels t" := nAt by

uy = u,(t"), pp=pp(t"), T} =T,(t"), n=0,1,2,...,N.
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Let initial conditions u;, %, u; ', ) € L2(Q) and T;, %, T, ', TP € L*() be given.
Forn =0,..,N — 1, find (uZ‘H, pﬁ“,T[L"H) such that the equations below are
satisﬁed: V(Vhthth) € (XhanMYh)

5[“2“] no__ n—1 n—2 n+1 n+1
A7 , Vi | + by (Suh 3u,” 4+ u," %, uy ,vh)+y(Vuh ,Vvh)

+y (V-uptt, Vevy) — (0 Ve vi) = Ri((3T7 — 3101+ 17 2)€,vi)
+ (f"+1,vh), (3.1)
(V . uZ‘H, qh) =0, (3.2)

: Xh) +bo(3up —3up T+ w2 T X)) + & (VI Vi)

=(¢"""xn). (3.3)

(5

4. STABILITY ANALYSIS

This section is devoted to proving the stability of Algorithm We show that
the proposed algorithm’s solutions are stable over finite time interval without any
time step restriction.

Lemma 4.1. The solutions of Algom'thm are unconditionally stable over (0,t*)
and they satisfy the bound: for any At >0
N—1

1 i 1
1T 11 + iﬁAt Z ITE 12 < (ITNE + 3h gl 20,005 m-1(0)) = Kry (4.1)
n=0
and
=, N-1
4112 + FvAt SV Ay VP
n=0 n=0

. L1
< |U|E + 2Ty RiPCEC, Kr|€)*t +5v eI 2 00m -1y = Kue (4:2)

Proof. We will first obtain the bound on discrete temperature solution. Letting
xn = AtT in (3.3), which vanishes the non-linear term, and then using (2.7)
followed by the Cauchy-Schwarz and Young’s inequalities we obtain

1T+ ~ TR + 5 NBET I 4+ st T 2
- il 1)
< Alg™ g VTP
< on Bl By + o RAVITHP. (43)
From which, reordering terms gives
T2 = T + 5 BI04 SRAd VT2 < 2at Atllg™ .

Dropping the third left hand side term and summing over time steps gives the bound
on temperature solution. To get the stability bound on velocity, set ¢, = pﬁ“ in
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(3:2) and v, = Atup*! in (B.). The pressure and the non-linear terms vanishes,
and using the same identity produces
n n 1 n n n
I 1E = Mg 11E + B P + v A Va2 AtV - w2
= AtRi((3Ty — 3T "+ Ty %) & up ™) + At (£ up ™). (4.4)

Using Cauchy-Schwarz, Young’s and the Poincaré-Friedrich’s inequalities together
with (2.8]) and (4.1]) on the first right hand side term, we have

AtRi((3T3 — 3Ty~ + T %) €, upth)
< AtRi [B|T3| + 31T + 1T 2 (1] €l Cp vy

- ) n n— n— 1 n
< 27 T AERECH [T + T+ T2 J8f2 + pvAe|Vag 2
1
< 270 ALRECRC, | TR B8 + v A a2

1
< 2TV AtRi2C%:C, Kr|€* + iuAt||VuZ+1H27
and for the forcing term use Cauchy-Schwarz and Young’s inequalities to get
n n — n 1 n
AL(E"H up ™) < vt AYIEZL + ZuA1t||vuh+1||2.
Combining these estimates together with (4.4]) gives

n n 1 n v At n n
||uh+1‘|2G — ||Z’lh ||é —+ E“E[uh+1]|‘2 + T‘|Vuh+1‘|2 +")/At||v . uh+1||2
<270 'AtRPCRCLKrl€)* + v ALE T30 (45)

Summing over time steps, dropping the third left hand side term gives the desired
stability bound on the velocity. O

5. CONVERGENCE ANALYSIS

This section is devoted to the finite element error analysis of Algorithm
We will show that the finite element solutions convergences to the true solutions
quadratically both in time and space. In the analysis, we will use the following
error notations: Vn =0,1,..., N

e, =u"—uy, ep:=T"-1, (5.1)
and error’s decomposition
n

[ ) n n ._ .mn ~n n._ ..n ~n
u = T — ¢h,u7 ¢h,u =AUy Uy, Ty =W Uy,

no._ ,mn n n_._mm n n ._ mn n
€r ‘=N — ¢h,Ta ¢h,T =Ty =Ty, np=T" =T,

e

© (5.2)
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True solutions at t"*! satisfies the following equations:

6[un+1] n n—1 n—2 n+1 n+1
NS +b6(3u” = 3u" " +u" T u T vy + (VU Vvy)

+ (V- Vv = (" Ve vy) = Ri((3T" — 3T + T 2)€, vi)
+ (£ vi) 4+ A (u, T, vy), (5.3)
(V-u™ gn) =0, (5.4)

5[Tn+1} n n—1 n—2 n+1 m+1
A Xn +b2(3u” = 3u" T Hu" T T x) + R(VTTT, Vi)
= (gn+1’ Xh) + A2 (11, Ta Xh)a (55)
where
5[un+1] n+1 n+1 n+1
A(u,T,vp) := —u" vy ) — b1 (Eu ,u"mt vy
At t
+ Ri(E[T"TYE, vy), (5.6)
5[Tn+1] n+1 n+1 n+1
Ma(w T = (S =T ) (B T ) ()

are consistency errors. We now give the bounds for the consistency errors.

Lemma 5.1.

‘Al(u7T7 Vh)l
9 _ .
sV TAL (CHVU-TH_IHQHvuttt”%Z(t"*?,t”+1;L2) + RZ2C}23|£|2”TtttH%z(t"*?,t"+1;L2))
7T
+ 57 LA Ol wseel[T2(n-2, g1, 12y + e[ VVa]?, (5-8)
and
|A2(u7 Ta Xh)|

9 . _
<5 Crx PAS VTP Va1 32 (pn-2 pnir, 12

7T _
K ARt Bz s, 1) + e8IVl (5.9)

Proof. Using the Cauchy-Schwarz, Young’s and Poincaré-Friedrich’s inequalities
together with (2.1)) produces the bounds. O

Theorem 5.2. Assume that true solutions (u,p,T) satisfies the following reqularity
conditions

ue L0, T HMH(Q), T eL>(0,T;H(Q), pelL?0,T;H"(Q),
w, € L*(0,T; H(Q)), T, € L*(0,T; H'(Q)), Ty € L*(0,T; L(2)),
w € L2(0,T; L*(Q) N HY()).
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Then the errors defined in (5.1)) satisfy the following bound:

N-1
1 n n
led & + et & + 3 > BRI + Bl 1)
n=0
N-1 N-1
At n R 7AN n
+ 5 2 [IVeRtt 2+ kI Vet ] + 255 3 9 et
n=0 n=0

< C(At* + 1),
where C' is the general constant independent of h and At.
Proof. We divide the error analysis into thee parts. In the first part, we will give
the bounds for the velocity error equation and in the second part, the bounds for

the temperature. In the third part, we will apply the Gronwall Lemma and triangle
inequality to the error terms to finish the proof.

Step 1 [The error bound for the velocity]

Subtracting (3.1] . from and using error notations given in

produces: th € Qy

5 n+1
( [eAut }7vh> + (Ve Vvy) +y(V - el Vevy) — (0" — g, V- vi)

+ 0 (3u” = 3u" !+ u R u M vy) — by (3uf - 3ul T ul u vy
= Ri((3eh — 3el™ ! + el g, vi) + A (w, T, vy), (5.10)
(V-e™ q,) =0,(5.11)
Using error decomposition’s in (5.2)) and setting vj, = At¢"+1 and applying (2.7)

gives

g 11 = ||¢>Z,u||%~+ S 1B WP + vA VR UI1P + ALV - o) I
— < e, ¢"+1) + AL (Tt Vo) At (Vv ontl)

o At (anrl o Qh,v . d)nJrl) +Atb1 <3un o 3un71 _i_un72’un+l7 Zj;l)

h,u
— Atby (Su’,} —3up ! Fup T up Ztl)
— Ri At ((377% =30+ e, ”“)

+ Ri At ((3¢;T 36n 7 + S 2E, ¢”+1)—Am1 (uTqS”H). (5.12)

We now bound below the right hand side terms of (5.12]).The first term is zero
due to the L%-projection. The next three terms are bounded below by using the
Cauchy-Schwarz and Young’s inequalities as fOHOWS'

vt (Vi V) < vl v+ Y2 Iven s

AL (Vg ) < AAlt 2+ T e

At
At ( n+1 _q}“v ¢n+1> < ’y_lAt inf Hpn+1 _ hH2 7 ||V ¢n+lH2

ahEQn
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For the non-linear terms, we add and subtract the terms below
bi(3u) — 3up "t +u) % um Ztl)
to get
bi(3u” — 3u" w2 wt Y gt < py (3uz —3up a2 upt ¢”+1)
= bi(Bmy — 30yt T uT G = bi(B3¢h w — 365+ 0h w6 )
+ b1 (Bup — 3uh +u;” 2 gt Ztl)
For the first non-linear term, we apply to get
Atby (305 — 3y~ g 2wt gptt)
< CAt (3[[Vag ]l + 3V~ + 1Vag2l) Ve [ Ve
<108C Atv™h (VR + Vg 1P + [Vag=2)1%) [V |2 + IIV¢”+1H2
For the second term, use (2.2)) together with Young’s inequality Wthh leads to
Atby (367w — 305" + a2 ut, o)
< CAt||3¢p o — 3¢Z§f + o I (Ve s + a1 HV¢"+1||
<16 ALY ([[VuHH|Ts + [[u"™ 2w ) 136w — 3053 + oh ]l + HV¢Z 2.
For the last non-linear term, we apply and Young’s inequality to get
Atby(3up — 3up "t +up 7 gt gpth

< CAL|V (3up = 3up ™' +up 2 [[[|[ Ve[ Ver Ll

<8CuAYY (uf - 3up ! w7 [PTR + S e
The next two terms are estimated in a similar way:
Ri &t (3650 — 3057 + 0 )E o)
< RiAt]|3¢, 7 — 3¢ 7 + ), T2|||£|CPIIV¢”“II
< 16CE Ri*v ™' At||3¢h o — 3¢5 1 + o 2117 1€17 + ||v¢n+1 2,
and
Ri st (30— 30+ 2)E, ok
< Ri Atl[3n7 = 3np" +np 2 [[[€1CP VO, L]
<160} Ri%w At — 3u5" + i 2 PIE + S0l IV P

Now take vy, = Z"[‘l in (5.8)) with ¢ = 3/32. Then considering the resulting inequal-

ity and all these estimates above on the right hand side of (5.12) and combining
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like terms yields
onEH I — 1ok ull?: +t 133 ||E[¢"+1]H2 IIVcb"“II2 HV or it
< (v+17)At IIVn"“II2 + v 'At inf IIp’”1 —qnl?
anEQR

+108C v AL (Va2 + Vg™ 1+ 1Vn5211) IIVun“II2

+ 160y ([[Vu s + w12 1307w — 30k + oh 2l

+8C v I AH|V (3uy — 3uj ! +u)?) |12 ||vn"+1||2

+ 16CERi>v ™ A3} 1+ — 307 7 + ¢h 2 1I°1€)°

+16C% Ri*v = At|3n¢ = 307~ +np 2|2 [€)°

+Cv (A (”TtttH%Q(tn*?,t”*l;L2) + Vs F2 g2 s, g2y + ||uttt||%2(tn—2,tn+1;L2)>
(5.13)

Step 2 [The error bound for the temperature] First subtract (3.3)) from (5.5)
and consider error notations given in (5.1)) to get

At
— by (3u} — 3uy Tt + w2 T ) = Aa(u, T, xa). (5.14)
Then using error decomposmons setting xp = At(b”“ and recalling ([2.7) gives

5 n+1
( [CT ]7Xh) + H(Ve?j_l,vxh) + b2(3u” . 3un71 + un72’Tn+1’Xh)

1657 11E = 16h.211& + 15 IIE[QS"“]II2 +RAL Vo2

(6[,’7n+1] n+1) 1 kA? (Vﬁ:rﬂ v¢n+1)
+ Athy(3u™ — 3u™ ! +u" 2 T Zi}l)
— Atby(3uf — 3up ! ur 2 TP grtl) - AtAz( ¢"+1). (5.15)

Proceeding in a similar way as in Step 1, we can bound the right hand side of ([5.15|)

as follows

n kAL
lor i I1E = lon 712 t 13 ||1'3[925"+1]||2 + 7||V¢"+1H2

< KAVt ? + 1080&‘1 At (IIVnuII2 + IV + V212 (1T
+16Cx T (IVT™HTs + 1T 3) 1365 7 — 361 1 + o 2217
+8C KAV (Bup — 3up 4+ up?) PVt 2

+ Cr AN (CRITt|Faen2, v 1) + V322, prer 1)) - (5.16)
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Step 3 [The application of the Gronwall Lemma] Add (5.13) to (5.16) to
get

(1635 1% + 1672 12) — (167.all% + 16821%) + =5 (1EISEEI2 + 1Bl 117)
VAL, _ kAL At N
+ S IVt + S IV I + LIV - 6 +1||2

<+ DAV AT 1 ‘At inf [p - o
h h

+ 108 CAL [ M|V 12 + &7 HIVTHHP] [IV0Rll? + (Va1 + Va2 )17
+16Cy AL [V Ts + [0 7] 136w — 3054 + 365 212

F16CK AL [[ VT[T + T2 ] 1307w — 305 o + 365 2117

+8CAL Vg1 + fi‘ll\Vn”“H )1V (3ujy — 3uZ frup?))?

+ 160PRZ2V_1At||3¢h,T 3¢ P+ b Z1P1€l?

+ 1603 Ri*v =" At|13n% — 307" + 0y 2| [€)?

+ O (A (V32,1 12+ [Tt Bagon—2, i 12 + a3z, s, 1))

+ CrH (A (”vuttt”%Z(t"*?,t"*l;L2) + HTtttH%?(t"*{t"*l;L2)) .
Then summing over time steps and using approximating properties produces

N-1

9l + 6l + 7 3 [IBIREIIZ + 1265 1P]
n=0

At < ntl2 nt1 W’At nt1)2
+ 5 2 VIV + sV 2] + Z IV it
n=0

N—-1

< CAtY. M 13650 — 367 + Gp 2P + 1365 — 3057 + 0572
n=0
N—-1

+ ALY AC [ Va4 s VP IV (Bup — Bup T g
n=0

+Cw T+ R Dna B0 + CRPvH g I3 0
+C~y'oinf
v~ mf [l

+CA [+ w7 (Va3 + 1 Tuael13,0) + v

+ 160, ulle: + loh 711
where

ML= max{lGC’l/_l[||Vu"+1H2L3 + ™12 ], 16C’l£_1[||VT”+1||2L3 + | T2 ],
16C3Ri%v g% ).

2.0]
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Now apply the Gronwall’s Lemma to get

N-1
1 n n
o ullE +lloNrlZ + 5 - [I1Een S + 1Bl 1]
n=0
+2US [Ivers I + sl va 1] + Z IV gl
n=0
N—-1
<e <At Mn+1>
n=0
—1
(a £SOt ) 9 -3 R O e B
n=0

+ CRPv Mgt 130 + Cy~1 inf [llp — aulll3.0
g €EQH

+ CAt [+ s71)(

2 )+ v el 3o] )

Using the stability result on the right hand side, drooping the third left hand side
term and applying the triangle inequality to the error terms finishes the proof. [

6. NUMERICAL STUDIES

In this section, we impose two numerical experiments. The first numerical ex-
periment verify our convergence rates obtained in Theorem [5.2] while the second
one reveals the effectiveness of the proposed algorithm. The numerical experiment
was implemented using the software package FreeFem++, [9].

6.1. Convergence rate verification. To verify theoretical findings, we pick true
velocity, pressure and temperature solutions

(9 Yot
p(x,t) = sin(z + y) (1 + %), T(x,t) = sin(rz) + y exp(t),

on region ) = (0,1) x (0,1) with v = k = Ri = v = 1.0. Forcing terms f and g are
calculated from (|1.1)-(1.2). We impose the following boundary conditions:

up(x,t) = u(x,t), Th(x,t) =T(x,t) on Of.

To verify the spatial convergence rates, fix end time t* = 0.001 with a time step
At =t*/8, and use (P3, P, P») finite elements Then we run Algorithm 3.1 on suc-
cessively mesh refinements. The calculated rates show that the spatial convergence
for both velocity and temperate are of second order, see Table[l] .

For the temporal convergence rate verification, we fix mesh size h = 1/128, and
take end time t* = 1. Then we calculate the solutions of Algorithm [3.1] for
At = 1/4,1/8,1/16,1/32,1/64. The errors and rates obtained from these cal-
culations are presented in Table [2| and verify our theoretical findings.
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h [[[V(a—w)lz0 Rate [[[V(T —T,)l20 Rate

1/4 8.8479e-5 - 6.2564e-5 -

1/8 2.2657e-5 1.9653 1.6021e-5 1.9978
1/16 5.6982¢-6 1.9914  4.0292e-6 1.9654
1/32 1.4267e-6 1.9978 1.0088e-6 1.9978
1/64 3.5681e-7 1.9995 2.52230e-7 1.9994

TasLe 1. Spatial velocity and temporal errors and rates.

At |[IV(u—up)|ll20 Rate  [[[V(T —Ty)ll|l20 Rate

1/4 2.0299e-3 - 1.4317e-3 -

1/8 5.1350e-4 1.9829  3.6024e-2 1.9840
1/16 1.2974e-4 1.9845 9.0220e-5 1.9829
1/32 3.2319e-5 2.0052  2.2566e-5 1.9993
1/64 8.0195e-6 2.0108 5.6420e-6 1.9999

Tasre 2. Temporal velocity and temperature errors and rates.

6.2. Marsigli’s experiment. This numerical experiment tests and aims to show
the effectiveness of Algorithm [3.I] on a physical situation which demonstrates that
when two fluids with different densities meet, a motion driven by the gravitational
force is created: the fluid with higher density rises over the lower one. Since the
density differences can be modelled by the temperature differences with the help
of the Boussinesq approximation, this physical problem is modelled by the incom-
pressible Boussinesq system (L.1)-(L.3) studied herein. For the experiment’s set-up,
we follow the paper written by Johnston and co-workers, [I7]. The domain is an
insulated box, Q = [0, 8] x [0, 1] and dimensionless flow parameters are set to be

Re = 1.000, Ri = 4.0, Pr = 1.0, v = 1.0.

We take time step At = 0.2 and use (P, Pi, P) finite element spaces for the
velocity, the pressure and temperature. We run both our algorithm and BLEBDF
without grad-div stabilization. The obtained results presented in Figure (1| and
Figure [2| indicate that Algorithm catches very well the flow pattern at each
time level. However, BLEBDF without grad-div stabilization creates very poor
solutions and builds significant oscillations as time progresses.
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FIGURE 1. The temperature contours and velocity streamlines of
BLEBDF without grad-div stabilization and of Algorithm [3.1] re-
spectively, from a coarse mesh computation at t* = 2, 4.
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FIGURE 2. The temperature contours and velocity streamlines of
BLEBDF without grad-div stabilization and of Algorithm [3.1] re-
spectively, from a coarse mesh computation at t* = 6, 8.
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7. CONCLUSION

In this paper, we used grad-div stabilized finite element method for approximat-
ing natural convection flow problems. We applied a new class second order time
stepping called linearized blended tree-step BDF in time. The proposed scheme is
unconditionally stable over finite time interval and of second order convergent both
in time and space. The numerical experiments presented here verifies theoretical
convergence rates, and reveals the reliability of the proposed scheme.
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