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ABSTRACT

In this work, we construct the sequence spaces bg'b @, bg‘b (0) and b&P(Q), derived from the combination of binomial and
quadruple band matrices, where Q is a quadruple band matrix. The study is divided into four main sections. The first section
provides some fundamental definitions and equations that will be used later. In the second section, detailed discussions are
made on some works previously completed by various authors using the domain of the binomial matrix. Then, the three new

sequence spaces bg'b(Q), b?'b(Q) and b%P(Q) are defined. It is then shown that these obtained sequence spaces are BK-
spaces. Following this, it is demonstrated that b3-”(Q), 2" (Q) and b%" (Q) sequence spaces are linearly isomorphic to the
spaces ¢, ¢ and £, in turn, followed by some inclusion relations. In the third section, the Schauder bases of the new sequence

spaces b3” (Q) and b2” (Q) are provided, and the @ —, 8 — and y — duals of bZ*(Q), b>"(Q) and b%" (Q) sequence spaces
are determined. The fourth section characterizes some matrix classes. As a result, it is observed that the new matrix obtained
from the combination of binomial and quadruple band matrices provides more general and comprehensive results than those
obtained previously.

Keywords: Matrix transformations, Matrix domain, Schauder basis, a-, B- and y- duals, Matrix classes.

Binom ve Dortlii Band Matrisinin Kompozisyonu ile Tiiretilmis Yeni Dizi
Uzaylan

0z
Bu ¢aligmada, Q dortlii band matrisi olmak iizere, binom ve dortlii band matrisinin birlesiminden tiiretilmis olan bg‘b Q),

b?'b(Q) ve b%P(Q) dizi uzaylanm olusturuyoruz. Calisma dort ana bdlim olarak hazirlandi. ilk bolimde, daha sonra
kullanacagimiz bazi temel tanim ve esitlikler verildi. Ikinci boliimde, daha 6nce gesitli yazarlar tarafindan binom matrisinin

etki alan1 kullanilarak yapilmis ¢caligmalardan bazilarina ayrintili olarak deginildi. Ardindan, ii¢ yeni dizi uzay1 olan bg’b @,
b?'b(Q) ve b%?(Q) tammland:. Daha sonra elde edilen bu dizi uzaylarinin BK-uzay1 oldugu gdsterildi. Bundan sonra bg‘b @,
bé ’b(Q) ve bgo’b (Q) dizi uzaylarinin sirastyla ¢, ¢ Ve £, dizi uzaylarina lineer olarak izomorf olduklar1 gosterildi. Ardindan
baz1 igerme bagimlar verildi. Ugiincii boliimde elde ettigimiz yeni dizi uzaylarindan bg‘b Q) ve bg'b (Q) nin Schauder bazlari
verildi ve b?(Q), b&*(Q) ve b%"(Q) dizi uzaylarnin @ —, B — ve y — dualleri belirlendi. Dérdiincii bolimde bazi matris

siniflarini karakterize edildi. Sonug olarak binom ve dortlii band matrisinin birlesiminden elde edilen yeni matrisin daha 6nce
elde edilenlerden daha genel ve kapsamli sonuglar verdigi goriildii.

Anahtar Kelimeler: Matris doniisiimleri, Matris etki alani, Schauder bazi, a-, B- ve y- dualleri, Matris simiflari.
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1. Introduction

The set of all real (or complex) valued sequences
is denoted by w. w is a vector space under scalar
multiplication and pointwise addition operations,
and each of its subspaces is called a sequence
space. By ¢, ¢, and ¥, are symbols of
convergent, null and all bounded sequence spaces,
respectively.

Let the transformation p,: Z — C be defined as
pn(2) = z,. If each of these transformations is
continuous for vn € N, then a Banach space is
defined as a BK space. (Choudhary and Nanda
1989). Taking into account this information, we
can say that c, ¢y and ¢, are BK-spaces under the
norm defined as:

llzll o = suplz.
ieEN

For an infinite matrix 4 = (a;) with real (or
complex) terms, the transformation A of a
sequence z = (z;) is defined as:

(Az)y

=Zakaj.

J

(1)

Here, it is assumed that this transformation is
convergent for each k € N. In the remaining of
the paper, the summation without limits runs from
0 to oo.

Then, by (Z:Y), we denote the class of all
matrices from Z into Y and define (Z:Y) as
follows:

Z:Y)={A= (akj):AZE Yforallze Z}.

Furthermore, the matrix domain of A, denoted by
Z,, is a sequence space defined as:

ZA={Z=(zj)EW:AzEZ} (2)

(Wilansky, 1984).
Now, we write, the sets of convergent and all
bounded series are defined as c¢s = ¢; and bs =

(£e)s . respectively, where by S = (si;) we
mean of the summation matrix and as follows:
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_{ 1, 0<j<k
ki T o, >k
forall k,j € N.

An infinite matrix 4 = (ay;) called triangle
matrix to be if a,; = 0 for j > k and a,;, # 0 for

all k,j € N. The inverse of a triangle matrix is
always present and is unique a triangle.

Recently, a lot of authors have used the method to
establish new sequence spaces with the matrix
domain of an infinite matrix. This are eg and e2
in (Altay and Basar, 2005), e and eg in (Altay et
al., 2006), by, b&”, b%P and b3’ in (Bisgin,
2016a, 2016b), B,* in (Demiriz and Erdem,
2020a), Bz, B", By, and By, in (Demiriz and
Erdem, 2020b), B;* and By in (Erdem and
Demiriz, 2020), B[Tfj and B[r};j] in (Erdem and
Demiriz, 2021), [L,],  in (Bilgin Ellidokuzoglu
and Demiriz, 2021), c4(A), c(A) and 4,(A)
(Kizmaz, 1981), a;,(A) in (Demiriz and Cakan,
2011), ¢o(L,A) and ¢(L,A)  (Bilgin
Ellidokuzoglu and Demiriz, 2018), ¢, (A?), c(A?)
and £,,(A2) in (Et, 1993), ¢,(B), c(B), £o,(B)
and £, (B) in (Sonmez, 2011), by’ (V), b&” (V)
and b%" (V) in (Meng and Song, 2017), b&” (G),
b2?(G) and %P (G) in (Sonmez, 2019), b3” (G)
in (Bisgin, 2017a), b&*" (D), b (D) and b%? (D)
in (Bisgin, 2017b), bo?(D) in (Sonmez, 2020),
(@), ¢c(@), (@) and £,(Q) in (Bisgin,
2023).

2. Some New Sequence Spaces

In this section, we briefly give previous studies
which are made by using the matrix domain of
binomial and Euler matrices. Then we define three
new sequence spaces h’(Q), b*P(Q) and
p&P (Q). Moreover, we indicate that the sequence
spaces b (Q), b (Q) and bZP(Q) are linearly
isomorphic to the sequence spaces null,
convergent and bounded, respectively, and satisfy
some inclusions.
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The Euler sequence spaces ef, e2 and e were first constructed by Altay, Basar and Mursaleen in
(Altay and Bagar, 2005; Altay et al., 2006) by using the matrix domain of the Euler matrix as follows;

K
k -
e =4z= (zj) € W:%%Z(}_)(l - a)k‘fafzj =0;,
j=0

k
el =:z= (Z) € w: lim z (k> (1 - a)*Talz; exists
c j ey j j
=0

and
k o
el ={z=(z) € wisup Z(_)(l —a)fJalz;| < 0},
keN = ]

Therefore, Bisgin defined the Binomial sequence spaces be?, b&" and b%P in (Bisgin, 2016a, 2016b),
and has generalized Altay, Basar and Mursaleen's work as follows:

k
1 k .
b _ _ R E - _
bg = Z—(Z])Ewllggomz<])bk ]a]Zj—O f
Jj=0
k
pet ={z = (z;) € w: lim #2 (k) b*Jialz; exists
c ] 'k—>oo(a+b)k_0j J
]=

and

k
1 k o

b&P ={z = (z) € w:su —Z(.)bk_lajz' < o,
() € w:sup (a+b)Lly ’

Binomial matrix B%? = (b,‘j}.b is defined with all k,j € N, a,b € Rand ab > 0 as follows;

b #(k)bk—fak 0<j<k
bij =1 (@+b)<\j T

0 . >k

Where, if we take a + b = 1 we get the a order of the Euler matrix. So, Binomial matrix is more general
the Euler matrix.

Subsequently, using the composition of binomial and difference matrices, Meng and Song generalized
Bisgin (2016a, 2016b)'s work. The sequence spaces b P (), b¥P (V) and b%? (V) have been defined by
Meng and Song in (Meng and Song, 2017);
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k

1 k -
b — — B E - —
bg (V) =4Z = (Z]) € W%%mZ)(])bk ]a](Zj —Zj_1) =0
]=
1 ok
bg'b(V) =1z = (Zj) € Wg%mz (]> bk_jaj(Zj - Zj_1) exists
j=0
and
k
bEP(V) ={z = (Z) € w:sup ;z (k> b al(z; — z;_1)| < o0
* J “ken [(@ + b)¥ £ 4\ ;o '
]=

Aftermore, S6nmez taking Meng and Song's work forward defined the three new sequence spaces in
(Sénmez, 2019) following;

k

a,b : 1 k k—j,J
bo’ (G): zZ = (Z])EWA%WE(])IJ ]a](th-|-qu_1) =0 ]
j=0

k

1 k o
bg’b(a) =35Z = (Z]) E w: Ill_l;lolomz (]) bk=Jql (tZJ + qu—l) exists

j=0
and
b 1 ok
b (G) = Z=(Zj)EW:ilelg m;(},)b Jal (tzj + uzj_1)| < o,

where G = (gkj) is called the generalized difference (or double band) matrix and is defined with all
k,j e Nandt,u € R\ {0} as follows:

t, =k
Ikj =1 U j=k—-1

0, otherwise
Where, if given t =1 and u = —1 obtain the difference matrix. Hence, the bg'b(G), b?'b(G) and
b%P (G) sequence spaces are more general than the b? (V), b (V) and %P (V) sequence spaces.

Subsequently, the sequence spaces b” (D), b&" (D) and b%” (D) defined by Bisgin in (Bisgin, 2017b)
considering the triple band matrix and binomial matrix together such that,

k
k -
Dby ) 1 _ _
bg (D)— Z—(Z])EWIEEEOWZ(])bk ]a](th+‘LLZ]‘_1+UZj—2)_0 ’
j=0
K
P (D) =42z = (7) € w: lim ——= Vbr-iai ez, + + ist
c (D)=1z=(z W'k1—r>rolo(a+b)k, 0 i al(tz; + uzj_, + vzj_,) exists
]=

79



New Sequence Spaces Derived by the Composition of ... Topal / RTEU-JSE 5(2) 76-92 2024

and

k
1

&P (D) =4z = (Z) € w:su —z k b~ al(tz; + uz,_; + vz;_)| <
© = = % . keg (a n b)k £, ] Jj j—1 j—2 ’
]=

where triple band matrix D = (dkj) is defined with all k,j € Nand t,u,v € R\ {0} as follows;

t, j=k
- j=k-1
dyej = v, j=k-2
0, otherwise

Now, we define the sequence spaces bg'b (Q), bf’b (Q) and b%2(Q) by considering the binomial matrix
and quadruple band matrix, as follows;

K
_ 1 ky ..
b(()l’b(Q) =<z = (Zj) Ew: Ill—l;gomz (])bk ]a](OZj + th—l + qu—z + UZj—3) =0,
j=0
k
b0y = ) 5 = i Y i i i
¢ (Q)=1z= (Zj) € w: kl_r)l;lom j a’(0z; +tzj_q + uz;_, + vzj_3) exists
j=0
and
1 ok
bgo'b(Q) =5z = (Z]) E w: ilelg mz (]) bk_jaj(ozj + th—l + Uuzj_p + UZj—3) < 0,
j=0

where quadruple band matrix Q = Q(o,t,u,v) = (qkj(o, t,u, v)) is defined with all k,j € N and
o,t,u,v € R\ {0} as follows;

(o, Jj=k
t, j=k-1
qrj(o, t,u,v) =1 u, j=k—-2
v, j=k-3
0, otherwise

Here, if wetake 0 = 1,t = —3, u = 3 and v = —1 we get the third order difference matrix A3, we take
v = 0 we get the triple band matrix Q (o, t,u,0) = D in (Bisgin, 2017b), ifwetakeo = 1,t = =2, u =
1 and v = 0 we get the second order difference matrix A?, if we take u = v = 0 we get the double band
matrix Q(o,t,0,0) = G in (Sonmez, 2019), if we take 0 =1, t =—1 and u =v =0 we get the
difference matrix A.

So, the sequence space Q is more general than the previous studies; see (Bisgin, 2023). Hence we
generalize the sequence spaces bZ”(D), b (D) and b%? (D).

Therefore, we take into account (2) we can write the sequence spaces bg"b (Q), b?'b (Q) and b&(Q) as
follows;
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by (@) = (bg”),,» be” (@) = (b¢"™), and b5"(Q) = (b&"), 3)

Also, by constructing a matrix F%? = (£&”) = B*?(Q) so that,

bn—k—3ak

nc;éb _ m[ob3(:)+tb2a(k:1)+uba2(k:l_2)+va3(k:3)] ,0<k<n
0 , k>n

for all n, k € N, we over again define the sequence spaces bg"b (Q), b?'b (Q) and b%?(Q) via the matrix
Feb = (£%P) as follows:

b3 (Q) = (co)par , bI"(Q) = ()par and b (Q) = (beo)pas 4)

Thus, for given arbitrary x = (x;) € w, the F%P-transform of x is defined by:

1 k
yi = (F*Px ) @ +b)"2( )bk tal(ox; + tx;_q + ux;_, + vx;_3) (5)
or
k
1 k k k
= lbx)":(a+b)k;[°b3(i)+tbza(i+1)+”ba2<i+2)+va (z+3>]bk Zalx (6)
forall k € N.

Theorem 2.1. The sequence spaces bg'b (Q), bé"b (Q) and b%?(Q) are BK-spaces with respect to their
norms as follows:

”x”bg'b(Q) = ”x”bg'b(Q) = ”x”bg(;b(Q) = ”Fa'bxlloo = ?{lelg |(Fa'bx)k|

Proof: It is clear that the spaces c,, ¢ and 4, are BK-spaces with the norm || x|, = suplxkl. Also, the

situation (4) holds. Where, F®? —( ) is triangle matrix. If we considering aII of these and
Wilansky’s Theorem 4.3.12 (Wilansky, 1984), we obtain the sequence spaces by’ b, b& b(Q) and

b%P(Q) are BK-spaces.

Theorem 2.2. The sets b2 (Q), b%”(Q) and b%” (Q) are each linear isomorphic to the sequence spaces
Co, ¢ and £, in turn.

Proof: Similarly, we only prove the theorem for the space bg'b (Q). Let's define L be a transformation

such that L: bg‘b (Q) = co, L(x) = F*Px. The linearity of L and the fact that x = 8 whenever Lx =
are evident. For this reason, L is injective.

For an any sequence y = (y;) € ¢, and we define a sequence x = (x,,) by,

—in—i—j

Where, Uy, 1 d us are random three roots of the equation ox3 + tx? + ux + v = 0.
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Besides, by using a simple calculation, we have (Bisgin, 2023)

t

#1+#2+#3:—5

u
M1z + Hals + ppliz = 5

v

Uitz = — 5

S o =0
BT il T o=

2 2 t u
Mt ug () iy + =0

t u
Ui+ us 4 s+, + s oty +— (g +pp +piz) + =0

t

.U1+.U2+Ii3+5:0

Hence, by considering the equations (8)-(11), we have

(Qx) = 0x) + txXj—q + UXp_y + VXj_3

k k—-ik-i—j

= ZZ Z (j)uf_i_j_"u‘z’ué(—b)i'l(a+b)la_iyl

t B\ it o T .
= (l)u'f TR (b a + b)laly,

u N\ vz o T .
=y ()T ) e+ by,

i iy i : .
() 7= @ + Yty

i=l| j=0
ki i3 t
+ i, T (M%+M%+5(u1+uz)+uluz+5)]
k—i=2(,2 4 2 1,2 t u
+u3 Ui+ py Uz + pgpp + Pz + o ls +5(M1+#2 +M3)+E

+ ("

l

) (=b)""2(a+b)'a? M (uf + 3 + p3 + itz + taitz + paiz

2 Gy gty + ) o)
0#1 Uz T U3 o

+ ("

l

1 t
) bY@+ B (g gy )

(1) prta s pta]
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®

9

(10)

(11)

k—i—j-3

[ - > i ke—i—i—p—3 t u v

()(—b)‘ ‘(a+b)la™ Z wipsuy (ui+5uf+5ul +5)
v=0
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k=2 | 2-k(,2 4 ,2 2 t u
+yk—2(a+b) a Ui+ uy + Uz Uy + s + Uz + p (ug +up + p3) + 5

+al~k (i : ;) (—=b) (,ul + py + pz + %) + (k i 2) (_b)za_k]

t k
+ye-1(a+ by [al"‘ (m o+ ps o+ 5) + (k _ 1) (—b)a""] + Vi (
k-3

=3 () ot taty tyatat 02 (1) nyae

a+b>k

Yy (a+ b)E (k : 1) (—b)a~* + y,(a + b)ka*
k
=S (5) coriat iaty,
1=0

then we obtain,

n

1 n
lim (F“'bx)n = lim —Z ( )b”‘ka"(oxk + txp_q1 + UXg_p + VXp_3)

— 0 —00 n
n n-o (a + b) i k

— lim —— En (n) prk gk Ek (k) (=b)*"Y(a+b)laky

o (@ + b)* £a \k ! :
k=0 =0

= limy,
n—-oo

=0

which implies that x € bg'b(Q) and L(x) = y. As a result, L is surjective. Also, L is norm preserving
from the Theorem 2.1. Consequently, bg'b (Q) = cy. Thus, the proof is complete.

Theorem 2.3. The subsumption bg'b (Q) o c strictly holds, whenevero +t + u+ v = 0.

Proof: Suppose that o +t+u+v =0 and x = (x;) € ¢, namely klim X, =Vv. Then, we have
klim (Qx) = (0 +t +u+v)v = 0. Also, the binomial matrix is regular for ab > 0. If we consider
three facts, we obtain that B*?Qx € ¢, whenever x € c, namely x € bg'b (Q) whenever x € c. So, the

subsumption b” (Q) > ¢ holds.

Now, we show that the subsumption of bg'b (Q) o cis strict. We define a sequence x = (x) such that
x, = In(k + 4) forall k € N. It is clear that the sequence x = (x;) & c, but

Faby — 1 i(k)bk‘i i[tl <k+3)+ 1 (k+2)+ 1 (k+1)]
X =@t bk i TN T M v ) TV et a

i=0
— el <k+3)+ 1 (k+2)+ 1 (k+1)
I V77 Bl V) A Gl Ay b

Then,llim F%x = 0. That is x = (x;) € b>”(Q). Consequently, the subsumption b’ (Q) > c is

strict.

Theorem 2.4. The inclusions b?(Q) < " (Q) < b%P(Q) strictly hold.

83



New Sequence Spaces Derived by the Composition of ... Topal / RTEU-JSE 5(2) 76-92 2024

Proof: It is well known that the inclusions ¢, € ¢ € £,,. So, the inclusions bg‘"’(Q) c b?"’(Q) c
b%P(Q) hold.

Now, we define two sequences x = (x;) and y = (y,) as follows;

k—jk—j—i

k
Z uk T

j=0i=0 v=0

OIH
\.

and

Then we can observe that F%Px = (1,1,1,..) € c\¢, and F*Py = ((—=1)*) € £5,\c, namely x =
(x) € BEP(Q)\bEP(Q) and y = (y) € bEP(Q)\bZ’(Q). These two facts show that the inclusions
b&P(Q) © b&P(Q) < b%P(Q) are strict.

2. The Schauder Basis and ¢ —, 8 —, y — Duals

In this part, the Schauder basis of the sequence spaces bg'b (@) and b?'b (Q) has been given. Then, the
a —, B —and y — duals of the sequence spaces b2 (Q), b&" (Q) and b%(Q) are determined.

For a normed space (X, ||. ||) and a set {yx: yx € X}ren, the sequence (y;) is called a Schauder basis of
X if for every x € X there exists a unique sequence A = (1) of scalars such that:

k=0
Theorem 3.1. For vk € N, let &, = (F*’x), , and suppose Jim (F*Px), =v. We define the two

sequences p = (px) and p®(a,b) = {p(k)(a, b)}nEN as follows:
k—i k—i—j

zk:zk: () T 1]Mz#é(_b)i_l(a+b)la‘L

=0 i=l j=0 v=0

Olb—‘

[

and

0 , 0<n<k

®cy 1 v i

pr(a,b) = EZZ Z ( )uf IV (~b) k(@ + b)kat,  k<n
i=k j=0 v=0

for all n, k € N. In this case, the followings hold:

@) The Schauder basis of the sequence space bg'b (Q) is the set {p(k) (a, b)}kEN } and each x =

(x) € bg"b (@) has a unique represantation defined by:
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x= Y &p®(a,b)
Z '

(b)  Theset{p, p@(a,b),p™(a,b), ...} is a Schauder basis for the sequence space b (Q) and all
x = (x) € b?'b (@) has a unique representation defined by:

x=vp+ ) &~ vIp®(a,h)
k

Proof: (a) The sequence e® is a sequence with 1 in the k-th place and zeros elsewhere. Obviously,
Fabp® (g, b) = e® € ¢, for all k € N. Then we conclude that the inclusion {p®(a, b)} < b (Q)
holds.

Let x = (x) € b’ (Q). We demonstrate;

m
XM =" %) (e b)
k=0

for all m € N. Moreover, if we apply the F&? = (£%") to x[™, we obtain

m m
Fabyml _ z koa,bp(k)(a’b) = Z(Fa,bx)ke(k)
k=0 k=0

and

0 ,0<n<m
o) = (pas) o

foralln,m € N.

Now, given for each e > 0 there exist my = m((f) € N such that

|(Fa'bx)m| < %

for all my < m. Furthermore,

€
e =< goq, = sup[(F22x), | < sup [(Fo0x) | <5 <

for all my < m, which implies shows us;
x= ) &pab)
k

Now, let x has another representation as follows,

X = Z Lep®(a, b)
K
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Considering the continuousness of the L-transformation defined in the proof of Theorem 2.2, the
following equation can be written;

(Fa'bx)n = Z Ak [Fa'bp(k) (a, b)]n = Z Ak er(lk) = A,
K K

for vn € N.

This consequence contradicts with the (Fa'bx)n = &, forall n € N. Therefore, all x = (x;) €

bg'b (@) has a unique representation.

(b) It is clear that {p*(a, b)} = b3 (Q) and F*Pp = e € c. Therefore, the inclusion {p, p® (a, b)} =
b?'b (Q) clearly holds. For klim &, = v, we create a sequence y = (yy) such that y = x — vd, where

x = (x) € bf’b (Q) is an arbitrary sequence space. Then it is clear that y = (y;) € bg'b (Q) and by the

part (a) y = (y,) has a unique representation. Namely, every x = (xi) € bg'b(Q) has a unique
representation as follows;

x=vp+ ) 6~ vIp®(a,h)
k

Corollary 3.2. The sequence spaces bg'b (@) and b?'b (Q) are separable.
The set M(X,Y) is named as multiplier space of X and Y. Also this set is defined as
M(X,Y) ={a = (ay) E w:ax = (aipx;) €Y forall x = (x;) € X}

where, X and Y are any sequence spaces. Then, the @ —, f — and y — duals of the sequence space X are
defined by

X*=M(X,¢)), XP=M(X,cs) and XY = M(X, bs)
respectively.

Now, to use in the next lemma we write the following:

sup z Ap| < o0 (12)
KEF

n lkek
sup ) |ap| < oo (13)
neN

k
lim Zlankl = Z | lim ank| (14)
n—>oo n—-oo

k k
lima,; =¢§, forall k €N (15)
n—>oo
lim Ank = f (16)
n—oo

k
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where F represents the set of all finite subsets of N.
Lemma 3.3. (Stieglitz and Tietz, 1977)
Let an infinite matrix A = (a,;), in which case the following statements hold:

(i) A= (an) € (co:¥y) = (c:¥1) © (12) holds,

(i) A= (an) € (cp:tn) = (c:?s) = (Pn:fw) © (13) holds,

@iii) A= (ap) € (cp:¢) © (13) and (15) hold,

(iv) A= (ay) € (c:c) & (13), (15) and (16) hold,

v) A= (ay) € ({n:c) © (14) and (15) hold,

(vi) A= (ay) € (cp:cy) © (13) and (15) hold with &, = 0, Vk € N.

Theorem 3.4. The a —dual of the sequence spaces b2”(Q) and b&” (Q) is the set

—in—i—j

EZZ Z ( )#’f I sl (b)Y (a + b)ka it

EF
K kek i=k j=0 v=0

n

.

Q) = {t = (t) € w:sup

Proof: Lett = (t;) € w and x = (x,,) be defined by (7), we obtain

n n—in—i—j

tutn = Z ZZ > ()i - a+  a
k=0 i=k j=0 v=0
= Z grr{li}’k
=0
= (G"Y)n
forall n € N. Then, tx = (t,x,) € 1 whenever x = (x;) € b3’ (Q) or b+ (Q) ifand only if G%Py €

£, whenever y = (y;) € ¢, of ¢, which implies that ¢t = (t,) € [b&*(@)]" = [b#(Q)]" ifand only if
G € (cg:£,) = (c:£,). We are combining this consequence and Lemma 3.3 (i), we get

n n—in-i-j

ZZZ z () T e 17llzllé.(—b)i'k(a+b)"a‘itn < o

k€k i=k j=0 v=0

t= () € 55" @) = sup ).

Thus, we have [b3?(Q)]” = [b&*(@)]" = n%?(Q).

Theorem 3.5. Define the sets n5°(Q), % (@), n? (Q) and n%(Q) by
n
ng'b(Q) = {t = (ty) Ew: sup2|sz;(b| < 00}.
neN =0

ng’b Q) = {t = (t) € w: lim z,;; exists for Vk € N},
n—-oo

Q) = {t = (t) € w: lim le‘”’ -> ,{ijgtofk”}
k

and
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ne?(Q) = {t = (ty) € w: lim E z%P exists},
n—-oo
K

where the matrix Z%? = (z%?) defined as follows:

n i i-1i-l=j

1 l i—l—j—‘l] ] -k k-1
Zycllkb = Ezzz Z (k>.u1 #5#3(_19) (a + b)*a t,

i=k 1=k j=0 v=0
0

for all n, k € N. Then, the following hold,;

0 @Y =12 n 1% @),
i) {6 @) =122 (@) nn®(Q) N1 (Q),
iy (2@} =12 @ n 0t (@),

i) (B° @) = @Y =L @Y =12

0<k<n

k>n

Proof: Since the other parts are similar, we only give the proof of (i). For given t = (t,) € w, by

considering the sequence x = (x;,) defined in (7), we can write

&
|
—
=
|
—

-J

er—k'

INgls

n
2,

k=0

(4

o~

i—

1]
=]

j

(

)M'f gl (b)) ia + b)laly [ ¢

M= I

QM

INZERR
o
1}
-~ ~.
1
~ o

l . ,
()i i p K@ + bka e v

Z

Q ©
-
I
=
~
]
=
-
Il
o
<
Il
(=}

,b

I
—~ &

y).,

for all n, k € N. Therefore, tx = (t,,x,,) € cs whenever x = (x;) € bg"b(Q) if and only if Z%Py € ¢
whenever y € c,. This result show us that t = (t;,) € {bg'b(Q)}B if and only if Z%? € (cy:c). If we

consider this result and Lemma 3.3 (iii) we obtain that t = (t;) € {bJ"’ (Q)}ﬁif and only if

and

lim z%’ exists for Vk € N.

n—oo

So, {b&” (Q)}ﬁ = %P (Q) N n%?(Q). Thus, the proof is complete.
3. Some Matrix Classes

In this part, we examine certain classes of matrices of the new sequence space b?’b (Q) obtained.

We define p%’ for simplicity of use as follows:
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i oi-li-

I-j
P3P = ZZ S ()i by byaey

i=k l=k j=0 v=0
foralln, k € N.
Lemma 4.1. (Basar and Altay, 2003)

Assume that X and Y be any two sequence spaces and A be an infinite matrix. In that case, A €
(X:Ys) © EA € (X:Y), where E is triangle matrix.

Theorem 4.2. A € (b3 (Q): £,,) if and only if

supZ|pgb| <o, 17)

p&P existforall n,k €N, (18)
1 m i i-li-l-j

sup EZ ( )Mi SIS (-b) *(a + bY*a iy < oo (mEN) (19)

m

i=k =k j=0 v=0
and

i

m -ji
1
o —ZZZ
m-oo (0]
i=k : =0

Proof: Let A € (b®?(Q): £.,). Obviously, Ax exists and Ax € £, for every x = (x;) € b&*(Q). So

ﬁM\

( )M; o= YuSut(—=b)"*(a + b)kaIt,; exists vn €N (20)

this leads us t0 {t, Jxen € {bE? (Q)}ﬁ for vn € N. By using this and Theorem 3.5 (ii), we deduce that
the statements (18), (19) and (20) hold. Now, we define a sequence such that

n+3

1 ui— g B ps — up*3 N us — ugts
o|(1—p)(uy —u)(uy —pz) (1 —p)(ug — pp)(up —pz) (1 — pz)(ug — pz) (U — ps)

If we take account of x € b?'b (Q)and Ax € £, forall x € bé"b (@), we obtain that the statement (17)
holds.

Conversely, suppose that the statements (17)-(20) hold. Let x = (x;) € b*?(Q) be an arbitrary
sequence space and consider the equality

m m 1 k k k-ik-i=j
i
Ztnkxkzz 522 2 (l)li’f I (—b) @ + b)la Ty, [tk
k=0 k=0| 1=0i=l j=0 v=0
1m m [ 1 1—il=i=j
l
=) O T AC DR CR ) Ll [ (21)

for all m,n € N. If we get limit (21) side to side as m — oo we get
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Z Xk = z pff;fyk (22)
K K

for all n € N. Furthermore, by taking sup-norm (22) side, we get
lxlle < sup > (o | 1yl < I¥llessup Y [pf]| < o
neN T neN k

Therefore, Ax € £, namely A € (%" (Q): £., ). Completes the proof.

Theorem 4.3. A € (" (Q): c) iff circumstances (17)-(20) hold, and

lim » pul =2 (23)
TR

lim p%? = 1, forallk € N (24)
n—oo

Proof: Assume that A € (b3 (Q): ¢). We know that ¢ < #,, holds. By combination the inclusion and
Theorem 4.2, we conclude that the circumstances (17)-(20) hold. Furthermore, obviously Ax exists and
Ax € cforall x = (x;) € b?'b (Q). Hence, if we choose two sequences

L1 ui — s _ s —up*? N ps — uzt?
o|(1—p)(uy —pa)(ug —pz) (1 —p)(ug —pa)(up —pz) (1 — pz3) (g — pz)(up — p3)

and x = p®(a, b) we deduce that the circumstances (23) and (24) hold, where, x = p®(a, b) is
defined in Theorem 3.1.

Conversely, for a given x = (x;) € bé"b (@), suppose that the circumstances (17)-(20), (23) and (24)

hold. Afterwards considering Theorem 3.5 (ii) we can see that {t,; }xen € {bg'b(Q)}B for vn € N.
Namely, Ax exists. Due to conditions (17) and (24), we write that

m

,b
D Il < sup ) o] < oo
=0 nenN T

for every m € N. As a result of this, (1) € £;. So the series Y, A1,y obsolute convergent. Now, we
substitute t,,;, — A, instead of a,,, in the condition (22). Then, we have

w k k—jk-j-l
_\1 I\ k-j-1-v v 1 j—i i —j
(tnk — A Xk = 5 ;) H pauz(=b) " H(a+ b)'al(ty — ADyk  (25)
k k  i=k j=i =0 v=0
for all n € N. If we consider (25) and Lemma 3.3 (vi), we get
lim (tnk — Ak)xk =0 (26)
n—oo

k

Finally, if we combine the circumstance (26) and the fact (1,y,) € €1, we get, Ax € c. It shows that
A € (b (Q):c). Thus, the proof is complete.
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4. Conclusion

The domain of Binomial matrix B = (b%) in
the sequence spaces c, ¢, and ¢, has been
introduced by Bisgin (2016a, 2016b). Afterward,
Meng and Song (2017) have defined the sequence
spaces bIP (V) , b¥P(V) and b&P(V) and so
generalized Bisgin's works. Thereafter, Sonmez
(2019) has defined the sequence spaces bg'b (G),
b®?(G) and b%P(G) and generalized Meng and
Song's work. Thereafter, Bisgin (2017b) has
defined the sequence spaces bg'b (D), b?'b (D)
and b%? (D) in and generalized Sénmez's work.
Lastly, Bisgin (2023) has defined the quadruple
band matrix Q = (qux (0, t,u, v)) and has shown
that it is more general than triple band matrix
(D(t,u,v)), double band matrix (G(t,w)) and
difference matrix (4). We define F? = (£3°)
that is the composition of the binomial matrix
Bab = (bfl‘;f and the quadruple band matrix
Q= (an(o, t,u, v)). Hence, our results obtained

by the matrix F&? = B*?(Q) are more general
than any previous work mentioned above.
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