MATHEMATICAL

MATHEMATICAL SCIENCES AND APPLICATIONS E-NOTES SCIENCES m
https://doi.org/10.36753/mathenot.1480183 w APPLIE-ANTIIJl}’ég

13 (1) 1-11 (2025) - Research Article
ISSN: 2147-6268

On Absolute Tribonacci Series Spaces and Some
Matrix Operators

Fadime Gokge

Abstract

In this article, the absolute Tribonacci space |Tp|, is introduced as the domain of the Tribonacci matrix
on /4. First, certain algebraic and topological structures such as BK —space, isomorphism, duals, and
Schauder basis are studied. Then, some characterizations of compact and matrix operators on this space
are given their norms, and Hausdorff measures of noncompactness are determined.

Keywords: Absolute summability, Compact operator, Hausdorff measure of noncompactness, Matrix transformations,
Tribonacci matrix

AMS Subject Classification (2020): 40C05; 46B45; 40F05; 46A45

1. Introduction

By w, e, ¢, £y (¢ > 1) and ¢, we stand for the set of all sequences of complex numbers, the sequence space of
all bounded, convergent sequences and also for the spaces of all g-absolutely convergent series and absolutely
convergent series, respectively. Also, throughout the paper, the abbreviations HM and HMN will be used instead of
"Hausdorff measure" and "Hausdorff measure of noncompactness” for brevity and N = {0,1,2,3,...}. Let A = (A,0)
be an arbitrary infinite matrix of complex components and U, V be two subspaces of w. If the series

An(u) = i)\nvuv;
v=0

converges for all n € N, then, we define the A-transform of the sequence u = (u,) by A(u) = (A, (u)). Also, it is said
that A defines a matrix transformation from the space U into the space V, and denote itby A € (U,V)orA: U =V
if Au = (A, (u)) € V for every u € U. On the other hand, the a—, 58—, yv— duals of U are defined by

U* = {EEWIVUEU,Z|€7LUH| <OO}7
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2 F. Gokge

U’B:{eeu}:VuEU,(Zenun)EC},

=0

U7 = {e cw:Vuel, (Zenun) € éoo}
i=0
respectively, and the domain of the matrix A in U is defined by

Ur={u=(un) €Ew:Au) eU}. (1.1)

Further, if U is a complete normed space with continuous coordinates r,,, : U — C described by r,,(u) = u,, for
each m € N, then it is said that U is a BK-space. If there exists unique sequence of coefficients (uy) such that, for

eachu € U,
p
u — Zukbk
k=0

—0, p—> o0

o
then, the sequence (by,) is called the Schauder basis for U, and it can be written u = > uby.
k=0
Assume that 1 < ¢ < oo and 0 = (6,,) is a sequence of positive terms and also take ) u, as an infinite series
with its nth partial sum s,,. Then, the series > u, is said to be summable |A, 6,,| o121 if

oo

D 08 AAL(s)]? < o0,

n=0

where AA,(s) = Ap(s) — Ap—1(s), A_1(s) = 0 (see [1]).

It is clear that this method includes a good number of well known methods for special selections. We refer to
reader [2-6]. Recently, the literature of summability theory has expanded in many respects, with many studies
using both the summability methods and the absolute summability methods (see [7-19]).

On the other hand, Tribonacci numbers are the sequence of integers identified by the third order recurrence
relation with initial conditions tqg = 1,t; = 1,5 = 2,

tj=tj_1+tj_2+1tj_3

t—j = 07] >1

[20]. So, some of the first Tribonacci numbers can be written as follows:
1,1,2,4,7,13,24, 44, ...

Besides, Tribonacci numbers have the following useful properties:

m
t b — 1
th_M,mZO,

; B 2
Jj=0
m
t +tom — 1
g t2j: 2mt 22m 7m207
j=0

lim o = (0.54368901...

m— oo tm+1

Tribonacci matrix T = (t,,;) has recently been defined by Yaying and Hazarika [19] as follows:

2t .
t = tm+2+im—1’ 0<j<m
mj 0 .
s ]>m

where t,,, be the mth Tribonacci number for all m € N.
Throughout the whole paper, ¢* is the conjugate of ¢, i.e., 1/¢+ 1/¢* = 1forg > 1,and 1/¢* = 0 for ¢ = 1.
Now, let remind certain lemmas which are used in the proof of our theorems.
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Lemma 1.1. [21] A € (¢4, ¢) iff

pe 1/q*
o0 o0
A, ) =50 § D | D An

S€T | k=0 |nes

where 1 < q < oo and ¥ is defined as the collection of all the finite subsets of N.

While Lemma 1.1 introduces a condition that is very difficult to implement in applications, the following lemma,
which gives the equivalent condition, will be more useful in a lot of cases.

- - ) Ve
Al (0g.0) = Z ( |)‘nk|> < o0,
k=0 \n=0

ALl e,.0p < 1Alle, 00 < 4NAl g, 0

Lemma 1.2. [22] A € (¢,,0) iff

where 1 < q < oo. Moreover since

there exists 1 < n < 4 such that ||A||/(zq.1€) = ||A||(eq.1e)-

Lemma 1.3. [23] A € (¢,¢,) iff

1
q

||A|\(uq) = Sgp {Z )‘nk|q} 5
n=0

where 1 < ¢ < 0.

Lemma 1.4. [21]

(2) lim Ay, exists for k > 0,
1. A e (E,c) = (ZZ) sup |)\nk‘ < o0,
n,k

2. A€ (€,0s) < (ii) holds,

(4) holds,

3. Ifl<g<oo,A€ (ly,c) & (iii)sup§:|>\nk|q*<oo,
n k=0

4. If1 < qg<oo,A € (y,ls) < (iii) holds.

Let (U, d) be a metric space and B, P C U. For every p € P, if there exists an b € B such that d(p, b) < ¢ then,
B is called an e-net of P; if B is finite, then the e-net B of P is called a finite e-net of P. Assume that U and V are
Banach spaces. If domain of a linear operator S is all of U and, for every bounded sequence (u,) in U, the sequence
(S(uy)) has a convergent subsequence in V, then the operator S : U — V is called compact. C(U, V') determines
the class of all such operators. Assume that () defines a bounded subset of U. The HMN of @ is described by the
number

x(Q) =inf{e > 0:Qhasa finite ¢ —netin U},
where Y is the HMN.

Lemma 1.5. [24] Assume that Q is a bounded subset of the normed space U where U = £, for 1 < g < oo or U = co. If
R, : U — U is the operator defined by R,,(u) = (uo, U1, ...y, 0,0,...) forall w € U, then

(Q) = lim (ggg = R) (u)H) .

700
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Assume that U, V are Banach spaces; x1 X2 are the HM on these spaces, respectively and S : U — V' is a linear
operator. If S(Q) C V is a bounded set and there exists a positive constant ¢ such that x2 (S(Q)) < (x1 (S(Q))
for all bounded subset Q C U, then the linear operator S : U — V is called (x1, x2)- bounded. If an operator S is
(x1, x2)- bounded, then the number

IIS]I =inf{(>0:x2(S(Q)) <(x1(S(Q))for all bounded set Q C U}

(x1,x2)

is called the (x1, x2)-measure noncompactness of S. Specifically, if x1 = x2 = x then we get |||, ) = S]],

Lemma 1.6. [25] Assume that U, V are Banach spaces, S € B(U, V) and Sy, = {u € U : ||u|| < 1} is the unit sphere in U.
Then,
I1S1ly = X (S (Su))

and
SelUV)e HSHX =

Lemma 1.7. [26] Assume that U is a normed sequence space, T = (t,,) is an infinite triangle, x and x denote the HMN on
My, and My, the collections of all bounded sets in Ur and U, respectively. Then, for all Q) € My,

xr(Q) = x(T(Q))-

The main purpose of the paper is to establish the space 1|, combining Tribonacci matrix given by Yaying and
Hazarika [19] and the concept of absolute summability. After the introduction of the space, some inclusion relations
are expressed, the a—, f—, v— duals and basis of the space are constructed, and also characterizing certain matrix
operators related to the space, their norms and HMN are determined.

2. Absolute Tribonacci space [7p|,

In this part of the paper, firstly, the absolute Tribonacci space [Ty, is introduced and then, some inclusion
relations, algebraic and topological structures of the space are investigated.

If we choose the Tribonacci matrix instead of A in (1.1), then the summabilty method |A, 6, |, is reduced to the
absolute Tribonacci summability. To put it more clearly, take (s,,) which is a sequence of partial sum of > u,,. So,

we have
n

An(s) = Zotanj =2 Uy ) bng = 3 U XL T
iz - -

v=0 Jj=v v=0 Jj=v

and so, with a few calculations, we get

n n o n—1 n—1 o
AA”(S) = ; 2:: n+2+]£ -1 ];0 Uj kz::j m

n—1
] 2t
T Taratta-1tn T jZ:O Ui <tn+2+tn_1 + Aoy, Zj 2tk>

n
= 2 Oy
§=0
where
1
Oop = —,
" o+ t, — 1
2, -
tng2t+tn—17 J=n
_ 2, .
Gnj = m+A0nz2tk7 0<j<n-1
=j
07 j >n.

Now, we are ready to present the absolute Tribonacci space:

o0 n 4
Tol, = uew:ZG%_l Z¢njuj < 00
n=0 j=0
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Besides, it is seen immediately that

where
~ On 2t,, 0<53<n
tnj = vz::j (2.1)
0, j>n,
6.,/ j=n
=3 g j—nt (2.2)
0, j#nn—1

Taking into account the matrices 7' = (f,,) and F(9) = ( ffﬁc)) and the notation of domain, the space may be
written that

|T9 |q = (‘gq)F(Q)oT’
Also, it is known that there exists a unique inverse matrix which also is a triangle for every triangle matrix [27]. So,
the matrices 7' and F(?) have unique inverse matrices 7! = () and (F(@)~! = (( ff;,?)_l) given by

1 _
20ntn) L k=mn
. — — , k=n-1
=g e T @3
20, —otn_1"’
0, k>n
(FD)-1 = 0.V, 0<k<n (2.4)
nk 0, k>n .

respectively.

Now, to explain a relation between the natural norm of the spaces ¢, and the norm of |Tj|,, we express the
following theorem.

Theorem 2.1. [Ty|, is BK-space with respect to the norm

)

lulliryy, = [|F@ 0 T,

where 1 < g < oo.

Proof. Let1 < ¢ < oc. It is known that £, is a BK-space. Also, since F(9) o T'is a triangle, it is obtained immediately
from Theorem 4.3.2 in [27], |Tp|, = (¢4) p(0) o7 is @ BK -space. O

Theorem 2.2. The sequence b'") = (bgf )) is a Schauder basis for the space [Ty| where

-1/q" 1 1 1 1 < 9
91- 20ntn 20, 1tn 20n1tn—1 20n 2tn_1 )"’ t>n
) -1/q" 1 1 1 .
bsz) = ei 20ntn 20p—1tn 20n—1tn—1 )’ i=n-—1
-1/¢* 1 C
01' 20ty t=n
07 T>n

1< g < o0

Proof. Let remind that (e(*)) is the Schauder basis of ¢,. So, it is obtained from Theorem 2.3 in [28] that b() =
(T ((F@)=1(e))) is a Schauder basis of the absolute space |Tj |, O

Theorem 2.3. Let 1 < g < s < oo. If there exists a constant C' > 0 such that 0,, < C for all n € N, then |T9|q C [Ty, -
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Proof. Take u € |Ty| . Since ¢, C {5, then | 6,5 onju; | € £s and also, since 0, < C foralln € N,
q q o )
J:

S S

n n
s _ s | 1 .
Co =107 Y njuj| < |04/T Y dujuy
=0

§=0
where ¢* and s* are the conjugate of ¢ and s, respectively. Hence, we get that u € |Ty|.. This concludes the proof. [
Jug: P Yy g s P

Theorem 2.4. The space |1y, is isomorphic to the space £y i.e., |Tp|, = £q where 1 < q < cc.

Proof. To prove the theorem, it should be shown that there exists a linear bijection between the spaces |Tp|, and
¢, where 1 < ¢ < co. Taking into account the transformations 7" : Tol, = (a) po JF@ () py — £y and the

matrices corresponding to them given in (2.1) and (2.2). Since the matrices F' (@) and T are triangles, it is obvious
that T'and F(9) are linear bijections and also the composite function F(?) o T is a linear bijective operator. Moreover,

lullgy, = £ o T,

i.e., the norm is preserved and so the proof is concluded. O

We define

- e 1,1 1 1
D ={ecw: 051k Z €j (QtjA(aj) - 2tj—1A<0j—1)) exist forall v ),
J=v+2

€m

+ 1 |£m—1|q

Dy =<€ecw:sup eL
m m

20mtm Om—1
=2y & 1 1 1 1 "
g et X g (WA(?) - T.,IA(U.,J) <oop,
=0 j=vd-2 J J J J
m
€m 1 1 1 1
D3=<(¢ecw:su —— 1+ & | + + e(A— A <00y,
’ m:g ’C’mtm‘ En-al 8 j:;—ﬂ T2 (Uj) 2t (Uj—l)
D, = RS 1 o ALY L AL €ut1l €41l Evgl
1= jeews ZO 0. . Z+2 € 2t; (”j) 251 (‘73—1) + 20y +1tut1 205ty 41 204ty
v= J=v

v
20ty

+

o)

€vt1 _ _Cv4l  _ €wqd
2(7'u+1tv+1 20"ut'u+1 20,y

} <)

€5 (iA(é) o 2tj171A(01171))‘ *

D5:{e€w:sup{ >

v j=v+2

€y
204ty

+

o €y €v+1 . €v41 B €v+1
200ty 204p41tv41 204tu41 200t

61)

Similarly, when ), is used instead of ¢, in above equation, the notation ¢5 will be used instead of &,.

Theorem 2.5. Let 6§ = (6,,) be a sequence of positive numbers and 1 < g < oo. Then,
@) Amly* =Ds, {iml,} =Dy

B
(i) {|Tol}” = D1N D3, {|Tol,y =DinN D,
q

(iii) (o} = D3, {Imol,} = D2
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Proof. We give the proof of (ii).

B m ~
(74) It's known that € € {\T9|q} iff (> €ju;) € cforallu € [Ty|,. By the inverse transformations of T', F@), we
§=0

get
- - Y Y Y Y
— . i j—1 j—1 _ j—2
e = ) (zajf,,- 20;1t; 2051t 1 Qaj,ztj,l)
Jj=0 J=0
m m
— 91/ /a* ‘J 0, e €5
= XX Z > QUJ 7 Z > 2o 1t11v+2 > T
v=0j=v v=0 j=v+ v=0 j=v+1 v=0 j=v+2
— g;z,l/q*fm 2 -+ 9*1/‘1* €m—1 + €m _ €m _ €m P
20mtm m m—1 20m—1tm—1 20mtm 20m—1tm 20m—1tm—1 m—1

m_29—1/q* S e (A(LY - 1 A(L
+ Z v £v+v7z €5 2t; (O']‘) 2t 1 (0_7’—1) v

where D = (d,,,) is defined by

~1/a” <§U+ E €]<7j (%)—2%_171A( 1 ))), 0<v<m-—2

oj_
Jj=v+2 i-1
— —1
dmv— /qu 1 v=m-—1
9777,1/ €m frd
2omtm v=m
07 v >m.

B B
Therefore, € € {\T 1 q} < D € (44, c). Now, applying Lemma 1.4 to the matrix D, it is obtained that {|T9| q} =
D1 N Dy, which concludes the proof.
The proofs of other parts can be similarly verified, so there is no need for this. O

3. Matrix transformations
In this part of the paper, certain characterizations of matrix and compact operators on the absolute Tribonacci
space |Tp|, are investigated and also their norms and HMN are computed.

Theorem 3.1. Let 1 < g < oo, A = (\y;) be an infinite matrix of complex components for each n, j € N and identify the
matrix H™ = (hﬁff?,) by

S A (8 — w5 AGE)), 0<v<m-2
j=v+2
M= e, v=m-1
20':17;;71 v=m
0, v >m.

Moreover, let H = (hy,) be a matrix whose terms is given by h,,, = hm K and H = F@ oT o H. Then, A € (|T9\ |Th| )
if and only if

1 1 1
Z Anj <2t (—) =5 —A( )) exists for all v 3.1)
0j j—1 0j—1
j=v+2 J J J
Anm (n) ’ (n) 1 1 1
! —) = A(=——=) | Anj| ¢ < o0, 3.2
5;7111,11:)) 20-7ntm‘ ’ + 5 + Z 2t O'j) Qtj_l (Uj—l) / > ( )
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To|” < 00 (3.3)

sup Z
Y n=0
IfA e (|T9| ,|Tol q), then A is a bounded linear operator,

1A (17 1701,) = HﬁH(uq)’

1
S 7y ¢
1Al = Jim {Slj_p< ;1 hnr> }

Proof. A € (|T9| ) |T9|q) equals to (An.)52, € (T3]}’ and A(u) € |Ty|, for all u € |Tp|. It is easy to see from
Theorem 2.5 that (A, )52, € {|T4|}” if and only if the conditions (3.1) and (3.2) hold. In addition to this, if a matrix

and

S = (Snw) € (¢, c), then the series S,,(u) = > spyu, is uniformly convergent in n, because, the remaining term of
v=0
the series is uniformly tending to zero in n, since

oo
g S’I’L’Uu’l)

v=p

o0
Ssup|sm|2\uv | =0 (p— o0).
v
v=p

So we get

lim S,, (u) = Z 1im Sy, Uy . (3.4)
v=0
Considering (2.3), (2.4) and (3.4) we get immediately

An(u) = lim Z Akl = lim Z hmzr = E ﬁnrzr-
m k=0 r=0

m r=0

Moreover, according to Theorem 2.4, since there exists a linear isomorphism between |Ty| q g forl < g < oo, itis
written that A(u) € |Tp|, for all u € |Tp| iff H e (E, |T9|q), or equivalently, since [Tp|, = (¢4) po) o7~ H € (£,4,). Here,
the terms of matrix H and H can be stated as

n

n n
iLnr = Z{nvﬁvr = Z On Z 2tjilv'm
v=0 v=0 j=v

%nr = 0,1/q* (hn'r - iln—l,'r') , n>1land 77/07“ = BOT'

So, if we apply Lemma 1.3 to the matrix H, then, we get immediately the condition (3.3), and this concludes the
first part of the proof.

Also, if A € (|T9| .| To] q) , then, since the spaces |Ty|, and |1} | are BK-spaces, A determines a bounded operator.
For the determination of the operator norm of A, take into account the isomorphisms 7" : [Ty, — (£4) o) - F@ .
(£q) ey — £q defined as in Theorem 2.4. Then, it can be seen easily that A = T~ o (F(q))_1 o HoF®oTand so,

Az, | HTﬁ]O(F(q))_loﬁOF(DOT(u)H|T;,|
J— q __ q
||AH(|TG|,|T9|Q) = ii% Tl 24 _ii% lTaell| 7y |
H(z) ~ ~
s T 7 = P00 ),
z#0 £ (Z,Zq)
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Finally, let @ be a unique ball in |Ty|. Since F@oToAQ = HoF® oTQ, itis written that

AL = x(AQ) = x (F(q) o TOAQ) =X (Ei o FM o TQ)

- (L Joom (7))

hnr

oo
lim < su
tim {swn (5

This completes the proof.
The compact operators in this class are characterized by Theorem 3.1 and Lemma 1.6. Corollary 3.1 gives us the

condition:
0
) } 0,

Theorem 3.2. Let 1 < g < oo, A = (\n;) be an infinite matrix of complex components for eachn,j € Nand H™ = (hgf,),)

be as in Theorem 3.1. Also, describe E = (€,,) by &ny = lim 0y /7 W51y and E = FO o T o E. Then, A € (|T9|q , |T9|) if
m
and only if

Corollary 3.1. Under the hypothesis of Theorem 3.1

€ (|T9| , |T9|q) is compact < lim {sup( >
vV— 00

T n=v+1

hTLT

1 1 .
Z Anj <2t ;j)— 2tj,1A( : )) exist for all r,

O;_
Jj=r+2 J—1

*

1
sup { —
m 97”

A ? 1 L “ 1.1 1 1
nm (m— )‘ v) A A — A
|+ S s 3w 3 (e ghach)| be

O —
m—1 Jj=v+2 v=r-+2

3 (zw) .

r=0

Moreover, if A € (|T9| q, |T9\>, then A is a bounded linear operator,

1Al

|Tol 1 Tol) — HE’ (€4,0)

and

1

* *

q q

n=v+1

where 1 < n < 4.
Corollary 3.2 gives us the characterization of compact operators with together Lemma 1.6 and Theorem 3.2.

Corollary 3.2. Under the conditions of Theorem 3.2

1
3

oo 0o q a
AEC(|T9|q,|T9|)  Jim Z( 3 gm|> ~0.

r=0 \n=v+1

*
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4. Conclusion

Recently, in addition to the studies on sequence spaces obtained as the domain of some special matrices
and matrix transformations related to them, new sequence spaces obtained by using the concept of absolute
summability method have been introduced in the literature. In this study, the absolute Tribonacci space |Tp|, has
been introduced as the domain of the Tribonacci matrix on /,. Then, some algebraic and topological structure have
been studied, certain characterizations of compact and matrix operators on these spaces with their norms and
Hausdorff meausures of noncompactness have been given. A different perspective has been generated by including
the Tribonacci sequence, which is an interesting number sequence, in the subject.
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