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ABSTRACT

Soft set theory has established itself as a valuable mathematical framework for tackling issues marked by uncertainty,
demonstrating its applicability across a range of theoretical and practical fields since its inception. Central of this theory is the
operations of soft sets. To enhance the theory and to make a theoretical contribution to the theory, a new type of soft set operation,
called “complementary extended star operation” for soft set, is proposed. An exhaustive examination of the properties of this
operation has been undertaken, including its distributions over other soft set operations, with the goal of clarifying the
relationship between the complementary extended star operation and other soft set operations. This paper also attempts to make
a contribution to the literature of soft sets in the sense that studying the algebraic structure of soft sets from the standpoint of soft
set operations offers a comprehensive understanding of their application as well as an appreciation of how soft set can be applied
to classical and nonclassical logic.
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1. INTRODUCTION

In our everyday experiences, we frequently encounter subjective notions like beauty, warmth, and boredom, which lack the
objective certainty of scientific knowledge and vary from individual to individual. To navigate the intricacies of uncertainty,
people have sought diverse solutions over time. However, existing methodologies have demonstrated inconsistencies in
addressing novel, complex challenges stemming from changing circumstances. Among the array of theories proposed to manage
uncertain scenarios, Zadeh's theory of fuzzy sets emerges as particularly prominent. Fuzzy sets are delineated by their
membership functions. As the theory of fuzzy sets underwent rapid evolution, certain structural dilemmas surfaced. In response,
Molodtsov [1] introduced soft set theory as a remedy for these structural intricacies.

Since its introduction, the soft set has been used in a wide range of theoretical and practical contexts, and several new research
have been released in the literature. By defining the equality of two soft sets, the subset and superset of a soft set, the complement
of a soft set, and soft binary operations like and/or, union, and intersection operations for soft sets, Maji et al. [2] cleared the way
for further research in the field of soft set theory. Based on ideas from set theory, Pei and Miao [3] redefined the terms "soft
subset™ and "intersection of two soft sets.” Next, several additional soft set operations were proposed by Ali et al. [4], and they
were thoroughly examined by Sezgin and Atagiin [5] and Ali et al. [6]. Extended difference and extended symmetric difference
of soft sets were described by Sezgin et al. [7] and Stojanovic [8], respectively, and their characteristics were thoroughly
examined in connection to other operations on soft sets.

Analysis of the research done to date reveals that soft set operations often fall into two categories: restricted soft set operations
and extended soft set operations. The soft binary piecewise difference operation for soft sets was defined and analyzed by Eren
and Calisic [9], while Sezgin and Caligic1 [10] conducted a detailed study of this soft set operation's properties. In 2021, Cagman
[11] introduced a new notion in set theory: the inclusive and exclusive complement of sets. He then used this concept in group
theory. Five new ideas related to binary complement operations presented by Cagman [11] were introduced by Sezgin et al. [12].
Aybek [13] presented several additional restricted and extended soft set operations and examined their properties. Furthermore,
by taking the complement of the image set in the first row, the soft binary piecewise operation form-of which Eren and Cagman
[9] were the pioneers-was somewhat changed. As a result, the complementary soft binary piecewise operations have been
thoroughly examined by a number of scholars [14-22]. On the other hand, by taking the complement of the image set in the first
and second rows and defining the complementary extended difference, lambda and union, plus and theta, respectively, and giving
their algebraic properties and relations with other soft set operations, Akbulut [23] and Demirci [24] changed the form of the
existing extended soft set operations in the literature. We refer to the following for more uses of soft sets in relation to algebraic
structures: [25-32].
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Studying the properties of specified operations on sets, alongside the sets themselves, constitutes an essential aspect of
algebraic structures, aiming to classify mathematical structures. Within the framework of algebra, this examination plays a crucial
role. When considering soft sets as algebraic structures, attention is drawn to two primary types of soft set collections: one
characterized by a fixed set of parameters, and the other by variable parameter sets. Just as classical set theory operations are
foundational for soft sets, concepts pertaining to soft set operations are equally indispensable.

In this paper, in an effort to propel the theory of soft sets forward, this paper introduces a new soft set operation called
"complementary extended star operation” and conducts a comprehensive examination of its properties. Furthermore, an analysis
is undertaken to explore the interaction between the complementary extended star operation and other types of soft set operations,
with the objective of elucidating their relationships. This subject is important within the framework as an understanding of the
applications of soft sets requires a comprehension of their algebraic structures in connection to innovative operations.

PRELIMINARIES

Definition 2.1. Let U be the universal set, E be the parameter set, P(U) be the power set of U, and let D < E. A pair (F, D) is
called a soft set on U. Here, F is a function given by F: D — P(U) [1].

The notation of the soft set (F,D) is also shown as Fp, however, we prefer to use the notation of (F,D) as is used by Molodtsov
[1] and Maji et al. [2].

The set of all soft sets over U is denoted by Sg(U). Let K be a fixed subset of E, then the set of all soft sets over U with the
fixed parameter set K is denoted by S (U). In other words, in the collection Sk(U), only soft sets with the parameter set K are
included, while in the collection Sg(U), soft sets over U with any parameter set can be included. Clearly, the set Sk(U) is a subset
of the set Sg(U).

Definition 2.2. Let (F,D) be a soft set over U. If F(X)=@ or all XeD, then the soft set (F,D) is called a null soft set with respect
to D, denoted by @p. Similarly, let (F,E) be a soft set over U. If F(e)=0 for all XeE, then the soft set (F,E) is called a null soft
set with respect to E, denoted by @5 [4].

A soft set can be defined as F: @ — P(U), where U is a universal set. Such a soft set is called an empty soft set and is denoted
by @4. Thus, @, is the only soft set with an empty parameter set [6].

Definition 2.3. Let (F,D) be a soft set over U. If F(X)=U for all XeD, then the soft set (F,K) is called a relative whole soft set
with respect to D, denoted by Up. Similarly, let (F,E) be a soft set over U. If F(e)=U for all XeE, then the soft set (F,E) is called
a whole soft set with respect to E, denoted by Ug [4].

Definition 2.4. Let (F,D) and (G,Y) be soft sets over U. If DSY and F(X) €G(X) for all XeD, then (F,D) is said to be a soft
subset of (G,Y), denoted by (F,D)E(G,Y). If (G,Y) is a soft subset of (F,D), then (F,D) is said to be a soft superset of (G,Y),
denoted by (F,D)3(G,Y). If (F,D)E(G,Y) and (G,Y)E(F,D), then (F,D) and (G,Y) are called soft equal sets [3].

Definition 2.5. Let (F,D) be a soft set over U. The soft complement of (F,D), denoted by (F,D)" =(F",D), is defined as follows:
for all XeD, F'(X)=U-F(XR) [4]

Cagman [11] introduced two new complements as a novel concept in set theory, termed as the inclusive complement and
exclusive complement. For ease of representation, we denote these binary operations as + and 0, respectively. For two sets D
and Y, these binary operations are defined as D+Y=D'UY, DOY=D'NY". Sezgin et al. [12] examined the relations between these
two operations and also defined three new binary operations and analyzed their relations with each other. Let D and Y be two
sets D*Y=D'UY", DyY=D'NY, DAY=DuUY".

As a summary for soft set operations, we can categorize all types of soft set operations as follows: Let " ®" be used to
represent the set operations (i.e., here ® canbe N, U\, A, +,0, *, X,y), then all type of soft set operations are defined as follows:

Definition 2.6. Let (F, D), (G,Y) € Sg(U). The restricted ® operation of (F,D) and (G, Y) is the soft set (H,P), denoted by
(F,D)®x(G,Y) = (H,P), where P=D N Y # @ and H(X)=F(X) ® G(X) for all XeP. Here, if P=DNY=@, then (F, D) ®r (G, Y)=0y
[4,5,6,13].

Definition 2.7. Let (F,D), (G,Y) € Sg(U). The extended ® operation (F,D) and (G, Y) is the soft set (H, P), denoted by (F,
D) ®.(G, Y)=(H, P), where P =D uY and for all X € P,
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F(X), XeD-Y
H(R) = G(X), XeY-D
F)®G(X), XeDNY
[2,4,6,7,8,13].

Definition 2.8. Let (F, D), (G, Y) € Sg(U). The complementary extended ® operation (F, D) and (G, Y) is the soft set (H, P),
%
denoted by (F, D) ® (G,Y)=(H, P),where P=DuU Y andforall X € P,

F'(X), XeD-Y
H(R) = { G'(R), XEY-D
FR)®G(R), XeDnY
[23,24].
Definition 2.9. Let (F, D), (G,Y) € Sg(U). The soft binary piecewise ® of (F,D) and (G,Y) is the soft set (H,D), denoted by
(F, D)C:)(G, Y) = (H, D), where for all X € D

A = {F(x)@)(}(x), NeDNY
[9,10,33,34].
Definition 2.10. Let (F, D), (G,Y) € Sg(U). The complementary soft binary piecewise ® of (F,D) and (G,Y) is the soft set
*

(H,D), denoted by (F,D) ~ (G,Y) = (H, D), where for all X € D
®

_ F'(R), ReD-Y
A = {F(N)®G(N), XeDnY
[14-22].
For the considerations of graph applications and network analysis as regards soft sets, we refere to [35], which is motivated
by the divisibility of determinants.
3. COMPLEMENTARY EXTENDED STAR OPERATION

In this section, a new soft set operation called complementary extended star operation of soft sets is introduced with its example
and its full algebraic properties are analyzed.

Definition 3.1. Let (F,Z), (G,C) be soft sets over U. The complementary extended star operation () operation of (F,Z) and
%
(G, C) is the soft set (H, K), denoted by (F,Z) .. (G,C) =(H, K), where for all ReK=ZUC,
€

F (R), ReZ-C
H®)=1 G (X), ReC-Z
F(X)*G(X), NezZNC

where F(RX)*G(X)= F (X)UG'(X) for all ReZNC.

Example 3.2 Let E={e,,e,,e3,e,} be the parameter set and Z={e,, e;} and C={e,, e;, e,} be two subsets of E, and
U={h,,h,,hs,h,,h} be the universal set. Assume that (F,.2)={( ey {h; hs}).(e3,{hy,h, hs}H},

%
(G,C)={(e2.{hy,hyhs}),(e3,{hz,hs,h,}),(eq,{h3 hs})} be two soft sets over U. Let (F.Z) _ (G,C)=(L,ZUC), where for all
N eZUC,
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F(R), ReZ-C
L(X)=4 G'(N), REC-Z
F(R)UG'(R), XezNC
Here, SinCe ZUC:{el,ez,E3,e4}, Z'C:{el}, C'Z:{ez,e4}, ZﬂC:{e3},

L(e;) =F'(e1)={hy,h3,hs} L(ez) =G'(ez)={h;,h3},L(es) =G'(es)={hy,hz, hy} H(es)=F'(e5)uG'(es)={hs,h,} U
{h; hs}={h; hs, h,, h}. Hence,

*
(F,Z) *E(G,C):{( ell{h11h3!h4})l (e2 l{ h2 ,h3}),(€3,{h1,h3, h4! hS})!(e4—!{hllh2! h4})}
Theorem 3.3. (Algebraic Properties of Operation)

1) The set Sg (U) is closed under j;
Proof: Itis clear that 1 is a binary operation on Sg(U). Indeed,
i: Se (U)x Se (U)- Sg (V)
((F,2), (G,C)) - (F.2) TE(G,C):(L,ZUC)
Similarly,
i : Sz(U)x Sz(U)- Sz(V)

*
(F.2),(G2) - (F2) , (G2)=(T,2uZ)=(T.2)
&
k
That is, when Z is a fixed subset of the set E and (F,Z) and (G,Z) be elements of Sz(U), then so is (F,Z) _ (G,Z). Namely, Sz(U)
&

. *
is closed under . either.

&

* * * *
AlF2 , GOI, HR)=(F2), [GC), (HR).

*
Proof : First, let’s handle the left hand side (LHS). Let (F,Z) , (G,C)=(T,ZUC), where for all ReZUC,
&

F(X), Rez-C
T(N)={ G (X), ReC-Z
F(X)UG'(X), ReZNC
Let (T,ZUC) jj (H,R) = (M,ZUCUR), where for all XeZUCUR,
T(R), X€E(ZUC)-R
M(N)—{ H(X), XER-(ZUC)
T(R)UH'(R), RX€E(ZUC)NR
Thus,
F(R), X€E(Z-C)-R=ZNC'NR'
G(X), Xe(C-Z)-R=Z'NCNR'
F(R)NG(X), X€E(ZNC)-R=ZNCNR'
M(X)={ H'(X) XER-(ZUC)=Z'NC'NR
F(X)UH'(X), X€(Z-C)NR=ZNC'NR
G(X)UH'(X), Xe(C-Z)NR=Z'NCNR
(FRING(R))UH'(R),  RE(ZNC)NR=ZNCNR
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*
Now let’s handle the right hand side (RHS) of the equation. Let (G,C) _ (H,R)=(K,CUR). Here, for all ReCUR,
&

G (X)), XeC-R
K(X)={ H'(X), XER-C
G (R)UH'(R), XeCNR

*
Assume that (F,Z) _ (K,CUR) = (S,ZUCUR), where for all ReZUCUR,

F(R), XeZ-(CUR)
S(R)={ K'(N), XE(CUR)-Z
F(X)UK'(X), R€ZN(CUR)
Thus,
F'(R), XeZ-(CUR)=ZNC'NR'
G(X), RE(C-R)-Z=Z'NCNR’
H(X) RE(R-C)-Z=Z'NC'NR
S(X)= 4 G(R)NH(R), XE(CNR)-Z=Z'NCNR
F'(R)UG(R), REZN(C-R)=ZNCNR'
F'(R)UH(R), ReZN(R-C)=ZNC'NR
F'(R)U(G(R)NH(R)), XeZN(CNR)=ZNCNR

*
It is seen that M= S. That is, in the set Sg(U), _ is not associative.
&

* k * *
)F, G2, H)=EFD , [G2), (HI).

£
Proof : Firstly, let's look at the LHS. Let (F,Z) _ (G,2)=(T,ZuZ), where for all X € ZUZ=Z,
&

F(R), REZ-Z=0
T(R)= G(R), Nez-Z=9
F(R)UG'(R), NezZNzZ=Z

*
Let(T.2) , (H.2) = (M, ZUZ), where for all ReZ,
&

T'(X), REZ-Z=0
M(R)= H (X)), NEZ-Z=0
T (R)UH'(R), ReZNZ=Z
Thus,
T (X), R €Z-7=0
M®R)= H (X), ReZ-7=0

(F(X)NGR)UH'(R), NezNz=Z

*
Now, let’s handle RHS. Let (G,Z2) _ (H,Z2)=(L, ZUZ), where for all ReZ,
&

G (R), ReZ-Z=0
L(R)={ H(X), NEZ-Z=0
G (R)UH'(R), NeZNZ=Z
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*
Let(F.Z2) , (L.2)=(N,ZuZ), where for all ReZ,
&

F(R), REZ-Z=0
N®)={ L'(), REZ-7=0
F(R)UL'(R), NezZNZ=Z
Hence,
F(R), REZ-Z=0
NX)={ L'(R), NEZ-Z=0

F(X)U(G(R)NH(X)), NEZNZ=Z

*
It is seen that M=N. That is, in the set S,(U), _ does not have associative property, where Z is a fixed subset of E.
&

* *
4) (F,2) *E(G,C):(G,C) . (F.2).
Proof: Firstly, we observe that the parameter set of the soft set on both sides of the equation is ZUC, and thus the first condition
*
of the soft equality is satisfied. Now let us look at the LHS. Let (F,Z) _ (G,C)=(H,ZuUC), where for all ReZUC,
&

F(R), RezZ-C
H®X)={ G(N), REC-Z
F (X)UG'(X), XezNC

*
Now let’s handle the RHS. Assume that (G,C) _ (F,Z)=(T,CuZ), where for all ReCUZ,
&

G (N), ReC-Z
TR)={ F(X), Xez-C
G (R)UF'(R), ReCNz

%k %k %k
Thus, itis seen that H=T. Similarly, itis easily seenthat (F,.Z) _ (G,2)=(G,2) , (F,Z). Thatis, _ operation isnotcommutative
& & &
in both S;(U) and Sz (V).

5)(F2) . (F.2)=(F.2).

*
Proof: Let (F,.Z) , (F,2)=(H,ZuZ), where for all ReZ,
&

F(R), REZ-Z=0
HN)={ F(X), REZ-Z=0
F (X)UF'(X), NeZNZ=Z

*
Hence, for all XeZ, H(RX)=F'(X)UF'(X)=F'(X), and so (H,Z)= (F,Z)" Thatiis, _ is not idempotentin Sg(U).
&

ES ES
6) (F.2) *8(2)2:@2 *s(F:Z): Uz.

*
Proof: Let §;=(T,Z). Thus, for all ReZ, T(X)=0. Let (F,Z) _ (T,Z) =(H,ZuZ), where for all ReZ,
&
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F(R), ReZ-Z=0
HX®)={ T®), NEZ-Z=0
F(X)UT'(X), NezZNzZ=Z
Hence, for all ReZ, H(X)= F>(R)UT’(RX)= F’(X)U U= U and so (H,Z)= Uj.
* %k
) (F2) , 0=0g , (F.2)=Ug.

k
Proof: Let @ =(S,E). Thus, for all ReE, S(X)=@. Let (F,.2) _ (S,E)=(H,ZUE), where for all XeE,
&
F(R), REZ-E=0
HX)={ S'(X), NEE-Z=Z'
F(X)US'(R), NEZNE=Z
Hence, for all ReZ, H(R)= F’(X)US’(X)=F'(X)uU=U. Thus,
F(R), NeZ-E=0
HX)={ U, N€EE-Z=Z'
U, REZNE=Z
Thus, (H,2)= Ug.

k *
8) (F,2) ., Dy= Dy >’:‘E(F,Z) =(F,2)

Proof: Let @,= (K, 0) and (F,2) . (K, ®) = (QZ U 8) = (Q,2), where for all XeZ,
F(X), NEZ-0=Z
QR)=4 K(N), REP-Z=0

F (R)UK'(X), REZNP=0

Hence, for all ReZ, Q(X)=F'(X) and thus (Q,Z) = (F,Z)" . Similarly, let @ Zl: (F,2)= (W, 0 U Z) = (W,Z), where for all ReZ,

K'(R), NED-Z=0
WER)=¢ F(N), NEZ-0=Z

K'(R)UF'(R), RePNZ=0

Hence, for all ReZ, W(X)= F'(X), and thus (W,Z) = (F,2)".
* *
9) (F,2) *SUZ=UZ *g(F,Z)= (F, 7).

%
Proof: Let Uz =(H,Z), where for all ReZ, H(X)=U. Let (F,Z) _ (H,2)=(T,ZUZ) where for all XeZ,
&
F(X), REZ-Z=0
TX)={ H({R), RezZ-Z=0
F'(R)UH'(R), REZNZ=Z

%
Here for all XeZ, T(X)=F*(X)UH’(X)=F’(X) U @=F’(X) , and thus (T,2)= (F,Z)". Similarly, letU; _ (F.2)=(W,ZU Z)=(W,2),
&
where for all XeZ,
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H (X), REZ-Z=0
WER)=1 F(X), REZ-Z=0
H'(R)UF'(X), NEZNZ=Z

Here for all XeZ, W(X)= H’(R)UF’(X)=0) U F’(X) =F’(X) , and thus (W,Z)= (F,Z)".

* *
10) (F,2) *E(F,Z)r =(F,2) *E(F,Z): Uy.
%
Proof: Let (F,Z)" =(H,Z), where for all ReZ, HX)=F'(X). Let (F,Z) , (H,Z)=(T,ZuZ) where for all XeZ,
F(X), REZ-Z=0

TR)={ H(X), REZ-Z=0
F(R)UH(R), NezZNz=Z

Here for all XeZ, T(X)= F’(X)UH (X)= F'(X) UF(X)=U, and thus (T,Z)= Us.

11) [(F,2) j (G,O)] =(F,2) n.(G,C).

*
Proof: Let (F,Z) , (G,C)=(H,ZuUC), where for all NeZUC,
&

F(R), RezZ-C
H®X)=4 G(X), NEC-Z
F(X)UG'(R), ReZNC

Let (H,ZUC)" =(T,ZuUC), where for all XeZUC,
F(N), Xez-C
TXR)={ G(N), NeC-Z
FX)NG(X), RezZnNC

Hence, (T,ZUC) =(F,2) n.(G,C).

*
12) (F,Z) % (G, C): Q)ZUC @(F, Z) = UZ and (G, C) = Uc.
&
*
Proof: Let (F,Z) L (GO = (T,ZUC). Here, for all ReZUC,
&
F (), REZ-C

TX)=4{ G (X), ReC-Z
F(R)UG'(X), RezNC
Since (T,ZUC)= @y, T(R)=0 for all ReZUC. Hence, for all XeZ-C, F'(X)=0; for all ReC-Z, G'(X)=0 and for all ReZNC, F'(X)U
G'(X)= @. Thus, forallXeZ—C, FX)=U, forallXe C—Z, GX)=U, forallXeZnCF(X)= @, G'(X) = @. Thus,

forall& € ZN C,F(R) = U, G(X) = U. Thus, for all XeZ, F(X)=U and for all Xe C, G(X)=U. Thus, (F,Z) = U, and (G,C) =
UC.

130, EF2) | (GO, 0c EFD) |, GO). Buc EFD) | (GO). (F) | (GO E Uyye

14)(F.2) € (F.2) . (G,C)and (GC)'E (F2) . (G.C).

*
Proof: Let (F,Z) , (G,C)=(H,Z U C) where Z& Z U C and for all ReZUC,
&
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F(R), Rez-C
H(N)={ G (N), ReC-Z
F(R)UG'(X), RezNC

Here, for all XeZ-C, F'(X) € F'(X)=H(X) and for all ReZNC, F'(X) € F'(X) U G’(X)=H(R). Thus for all ReZ, F'(X)S H(X). So
_ *
(F.2) '€(F.2) , (G,C). Similarly, for all XeC-Z, G((X)SG'(X)=H(X) and for all ReCNZ, G'(X)S F'(X) U G'(X)=H(X). Thus for

all XeC, G'(X)€ H(R). So (G,C)'E (F.2) ’: (G,C).

~ k
15) If (F,.2) € (G, Z) then (F,2)  (G,.2) =(F.2)".
&
~ %k
Proof: Let (F,Z)< (G, Z). Then, for all ReZ, F(X) S G(R). Let (F,Z) _ (G,2)=(H,ZuZ), where for all NeZ,
F(R), REZ-Z=0
HX)=4{ G(N), REZ-Z=0
F(R)UG'(R), NezZNZ=Z

Hence, F(X)S G(X) for all ReZ and so G'(X)S F'(X).Thus, for all ReZ, H(X)=F(X)U G'(R)=F'(X). Therefore,
*
(F.2) *E(G,Z):(F,Z)r.

16) If (F,2) €(G,2), then (G, Z) . (H,C) € (F,2) . (H,C).

~ £
Proof: Let (F,Z) € (G,Z). Then, F(X) € G(X) for all ReZ, and so G'(X)=F'(X). Let (G, Z) , (H,C)=(W,Zu C) where for all Xe
&
Zu C,

G (N), XezZ-C
W(N)={ H (X), ReC-Z
G (X)UH'(X), ReznC
Let (F.2) 1‘6(}1, C) = (L,ZUC), where for all Xe ZUC,
F (R), RezZ-C
L(N)={ H (X), REC-Z
F(X)UH'(X), ReZNC

Thus, W(R)=G'(X) € G'(X)=L(X) for all XeZ-C; W(R)=H'(X) € H'(X)=L(X) for all ReC-Z; W(X)= G'(X)UH'(X)
F(R)UH'(R)=L(X) for all eZNC. Thus, (G, Z) - (H,C) € (F,Z) - (H,C).

* _ * - . .
1) 1f(GZ) , (H,C) € (FZ) . (HC), then (F,Z)<(G,Z) need not to hold. That is, the converse of Theorem 3.3. (16) is not
& &

true.
Proof: Let us give an example to show that the converse of Theorem 3.3. (16) is not true. Let E={e, ,e, e3,e, es} be the parameter
set, A={e,,e5}, C={e,,e3, es} be the subset of E, and U={h,,h,, h;,h,, hs} be the universal set.

Let (F,2)={(ey,{h2, hs}),(e3,{h1,hz,hsH}(G,2)={(e,{h;}).(e5.{hy,h D} H.C)= {(e1,0).(e5.0), (es, {hz, hs, hy})} be soft
sets over U. Let (G,Z)f(H, C)=(L,zu C), then (L, ZUC)= (L,ZUC)={(ey,U),(e3,U),(es, {h;,hsH} and let

(F,2). (H,C)=(K,ZUC), thus (K,ZUC)={ (K,ZUC)={(e; U),(e2,U).(es, {hy, hs})}. Hence, (G,Z) . (H,C) € (F,Z) - (H,C) but
(F,2) issnot a soft subnset of (G,Z2). ) )
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* *
18) If (F,2) € (G,2) and (K,C) € (L,C), then (G,2) , (L.C) EF,2) , (K.C).
& &
Proof: Let (F,2)€ (G,Z) and (K,C) € (L, C). Hence, ZEC and for all XeZ, F(X)S G(X) and G'(X)S F’(X) and for all XeC,
*
K(X)S L(X) and L'(R)< K'(X) Let (G,2) |, (L,C) = (W,ZUC). Thus, for all Xe ZUC,
&

G(N), XeZ-C
WR)=1 LX), NeC-Z
G (R)UL'(R), RezZNC

*
Let(F.Z2) , (K C) = (5,2UC). Thus, for all XeZUC,
&

F(X), ReZ-C
S(X)={ K'(N), ReC-Z
F(R)UK'(R), RezNnC

Hence, since for all Re Z-C, W(X)=G'(R)SF'(X)=S(X),for all Xe C-Z, W(R)=L'(X)SK'(X)=S(X),for all Xe ZNC,
: , * ~ *
W(R)=G (X)UL'(R) € F (R)UK'(X)=S(X) , (G,Z) , (LLO) S (FZ) , (KO).
& &
Theorem 3.4. The complementary extended star operation has the following distributions over other soft set operations:
Theorem 3.4.1. The complementary extended star operation has the following distributions over restricted soft set operations:
i) LHS Distributions of the Complementary Extended Star Operation on Restricted Soft Set Operations:

1) I ZNCNR= ZNCNR= then (F.2) . [(G.C)np(HR)I=IF.Z). (G.OINRIF2). (HR]

Proof: Consider the LHS first. Let (G,C)ngx(H,R)=(M,CNR), where for all XeCNR, M(X) = G(X) n H(R). Let
*

(F.2), (M,CNR)=(N,ZU(CNR)), where for all XeZU(CNR),
€

F'(X), REZ-(CNR)
N(N)={ M(X), RE(CNR)-Z
F (RX)UM'(R), XEZN(CNR)
Thus,
FI(X), REZ-(CNR)=Z-(CNR)
N(N)—{ G (R)UH'(R), Xe(CNR)-Z=Z'NCNR
F (R)U(G'(R)UH'(R)), ReZN(CNR)=ZNCNR
Now let"s handle the RHS i.e. [(F.2) . (G.O)INz(F.2). (H,R)]. Let (F.2). (G.C)=(V,ZUC), where for all XeZUC,
F(X), REZ-C
VE)={ GX), ReC-Z
F(X)UG'(X), REZNC
Assume that (F,Z) . (H,R)=(W,ZUR), where for all KeZUR,

F(X), XEZ-R
WE)={ H(X), NER-Z

F(R)UH'(X), NeZNR

59



Eurasian J. Sci. Eng. Tech. 2024, 5(1): 050-075

A.Sezgin, M. Sarialioglu

Let (V,ZUC) Ng(W,ZUR)=(T,(ZUC)n (Z U R))), where for all ReZU(CNR), T(X)=V(X)NW(X). Hence,

F(RX) NnF(R),

F'(R) n H'(R),

F(X) n (F(X)UH'(X))
G (R) N F(X),

T(X)={ G'(X) N H(X),

G (X) n (F(R)UH'®R)),
(F (X)UG'(X)) NF(X),
(F(R)UG'(X)) N H(X),

Thus,

(F®,
F(X)
TR)=1{ GX) NHEX),
| F(X)
(F'(R)UG'(R)) N (F (R)UH'(R)),

(F(R)UG'(RX)) N (F (R)UH'(N)),

Re(Z-C)N(Z-R)=ZNC'NR’
RE(Z-C)N(R-Z)=0

Re(Z-C)N(ZNR)=ZNC'NR

RE(C-Z)N(Z-R)=0
Re(C-Z)N(R-Z)=Z'NCNR
RE(C-Z)N(ZNR)=0

Re(ZNC)N(Z-R)=ZNCNR'

RE(ZNC)N(R-Z)=0

Re(ZNC)N(ZNR)=ZNCNR

RE(Z-C)N(Z-R)=ZNC'NR'
XE(Z-C)N(ZNR)=ZNC'NR
Re(C-Z)N(R-Z)=Z'NCNR
Xe(ZNC)N(Z-R)=ZNCNR'
Xe(ZNC)N(ZNR)=ZNCNR

Here, when considering Z-(CNR) in the function N, since Z-(CNR)=ZN(CNR)', if an element is in the complement of (CNR),
it is either in C-R, in R-C, or in (C U R). Thus, if X € Z-(CNR), then X €EZNCNR' or X EZNC'NR or 8 €ZNC'NR'. Thus, N=T

under the condition Z’NCNR=0.

2 (F2). (GOURHRIFIF.Z). GOINIFD), (HRI,

€ €

3) If Z2NCNR=ZNCNR=0 then (F2) [(G.C)+x(HR=IF2), (GOINKIF.2), (HR)L.

4) I ZNCNR=ZNCNR= then (F.2) . [(G,C)8x(HRYI=IF2), (GOINKIFZ), (HR)L

ii) RHS Distribution of Complementary Extended Star Operation on Restricted Soft Set Operations

D I(F2URGO, (HR=IF2), (HRINIGO), (HRIL,

Proof: Consider the LHS first. Let (F,Z)Ur(G,C)=(M,ZNC), where for all XezZn C, M(X)=F(X)UG(R). Let (M,Zn
*

C), (H,R)=(N,(ZNC)UR)), where Xe(ZNC)UR,
€

M(X), XE(ZNC)R
N(N)—{ H(X), RER-(ZNC)
MI(X)UH'(X), REZN(CNR)
Thus,
FR)NG(X), RE(ZNC)-R=ZNCNR'
N@)={ H(X), RER-(ZNC)=R-(ZNC)
(FEONG(R)UH'R),  ReZN(CNR)=ZNCNR
Now consider the RHS. i.e. [(F.2) - (H.R)INIG.C). (HR)]. Let(F.2). (H,R)=(V.ZUR), where for all KeZUR,
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F'(R), ReZ-R
V(R)={ H'), NER-Z
F(X)UH'(X), NeZNR
*
Now, let (G,C), (H,R)=(W, CUR), where for all XeCUR,

G'(X), REC-R
WX)={ H'(X), RER-C
G'(R)UH'(X), NeECNR

Let (V,ZUR) Nr(W,CUR)=(T,(ZUR)N (C U R)). Here, for all Xe(ZNC)UR, T(X)=V(X)NW(X).Thus,

F(R)NG (R), X€e(Z-R)N(C-R)=ZNCNR'
F (R)NH (R), Re(Z-R)N(R-C)=0
F(®)N(G'RUH'(X)), Xe(Z-R)N(CNR)=0
H ®X)NG (R), Xe(R-Z)N(C-R)=0
T(R)=< H (R)NH (X), Re(R-Z)N(R-C)=Z'NC'NR
H (R)N(G'(R)UH'(R)), Xe(R-Z)N(CNR)=Z'NCNR
(F'(R)UH'(R))NG (), Xe(ZNR)N(C-R)=0
(F(R)UH'(R))NH (R) Re(ZNR)N(R-C)=ZNC'NR
(F(X)UH'(R))N(G'(R)UH'(X)),  Re(@NC)N(ZNR)=ZNCNR
Thus,
( F(R)NG (R), Xe(Z-R)N(C-R)=ZNCNR'
H (X) Re(R-Z)N(R-C)=Z'NC'NR
T(X)=1 H'(R), RE(R-Z)N(CNR)=Z'NCNR
H'(X), Re(ZNR)N(R-C)=ZNC'NR

(F'(R)UH(R))N(G'(X)UH(X)), Ne(ZNC)N(ZNR)=ZNCNR
Here, if we consider R-(ZNC) in the function N, since R-(ZNC)=RN(ZNC)', if an element is in the complement of (ZNC), it is
either in Z-C, in C-Z, or in (ZU C)". Thus, if X € R —(ZNC), X ERNZNC' or X ERNZ'NC or X ERNZ'NC'. Hence, N=T is

satisfied under the condition Z’NCNR=ZNC'NR= @. It is obvious that the condition Z’NCNR=ZNC'NR=0 implies that (ZAC)n
R=0
* *

2) I ZNCNR*=ZNCNR=0then [(F,2)N&(G,0)]. (HR)=[(F.2). (HRINLLGC). (HR)]
3) If ZNCNR™=8 , then [(F.2)+x (G.O)], (HR)=IF.2), (HRI NGLG.C); (HR)L.

4) If ZNCNR'=ZNCNR=9 , then [(F.2)0 (G.C)]. (HRI=[(F.2), (HR)]NIG.C), (HR)L.

Theorem 3.4.2.The following distributions of the complementary extended star operation over extended soft set operations hold:

i)LHS Distributions of the Complementary Extended Star Operation on Extended Soft Set Operations

* * *

DIf (ZAC)NR=ZNCNR'= @, then (F,Z) [(G,C)*S(H,R)]:[(F,Z)_i_ (G,C)]ﬂg[(F,ZR_l_ (H,R)].
€ € €

Proof: Consider first LHS. Let (G,C)*, (H,R)=(M,CUR), where for all X € CUR,

G(X), REC-R
M®)={ H(X), RER-C
G'(R)UH'(X), ReCNR

*
Let (F,2), (M,CUR)=(N,ZU(CUR)), where for all Xe ZUCUR,
€
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Now consider the RHS, i.e. [(F’Z)+ (G,C)]ng[(F,Z)_i_

*
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F(X),
N(N)—{ M'(®),

F (R)UM'(R),

F(X),

G (),

H (),

N(R)=+ G(R)NH(X),
F(X)UG'(R),

F (R)UH'(X),
F(R)U(GR)NH()),

F(X),
V=4 G'(N),

XEZ-(CUR)
XE(CUR)-Z
XEZN(CUR)

XeZ-(CUR)=ZNC'NR'
Xe(C-R)-Z=Z'NCNR'
Re(R-C)-Z=ZNC'NR
Xe(CNR)-Z=Z'NCNR
XeZN(C-R)=ZNCNR'
XeZN(R-C)=ZNC'NR
XeZN(CNR)=ZNCNR

*

(H,R)]. Let (F’Z)+ (G,C)=(V,ZuC), where for all XeZUC,
€

ReZ-C
NeC-Z

F(R)UG(X), X€EZNC

Let (F,2) i (H,R)=(W,ZUR), where for all ReZUR,
€

F(X),
W)=4 HE®),

NEZ-R
NER-Z

F(R)UH(X), NXEZNR

Let (V,ZUC) N (W,ZUR)=(T,(ZUC)UR), where for all ReZUCUR,

Thus,

Hence,

T(X)=

V),
TX)=y W),
VR)NW(X),

F(X),

G (X),

F(R)UG(X),

F(X),

H (X),

F(X)UH(R),

F (R)NF'(R),
F(R)NH (X),

F (R)N(F (R)UH(R)),
G (XN)NF'(R),

G (N)NH'(X),

G (N)NF (R)UHR)),
(F (R)UGR)NF' (),
(F (X)UGR)NH (X),
(F'(R)UGR)N(F (R)UH(K)),
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RE(ZUC)-(ZUR)
XE(ZUR)-(ZUC)
XE(ZUC)N(ZUR)

Xe(Z-C)-(ZUR)=0
Xe(C-2)-(ZUR)=Z NCNR'
Xe(ZNC)-(ZUR)=0
XE(Z-R)-(ZUC)=0
Xe(R-Z2)-(ZUC)=ZNCNR
Xe(ZNR)-(ZUC)=0
Re(Z-C)N(Z-R)=ZNC'NR
Re(Z-C)N(R-2)=0
Re(Z-C)N(ZNR)=ZNC'NR
Re(C-2)N(Z-R)=0
Re(C-Z2)N(R-Z)=Z NCNR
Xe(C-Z)N(ZNR)=0
Xe(ZNC)N(Z-R)=ZNCNR’
Xe(ZNC)N(R-Z)=0
Xe(ZNC)N(ZNR)=ZNCNR
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G (N), Xe(C-Z)-(ZUR)=Z NCNR'
H(R), Re(R-2)-(ZUC)=ZNC'NR
F(X), RE(Z-C)N(Z-R)=ZNC'NR
T(R)= F (R)NH(R) Re(Z-C)N(ZNR)=ZNC'NR
G (R)NH'(R), Re(C-2)N(R-Z)=Z NCNR
F (R)NG(R) Re(ZNC)N(Z-R)=ZNCNR'
(F (R)UG(R))N(F (X) UH(R)), Xe(ZNC)N(ZNR)=ZNCNR

It is seen that N=T is satisfied under the condition Z'NCNR=ZNC'NR=ZNCNR'=@. | is obvious that the condition
Z'NCNR=ZNC'NR=0 is equal to (ZAC)NR= Q.

2 (F2), (GONMRIFIF2), GONIF), (HR)L
3) ZN(CAR)=0 , (F.2). [(G.OU(HRIFIF2). GOINIF2). (HR).

* * *
€ € €
ii) RHS Distributions of Complementary Extended Star Operation over Extended Soft Set Operations

DIFZNCAR =ZNCAR =0, then [(F.2)U, (GC)]. (HRI=IF2) . (HRIUIG.C) . (HR)]

Proof: Consider first the LHS. Let (F,Z)U, (G,C)=(M,ZuC), where for all XeZUC,
F(R), RXez-C
M®)=: G(X), NeC-Z
F(R)UG(X), RezNC

*
Let (M,ZuC) . (H,R)=(N,(ZUC)UR), where for all ReZUCUR,
€

MI(X), RE(ZUC)-R
N(N)={ H(X), RER-(ZUC)
MRUH'(X),  Re(ZUC)NR
Thus,
F(X), RE(Z-C)-R=ZNC'NR
G(X), RE(C-2)-R=Z'NCNR’
F)NG(X), XE(ZNC)-R=ZNCNR’
N@)={ H(X), RER-(ZUC)=Z'NC'NR
F(X)UH'(X), Re(Z-C)NR=ZNC'NR
G (R)UH'(R), Xe(C-Z)NR=Z'NCNR
FENGEIUHK),  Xe(ZNC)NR=ZNCNR
Now consider the RHS, i.e. [(F.2) . (HR)]U[(G.C) . (HR)]. Let (F.2). (HR)=(V,ZUR), where for all XeZUR,
F(X), REZ-R
V)= H), NER-Z
F(UH'(X)  REZNR

*
Let (G,C) , (H,R)=(W,CUR), where for all XeCUR,
€
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G'(X), REC-R
WE)={ H(X), RER-C
G'(R)UH'(X), RECNR

Let (V,ZUR) U, (W,CUR)=(T,ZUCUR), where for all ReZUCUR,

V),
TX)=9 W),
VR)UW(X),

XE(ZUR)-(CUR)
Xe(CUR)-(ZUR)
Xe(ZUR)N(CUR)

Thus,

T(R)=+

(F(X),

H(X),

F (R)UH'(R),

G (X),

H(R),

G'(X)UH'(R),

F(X)UG (Y),

F(R)UH (X),
F(R)U(G'(R)UH'(R)),
H®)UG (R),

H (X)UH (N),

H (R)U(G'(X)UH'(X))
(F (X)UH'(X)UG'(X),
(F (X) UH'(X))UH'(X)

Thus,

T(X)=1

(F (R)UH'(R))U(G'(R)UH'(R))

F(X),

G (X),

F(®)UG (R),

H(X),

G'(X)UH'(X)

F'(R)UH'(R)
(F (R)UH'(X))U(G'(R)UH'(X))

Hence, under the condition Z’NCNR=ZNC'NR=@, N=T

*

* *

RN (GO, (HR=IFZ) , (HRIN[G.C), (HR).

Xe(Z-R)-(CUR)=ZNC'NR
Ne(R-Z)-(CUR)=0
Xe(ZNR)-(CUR)=0
Xe(C-R)-(ZUR)=ZNCNR
Re(R-C)-(ZUR)=0
Xe(CNR)-(ZUR)=¢
Re(Z-R)N(C-R)=ZNCNR'
Xe(Z-R)N(R-C)=0
Re(Z-R)N(CNR)=¢
Re(R-Z)N(C-R)=0
Re(R-Z)N(R-C)=ZNCNR
Re(R-Z)N(CNR)=Z'NCNR
Re(ZNR)N(C-R)=0
Re(ZNR)N(R-C)=ZNC'NR
Xe(ZNR)N(CNR)=ZNCNR

X€(Z-R)-(CUR)=ZNC'NR
Xe(C-R)-(ZUR)=Z'NCNR
Xe(Z-R)N(C-R)=ZNCNR'
Xe(R-Z)N(R-C)=Z'NC'NR
Re(R-Z)N(CNR)=Z'NCNR
Xe(ZNR)N(R-C)=ZNC'NR
Xe(ZNR)N(CNR)=ZNCNR

3) If ZAC)N R=ZNCNR™=, then [(F,2)6,(G,0)], (HR)=[(F2) , (HRIUIGC) , (HR].

4) If ZAC)N R=ZNCNR™=B, then [(F.2)+(G.C)], (HR)=[(F.2) ) (HRIN.[G.C) , (HR)].

Theorem 3.4.3. The following distributions of the complementary extended star operation over complementary extended

operations hold:

i) LHS Distributions of Complementary Extended Star Operations over Complementary Extended Soft Set Operations

1) If ZN(CAR)=0, then (F,Z)

*

* * *
. [©0)  (HRI=F.D), GO,

*

(F2), HRL

*
Proof: Consider first LHS. Let (G,C) o ((H,R)=(M,CUR), where for all XeCUR,
€
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G'(N), REC-R
M(X)={ H'(X), RER-C
G(®)NH(X), RECNR
%k
Let (F.2), (M,CUR)=(N,ZU(CUR)), where for all XeZUCUR,
€

F'(R), XeZ-(CUR)
N(x)_{ M'(R), Xe(CUR)-Z
F(X)UM'(R),  ReZN(CUR)
Thus,
F(X), XeZ-(CUR)=ZNC'NR’
G(N), X€E(C-R)-Z=Z'NCNR!'
H(R), Xe(R-C)-Z=Z'NC'NR
N(®)={ G'R)UH(X), Xe(CNR)-Z=Z'NCNR
F (X)UG(R), XeZN(C-R)=ZNCNR
F (RX)UH(R), XeZN(R-C)=ZNC'NR
F (R)U(G'(R)UH'(X)), XeZN(CNR)=ZNCNR
Now consider the RHS, i.. [(F.2), (G.O)I ., [(F2). (HR)L. Let(F2), (G.C)=(V,ZuC), where for all XeZUC,
{ F'(R), Xez-C
V(R)={ G'(X), ReC-Z
F(X)UG'(X), RezZNC

*
Let(F.Z2) , (H,R)=(W,ZUR), where for all NeZUR,
€

F'(X), NEZ-R
WR)={ H'(X), XER-Z
F(R)UH'(X), REZNR

*
Let (V,ZUC) U (W,ZUR)=(T,(ZUC)UR), where for all XeZUCUR,
€

{ V'(R), XE(ZUC)-(ZUR)

TR)={ W'(X), XE(ZUR)-(ZUC)

V(X)UW(X), RE(ZUC)N(ZUR)

Thus,
E(R), Xe(Z-C)-(ZUR)=0
G(X), Xe(C-2)-(ZUR)=ZNCNR'
F(R)NG(R), X€e(ZNC)-(ZUR)=0
F(R), X€E(Z-R)-(ZUC)=0
H(R), Re(R-Z)-(ZUC)=Z'NC'NR
F(R)NH(X), RE(ZNR)-(ZUC)=¢
F (X)UF (R), Re(Z-C)N(Z-R)=ZNC'NR’
F (R)UH (X), RE(Z-C)N(R-Z)=0

TR)= F (X)U(F (R)UH'(X)), Re(Z-C)N(ZNR)=ZNC'NR

G (X)UF (X), Re(C-2)N(Z-R)=0
G (R)UH (R), Re(C-2)N(R-Z)=Z NCNR
G (R)U(F (R)UH'(R)), Re(C-Z)N(ZNR)=0
(F (R)UG'(R))UF (R), Re(ZNC)N(Z-R)=ZNCNR
(F (R)UG'(X))UH (R), Re(ZNC)N(R-2)=0
(F (RX)UG'(R))U(F(X)UH'(X)), Re(ZNC)N(ZNR)=ZNCNR
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Thus,
G(R), Re(C-2)-(ZUR)=Z' NCNR
H(R), Re(R-Z)-(ZuC)=Z' NC'NR
F(R) Xe(Z-C)N(Z-R)=ZNC'NR
T(X)= F (R)UH'(R) Re(Z-C)N(ZNR)=ZNCNR
G (R)UH (R), Re(C-Z)N(R-Z)=Z' NCNR
F'(R) UG'(R) Re(ZNC)N(Z-R)=ZNCNR
(F (R)UG'(R))N(F (X)UH'(R)), Xe(ZNC)N(ZNR)=ZNCNR

N=T is satisfied under the condition ZNC'NR=ZNCNR'=@. It is obvious that the condition ZNCNR'=ZNC'NR=Q is equivalent
to (Zn C) AR=0.

ES %k %k ES %
2) I ZNCNR=ZNCNR=9, then (F.2),, [(G.C) , (HRI=IF2), (GO, [(F2), (HR)]

* * * * *
3) If ZZNCNR=0, then (F,Z)*E[(G,C)*S(H,R)]:[(F,Z)+s (G,0)] ng[(F’Z)+s (H,R)].

* * * * *
4) If ZZNCNR=0, then (F’Z)*s[(G’C)GS(H’R)]:[(F’Z)+S (G,C)] Ug[(F’Z)+S (H,R)].

ii) RHS Distributions of Complementary Extended Star Operation over Complementary Extended Operations
* * * * *
1) If ZNCNR’=Q, then [(F,Z) 0 (GO, (H,R):[(F,Z)x (H,R)] U [(G,C) A (H,R)].
€ % € € € €
Proof: Consider first LHS. Let (F,Z2) 0 (G,C)=(M,ZuUC), where for all XeZUC,
€
F'(R), NeZ-C
M®)={ G'(X), ReC-Z
F(R)NG'(X), KezZNC

£
Let (M, ZuC), (H,R)=(N,(ZUC)UR), where for all ReZUCUR,
€

M'(R), Xe(ZUC)-R

N(N)={ H'(X), NXER-(ZUC)

M'(X)UH'(RX), Xe(ZUC)NR

Hence,

F(R), Ne(Z-C)-R=ZNC'NR'
G(N), Xe(C-Z)-R=Z'NCNR'
F(X)UG(R), Xe(ZNC)-R=ZNCNR'
N(R)=< H'(X), NER-(ZUC)=Z'NC'NR
F(R)UH'(X), Ne(Z-C)NR=ZNC'NR
G(RX)UH'(N), Ne(C-Z)NR=Z'NCNR
(F(R)UG(R))UH'(R), Xe(ZNC)NR=ZNCNR

* % % %
Now consider the RHS, i.e. [(F,2) 2 (H,R)] U [(G,C) A (H,R)]. Let (F,2) A (H,R)=(V,ZUR), where for all XeZUR ,
€ € € €

F'(X), XEZ-R
V(X)={ H'(X), NER-Z

F(X)UH'(X), NXEZNR

*
Let (G,C) A (H,R)=(W,CUR), where for all XeCUR,
€

66



Eurasian J. Sci. Eng. Tech. 2024, 5(1): 050-075

NEW SOFT SET OPERATION: COMPLEMENTARY EXTENDED STAR OPERATION

*

Let (V,ZUR) U (W,CUR)=(T,ZUCUR), where for all XeZUCUR,

Thus,

T(X)=<

Therefore,

T(R)=

G'(X), XEC-R
WER)={ H(X), RER-C
G(X)UH'(X), RXECNR

V'(R),
T(N)—{ W'(X),
VE)UW(R),
F(X),
H(X),
F'(X) NH(R),
G(N),
H(X),
G'(R)NH(R),
F(X)UG (R),
F(R)UH (R),
F (X)U(G(X)UH'(X)),
HR)UG (R),
H (R)UH (R),
H(X)U(G(R)UH'(R))
(FRYUH'(R)UG'(R),
(F(X)UH'(X) )UH (R)
(FR)UH'(R)U(G(R)UH'(X))

F(X),

G(Y),

F(®)UG (Y),

H(X),

G(R)UH'(R),

F(R)UH'(R),
(FR)UH'(R)U(G(R)UH'(X))

It is seen that N=T under the condition ZNCNR'=0Q.

2) If ZN(C AR)=9, then [(F,2) :

3) If (ZAC)N R=0, then [(F.2) * (G.0)]

* *

* *

XE(ZUR)-(CUR)
XE(CUR)-(ZUR)
XE(ZUR)N(CUR)

Re(Z-R)-(CUR)=ZNCNR'
Ne(R-Z)-(CUR)=0
Xe(ZNR)-(CUR)=0
X€(C-R)-(ZUR)=Z NCNR’'
Re(R-C)-(ZUR)=0
Xe(CNR)-(ZUR)=0
X€e(Z-R)N(C-R)=ZNCNR’
Xe(Z-R)N(R-C)=0
Xe(Z-R)N(CNR)=0
X€E(R-Z)N(C-R)=0
Xe(R-Z)N(R-C)=Z'NC'NR
Xe(R-Z)N(CNR)=Z'NCNR
Xe(ZNR)N(C-R)=¢
Xe(ZNR)N(R-C)=ZNC'NR
Xe(ZNR)N(CNR)=ZNCNR

Xe(Z-R)-(CUR)=ZNC'NR
Xe(C-R)-(ZUR)=ZNCNR
Xe(Z-R)N(C-R)=ZNCNR'
XeE(R-Z)N(R-C)=ZNC'NR
Re(R-Z)N(CNR)=Z'NCNR
Re(ZNR)N(R-C)=ZNC'NR
Xe(ZNR)N(CNR)=ZNCNR

* *

_(©0)], (HR=IFZ) , (HR] [GO) . (HR).

* *

. (HRIEF.2) - (HR] |, [(G.C) , (HRI.

* * * * *
4) If ZNCNR=ZNCNR’=@, then [(F,Z)*E (G,C)]*‘E (H,R)=[(F,2) Ao (H,R)] UE[(G,C) X?_(H’R)]'

Theorem 3.4.4. The following distributions of the complementary extended star operation over soft binary piecewise operations

hold:

i) LHS Distributions of the Complementary Extended Star Operation on Soft Binary Pievewise Operations

* ~ * ~

1) IfZNC’NR=9, then (F,.2) _ [(G,C) n HR)I=FI(F2), (GO, [(F,Z)i< (H,R)].
€ €

Proof : Consider first the LHS. Let (G,C)n (H,R)=(M,C). Hence for all Xe C,
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G(X),

XeC-R

M(N):{G(N)OH(N), XECNR

Let(F.Z), (M,C)=(N,ZuC), where for all XeZUC,
€

Thus,

* ~ *
Now consider the rhs, i.e. [(F,Z)* (G,C)]U[(F,Z)*

*

F(X),
N(N)={ M'(X),

F (R)UM'(R),

[ Fj(N),

G(N),

G (R)UH (R),

F (R)UG'(R),
F(R)U(G'(R)UH' (X)),

N(R)=

€ €

F(X),
VR)=4 G'(N),

FR)UG'X),

Let(F.Z2) , (H,R)=(W,ZUR), where for all NeZUR,
€

F'(X),
WR)=4 H(®),

NeZ-C
NeC-Z
NezZNnC

NeZ-C
Xe(C-R)-Z=Z'NCNR'
Xe(CNR)-Z=Z'NCNR
XeZN(C-R)=ZNCNR'
XeZN(CNR)=ZNCNR

*
(HR)]. Let (F.Z), (G,C)=(V,ZuC), where for all ReZUC,
€

ReZ-C
NeC-Z
NezZNnC

NEZ-R
NER-Z

F(X)UH'(X), REZNR

Let (V,ZUC) | (W,ZUR)=(T,(ZUC)), where for all XeZuUC,

Thus,

Therefore,

T(R)=

V),

)= {V(N)UW(N),

F(X),

G (R),

F(X)NG(X),

F (R)UF (X),

F(R)UH (X),
F(R)U(F (X)UH'(R)),
G (N)UF (N),

G (X)UH (R),

G (R)U(F (R)UH'(X)),
(F (X)UG'(R))UF (R),
(F (X)UG'(X))UH (X),

L(F (X)UG'(R)U(F (R)UH'(X)),

68

XE(ZUC)-(ZUR)
RE(ZUC)N(ZUR)

Re(Z-C)-(ZUR)=0
Re(C-2)-(ZUR)=Z'NCNR'
Re(ZNC)-(ZUR)=p
RE(Z-C)N(Z-R)=ZNC'NR’
XE(Z-C)N(R-Z)=0
Re(Z-C)N(ZNR)=ZNC'NR
Xe(C-Z)N(Z-R)=0
Xe(C-Z)N(R-Z)=Z'NCNR
Re(C-Z)N(ZNR)=0
Re(ZNC)N(Z-R)=ZNCNR'
Re(ZNC)N(R-Z)=0
Re(ZNC)N(ZNR)=ZNCNR
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G (N), XE(C-2)-(ZUR)=Z'NCNR'

F(X), RE(Z-C)N(Z-R)=ZNC'NR'

T(%)=) F'(VN)UH‘('N), Re(Z-C)N(ZNR)=ZNC'NR
G (RX)UH (R), Xe(C-Z)N(R-Z)=Z'NCNR

F (R)UG'(R), Re(ZNC)N(Z-R)=ZNCNR'

(F (R)UG'(R))U(F (R)UH'(X)), Xe(ZNC)N(ZNR)=ZNCNR

Here, if we consider Z-C in the function N, since Z-C=ZNC', if an element is in the complement of C, it is either in R-C or
(CUR)’. Thus, if X € Z- C, X €ZNC'NR or X eZNC'NR’. Thus, it is seen that N=T under the condition ZNC'NR=0.

2)IFZNCNR'=0 , then (F.2) [(G,C) ¥ (HRI=[F2). (GC)] A (F2). (HR)].
3) If ZARNC=0 . then (F2). [(G.0) . HRFIFD), (GO IFD), HR)
4) If (ZAC)R=ZNC'NR=0 , then (F.2) - (GORHRI=IFD) | GO (F2), (HR).

ii) RHS Distributions of the Complementary Extended Star Operation over Soft Binary Piecewise Operations

1) If (ZAC)NR=ZNCNR’=0Q , then [(F,Z)g (G,C)]:< (H,R) :[(F,Z);k (H,R)]G[(G,C);\l< (H,R)].
Proof: Consider first LHS. Let (F,Z)g (G,C)=(M,Z2), where for all ReZ,

_(F(X), RezZ-C
M(N)_{F‘(N)OG‘(X), RezZNC

*
Let (M,Z)*a( (H,R)=(N,ZUR), where for all ReZUR,

M'(R), REZ-R
N(R)= {H‘(x), RER-Z

M (R)UH'(R), NeZNR

Thus,
F (R), Xe(Z-C)-R=ZNC'NR'
F(R)UG(R), Xe(ZNC)-R=ZNCNR'
N(R)=1{ H'(X), NeR-Z
F (R)UH'(X), Re(Z-C)NR=ZNC'NR

(FR)UG(X))UH'(X),  RE(ZNC)NR=ZNCNR
* ~ * *
Now consider the RHS, that is, [(F,Z) 2 (H,R)]U[(G,C) 2 (H,R)]. Let (F,2) 3 (H,R) = (V,ZUR), where for all ReZUR,
€ € €
F'(R), XeZ-R
V(X)={ H'(X), NER-Z
F(R)UH'(R), N€EZNR
*
Now let (G,C) 2 (H,R)=(W,CUR), where for all XeCUR,
€
G'(N), NeC-R
WR)={ H'®), ReR-C
G(R)UH'(X), NeCNR
Let (V,ZUR) | (W,CUR)=(T,(ZURY)), where for all XeZUR,

T(R _{ V(X), NE(ZUR)-(CUR)
()= V(R)UW(R), X€E(ZUR)N(CUR)
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Thus,,

T(X)=<

Hence

T(R)=

Under the condition Z’NCNR=ZNC'NR=ZNCNR'=Q, it can be seen that N=T. It is obvious that the condition Z'NCNR=
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F(X),

H (X),

F(R)UH'(X),

F(X)UG (X),
F(X)UH (R),
F(X)U(GR)UH'(X)),
H (X)UG (R),

H (X)UH (R),
H®)U(GER)UH'(R))
(FR)UH'(X))UG (R),
(F(RX)UH'(X) )UH (R)
(F(R)UH'(R))U(GR)UH'(R)),

( FX),
| FOOUG),

H (),

G(R)UH'(N),

F(R)UH'(X),
\(F(R)UH'(X))U(G(R)UH'(X)),

ZNC’NR=0Q is equivalent to the condition (ZAC)NR=0.
~ * * ~ *
2) If ZNC’NR=Q, then [(F,Z)U (GOI, (HR)=[F2), (H,R)]n[(G,C)* (H,R)].

Xe€(Z-R)-(CUR)=ZNC'NR'
Ne(R-Z)-(CUR)=0
XE(ZNR)-(CUR)=0
Xe(Z-R)N(C-R)=ZNCNR'
Re(Z-R)N(R-C)=0
Xe(Z-R)N(CNR)=0
Re(R-Z)N(C-R)=0
Xe(R-Z)N(R-C)=Z'NC'NR
Xe(R-Z)N(CNR)=Z'NCNR
Xe(ZNR)N(C-R)=0
Ne(ZNR)N(R-C)=ZNC'NR
Xe(ZNR)N(CNR)=ZNCNR

Xe(Z-R)-(CUR)=ZNC'NR'
Xe(Z-R)N(C-R)=ZNCNR'
Re(R-Z)N(R-C)=Z'NC'NR
Re(R-Z)N(CNR)=Z'NCNR
Re(ZNR)N(R-C)=ZNC'NR
Xe(ZNR)N(CNR)=ZNCNR

3)If Z2NCNR= 8, then [(F,2) (G,O)]. (HR)=[(F2), (HRI IG.C), (HRL.

4 IfZ0(CAR)=0, then [(F2), GON T (HR)=[F.D), (HRILIGC)y (HRL

Theorem 3.4.5. The following distributions of the complementary extended star operation over the complementary soft binary

piecewise operations exist:

i) LHS Distribution of the Complementary Extended Star Operation on Complementary Soft Binary Piecewise Operations

1)If ZN(CAR)=9, then (F,Z);k [(G,C) ~ (H,R)]:[(F,Z)f

* *

n
*

V)

*k

GOl~ [(F2), (HR).

Proof: Consider first LHS. Let (G,C)~ (H,R)=(M,C), where for all Xe C,

*

n

G'(X),

M@= {G(N)OH(N),

Let (F,Z)* (M,C)=(N,ZuUC), where for all XeZUC,
€

Thus,

F(X),
N(N)—{ M'(X),

F (R)UM'(R),
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(F(X), ReZ-C
| G, Xe(C-R)-Z=Z'NCNR'

N(X)=1 G (R)UH (X), Xe(CNR)-Z=Z'NCNR
F (R)UG(X), XeZN(C-R)=ZNCNR'

F(R)UG'(X)UH'(R)),  XEZN(CNR)=ZNCNR

*

* * *
Now consider RHS, i.e. [(F,.Z2) (G,C)]~[(F.2), (HR)] Let(F.2), (G,C)=(V,ZuUC), where for all NeZUC,
€ U € €
F'(X), NeZ-C
VR)={ G'X), REC-Z
F'(X)UG'(X), RezNC
*
Let (F,.2) . (H,R)=(W,ZUR), where for all ReZUR,
€
F'(R), NEZ-R
W(R)=<{ H'(X), RER-Z
F(X)UH'(X), X€ZNR

*

Let (V,ZUC) ~ (W,ZUR)=(T,(ZuUC)), where for all ReZUC,

U
V'(R), X€E(ZUC)-(ZUR
T®)= {V(N)OW(N), NeEZUC;rg(zmi)
Thus,

F(X), RE(Z-C)-(ZUR)=0

G(R), Xe(C-Z)-(ZUR)=Z'NCNR'

F(R)NG(R), R€E(ZNC)-(ZUR)=0

F (X)UF (R), Re(Z-C)N(Z-R)=ZNC'NR'

F (X)UH (X), REZ-O)N(R-2)=0

F (R)U(F (X)UH'(R)), Re(Z-C)N(ZNR)=ZNC'NR

T)=\ G x)UF (), RE(C-Z)N(Z-R)=0

G (X)UH (R), Re(C-Z)N(R-Z)=Z'NCNR

G (R)U(F (R)UH'(X)), Re(C-Z2)N(ZNR)=0

(F (R)UG'(X))UF (X), Xe(ZNC)N(Z-R)=ZNCNR'

(F (R)UG'(X))UH (R), Re(ZNC)N(R-Z)=0

(F (R)UG'(R))U(F (X)UH'(X)), Xe(ZNC)N(ZNR)=ZNCNR

Hence,

(G, X€E(C-Z)-(ZUR)=Z'NCNR’

| F(X), RE(Z-C)N(Z-R)=ZNC'NR’

)= F (X)UH'(X) Xe(Z-C)N(ZNR)=ZNC'NR

G (X)UH (R), Xe(C-Z)N(R-Z)=Z'NCNR

F (R)UG'(X) Xe(ZNC)N(Z-R)=ZNCNR'

(F (R)UG'(R))U(F (X)UH'(X)), Re(ZNC)N(ZNR)=ZNCNR

Here, if we consider Z-C in the function N, since Z-C=ZNC’, if an element is in the complement of C, it is either in R-C or
(CUR).Thus,if X € Z—C,X €eZNC'NR or &8 €ZNC'NR". Hence, it is seen that N=T under the condition ZNC'NR=ZNCNR'=@.
It is obvious that the condition ZNC'NR=ZNCNR'=0Q is equivalent to the condition ZN(CAR)=0.

* *

2) IFZNCNR'=g, then (F.2) . [(G.C) ~ (HR)=IF.2). (GO~ [F2). (HRI].
€ U € n €
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3)If ZARNC=0 , then (F.2), [(G.C)~ (HRI=IF2), (GO~ [F2), (HR.
€ * € n €

4)If (ZAC)NR=0, then (F,Z)j [(G.C)~ (H, C)]:[(F,Z)_f

€ €

©ON~[F2), (HR].
U £

ii) RHS Distributions of Complementary Extended Star Operation over Complementary Soft Binary Piecewise Operations
* *

1) If ZARNC=0  then [(F.2)~ (G,O)], (HR)=[(F2); (HRI~(G.C); (HR.
e € € U €

Proof: Consider first LHS. Let (F,Z)~ (G,C)=(M,Z), where for all XeZ,

0
L F'(R), Xez-C
M(N)_{F'(N)HG'(N), Xeznc
%
Let(M,Z), (H,R)=(N,ZUR), where for all ReZUR,
M'(R), NEZ-R
NX)=4{ H'X), NER-Z
M (X)UH'(X),  XEZNR
Thus,
(F(R), X€E(Z-C)-R=ZNC'NR'
F(R)UG(R), X€E(ZNC)-R=ZNCNR'
N(X)=4 H'(X), NER-Z
[ F(RX)UH'(X), X€E(Z-C)NR=ZNC'NR

(F(X)UG(X))UH'(X),  RE(ZNC)NR=ZNCNR

*

%k £ %k
Now consider the RHS, that is, [(F,Z) 2 (H,R)]~[(G,C) 2 (H,R)]. Let (F,2) 2 (H,R)= (V,ZUR), where for all XeZUR,
€ U € €

F'(X), REZ-R
VR)={ H(), NER-Z

F(X)UH'(X), NEZNR

*
Now let (G,C) 2 (H,R)=(W,CUR), where for all XeCUR,
€

G'(X), NEC-R
WR)={ H(X), RER-C
G(R)UH'(X), XECNR

*

Let (V,ZUR) ~ (W,CUR)=(T,(ZUR)), where for all XeZUR,
V)

V'(R), XE(ZUR)-(CUR)

T(N):{V(N)UW(N), NE(ZUR)N(CUR)

Thus,
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F(R), Xe(Z-R)-(CUR)=ZNC'NR'
H(X), XE(R-Z)-(CUR)=0
F'(R)NH(R), X€(ZNR)-(CUR)=0
F (X)UG (X), Xe(Z-R)N(C-R)=ZNCNR'
F (X)UH (X), Xe(Z-R)N(R-C)=0
F(X)U(GR)UH'(X)), Xe(Z-R)N(CNR)=0
T)={ H®)UG (R), Xe(R-Z)N(C-R)=0
H (R)UH (R), Xe(R-Z)N(R-C)=Z'NC'NR
H (X)U(G(R)UH'(R)) Re(R-Z)N(CNR)=Z'NCNR
(FR)UH'(R))UG (R), Xe(ZNR)N(C-R)=0
(F(R)UH'(X))UH (X) Re(ZNR)N(R-C)=ZNC'NR
L (FR)UH'(R))U(G(R)UH'(R)), Re(ZNR)N(CNR)=ZNCNR
Therefore,
( F, X€(Z-R)-(CUR)=ZNC'NR’
| F (R)UG (R), Xe(Z-R)N(C-R)=ZNCNR'
T(X)— { H (X), Re(R-Z)N(R-C)=Z'NC'NR
G(X)UH'(R), Re(R-Z)N(CNR)=Z'NCNR
F(R)UH'(R), Re(ZNR)N(R-C)=ZNC'NR
((F(N)UH(N))U(G(N)U H(X)), Xe(ZNR)N(CNR)=ZNCNR

Under the condition Z'NCNR= ZNCNR'=@, N=T is satisfied. It is obvious that the condition Z’NCNR= ZNCNR'= @ is
equivalent to (ZAR)NC= 0@
2) I ZNCNR=9, then [(F2)~ (GO, (HR=IF2). (HRI~I(G.C). (HRI.
U € € n €
* *
I (ZACNR=0, then [(F.2)~ (G.C)], (HR)=[(F2). (HRI~(GC). (HR)]
n € € U €
* * * * *
* € € n €

4. CONCLUSION

Soft set operations are at the heart of soft set theory, providing a foundational structure for managing uncertainty in both data
analysis and decision-making processes. This paper introduces a novel soft set operation named complementary extended star
operation and explores its algebraic properties. Additionally, we examine how complementary extended star distributes over
various other operations on soft sets. It is our aim that this study will serve as a guiding framework for future investigations into
soft set operations. Further study may examine various kinds of complementary extended soft set operations and their
distributions and characteristics to find out what algebraic structures arise in the collection of soft sets together with
complementary extended star operation of soft sets.
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