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ABSTRACT

The aim of this research was to determine the modes of thinking that pre-service mathematics teachers’
employ to solve problems related to the concept of linear transformation in linear algebra. A study was
conducted with 22 pre-service mathematics teachers’ using the case study method - a qualitative research
method. The data of the research were collected through four problems defined in the context of the
“definition of linear transformation” and “matrix representation of linear transformation”. 10 codes were
created upon the descriptive analysis of the data collected, and those codes were classified in the context
of Sierpinska’s (2000) theoretical framework modes of thinking (analytical-structural, analytical-
arithmetic, synthetic-geometric). According to the study, pre-service mathematics teachers’ had different
modes of thinking in “definition” and “matrix representation” but they could not switch between modes
of thinking. It was found that analytical-arithmetic thinking was more common than analytical-structural
and synthetic-geometric thinking throughout the study. The concept of linear transformation could not be
internalized with all its components and it was a challenging process for pre-service teachers’ to switch to
the matrix representation of linear transformation.

Keywords: Linear algebra, linear transformation, modes of thinking, pre-service mathematics teachers.

0z

Bu arastirmanin amaci matematik 6gretmeni adaylarinin lineer cebirde, lineer doniigiim kavramina iligkin
problemleri ¢6zerken sahip olduklari diisiinme bigimlerini belirlemektir. Nitel arasgtirma yontemlerinden
durum c¢alismast benimsenerek, 22 matematik Ogretmeni aday1 ile arastirma gergeklestirilmistir.
Aragtirmanin verileri “lineer doniisimiin tanim1” ve “lineer doniisiimiin matris temsili” baglaminda
hazirlanan dort adet problem araciligiyla toplanmistir. Elde edilen verilerin betimsel analize tabi
tutulmasiyla 10 adet kod olusturulmus ve bu kodlar Sierpinska’nin (2000) diisiinme big¢imleri (analitik-
yapisal, analitik-aritmetik, sentetik-geometrik) kuramsal c¢ergevesi baglammda simiflandirilmastir.
Arastirmanin sonucunda dgretmen adaylarinin lineer doniisiim kavramini “tanim” ve “matris temsili”
baglaminda farkli diigiinme bigimlerine sahip olduklart ancak diisiinme bi¢imleri arasinda gecis
yapamadiklar1 belirlenmigtir. Tiim siiregte analitik-aritmetik diisinme big¢iminin analitik-yapisal ve
sentetik-geometrik diisiinme bigimine kiyasla daha baskin oldugu belirlenmistir. Lineer doniigiim kavrami

"This research was produced from the doctoral dissertation of the first author, which was carried out under the
supervision of the second author.
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tim bilesenleri ile igsellestirilememis ve lineer doniisiimiin matris temsiline gegme fikri 6gretmen
adaylar1 i¢in zorlayici bir siireg oldugu belirlenmistir.

Anahtar Kelimeler: Lineer cebir, lineer doniisiim, diisiinme bigimi, matematik 6gretmeni aday1.

INTRODUCTION

The process of learning new concepts is based on pre-formed concepts particularly in
advanced mathematics (Villabona et al., 2020). The concept of linear transformation is also one
of the advanced algebra concepts, central to linear algebra, and often involves a process that
students struggle to grasp, encountering new definitions and theorems along with the concept
(Roa-Fuentes & Oktag, 2010).

Linear transformations are functions defined from one vector space to another that
preserve vector addition and scalar multiplication (Bagley et al., 2015). Although this concept
contains ideas familiar to students, it is one of the concepts that students find quite challenging
(Sierpinska et al., 1999; Sierpinska, 2000). Students may struggle to grasp the concept of linear
transformation due to it being a special type of function between vector spaces and their prior
exposure to the concept of functions (Oktag, 2018). The concept of linear transformation,
including components such as functions, vector spaces, vector addition, and scalar
multiplication, is also related to matrix transformations. As a result of their formal definition,
linear transformations contain zero vectors, and this provides an idea about the geometric
representation of the transformation, especially in one-dimensional spaces. In one-dimensional
spaces, the linearity of a transformation can be inferred by easily seeing whether the graph of a
transformation transforms the zero vector into a non-zero vector. Linear transformations can be
defined as matrix transformations (Bogomolny, 2006), and students find it complex to
conceptualize matrices within the context of linear transformations (Turgut, 2022). The
necessity to understand this entire process both algebraically and geometrically, which involves
different thinking processes, has made the concept challenging for both students and educators.

Considering the formal structure of the concept of linear transformation and its
relationship with matrices, it is possible to state that the existence of different representations of
the concept requires transitions between these representations to involve various modes of
thinking. Sierpinska (2000) linked students’ difficulties in understanding linear algebra concepts
to inconsistencies in their modes of thinking and aimed to determine how students think in
linear algebra and what the characteristics of these thinking modes are. Sierpinska (2000) tried
to determine the students’ modes of thinking and the main characteristics of those modes of
thinking and has examined it in three categories: Analytical-structural, analytical-arithmetic, and
synthetic-geometric. Sierpinska (2000) stated that “the purpose of analytical-structural thinking
was to expand knowledge about concepts, and the purpose of analytical-arithmetic thinking was
to simplify calculations and ensure their accuracy”. An object is defined by a formula that
facilitates calculation in analytical-arithmetic thinking, whereas in analytical-structural thinking,
an object is best defined by a set of properties (Sierpinska, 2000). Synthetic-geometric thinking
is associated with using geometric representations and avoiding definitions related to the
concepts used. According to Sierpinska (2000), these three modes of thinking differ in the
representations used. Geometric structures are used in synthetic-geometric thinking. In
analytical-arithmetic thinking, geometric figures are considered as a set of “ordered n-tuples” of
the numbers that fulfill certain conditions. In this mode of thinking, numeric components of
geometric objects, such as dots or vectors are important. Analytical-structural thinking, on the
other hand, considers algebraic elements of analytical representations as a structural integrity
(Sierpinska, 2000).

Sierpinska (2000) contended that the modes of thinking she identified should not be
regarded as successive stages in the evolution of algebraic thinking; rather, she suggested that
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utilizing different modes of thinking in contexts involving various representations is beneficial
(Celik, 2015). She noted that transitions between these thinking modes can provide insight into
how the concept is understood in different contexts. There is a limited number of studies on
linear transformation in the literature (Andrews-Larson et al., 2017; Bagley et al., 2015;
Gonzalez-Rojas & Roa-Fuentes, 2017; Lamb et al., 2002; Viirman, 2011; Zandieh et al., 2017)
and the fact that these studies have not explored students’ thinking modes, this research focuses
on determining how students think about linear transformations in their various representations.
In this context, this research was to determine the modes of thinking that pre-service
mathematics teachers employ to solve problems related to the concept of linear transformation
in linear algebra. The problems of the research are presented below:

o Which modes of thinking do pre-service mathematics teachers use for the definition of
linear transformation?

¢ Which modes of thinking do pre-service mathematics teachers use for the matrix
representation of the linear transformation concept?

A student is expected to have outputs related to knowing the “definition” and “matrix
representation” of linear transformation, which is a concept from the course subject of linear
algebra. The approach taken in line with these contexts may be a representation of a students’
mode of thinking. Knowledge about students’ modes of thinking about the basic concepts in
linear algebra, such as linear transformation, may be useful for pedagogical purposes. Also,
knowledge about how students think can pave the way for a meaningful teaching environment
and creating materials based on students’ needs. Accordingly, one can say that the studies
focusing on students” modes of thinking about the basic concepts of linear algebra are important
for developing practices for learning/teaching linear algebra (Celik, 2015).

METHOD

2.1. Research Design

This research was carried out using case study, a qualitative research method. The case
discussed in the research involved an investigation of the modes of thinking used by the pre-
service teachers in the context of linear transformation. It is expected that this will offer rich and
important perspectives (Brown, 2008) for explaining various issues including how things are
interpreted in the context of the modes of thinking, and what arrangements could be made for
pedagogic purposes.

2.2. Participants

This research was conducted with 22 pre-service teachers, all of whom were enrolled in
the third-year mathematics teaching program at a state university. 14 participants were female
and 8 were male. The participants were 20 years old on average, and had a grade point average
of 2.92. Pre-service teachers were coded PT1, PT2, ... PT22.

2.3. Data Collection Tool

The data of the research were collected with four problems. The problems are given
below.

1. Show that L: R? - R?, L(uy, up) = (uy, —uy) is a linear transformation. Explain what
this transformation means in geometric terms.

2. What can you say about whether the function L given in the form of L: R - R, L(u) =
2u + 5 is a linear transformation?
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3. L(1,1) = (3,4) and L(1, —1) = (—1,2) are provided for the linear transformation L: R? —»
RZ. Find the rule of the linear transformation L.

4. A= [_01 _01] being a matrix and L: R? — R? a linear transformation,
a. Find the linear transformation L where the |
representation of R? on the natural base is the matrix 4

A. 3 p-----q -
b. Plot the graph of the area resulting from the

application of the transformation graph L to the FSEE EEEE SESERS0HEE
square area on the right. ° "UREY

The first two problems involve knowing, selecting, and applying the formal definition of
linear transformation and its corresponding characterizations. The third problem requires the
ability to apply both the formal definition of linear transformation and the matrix representation
of linear transformation. The final problem involves deriving the rule of linear transformation
from its matrix representation and interpreting a transformation geometrically. Different
approaches to the problems are present, and the approaches exhibited by the pre-service teachers
will reveal their modes of thinking.

2.4. Data Collection Process

Following the obtainment of legal permits, a meeting was arranged with the participants
in a quiet classroom, and they were asked to solve the four problems individually. The data
collection process ended when the participants solved the problems within half an hour.

2.5. Data Analysis

The data collected in the research were subjected to descriptive analysis. The aim of this
analysis is “to present the findings to the reader in an organized and interpreted manner”
(Yildinm & Simsek, 2016). The problems solved by the pre-service teachers were analyzed
multiple times, and each problem and each pre-service teacher were subject to several
interactions with the documents. The answers were then classified by similarity. Then codes
were formed based on the answers to each problem. Codes were labeled with expressions
representing the solve process for pre-service teachers. The codes were re-examined, and the
codes process was terminated upon the researchers’ assessment of the analyses. The codes made
on the responses given by pre-service teachers to problems, and the descriptions of those codes
are shown in Table 1.

Table 1

Codes Representing The Pre-Service Teachers’ Modes of Thinking, and The Descriptions of
These Codes

Code Description
Represents addressing vector addition and scalar multiplication
Formal definition conditions, which are sufficient and necessary for a function to be a

linear transformation, individually.

Represents addressing vector addition and scalar multiplication
conditions, which are sufficient and necessary for a function to be a
linear transformation, in a single expression.

Characterizations corresponding to
formal definition

Represents transformation of the zero vector of V into the zero

Zero vector vector of W by a linear transformation L: V - W.

Geometric interpretation Represents making inferences about what a vector or area turns
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into under a certain transformation.

Represents the cases where linear functions should also be linear

Linear function .
transformations.

Represents the cases where the rule of the linear transformation L
Base is defined exactly based on the conditions that the function L: R? —
R? is linear and a base image of the space R? is given.

Represents the cases where a transformation matrix A is addressed

Transformation matrix with L: R? > R? being a linear transformation and L(u) = Au.

Represents the cases where a correlation is established between the

Trial and error - L .
input and output vectors and there is a linear transformation rule.

Represents the cases where the linear transformation L: R? - R? is

Linear combination defined as L(uy,u,) = (auy + bu,, cuy; +duy)

Represents the cases where no explanation was made about the

No response ;
P problem/the answer is left unanswered.

As shown in Table 1, 10 codes were formed in line with the answers to the problems. The
codes, excluding the “no response” code, were classified to represent the modes of thinking.

According to Sierpinska (2000), both numerical and algebraic representations as well as
formulas that allow calculations to be made, and codes containing operational processes are in
the analytical-arithmetic thinking (Celik, 2015). In this context, the codes of “formal definition,
trial and error” represent analytical-arithmetic thinking. The code of formal definition require
implementing a formula based on “what” a linear transformation is, while the trial and error
code requires making numerical calculations rather than implementing a formula. According to
Sierpinska (2000), codes where objects are analyzed through theorems and definitions are
classified as parts of the analytical-structural thinking (Celik, 2015). The codes of
“characterizations corresponding to formal definition, base, transformation matrix, linear
combination, zero vector” represent analytical-structural thinking. Characterizations
corresponding to formal definition code requires a strong equivalent expression of the formal
definition of linear transformation, and linear combination code requires knowing how to
express linear transformations with linear combinations. Base and transformation matrix codes,
on the other hand, require using the relevant theorem to find the rule of a linear transformation.
Zero vector requires interpretation based on the formal definition. According to Sierpinska
(2000), codes containing processes for describing objects rather than defining them are
classified as the synthetic-geometric thinking. Moreover, this mode of thinking requires
practical thinking as well as dealing only with the geometric properties of shapes. In this regard,
the codes of “geometric interpretation, linear function” represent the synthetic-geometric
thinking. Linear function code involves interpretation through a line, and the geometric
interpretation code involves geometric interpretation of the images under the transformation of
shapes.

The researchers examined the answers to each problem individually for each pre-service
teacher and assigned them to the codes that represented them most accurately. The fact that the
inter-coder reliability is 94% and this rate is above 70% means that the analyses are reliable
(Miles & Huberman, 1994). Then the answers were classified by code and mode of thinking,
and numerical data were presented based on the descriptive statistical techniques (frequency and
percentage). Examples of the pre-service teachers’ answers to the problems were also included.
Moreover, since the first and the last problems involved multiple questions, the pre-service
teachers’ answers to those problems fell into multiple codes.

2.6. Ethical Procedures

This study was deemed ethically appropriate by the Hacettepe University Ethics
Committee in a letter dated 08.05.2023 and numbered E-35853172-300-00002826013.
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FINDINGS

The pre-service teachers’ approaches to problems are addressed with the codes “formal
definition, characterizations corresponding to formal definition, zero vector, geometric
interpretation, linear function, base, linear combination, trial and error” in the context of the
definition of linear transformation. The codes “transformation matrix, geometric interpretation”
are considered in relation to the matrix representation of linear transformation. The codes
associated with each problem are presented in the context of the pre-service teachers’ modes of
thinking.

The pre-service teachers’ codes in line with their answers to the first problem are shown
in Table 2.

Table 2

Pre-service Teachers' Answers to The First Problem

Code Pre-service Teachers f %
PT1, PT2, PT3, PT4, PT5, PT7, PTS8,

Formal definition PT9, PT11, PT12, PT13, PT14, PT15, 19 76
PT16, PT18, PT19, PT20, PT21, PT22

Charactern;a_tnpns corresponding to PT10 1 4

formal definition

Geometric interpretation PT4, PT7 2 8

Zero vector PT3 1 4

No response PT6, PT17 2 8

In Table 2, pre-service teachers’ were assigned to five codes, i.e. “formal definition”
(f=19, 76%), “characterizations corresponding to formal definition” (f=1, 4%), “geometric
interpretation” (f=2, 8%), “zero vector” (f=1, 4%) and “no response” (f=2, 8%), according to
their answers to the problem 1.

3.1. Analytical-Structural Mode of Thinking

The pre-service teacher PT10 has expressed, in a strong characterization, linear
transformation through a single expression, involving vector addition and scalar multiplication.
However, PT10 did not complete the problem solving process.

The pre-service teacher PT3 has considered the inclusion of the zero vector as one of the
requirements for the linearity of the transformation and has stated that it is required for
transformation to encompass the zero vector as well.

3.2 Analytical-Arithmetic Mode of Thinking

Pre-service teachers tended to define linear transformation by the formal definition of
linear transformation, which corresponded to the analytical-arithmetic thinking. The pre-service
teachers in the formal definition code were classified in the context of their answers to the first
problem, as seen in Figure 1.
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Figure 1

Classification of The Pre-service Teachers in The Code of Formal Definition

Able to implement a
formal definition

Able to express a
formal definition

Unable to implement a
formal definition

Checks only one
condition of a formal
definition

* Represents the
situations where the
pre-service teachers’
apply the formal
definition of a linear
transformation

completely and
accurately.

*PT2, PT3, PT4, PT5,
PT7, PT15, PT20,
PT21

* Represents the
situations where the
pre-service teachers’
can express the
formal definition of a
linear transformation
but left the relevant
problem unanswered.

«PT8, PT9, PT12,
PT14

 Represents the

situations where the
pre-service teachers’
can express the
formal definition of a
linear transformation
but cannot complete
the operational
processes  regarding
the problem.
*PT1, PTI11,
PT22

PT18,

* Represents the

situations where the
pre-service teachers’
checked only one of
the conditions of
vector addition and
scalar multiplication
in the formal
definition of linear
transformation.

*PT13, PT16, PT19

The pre-service teachers in this code were in four different classes, namely (i) able to
implement (f=8), (ii) able to express (f=4), (iii) unable to implement (f=4), and (iv) checks only
one condition (f=3) with regard to the formal definition of linear transformation.

3.3. Synthetic-Geometric Mode of Thinking

Most of the pre-service teachers ignored this in problem 1 which also included geometric
interpretation of a transformation. Pre-service teachers PT4 and PT7 represented the given
transformation on a coordinate axis and interpreted it geometrically. Figure 2 shows the answer
of pre-service teacher PT4 to the first problem.

Figure 2

The Answer of PT4 to The First Problem

O]
.J

e ey, )

AN

T T
ABadsuiny

Let us consider putting linear

e
-~ 1

Linear 50"‘ bﬂmsa
= La dedof wreadd

poudirat sBlNT dﬂ : Y
Jgcanorsee. Jenca yarflen  felilse

transformation on a coordinate
system.

Since the second

G veleddruada i e

ptdfundes  » eefs

A

e o5 Al m_ jzx '.1f,

it
Y
o
e Sy oryan
=
¢ N

Akt

)

component of the vector v is
negative in the figure on the
right, | think it is a reflection
on the x axis.

The pre-service teacher PT4 stated that the linear transformation given had the function of
“reflecting a vector on the x axis”. Although the pre-service teacher PT4 associated linear
transformation with structures that can be geometrically interpreted through input and output
vectors, she emphasizes the necessity of linear transformations being “linear”.

The pre-service teachers’ codes in line with their answers to the second problem are

shown in Table 3.
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Table 3

Pre-service Teachers' Answers to The Second Problem

Code Pre-service Teachers f %

Formal definition PT1, PT2, PT3, PT7, PT10, PT11, PT15 7 32
. . PT4, PT5, PT8, PT9, PT13, PT14, PT16, PT18,

Linear function PT20 9 41

No response PT6, PT12, PT17, PT19, PT21, PT22 6 27

In Table 3, pre-service teachers were assigned to three codes, i.e. “formal definition (f=7,
32%), “linear function” (f=9, 41%) and “no response” (f=6, 27%), according to their answers to
the problem 2.

3.4. Analytical-Arithmetic Mode of Thinking

Almost half of the pre-service teachers answers to the problem gave a formal definition of
linear transformation. The pre-service teachers in this code checked the conditions required for a
function to be a linear transformation, and showed that the given function was not a linear
transformation for (i) not fulfilling vector addition (PT2, PT3, PT15), (ii) not fulfilling scalar
multiplication (PT10, PT11), (iii) not fulfilling both vector addition and scalar multiplication
(PT1, PT7). Figure 3 shows the answer of pre-service teacher PT15 to the second problem.

Figure 3
The Answer of PT15 to The Second Problem

Ui, Ul i e~ Letuy,u, €R
Llwieug™y = LD+ Lluay
L(u;) =2u; +5 L(uy) =2u, +5
LD = 2 w8 p Lluay = v 45S
i LL,L. e B¢ v l_l._-l-} o= L(u1 +u2) = 2(u1 +u2) + 5
2 (s ) 418 £ 2w+ w)es 2(uy +uy) +10 # 2(u; +uy) +5

oldd. d&n lineer dor. <edp i L is not a linear transformation.

The pre-service teacher PT15 showed that the given function was not a linear
transformation by proving that the sum of the two vectors was not equal to the sum of the
transformations.

3.5. Synthetic-Geometric Mode of Thinking

The other half of the pre-service teachers answers to the problem associated whether a
single-variable and single-value function is a linear transformation with the concept of “linear
function”. The pre-service teachers in this code concluded that “the given function is a linear
transformation because it is a linear function”. Figure 4 shows the answer of pre-service teacher
PT18 to the second problem.
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Figure 4
The Answer of PT18 to The Second Problem
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9

The pre-service teachers PT18 stated that the given function was a linear transformation
for making a linear graph in the coordinate axis.

The pre-service teachers’ codes in line with their answers to the third problem are shown
in Table 4.

Table 4

Pre-service Teachers' Answers to The Third Problem

Code Pre-service Teachers f %
Formal definition PT2 1 4
Trial and error PT2, PT7,PT11, PT15 4 17
Base PT8, PT16 2 9
Linear combination PT3, PT9 2 9
Transformation matrix PT20, PT21 2 9
PT1, PT4, PT5, PT6, PT10, PT12, PT13, PT14,
No response 12 52

PT17, PT18, PT19, PT22

In Table 4, pre-service teachers were assigned to six codes, i.e. “formal definition” (f=1,
4%), “trial and error” (f=4, 17%), “base” (f=2, 9%), “linear combination” (f=2, 9%),
“transformation matrix” (f=2, 9%), and “no response” (f=12, 52%), according to their answers
to the problem 3.

3.6. Analytical-Arithmetic Mode of Thinking

About half of the pre-service teachers answers to the problem had the analytical-
arithmetic thinking since they were in the formal definition and trial and error codes. Figure 5
shows the answer of pre-service teacher PT7 to the third problem.

Figure 5
The Answer of PT7 to The Third Problem
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The pre-service teacher PT7 established a correlation among the input and output vectors
of the given transformation to find the rule of the transformation. Similarly, the pre-service
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teacher PT2 who found the transformation rule questioned whether the transformation they
found was linear, and showed that the transformation maintained the rules of vector addition
and scalar multiplication.

3.7. Analytical-Structural Mode of Thinking

The pre-service teachers in the linear combination code defined linear transformation as
L(uy,uy) = (auy + buy, cu; + duy), and found the rule of the linear transformation by finding
the variables of a, b, ¢, d through given transformations.

The starting point of the pre-service teachers in the base code was that the function
L: R? - R? was linear and that it was possible to find the rule of the transformation since the R?
space gave the image of a base. Figure 6 shows the answer of pre-service teacher PT8 to the
third problem.

Figure 6
The Answer of PT8 to The Third Problem
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The pre-service teacher PT8 associated the vectors (1,1) and (1, —1) with the possibility
of writing them as a linear combination of the vectors of {(1,0), (0,1)} which was the natural
base of the R? space, finding the rule of the transformation using the properties of linear
transformation.

Pre-service teachers in the transformation matrix code set out from the fact that the
multiplication of a matrix and a vector was equivalent to a linear transformation to establish the
rule of the linear transformation. Figure 7 shows the answer of pre-service teacher PT21 to the
third problem.

Figure 7
The Answer of PT21 to The Third Problem
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The pre-service teacher PT21 created 2 X 2 matrix of the form [: i)’

transformation and applied the given transformations to find the elements of the matrix. They

] using matrix

X
multiplied the matrix they found by a vector [y] from R? to find the linear transformation rule.

The pre-service teachers’ code in line with their answers to the last problem are shown in
Table 5.

Table 5

Pre-service Teachers' Answers to The Fourth Problem

Code Pre-service Teachers f %

Transformation matrix PT2, PT7, PT15 3 13

Geometric interpretation PT7, PT15 2 8
PT1, PT3, PT4, PT5, PT6, PT8, PT9, PT10,

No response PT11, PT12, PT13, PT14, PT16, PT17, PT18, 19 79

PT19, PT20, PT21, PT22

In Table 5, pre-service teachers were assigned to three codes, i.e. “transformation matrix”
(f=3, 13%), “geometric interpretation” (f=2, 8%) and “no response” (f=19, 79%), according to
their answers to the last problem. The modes of thinking of the three pre-service teachers who
solved to this problem (PT2, PT7, PT15) encompass the processes associated with the
analytical-structural and synthetic-geometric. In addition, since the option (b) of the problem is
linked to the option (a), the inability to answer option (a) resulted in an inability to answer
option (b).

3.8. Analytical-Structural Mode of Thinking

The pre-service teachers PT2, PT7 and PT15 in the code of transformation matrix
established the rule of the transformation by creating a relationship between the elements of the
matrix and a vector from R? in the context of matrix-vector multiplication.

3.9. Synthetic-Geometric Mode of Thinking

The pre-service teachers PT7 and PT15 in the geometric interpretation code, after finding
the linear transformation, made the image of a square area under that transformation. Figure 8
shows the answer of pre-service teacher PT7 to the fourth problem.

Figure 8
The Answer of PT7 to The Fourth Problem
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The pre-service teacher PT7 first found the corners of the square area in the coordinate
axis, and found the image of these points under the transformation that they got. Then they set
those points on the coordinate axis to get a new square area.
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DISCUSSION, CONCLUSION AND RECOMMENDATIONS

In this research, we investigated how pre-service mathematics teachers thought while
solving problems related to the concept of linear transformation, based on the theoretical
framework of modes of thinking proposed by Sierpinska (2000). Pre-service teachers answer to
the problems about linear transformation were used to set 10 codes; the codes, excluding the
“no response” code, have been evaluated in the context of the theoretical framework on modes
of thinking. The analytical-arithmetic thinking is represented by two codes (formal definition,
trial and error); the analytical-structural thinking is represented by five codes (characterizations
corresponding to formal definition, base, transformation matrix, linear combination, zero
vector); and the synthetic-geometric thinking is represented by two codes (geometric
interpretation, linear function). These modes of thinking were discussed in connection with the
“definition of linear transformation” and the “matrix representation of linear transformation”.

Pre-service teachers defined linear transformation predominantly by the analytical-
arithmetic mode of thinking. Linear transformation was addressed as a set of operational
calculations for testing whether a function fulfills certain conditions in the context of formal
definition. Since it is algebraically and operationally easier to check these conditions
individually, linear transformation supersedes using its different characterizations. In addition,
the fact that some pre-service teachers checked only one condition of a formal definition made it
necessary to question the definitions. Even though linear transformation is considered through
vector addition and scalar multiplication, the fact that characterizations corresponding to formal
definition are not realized indicates that an analytical-structural mode of thinking cannot be
used.

A key property of linear transformation is that it transforms the zero vector of the
definition set to the zero vector of the value set. This is a strong property that provides
information about whether a transformation is linear; however, this property was not recognized
by pre-service teachers. Essentially an outcome of the formal definition, it is an indication that
conclusions regarding formal definition cannot be made. In this regard, Andrews-Larson et al.
(2017) highlighted the necessity of interpreting linear transformation as a mathematical asset
that transforms input vectors into output vectors.

Pre-service teachers in the synthetic-geometric thinking concluded that “a linear function
is a linear transformation”. It is though that the pre-service teachers considered linear
transformation and linear function as equivalent. Therefore, they applied their interpretation
based on linear functions to the concept of linear transformation. Interestingly enough, the pre-
service teachers defined linear transformation by a formal definition but did not make sense of
the geometric representation of linear transformation. In this respect, it can be said that the pre-
service teachers were unable to internalize the concept. This situation is also supported by the
fact that pre-service teachers avoid the geometric representation of linear transformation and its
applications.

It was indicated that the pre-service teachers were not familiar with making a connection
between the concepts of linear transformation and matrix, or with switching from a linear
transformation to a matrix or from a matrix to a linear transformation. Encountering a similar
outcome, Andrews-Larson et al., (2017) designed a set of tasks to help students learn matrices
linear transformations. Pre-service teachers use the matrix representation of linear
transformation with arguments related to both analytical-arithmetic thinking and analytical-
structural thinking. Pre-service teachers in the analytical-arithmetic mode of thinking went
through a process that involved operational calculations in the form of trial and error. This does
not emphasize a linear transformation but rather setting a pattern rule for finding the rule of any
function or a transformation. The key properties of the analytical-structural mode of thinking
include considering definitions and definition-related properties as a whole, and eliminating the
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dominance of the numerical and algebraic calculations (Celik, 2015). This is reflected by the
codes of base, linear combination, and transformation matrix reflect. There are gaps in the
arguments of the pre-service teachers about how to switch from a linear transformation to
matrix representation. This supports the argument of Dorier et al. (2000) that students lacked
knowledge of how to calculate the matrix representation of a linear transformation. Therefore,
one can say that pre-service teachers fail to make sense of the matrix representation of linear
transformation. The idea that a matrix represents a transformation may be challenging (Bagley
et al., 2015).

In the light of these conclusins, it is fair to say that pre-service teachers had different
modes of thinking in “definition” and “matrix representation” but they could not switch between
modes of thinking. The fact that the analytical-arithmetic mode of thinking was more common
than analytical-structural and synthetic-geometric thinking is attributable to the fact that the
operational process that requires making calculations in that mode of thinking is more
dominant. The concept of linear transformation could not be internalized with all its
components, and no meaning could be ascribed to the geometric representation of linear
transformation in particular. It was thought that it was a challenging process for pre-service
teachers to switch to the matrix representation of linear transformation. This might be attributed
to such reasons as the lack of knowledge about the reason for transitioning to the matrix
representation of linear transformation and finding the algorithmic structure of that transition
challenging.

In conclusion, pre-service teachers were unable to switch between different
representations of linear transformation. Celik (2015) made a similar conclusion for the
concepts of linear dependent/independent. Dubinsky (1997) and Harel (1987), on the other
hand, suggested that flexibility in various representations of a specific concept might help
students abstract it. Linear algebra, by its nature, features a lot of abstract concepts, and students
lack flexibility among different modes of thinking, which has a negative effect on learning and
teaching linear algebra (Sierpinska, 2000). In this sense, it is advisable to design teaching
experiments that will help students switch between the representations of the linear algebra
concepts and conduct the process of teaching with appropriate materials.
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GENISLETILMIS OZ
Giris

Lineer doniisiimler vektorel toplamayi ve skaler ile ¢arpmayi koruyan, bir vektor
uzayindan digerine tanimli fonksiyonlardir (Bagley vd., 2015). Bu kavram 6grencilerin asina
olduklar1 kavramlar1 icermesine ragmen 6grencilerin olduk¢a zorlandiklar1 kavramlardan biridir
(Sierpinska vd., 1999; Sierpinska, 2000). Lineer doniisiimiin vektor uzaylar1 arasinda 6zel bir
tir fonksiyon olmasi ve O&grencilerin daha once olusturulmus fonksiyon kavrami nedeniyle
(Oktag, 2018) lineer doniisiim kavramini algilamada zorlanabilmektedirler. Kavramin formal
yapisinda fonksiyon, vektor uzayi, vektorel toplama ve skaler ile ¢arpma bilesenlerinin yer
almasina ek olarak; kavram matris doniistimleri ile de iligkilidir. Lineer doniistimler birer matris
doniislimii olarak tanimlanabilmekte (Bogomolny, 2006) ve 6grenciler matrisleri birer lineer
doniistim baglaminda kavramsallastirabilmeyi karmasik bulmaktadirlar (Turgut, 2022). Tiim bu
stirecin cebirsel ve geometrik olarak anlamlandirilmasinin farkli diisiinme siireglerini igeriyor
olmasi kavrami hem 6grenci hem egitmen agisindan zor kilmigtir.

Lineer doniisim kavraminin formal yapisi ve matrislerle olan iliskisi gdz Oniine
alindiginda; kavramin farkli temsillerinin bulunmasi, bu temsiller arasindaki gegisin farkli
diisiinme big¢imlerini gerektirdigini sdylemek miimkiindiir. Sierpinska (2000) 6grencilerin lineer
cebir kavramlarini anlamlandirmada zorluk yasamalarmi Ogrencilerin disiinme bigimleri
arasindaki tutarsizlikla iliskilendirmis ve Ogrencilerin lineer cebirdeki diislinme bigimlerinin
nasil oldugunu ve bu diisiinme bicimlerinin 6zelliklerinin ne oldugunu belirlemeye c¢alismistir.
Ogrencilerin lineer cebirdeki diisiinme bicimlerini analitik-yapisal, analitik-aritmetik ve
sentetik-geometrik olmak iizere ii¢ baslikta degerlendirmistir. Sierpinska (2000) analitik-yapisal
diigiinmenin amacini “kavramlara yonelik bilgiyi genisletme”, analitik-aritmetik diisinmenin
amaciin “hesaplamalar1 basitlestirme ve dogru yapma” oldugunu ifade etmistir. Analitik-
aritmetik disiinme biciminde bir nesne, hesaplama yapmaya imkan veren bir formiil ile
tanmimlanirken; analitik-yapisal diistinme bi¢iminde bir nesne en iyi bir dizi 6zellik tarafindan
tanimlanir (Sierpinska, 2000). Sentetik-geometrik diisiinme bigimi ise geometrik temsillerin
kullanim1 ve kullanilan kavramlarla ilgili tanimlara yer verilmemesi ile ilgilidir.

Ogrencilerin lineer déniisiim kavramini anlamalarina iliskin smirli sayida ¢alismanin
(Andrews-Larson vd., 2017; Bagley vd., 2015; Gonzalez-Rojas & Roa-Fuentes, 2017; Lamb
vd., 2002; Viirman, 2011; Zandieh vd., 2017) olmasi ve bu ¢aligmalarin 6grencilerin diisiinme
bicimini aragtirmamis olmasi; bu aragtirmanin lineer doniisiimiin farkli temsillerinde
Ogrencilerin diiginme bi¢imlerinin nasil oldugunun belirlenmesini konu edinmistir. Bir
Ogrencinin lineer doniisiim ile ilgili temel olarak lineer doniisiim kavrammin “tanimini” ve
“matris temsilini” bilmeye iligkin ¢iktilara sahip olmasi beklenmektedir. Bu baglamlar
dogrultusunda sergilenen yaklagim 6grencinin diisiine bigiminin bir temsili olabilir.

Bu aragtirmanin amaci matematik 6gretmeni adaylarmin lineer cebirde, lineer doniigiim
kavramina iligkin problemleri ¢ozerken sahip olduklari diisiinme bi¢imlerini incelemektir.
Aragtirmanin problemleri asagida sunulmustur:

. Matematik 0gretmeni adaylarinin lineer doniisiim kavraminin tanimini iligkin diigiinme
bi¢imleri nasildir?
o Matematik O0gretmeni adaylarinin lineer doniisiim kavraminin matris temsiline iliskin

diisiinme bi¢imleri nasildir?
Yontem

Arastirma nitel aragtirma desenlerinden durum calismasi dogrultusunda, bir devlet
iiniversitesinin matematik dgretmenligi programimin {igiincii sinifinda 6grenimine devam eden
22 dgretmen adayi ile gergeklestirilmistir.
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Aragtirmanin veri toplama aracini arastirmacilardan tarafindan hazirlanan dort adet
problem olusturmustur. Ilk iki problem lineer doniisiim kavraminin formal tanimini ve denk
karakterizasyonlarini bilmeyi, segmeyi ve uygulamayi; {i¢lincli problem hem lineer doniigiimiin
formal tanimi hem de lineer doniisiimiin matris temsili baglaminda uygulama yapabilmeyi; son
problem ise lineer doniigiimiin matris temsilden lineer doniisiimiin kuralin1 bulabilmeyi ve bir
doniisiimii geometrik olarak yorumlayabilmeyi icermektedir.

Ogretmen adaylarmnin yaklasik yarim saat icerisinde problemlere yanit vermesi ile veri
toplama siireci sonlandirilmistir. Arastirmanin verileri ise nitel veri analiz tekniklerinden
betimsel analiz ile ¢oziimlenmistir.

Bulgular, Tartisma ve Sonug

Ogretmen adaylarmin lineer doniisiim ile ilgili problemlere verdikleri yanitlar
dogrultusunda 10 adet kod olusturulmustur. iki adet kod (formal tanim, deneme-yanilma)
analitik-aritmetik diisiinme bi¢imini, bes adet kod (formal tanima denk karakterizasyonlar,
taban, doniisim matrisi, lineer birlesim, sifir vektorii) analitik-yapisal diisiinme bi¢imini, iki
adet kod (geometrik yorum, lineer fonksiyon) ise sentetik-geometrik diisiinme bigimini temsil
etmektedir. Bu diisiinme bigimleri “lineer doniisiim kavraminin tanimi” ve “lineer doniisiim
kavraminin matris temsili” baglaminda ele alinmistir.

Ogretmen adaylari lineer doniisiim kavramini agirlikli olarak analitik-aritmetik diisiinme
bicimi ile tanimlamaktadirlar. Lineer doniisiim, formal tanim baglaminda bir fonksiyonun belirli
sartlar1 saglayip saglamadigini test edici islemsel hesaplamalar olarak ele alinmistir. Sentetik-
geometrik diisiinme bi¢iminde yer alan 6gretmen adaylarmin “bir fonksiyon dogrusal ise lineer
doniisiimdiir” seklinde ¢ikarimlar1 mevcuttur. Ogretmen adaylar1 “dogrusal” ve “lineer”
kavramlariin es olmasi sebebiyle lineer doniisiim ve dogrusal fonksiyon kavramlarimi bir
olarak gordiikleri diisiiniilmektedir. Dolayistyla dogrusal fonksiyon iizerinden yaptiklari yorumu
lineer doniisiim kavramina da yiiklemislerdir.

Ogretmen adaylarmin lineer doniisiim ve matris kavramlar1 arasinda iliski kurmada
yabanci olduklari; bir lineer doniisiimden matrise veya matristen lineer doniisiime gecme fikrine
asina olmadiklar belirlenmistir. Benzer bir sonug ile karsilasan Andrews-Larson ve digerleri
(2017) dgrencilerin matrisleri lineer doniisiimler olarak 6grenmesini desteklemek icin bir gorev
dizisi tasarlamislardir. Ogretmen adaylar1 lineer doniisiimiin matris temsilini hem analitik-
aritmetik hem analitik-yapisal diisiinme bi¢imlerine iliskin argiimanlar ile kullanmaktadirlar.
Analitik-aritmetik disiinme bigiminde yer alan 6gretmen adaylart deneme-yanilma seklinde
islemsel hesaplamalari igeren bir siirecten gecmislerdir. Analitik-yapisal diisiinme bi¢iminin en
onemli ozellikleri, tanimlarin ve tanimla ilgili 6zelliklerin bir biitiin olarak ele alinmasi, sayisal
ve cebire dayali hesaplamalarin baskinligini yitirmesidir (Celik, 2015). Taban, lineer birlesim ve
doniisiim matrisi kodlar1 bu durumu yansitir niteliktedir. Ogretmen adaylarinin lineer
doniigimiin  matris temsiline nasil gecis yapilacagina iliskin argiimanlarda eksiklikler
bulunmaktadir. Bu sonu¢ Dorier ve digerlerinin (2000) Ogrencilerin bir lineer doniigiimiin
matrisinin nasil hesaplayacagini bilmedigini belirtmeleri ile paralellik gostermektedir.
Dolayisiyla 6gretmen adaylarinin lineer doniigiimiin matris temsillini anlamlandiramadigi
sOylenebilir.

Ti{im bu sonuglar 1s18inda 6gretmen adaylarinin lineer doniisiim kavramina iligkin “tanim”
ve “matris temsili” baglamimda farkli diistinme bigimlerine sahip olduklar1 ancak diisiinme
bicimleri arasinda gecis yapamadiklar1 sdylenebilir. Siirecte analitik-aritmetik diisiinme
biciminin, analitik-yapisal ve sentetik-geometrik diisinme bi¢imine kiyasla daha baskin olmasi
ise bu diisiinme bi¢ciminde hesaplama yapmay1 gerektiren iglemsel siirecin baskin olmasi ile
iliskilendirilebilir. Lineer doniisiim kavramu tiim bilesenleri ile ig¢sellestirilememis; 6zellikle
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lineer doniistimiin geometrik temsiline anlam yiiklenememistir. Lineer doniislimiin matris
temsiline gegme fikri 6gretmen adaylar1 i¢in zorlayici bir siire¢ oldugu diisliniilmektedir. Bu
durum lineer doniisiimiin matris temsiline neden ge¢is yapilmasinin gerekliliginin bilinmemesi,
bu gegis siirecinin algoritmik yapisinin zorlayici bulunmasi gibi sebeplerle iligkilendirilebilir.
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