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In this paper, we explore the dynamics of adhering to a rational difference formula

_ Xn—29
1 X, 5% 11%0—17%0—23%n—29

)

Xn+1

where the initials are arbitrary nonzero real numbers.

1. Introduction

A particular natural phenomenon’s evolution is frequently explained over a period of time employing differential equations. Nevertheless,
in certain instances, numerous real-life issues can be modeled using discrete time intervals, resulting in difference equations. As a result,
recursive equations play an influential and potent role in mathematics. They are effectively employed to explore various applications in
engineering, physics, biology, economics, and other fields [1-5]. For example, recursive equations have been effectively employed in
modeling various natural phenomena, including population size, the Fibonacci sequence, drug concentrations in the bloodstream, information
transmission, pricing dynamics of certain commodities, propagation patterns of annual plants, and more [6—12]. Additionally, certain
scholars have utilized difference equations to obtain numerical solutions for certain differential equations. In particular, discretizing a
given differential equation produces a corresponding difference equation. For example, the Runge-Kutta scheme arises from discretizing
a first-order differential equation. This prompts consideration regarding the convergence of the difference scheme to the solution of a
differential equation. The study discussed in reference [13] is dedicated to investigating the preservation of a solution bounded on the entire
axis during the transition from differential to difference equations and vice versa. In reference [14], analogous inquiries were undertaken
to maintain the oscillatory nature of solutions to second-order equations. Advancements in technology have spurred the utilization of
recurrence equations as approximations to partial differential equations. It’s noteworthy that fractional-order difference equations are
frequently employed to study certain real-life phenomena that arise in nonlinear sciences. Almatrafi et. al. in [15] aim to analyzed the
asymptotic stability, global stability, periodicity of the solution of an eighth-order difference equation. Sanbo et. al. in [16], discussed the
periodicity, stability, and some solutions of a fifth-order recursive equation. Yenicerioglu et. al. in [17], examined the behavior of solutions
of the neutral functional differential equations. Using a suitable real root of the corresponding characteristic equation, they explained the
asymptotic behavior of the solutions and the stability of the trivial solution. Ahmed et al. [18] discovered new solutions and conducted a
dynamical analysis for certain nonlinear difference relations of fifteenth order. Berkal et. al. in [19], have derived the forbidden set and
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determined the solutions of the difference equation that contains a quadratic term. Ogul et. al. in [20], examined soluttions of the sixth-order
difference equations.

The inspiration behind this article stems from the exploration of eighteenth-order difference equations outlined in [21]. As such, the objective
of this study is to analyze various dynamical properties including equilibrium points, local and global behaviors, boundedness, and analytic
solutions of the nonlinear recursive equations (1.1).

Xp—29 .
1 X, 5% 11%0—17%0—23%—29

Xppl = (1.1)
Here, the initial values x_59,x_»8,X_27,...,X_2,X_1,Xq, are arbitrary non-zero real numbers. In this work, we also illustrate some 2D figures
with the help of Wolfram Mathematica to validate the obtained results.

In this study, stability, periodicity and global asymptotic stability definitions and theorems in the [1] source were used.

Xn—29
L+X, 5% 11%n—17%0—23%n—29

2. Solution of the Difference Equation x, | =

In this section, we give a specific form of the solutions of the difference equation below, provided that the initial conditions are arbitrary real
numbers.

Xp—
Tl = | 2 : Q.1
+ Xp—5Xp—11Xn—17Xn—23%n—29

where,
X_29 =A30, X_28=An9, X 27=A8, X 26=Ay, X 25=Az, X 24=A2s5, x_23=A, x_2=A3,
X_21=Apn, Xx_0=A2, Xx_19=A, x_18=Ay, x_17=A1g, X_16=A17, x_15=A16, xX_14=A415, (22)
X 13=An, x_1p=Ai, x_11=Ap, x_10=A4A411, x.9=Aj, x_g=Ay, X_7 =Ag, X_¢=A7,

X_5=A¢, X_4 =As, x_3=Aq, X_p =As, x_1 =Ay, X0 =Ar.

Theorem 2.1. Let {x,};__,q be a solution of (2.1). Then,

o A3o ITio(1+5iA6A12A18424430) X30n4+2 = A29 H ' o(145iAsA11A17A23A29)
o(1+(Si+1)AsA12A18424430) + (5i+ 1)AsA[1A17A23A0)
o Ast o(1+5iA4A10A16A20428) Cons A27 H, o(145iA3A9A 5421 A7)
o(1+(5i+1)A4A10A16A422428) +(5i+ 1)A3A0A15A21A7)
o Ast Lo(1+5iA2A8A14A2042) X30n+6 = Azs H, o(1+5iA1A7A134104)5)
o(1+ (Si+1)A2A3A14A20A26) " o(1+ (5i+1)A1A7A13A10425)
N A g?zo(l + (.5i+ DAsA12418424430) - ApTTo(1+ (.5i+ 1)AsA1A17A234%)
o1+ (5i+2)A6A12A18424430) (14 (5i+2)AsA11A17A23A29)
X3me9 = An 9?:0(1 + (.5i+ DA4A10A16422428) R A T (1 + (.5i+ 1)A3A49A15421427)
o1+ (5i+2)A4A10A16422428) " o(1+ (5i+2)A3A0A 5421 A7)
P Az 9?:0(1 + (5i+1)A248A1442042) Conets = A1oITio(1+ (Si+ 1)A1A7A413419425)
o1+ (5i+2)A2A3A14A20A26) [T o(1+ (5i+2)A1A7A13A19A25)
Xyomi13 = Ats El?:o(l + (.5i+ 2)AsA12418424430) o 1a = A [T (1 + (.Si +2)AsA11A17A23A29)
o(14(5i+3)AsA12418424A30) " o(1+(5i+3)AsA11A17A23A09)
X3omi1s = Ale El?:o(l + (.5i+ 2)AsA10A16420428) R AsTTio(1+ (.Si +2)A349A1542147)
Lo(1+(5i+3)A4A10A16A22428) 7 (14 (5i 4+ 3)A3A9A 15421 Ap7)
P A4 Elf':o(l + (5i+2)A2A8A14A20A2) o5 = ATio(1+ (5i+2)A1A7413419425)
io(1+4 (5i+3)A2A5A14A20A26) " o(1+ (5i+3)A1A7A13A10425)
X3omi10 = A12£If':0(1 + (.5i+ 3)AsA12418424430) O Anllie(1+ (.5i+ 3)AsA11A17423A29)
o1+ (5i+4)A6A12A18424430) (14 (5i+4)AsA11A17A23A29)
Xyomial = Alo 9?:0(1 + (.5i+ 3)AsA10416420408) N Ag[To(1+ (:Si +3)A340A 15421 Ar7)
o1+ (5i+4)A4A10A16422428) " o(1+ (5i+4)A3A9A15A21A27)
Xaomi23 = Ag I;I?:o(l + (:51' +3)A2AsA14A20A2) Naomaas — AT (1 + (.Si +3)A1A7A13A10425)
1:0(1 +(5i+ 4)A2A8A14A20A26) ?:0(1 + (51 + 4)A1A7A13A19A25)
X3omia5 = As I;I?:o(l + (Si+4HAsA12A18424A30) A AsTTi o (14 (5i+4)AsA11A17423420)
o(14(5i+5)A6A12418A424430) "o (14 (5i45)As5A11A17A23A29)
AgTT (14 (5i+4)A4A10A16A22A23) A3 Hi:O(l + (5i4+4)A3A0A 15421 A27)
X30n427 = . : X30n4+28 = —— . .
Lo (1+(5i+5)A4A10A16A22A28) 7o (14 (5i+5)A349A 5A71 A7)
N Ao TT o (14 (5i+4)A2A8A14A20A2) N AT o(1+ (5i+4)A1A7A13A19425)

io(14(5i+45)A2AgA14A420A26) L o(1+(5i+5)A1A7A13A19475)

where, xq,...,x_n9 defines as in (2.2).
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Proof of Theorem 2.1. The proof of each formula are carried out in similar way. So, we will demonstrate proof using one of the formula. We
will employ the mathematical induction method. Let’s posit that, with n being greater than zero and supposing our assumption is true for

n=1. That is,
s A3o Hf’ "o (14 5iAgA12413A24A30)
30n=29 = ] + (Sl + ])A6A12A13A24A30)
sona A28H o (1+35iA4A10A16A2A23)
30n—27 — ’
o (1+ (Si+1)AsA10A16A22A08)
R AzeH "o (1+5iA2AgA 14A20A26)
" T (14 (5i+ 1)A2A34 14A20A2)
N Ao T (1+ (Si+ 1)A6A12A18A24A30)
" [T (14 (5i+2)AA12A18A24430)
R ApTT Sy (14 (5i+ 1)AsA10A16420428)
" T (14 (5i+2)AsA10A16A20428)
. Ano T (1+ (Si+ 1)A248A14420426)
o9 T (1+ (5i+2)A2A3414A20A2)
riop 17 — AT, (1+ (5i+2)A6A12A18424450)
" T (14 (5i+3)AA12418A24430)
. AT (1+ (Si +2)A4A10A16A22A28)
30n—15 =
" T (1+ (5i+3)AsA10A16A2408)
o A TT g (1+ (5i +2)A2A5A144204%) |
o T (14 (5i+3)A2A3414A20A2)
A AT ](1+(5l+3)A6A12A18A24A30)
" [T (1+ (5i+4)AA12A18A24430)
- Aol (1+ (5i+3)A4A10A16420428)
o 1720 (1+ (Si+4)A4A10A16420A08)
. AT (1+ (Si+ 3)A2A8A14420426)
.=
" T2 (1+ (5i+4)A2A3414A20A26)
- AeTT! g (1+(5i +4A6A1A18A2A0)
" H,'Lol( + (5i+45)AsA12A18A24A30)
ragy s — AT (1+ (Si +4)A4A10A16A22A28)
" T (1+ (5i+5)AsA10A16A2408)
[ ATy (1+(5i +4)A2A8A14420426)
o H?:ol( + (5i+5)A2A8A 14A20A26)

Now, using the main (2.1), one has

X30n—29

X30n+1 =
1+ X30n—5%30n—11X30n—17X30n—23X301—29

R Afg le.l;()l(l.-i- SiAsANA17423429)
2 o1+ (5i+1)AsA 1A 17A23A29)
. A7 TT7) (1+5iA3A0A15A21 A7) ,
T (14 (5i+ 1)A3A0A15A21Az7)
. Aps TPy (14 5iA1A7A13A19A05) ’
T/ (1+ (5i+ 1)A1A7A13A19A25)
A AT (1+ (Si+ DAsANA7A3A%)
T (1+ (5i+2)AsA11A17A23A20)
. A T (1+ (Si+ D)A3A9A15A21427)
H;LOI( + (5i42)A3A9A15A421A27)
. AT, (1+(51+1)A1A7A13A19A25)
T (14 (5i+2)A1A7A13A10425)
. ATl (1 + (5i+2)A5A11A17423429)
H;LO‘( +(5i+3)AsA11A17A23A29)
I ArsTTg (1+ (Si+ 2)A3A9A15421427)
1720 (1+ (5i+3)A3A0A 5421 An7)
. ATl (1 + (5i+2)A1A7A13419425)
H;LOI( +(5i+3)A1A7413410425)
— A T (1+ (5i+3)AsA, 1A17423429)
1720 (1+ (5i+4)AsA11A17A23429)
s AT (1+ (5i+ 3)A3A0A15421427)
H?—ol( + (5i+4)A3A0A15A21A27)
e A7TT, (1+(51+3)A1A7A13A19A25)
1720 (1+ (Si+4)A1A7A13410A05)
o s _ASTI o (1+(5i +4)A5A11A17A23A29)
H;LOI( +(5i+5)AsA11A17A23A29)
o ASTTZ) (1 + (5i +4)A349415421427)
1729 (1+ (5i+5)A340A15421An7)
s — ANTTZ) (1+ (5i+4)A1A7A13A19A05)
Hf':ol( +(5i+5)A1A7A13A19A25)

A30ITI g (1+5iA6A 124 15A24430)
TT} g (14+(5i+ 1464124 15424430)

T (145iA6A 104 13A24A30) TP 0 (1+(5i+

1DA46412415424430) TZ) (1+(51-2)A6A 124 18A24430) T}

(1+(51+?)A6A]2A13A74A‘40) T2 (1+(5-+4)464 124 18424 430)

1+AgA 12418424430

(145iiAgA12A 18A24A3)

Az [T 1+(51+1)1A5A]2A1gA24A30)

jy l('+("+'>A6A12418A74A30) I l(1+ 5i+2)AsA12A18424430) T} 0] (14(5i+3)A6A 124 18424430)

TI1=) (1+(5i+4)A6A 124 18A24430) TT/Zg (1+(5i+5)46A412418424430)

n—1

1 +5iA6A 12418424430

1+5iAcA1pA18A24A30

1
A3 H 14 (5i+1)iAgA12A 18424430 ( 1 + — AsApAisAnds )

1+5’A6A12A18A24A30Hz 0 TF(5i+5)AsAnArshrnAn

14 (5i—

n—1

1+ 5iAcA12418424A30

14+(5i—5)AsA12A138A24A3
5)AsA12A 18424430

14301—[1

(

. _A ﬁ 14 5iA6A12A18A24A30
30n+1 =430 1+ (5i+1)AcA12A18424A30

-|- 51+1 A6A12A18A24A30 l-l-(Si

Hence, we have

Similarly,

—4)AsA12A18A424A3

)
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X30n—28
1 + X30n—4X30n—10X30n—16X30n—22X30n—28
Agg I (1+5iA5A 1 A17473429)
T, 1+ (57 1)AsA11A17A23A29)
L AT o] (14(5i+4)A5A4| | A17423A29) A“nf o (1(5+3)A5A 1 A7493429) Ap7 [T (14+(51+2)A5A1 1A 17423429) A23 n;‘ L (5i+1)A5A 1 1 A 7A03A09) Agg TP (145iA5A1 1A 17423409
] (14+(5i+5)AsA 1 [A17A03409) [T (1+(5i+4)AsA 1 A7A03A09) [ (1+(5i+3)AsA11A17403A09) [T/ ( (1+(5i+2)A5A1 1 Aj7403409) [T (IH (i DAsA 1 A17423429)

X30n+2 =

| (145iAsA1A14534%)
AT, 1+(5,+1§A:4 Az 29"1—11 1+ 5iA5A11A17A23A29 ( 1
1+ TF i

1 + 5iA5A11A17A23A29 [T, 1+5iAsA11 A7 Az3Ax 1 + 5! + 1)A5A11A17A23429 SiAsANA17A23 A%

" 0 T (55 A Ay 5)AsA11A17A23429
A29"I_[1 1+5iAsA1A17A3A2 (14 (5i=5)AsA11417423A2
1+ (5i+1)AsA11A17A23A29 \ 1+ (5i —4)AsA11A17A23A09

Therefore, we have

. A ﬁ 1+5iAsA11A17A3A2
0m2 I LT+ (5i+ 1)iAsA11A17AzA%

Additional relationships can be acquired in the same way, thereby completing the proof. O

Theorem 2.2. The equation (2.1) has a unique equilibrium point which is the number zero and this equilibrium is not locally asymptotically
stable. Also X is non hyperbolic.

Proof of Theorem 2.2. For the equilibriums of equation (2.1), we have

X

then

+x=x =0

In consequence, the equilibrium point of (2.1), is X = 0.
Consider f : (0,00)7 — (0,00) as the function defined by

_ s
f(€7v7p7%7K)_ 1+évpx;(.
Therefore, it is deduced that,
1 —&%pxo —&E2vyx
7v7 ) 7K:77 v y PR VYAY) 7v7 b 7’(:7,
Je(&,v,p, 2, %) 0+ Evpre)? (& v,px.K) = (T evprn? fp(&,v,p, 2, %) T+ Evprr)
—§%vpk —-&*vap
\Y , —_— v , s
T2 v.p.x,x) = A+ &vpre? fe(&vip, 2, 6) = (T Evpyr)?
We see that,
fé (i )? f X f) - 1 fv(j7j127x7x) = 07 fp(x7x7juf7x) = 07 f}((f7x7j7j7j) = 07 f,((f,fjj,f) =0.
The proof now follows by using Theorem 2.1. O
: : : _ Xn—29
3. Solution of the Difference Equation x, ;| = BT T

In this part, we furnish a specific pattern for the solutions of the difference equation given, assuming that the initial conditions are arbitrary
real numbers, where, xg, ...,x_»g9 defines as in (2.2)

Xn—29 .
1 — X, 5Xn—11%0—17Xn—23%n—29

(3.1)

Xnt+1 =
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Theorem 3.1. Let’s {x,}°

X30n+1 =

X30n+3 =

X30n+5 =

X30n+7 =

X30n+9 =

X30n+11 =

X30n+13 =

X30n+15 =

X30n+17 =

X30n+19 =

X30n+21 =

X30n+23 =

X30n+25 =

X30n+27 =

X30n+29 =

holds.

n=—2
A30 ITi o (1 —5iA6A12A18424430)
L o(I=(5i41)A6A12A18424A30)
Azs H, o(1 —5iA4A10416A20428)
o1+ (5i+1)A4A10A16422A08)
Aze [Tizo (1 — 5iA2A5A14420426)
o(1—(5i+1)A2A3A14A20A6)

A24 Hi:0(1 — (5i+ DAsA12A18424A30)

1 o(I=(5i4+2)A6A12A18424A30)

Ay H;-’:o(l — (5i4+ 1)A4A10A16420428)

(1 —(5i+2)A4A10A16A22A23)
Azo Lo(1 = (Si+1)A2A48A414A2042)
,:0(1 — (5i42)A2A3A14420A26)

AT o(1 — (5i+2)AsA12A18424430)

(1= (5i+3)A6A12418424A30)

AreITizo(1 = (5i+2)AsA10A16420428)

o1 = (5i+3)A4A10A16422A08)
ATz (1 = (5i+2)ArA8A14420A2)
o1 = (5i+3)A2AgA14420426)

Anllizo(1 = (5i+3)AsA1A18424430)

o(1—(5i+4)A6A12A18424430)

Ao ITiZo(1 = (5i+3)A4A1041642048)

o(1—(5i+4)A4A10A16422428)
AgITi—o(1 = (5i +3)A2A8A14420426)
o(1—(5i+4)A2AgA14420A26)
AsITio(1 = (5i+4)AcA12A18424430)
o(1—(5i+5)AsA12418A24430)
AgTT (1 — (5i+4)A4A10A16A22428)
1 o(1—(5i45)A4A10A16A224238)
AT o (1 — (5i+4)A2A3A14A20A26)
01— (5i+5)A2A3A14420A26)

>

o be a solution of equation (3.1). Accordingly,
X30n+2 =

X30n+4 =

X30n+6 =

X30n+8 =

A30n+10 =

A30n+12 =

X30n+14 =

A30n+16 =

A30n+18 =

A30n+20 =

X30n+22 =

X30n-+24 =

X30n+26 =

X30n+28 =

X30n-+30 =

A [T (1 = 5iAsA11A17423429)
(1= (5i+1)A5A11417A23A29)
Ao7 [T o (1 = 5iA3A9A15A21427)
Lo(L+ (5i+1)A349A15421A27)
ol
—(

Ast" 1 —5iA1A7A13A19A05)
' o(1—(5i+1)AjA7A13A19A25)
A23 Hi:()(l — (5l-‘r 1)A5A11A17A23A29) ’
(1= (5i+2)A5A11417A23A29)
A [TiZo(1 = (514 1)A340415421407)
(1= (5i+2)A349A15A421427)
Ap[Tio(1 = (514 1)A1A7413410425)
(1= (5i+2)A1A7A13A19425)
A ITo(1 = (5i+2)AsA11A17423A29)
o1 —(5i+3)AsA11A17A23A29)
AisITZo(1 = (514 2)A340415421407)
(1= (5i+3)A349A15421427)
A ITZo(1 = (51 +2)A147413410425)
io(1—(5i+3)A1A7A13A19A25)
AnITo(1 = (5i+3)AsA11417423A29)
o1 —(5i+4)AsA11A17A23A29)
Ag[Ti=o(1 = (5i+3)A349415421427)
[T (1 — (5i+4)A3A9A15A21A27)
AT o (1 — (5i+3)A1A7A13A19A05)
o(1—(5i+4)A1A7A13A19425)
AsITiZo(1 = (5i+4)AsA11417423429)
:1:0(1 — (5i+ 5)A5A1 1A17A23A29)
A3 [T (1 = (5i+4)A340A1542147)
o(1—(5i+5)A3A9A15A21427)
AT (1 — (5i+4)A1A7A13A19A05)
:1:0(1 — (5i+5)A1A7A13A19A25)

Proof of Theorem 3.1. Let’s suppose that n is greater than 0, and our assumption remains valid for n=1. That is,

X30n—29 =

X30n—-27 =

X30n—25 =

X30n—23 =

X30n—21 =

X30n—19 =

X30n—17 =

X30n—-15 =

X30n—13 =

A30TT} ) (1 — SiAcA12A18A24A30)
[T/ (1= (Si+ 1)AeA12A13424A3)) ,
Axs TTI=, (1 — 5iAsA10A16A20A28)
TT 0 (1= (5i+ 1)A4A10A 16A20A28) ’
Az TT (1 — 5iArAgA14A20As6)
T/ (1= (5i+ 1)A2AgA14A20A26) ’
Ay TT g (1— (5i+ DAsA12418424450)

I (1= (5i+2)AA12413A24430)
A TTy (1— (Si+ 1)A4A10A16A22A28)

T/ (1= (5i+2)A4A10A16A20A28)
Ay [T}y (1—(5i+ 1)A2A3414420426)
T (1= (5i+2)ArAgA 1442042
ATl (1— (5i+2)A6A12A18424450)

T (1= (5i+3)AeA12A18A24430)
AT (1— (Si +2)A4A10A16A22A28)

1720 (1= (5i+3)A4A10A16422A08)
A TT) (1— (Si+ 2)A2A8A14A20A26)
T (1= (5i+3)A2A3414A20A2)

X30n—28 =

X30n—26 =

X30n—24 =

A30n—22 =

X30n—20 =

X30n—18 =

X30n—16 =

X30n—14 =

X30n—12 =

A29 17y (1 —5iAsA11A17A23A29)
0 (1*(51+1)A5A11A17A23Az9)

A TT! =g (1 — 5iA3A0A15A21A27) ,
T2y (1= (5i+ 1)A3A9A 15421 A7)
Ast o (1—5iA1A7A13A19A25) 7
I (1= (5i+ 1)A1A7A13A10A25)
ATy (1—(5i+ DAsA11A17A23429)
IT7=0 (1= (5i+2)AsA11A17423A2)
ATy (1= (5i+ DA3A0A15421427)
I (1= (5i+2)A3A0A15A21Az7)
AT (1*(5l+1)A1A7A13A19A25)
170 (1= (5i+2)A1A7A13A104,5)
ATy (1 (5i42)AsA, 1A17423429)
T (1= (5i+3)AsA11A17A23A20)
AgsTT g (1— (5i+2)A340A15421427)
[T (1= (5i+3)A3A0A15A21A27)
ATy (1- (5i+2)A147A13A1945)
I (1 — (5i+3)A1A7A13A10425)
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A ATl (1- (5l+3)A6A12A18Az4A30) 3m10 = A TT o (1 (5i43)AsA, 1A17A23A29)
- T/ (1= (Si+4)AgA12A18A24A30) " TT7-) (1= (5i+4)AsA11A17A23A20)
- ATl (1— (5i+3)A4A10A16420428) T AoTT} ) (1— (5i+3)A3A40A15421407)
" [T7=) (1 — (5i+4)A4A10A16A20A08) " 17, (1 — (5i+4)A3A0A15A21A27)
I AT (1— (Si+ 3)A2A8A14A20A26) - AT (1= (5i Jr3)141147A13A19Azs)
7 = L
T2 (1= (5i+4)A2A3414A20A2) 5 Ty (1— (5i+4)A1A7A13A19A25)
— ATy (1— (Si+4)A6A12A18424430) N3y — AsTT} ) (1— (5i+4)A5A11A17423429)
" T/ (1= (5i+5)A6A12418A24A30) " TT/ g (1= (5i+5)AsA11A17A23A29)
Yy — AsTT (1 (5i +4)A4A10A16A22A28) [ A3TT ) (1— (5i Jr4)1431“9A15A21Az7)
n— - n—sL —
T (1= (5i+5)AsA10A16A2428) 1y (1— (5i+5)A349A15A21427)
[ ATy (1—(5i +4)A2A8A1442042) . ATT S, (1= (5i +4)A1A7A13A19425)
o 17— (1= (5i+5)A2AgA14A20A2) " Ty (1= (5i+5)A1A7A13A10A25)

Now, using the main equation (3.1), one has

X30n—29
1- X30n—5X30n—11X30n—17X30n—23X30n—29

A30 nﬁ’ o (14546414 13424 430)

X30n+1 =

_ T (1-(5i+1)A6A A 18A24430)
LA AT AT A Hf’ o (1=SiAgA1pA 18A24430) T (1=( l)AsAMAISAsz) 1720 (1-(5+2)A6A 12418424430) T2 (1=(5i+3)A6A 124 18424430) [T (1=(5i+4)A6A 124 18424430)
GrIaTIsT 30“ o (1=(5i+1)AgA 124 18A24430) TIV 0‘(1 (5 +2)AgA12A18424430) TI} 0( ~(5i+3)AgA12A18424430) TI} 0'(1 (5i+4)46A12A18A24430) TI—( (1=(5i+5)A6412418424430)
(1-5iAgA12A18A24A30)
A3o H (51+l)1A(,A12A13A74A30) Ao I—I — S5iAgA12A18424A30 1
1 _ 1-5iAsA12A18A2A30 1— 51+1 iAcA1rA 1A A - AsA12A13A24A5
1+lA6A12A18A24A30H, 0 To (545 AcA s s Ang 6412418424430 \ 1 — —egiusaa

_4A 'i—ll 1 —5iAsA12A 18424430 1—(5i=5)A6A12A18424A30 ) |
AT = (5i+ 1)A6A1A18A24A430 \ 1 — (5i — 4)AsA 12418424430

Hence, we have
Az [T o (1 — 5iAcA12418A24A30)

X30n41 = . :
" o1 = (5i41)AsA12A18A24A30)
Similarly,
X304—28
X30n42 =

1 — X301 —4X30n—10X30n— 16X30n—22%30n—28
Agg T} (1-5iA5A 11 A 7A23409)
7o (1 (577 DAsA| A 7A23A29)
ASTI g (1-(5i+4)A5A11A17493429) A1y T (1-(5i+3)A5411417423429) A7 T (1-(5i+2)A5411417423A99) Ax3 [T (1=(Si-+1)AsA11417A3429) Az [T7() (1-5iAsA11417423429)

I+

g (1-(5+5)A5A11417423409) T 01(1 (i+4)AsA1A17803409)  TIg (1=(5i+3)A5A11A174034%9) T (1=(5i+2)A541 1 A1749309)  Timg(I=(5i+DAsA11417423429)
A I—In 1 (1-5iAsA11A17A23A2) 1
290 1i=o (]—(51+1)A5A11A17A23Az9) Ao H 1 —5iA5A11A17A23A29 1
1— 51A5A11A17A2}A29 17 Sl IA A A A A _ 5[A5A]1A17A23A29
1+51A5A11A17A23A29H, 0 To(5i+5)AsAr A ooz +1)AsA11A17A23429 \ 1 R v sy

Ao H —5iAsA11A17A23A29 (1 - (5i—5)A5A11A17A23A29> .
1— 5l +1)AsA11A17A23A29 \ 1 — (5i —4)AsA11A17A23A29
Therefore, we have
o 1—-5iAsA11A17A23A09

—A .
*30n+2 » ;[:—‘([) 1— (5i+ 1)iA5A] 1A17A23A29

In a similar way, it is readily achieved in extra relationships. O
Theorem 3.2. In (3.1) there is a unique equilibrium point located at X = 0, yet it does not fulfill the criteria for local asymptotic stability.
Proof of Theorem 3.2. The proof follows the same procedure as the proof of Theorem 2.2, thus it is not detailed. O

Xn—29
— 14X, 5% 11%0—17%n—23%n—29

4. Solution of the Difference Equation x, | =
In this case, we give a specific form of the solutions of the difference equation below, provided that the initial conditions are arbitrary real
numbers,

Xy—
Tl = S : @1
— 1+ Xy 5Xp—11Xn—17%n—23Xn—29

where, X0y .-+ 3X_20 defines as in (2.2) with X_5X_11X-17X-23X_29 75 1, X_4X_10X—-16X—-22X_-28 75 1, X_3X_9X_15X_21X_27 # 1,
X_0X_8X_14X_20%_26 # 1, X_1X_7X_13X_19X 25 # 1, XoX_eX_12%_18X¥_24 # 1.
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X60n+1 = A

1= ,

" —1+AgA12418424A30
_ Ay

X60n4+-4 =

—1+A3A9A15A21A27

Xe0n+7 = A24(—1+AA12418424A30)
Xe0nt+10 = Az1 (=14 A349A15421A27)
. _ Alg i

60m 3 ] F AgA 1A 184230

Ais i

—1+A3A9A15A21A27
Xe0n+19 = A12(—1+AgA12418424430)
Xeon+22 = Ag(—1+4-A3A9A15421427)

X60n+16 =

Ae
o025 = T +AgA12A18A2A3)
Az
X = >
60n28 = A3A0A 5A21A 27

Xeon+31 =A30,  Xeon+32 = A29,

X60on+38 =A23,  Xeon+39 = A22,

X60n+33 = A2g,
X60n+40 = A1,

X _ Ang i
60mH2 = Y 1 AsA 1A 17 AR A
. _ Adg :
60mH3 ™ 1 1 ApAgA 14A20A %
X60n+8 = A23(—1+A5A11A17A23429)>
Xeont11 = Az0(—1+A2AgA 144204 26)

. _ Ay
OOt T AsA 1 A7 An3 A
-~ Alg
X60n+17 =

—1+A2A8A14A20A26
Xe0n+20 = A11(—1+As5A11417423429)
Xe0n+23 = Ag(—1+A2A5A1442042)

As
X = >
60n+26 = 1 L AsA 1A 17A03A0
Aj
X60n4+29 =

—1+AyAgA 14A%0As

X60n+34 = A27,
X60n+41 = A20,

X60n+35 = A2g,
X6on+42 = A19,

X60n+3 =

X60n-+6

X60n-+9
X60n-+12

X60n+15 =

X60n+18

X60n+21

X60n-+24

X60n+27

X60n+30

X60n+36 = A2s,
X60n+43 = A18,

Theorem 4.1. Each solution {x,};__,q of equation (4.1) recurs every sixty units and has the structure,

Ang i
—1+A4A10A16422428
_ Ass )
 —14+A1A7A 13419475
=Ap(—1+A4410A16422428)
=A19(—1+A147A13A19A25)

Aje )
—1+A4A10A16422428
_ A3 )
 —14+A1A7A134194)5
=A1o(—1+A4410416422428)
=A7(=1+A1A7413419455)

Ay
—1+AsA10A16A0A%

Ay
—1+A1A7A3A9ALs

X60n+37 = A24,
X60n+44 = A17,

X60n+45 =A16;  X6on+46 =A15,  Xeon+47 =A14,  Xeon+48 =A13,  X60n+49 =A12,  X60n+50 =A11,  Xeon+51 = Al0,
Xeon+s2 =A9,  Xeon+53 =A8,  Xeon+s4 =A7,  Xeon+55 =Aes  Xeon+56 =As,  Xeon+57 =Ad4,  Xeon+58 = A3,
X60n+59 =A2,  Xeon+60 =A1-
The solutions consist of 60 periods.
Proof of Theorem 4.1. Suppose,
X60n—59 = As0 ’ X60n—58 = A2 ) X60n—57 = Ao ’
—1+AgA12A184244A30 —14+AsA11A17A23A29 —14+A4A10A16A22428
X60n—56 = Az ) X60n—55 = £26 ) X60n—54 = Aas ’
—1+A340A15421A27 —1+A2A8A14A20A2 —1+A1A7A13A19A25
Xe0n—53 = A2a(—1+AcA12418424430)>  X60n—52 = A23(—1+A5A11417423A29) > X60n—51 = A2a(—1+A4A10416A22428)
Xo0n—50 = A21 (=1 +A3A0A15421427)°  Xeon—a9 = A20(—1+A248A14420426)°  X6on—a8 = A19(—1+A147413A419425)>
X60n—47 = Aus s X60n—46 — Aur > X60n—4a5 = Als >
—14+AsA12A18424A30 —14+AsA11A17A23A29 —1+A4A10A 16422428
X60n—44 = A1 ) X60n—43 = A1 ’ X60n—42 = Az ’
—1+A340A15421A27 —1+A2A8414A20A2 —1+A1A7A13A19A25
Xoon—a1 = A12(—1+AcA12418424A30)>  X60n—a0 = A11(—1+A5A11417423A29) > X60n—39 = A10(—1+A1410416422428) >
Xo0n—38 = Ag(—1+A340A15421427)>  X60n-37 = As(—1 +A2AgA14420A2)>  Xeon—36 = A7(—1+A1A7413A19A25)>
Ag As Ay
038 S AgA A gAnsAs) o034 AsA L AAgAyy O0n=33 = AA A L6An Az
A3 Ap Aj
0 A3AgA Ay Ay OO Ay AgA 4Ar0Ans o030 = A A7A 3A 10405

X60n—29 = A30,

Xe0n—22 = A23,

X60n—15 = A16,
Xgon—8 = Ag,
Xgon—1 = Az,

X60n—28 = A29,

Xeon—21 = A2,

Xeon—14 = A1s,
Xeon—7 = As,
Xeon = At

X60n—27 = A2g,

Xe0n—26 = A27,

X60n—25 = A2g,

Xeon—24 =A25,  Xeon—23 = A4,

X60n—17 =A18,  Xeon—16 = A17,
X60n—10 =A11,  X60n—9 = A10,

Xeon—3 = Ag, Xeon—2 = A3,

Now, it follows from equation (4.1) that

X60n—29

X60n—20 =A21,  Xeon—19 =A20,  X60n—18 =A19,
X60n—13 =A14,  Xeon—12 =A13,  Xeon—11 =A12,
Xeon—6 = A7, Xgon—5 = Ag, Xeon—4 = As,
Az

X60n+1 =

— 1+ X60n—5%60n—11X60n—17%60n—23%60n—29 ~ —1 +AcA12A18424430
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Then, we have

X60n+1 = A3 :
T 1+ AgA 1A 13A2A)
Other relation can be given by the same way. O

Theorem 4.2. Equation (4.1) has three equilibrium points which 0,4++/2, and these equilibrium points aren’t locally asymptotically stable.

Proof of Theorem 4. The proof follows the same procedure as the proof of Theorem 2.2, thus it is not detailed. O

Xpn—29
— =X 511X 17%n—23Xn—29

5. Solution of the Difference Equation x,, | =

In this case, we give a specific form of the solutions of the difference equation below, provided that the initial conditions are arbitrary real
numbers,

Xp—29

I R 5.1)
— =X —5X—-11Xn—17Xn—23Xn—29

Xn+1 =

where, x, ...,x_p9 defines as in (2.2) with x_sx_11x_17x_23x_29 # —1, Xx_4x_joxX_16X_22X_28 # 1, X_3x_9x_j5x_p1x_p7 # —1,

X_oX_gX_ 14X 20X_26 7# —1, X_1x_7x_13x_ 19X 25 # —1, xox_gx_1px_18x 24 # —1.

Theorem 5.1. Each solution {x,};.__,q of equation (4.1) is periodic with period sixty and is of the form,

X60n+1 = A ’ X60n+2 = A2 ’ X60n+3 = Az ’
—1—AgA12A18424A30 —1—AsA11A17A23A29 —1—A4A10A 16422428
Any Az Azs
o0 T A3 AoA 5401 Ayy | o0 Ay AsA 1A roAns O0mtS = T A A7A A 0Ars |

Xe0n+7 = A24(—1 —AgA12A18A24A30)
Xeont+10 = A1 (=1 —A3A9A5421A27)

X60n+8 = A23(—1—A5A11A17A234A29)>
Xeont11 = A0(—1 —A2AgA 144204 76)-

Xe0n+9 = A2a(—1—A4A10A16A224A08)
Xeont+12 = A19(—1 —A1A7A13A19425)>

X60n+13 = Ats , X60n-+14 = An ) X60n+15 = Ao ,
—1—AgA12A18424A30 —1—AsA11A17A23A29 —1—A4A10A 16422428
Ars Alg A1z
o016 = T A AgA 5An 1Ay, 00T = T Ay AgA aAsoAs 6018 = T A ArA 3 A L9A s

Xe0n+19 = A12(—1 —AgA12418424430)
Xeon+22 = Ag(—1 —A3A9A15421427)

Xe0n+20 = A11(—1 —As5A11A17423429)
Xoon+23 = Ag(—1 —ArAgA14420As6)

X6on+21 = A10(—1 —A4A10A16A422428)
X60n+24 = A7(—1 —A1A7413A19A25)

Ag As Ay
X60n-+25 = ) X60n-+26 = , X60n+27 =
—1—AgA12A18424430 —1—AsA11A17A23A29 —1—A4A10A16A0A%’
_ A3 _ Ar _ Ay
X60n-+28 = X60n+29 = X60n+30 =

—1-A3A9A15421A27

—1—A2A3A14A20A%6

—1—A1A7A13A19A25

X60n+31 = A30,
X60n+38 = A23,
X60n+45 = A16,
X60n+52 = Ag,
X60n+59 = A2,

X60n-+32 = A29,
X60n+39 = A22,
X60on+46 = A1s,
X60n+53 = A8,
X60n+60 = A1

The solutions consist of 60 periods.

X60n-+33 = A28,
X60n+40 = A2,
X60n+47 = A14,
X6on-+54 = A7,

X6on-+34 = A27,
Xe0n-+41 = A20,
Xeon-+48 = A13,
X60n+55 = A6,

X60n-+35 = A6,
X6on+42 = A19,
X60n+49 = A12,
X60n-+56 = As.s

Proof. The proof mirrors the proof of Theorem 4.1, and hence, it is not elaborated upon.

X60n+36 = A2s,
X60n+43 = A18,
X60n+50 = A11,
X60n+57 = A4,

X60n-+37 = A24,
Xe0n-+44 = A17,
X6on+51 = A10,
X60n+58 = A3,

O

Theorem 5.2. Equation (5.1) has three equilibrium points which 0,4+/—2, and these equilibrium points are not locally asymptotically

stable.

Proof. The proof follows the same procedure as the proof of Theorem 2.2, thus it is not detailed.
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6. Numerical Investigation

We devote this section to verifying the theoretical work obtained in this article.

Example 6.1. For Eq. 2.1 and 3.1 we consider following initial conditions.

X_p9g=3.2, X_pg = 3.3, X_o7 =34, X_26 =3.5, X_p5 =3.6, X_p4=3.7,
x_p3 =3.8, X_22 =3.9, xX_o1 =4, Xx_p0=4.1, xX_19=4.2, x_13 =4.3,
x_17 =44, x_16 =4.5, x_15=4.6, x_14 =41, x_13=4.38, x_12=4.9,
x_11 =5, x_10=15.1, x_9g=>5.2, x_g=>5.3, x_7=54, x_g=>5.5,
X_5=15.6, X_4=57, x_3=2>5.8, x_p =59, x_1=6.1, xg = 6.

Example 6.2. For Eq. 4.1 and 5.1 we consider following initial conditions.

X_29 = 0.327 X_28 = 0.33, X_27 = 0.34, X_26 = 0.357 X_25 = 0.367 X_24 = 0.377
X_23 = 0.387 X_22 = 0.39, X_21 = 0.4, X_20 = 0.417 X_19 = 0.42, X_18 = 0.4-37
X_17 = 0.4-4—7 X_16 = 0.45, X_15 = 0.4—67 X_14 = 0.477 X_13 = 0,48, X_12 = 0.49,
x_1; =0.5, x_10=0.51, x_g = 0.52, x_g=0.53 x_7 = 0.54, x_g=0.55,
x_s = 0.56, x_4 =057, x_3 = 0.58, x_p = 0.59, x_1 =061, x = 0.6.

X(n) X(n)

s 5

4 4

3 3

1 1

50 100 J 150 " 200 " - B 100 ] 150 " 200 "
Figure 6.1: Plot illustrates the stability of Eq. 2.1 Figure 6.2: Plot illustrates the stability of Eq. 3.1

x(n) x(n)

NENENENENESE

Figure 6.3: Plot illustrates the stability of Eq. 4.1 Figure 6.4: Plot illustrates the stability of Eq. 5.1

7. Conclusion

This article extensively explores the qualitative behaviors of difference equations. It effectively examines local stability, periodicity,
oscillation, and solutions. Traditional iteration methods are employed to derive exact solutions for the relevant equations.
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