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Abstract. In this paper, we define a new closure operator on category of S-posets and
study some properties of this closure operator. Also, we define the class of order vitally
dense embeddings denoted by M,,, and we study the categorical properties such as
product, coproduct, pushout and pullback. Next, we investigate injectivity with respect
to this class of monomorphisms.
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1. Introduction and preliminaries

The study on the category pos-S of partially ordered sets with actions of a
pomonoid S can be found in many papers (see, e.g., [1], [5], [2], and [3]). Also,
various kinds of closure operators are studied. In [8], Shahbaz investigates the
down set closure operator in pos-S and studies injectivity with respect to the class
of down closed embeddings (see [10] and [7]). We investigate the new closure
operator on a commutative pomonoid, namely, an order vitally dense closure
operator such that order vitally embedding emerges from this type of closure. We
study some properties of this closure operator and some categorical properties
of this kind of embeddings. The injectivity with respect to different classes of
monomorphisms has been studied in [6], [9], [8]. In [4], in the category of S-acts,
the researchers study vital dense subact and vitally dense monomorphisms and
injectivity with respect to this kind of monomorphisms. We study the injectivity
of S-posets with respect to the class of order vitally dense embeddings and call
it ov-injectivity.

Now let us briefly give some definitions and preliminaries needed in the sequel.
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Recall that a monoid S is said to be a pomonoid if it is also a poset partial
order < of which is compatible with its binary operation, i.e. s <t ,s’ <t imply
ss’ < tt'. A right S-poset is a poset A which is also an S-act whose A : AxS — A
is order-preserving, where A X S is considered as a poset with componentwise
order. An S-poset morphism is an action preserving monotone morphism between
S-posets. A regular monomorphism is exactly order embedding; i.e, S-poset
morphism f : A — B for which a < d if and only if f(a) < f(d'), for all
a,a’ € A.

2. Order vitally dense closure operator

In this section, we introduce a closure operator and order vitally dense monomor-
phism. We study some properties of this kind of closure operators and some alge-
braic properties of order vitally dense embeddings such as composition, colimit,
coproduct, pullback, and pushout.

Let C be a category. Recall that a family C' = (Cg)pec, with Cp : SubB —
SubB, taking any subobject A < B to a subobject Cp(A), is called a closure
operator on C if it satisfies the following:

1. (Eztension) A < Cp(A),

2. (Monotonicity) A1 < Ag implies Cp(41) < Cp(Ag),

3. (Continuity) f(Cp(A)) < Cp(f(A)), for all morphisms f: B — D.

Moreover, a closure operator C' is said to be:

(a) Weakly hereditary if for every S-act B and every A < B, A is C-dense in
Cp(A).

(b) Hereditary if for every S-act B and A; < Ay < B, Cy,(A1) = Cp(A1)NAs.

(c) Additive if for every S-act B, Cp(A; U A2) = Cp(A41) UCp(A2).

(d) Productive if for every family of subacts A; of B;, taking A =[], A; and
B =]I; Bi, Cs(A) =TI, Cp,(4).

(e) Idempotent if Cg(Cp(A)) = Cp(A) for every S-act B and A < B.

(f) Discrete if Cp(A) = A for every S-act B and A < B.

Definition 1. Let S be a commutative pomonoid. A family C° = (C¥) Bepos—s
with C% : Sub B — Sub B is defined as C¥'(A) ={b€ B|Fa € A, s € S such
that bs < a}, for any subact A of B.

It is easy to show that C" is a closure operator on pos-S, which is called
an order vitally closure operator. Indeed, for any b € C%’(A) and t € S, there
exists s € S and a € A with bs < a and so (bt)s = b(ts) = b(st) = (bs)t < at
by commutativity of S. Then bt € C%’(A), which means that C%’(A) is a sub-S-
poset of B. The extension and monotonicity properties are clear. For continuity,
take an S-poset morphism f : B — D and b € C%(A). Then bs < a for some
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s€ Sand a € A. Then f(b)s = f(bs) < f(a). Hence, f(b) € C9*(f(A)), i.e.
F(CHA)) < CH(F(A)).

Clearly, if A < B < D, then C%'(A) < CH(A).

From now on, S stands for a commutative pomonoid.

A C°-dense sub-S-poset A of an S-act B is called order vitally dense or ov-
dense for short, i.e. C%(A) = B. An S-poset morphism f : A — B is said to
be order vitally dense or ov-dense if f(A) is an ov-dense sub-S-poset of B. The
class of all ov-dense monomorphisms of S-posets is denoted by M,,.

Definition 2. Let A be a sub-S-poset of B. We call A vitally dense in B, if for
any b € B, there exists s € S such that bs € A.

Example 1. Consider Z and Q as (N,.)-posets with usual addition and order.
Clearly, Z is a vitally dense sub-S-poset of Q.

We recall from [8] that a sub-S-poset A of S-poset B is called order dense,
if for each b € B there exists a € A such that b < a. Clearly any order dense
sub-S-poset is order vitally dense.

Example 2. Let S be a group. Then there is not any non-trivial sub-S-poset
of an S-poset. Moreover, on group, any order vitally dense sub-S-poset is order
dense.

Example 3. Any vitally dense sub-S-poset of an S-poset is order vitally dense
sub-S-poset, but the converse is not always true. For example, consider S-posets
A={L} and B={L, T}, with trivial action and L < T. Clearly, A is ov-dense
in B, and it is not vitally dense in B.

Example 4. If A is an order vitally dense convex sub-S-poset of B, then A is
vitally dense sub-S-poset of B.

Now let us prove some properties of this closure operator.
Theorem 1. The closure operator C° s hereditary, additive and idempotent.

Proof. First, let us prove that it is hereditary. For this, consider sub S-poset
A1 < Ay of B and z € C’fo;(Al). So, there exists s € S and a; € A; such that
xzs < aj. Obviously, x € C%' (A1) N As. Now, suppose that z € C%F (A1) N As.
Thus, we have x € Ao, and there exists s € S and a1 € Ay such that zs < a;.
Clearly, we have r €€ C%(A1). For idempotency, take any b € CZ(Cg(A)),
where A < B. Then bs € C¥(A) for some s € S. This implies that there
exists t € S and a € A such that (bs)t < a. Thus b(st) < a, which means
that b € C% (A). For additivity, consider sub-S-poset A; and Ay of B. Let us



26 M. Hezarjaribi

show that C%'(A1 U Ag) = CF' (A1) UCYH (A2). Let & € CF (A1 U Az), so there
exists s € S and a € A; U Ay such that xs < a. Since a € A7 U Ay, we have
xz € CF(A1)UCH (A2). Now, consider x € CF'(A1)UCH (Az). Thus, there exists
a1 € Ay and t € S such that xs < a; or there exists as € Ay and t' € S such that
xs < az. In both cases, we have x € C%'(A1 U Az). <«

Lemma 1. Let A i) B % C be two S-poset morphisms, where g is an embedding.
Then gf is an ov-dense morphism if and only if so are f and g. In particular,
Moy is closed under composition as well as right and left cancellable.

Proof. Assume that gf is an ov-dense morphism. We will show that f(A)
and g(B) are ov-dense sub-S-posets of B and C, respectively. For any b € B,
g(b) € C. Since gf(A) is a v-dense sub-S-posets of C, there exist s € S and
a € A for which g(b)s < gf(a). So g(bs) < gf(a) and then bs < f(a) € f(A).
Now let ¢ € C. Then there exists s € S with ¢s < gf(a) for some a € A. So
cs < g(b), for some b € B. Conversely, let f and g be ov-dense morphisms. It
must be shown that gf(A) is an ov-dense sub-S-poset of C'. Let ¢ € C. Since
g(B) is ov-dense in C, there exist s € S and b € B such that cs < g(b). Also,
since f(A) is ov-dense in B, there exist t € S and a € A for which bt < f(a).
Now we have ¢(st) = (cs)t < g(b)t = g(bt) < gf(a) € gf(A). <

It is clear that any epimorphism is an ov-dense morphism. So, the following
is obtained by using Lemma 1.

Corollary 1. The composition of an ov-dense morphism with an epimorphism
s an ov-dense morphism.

Proposition 1. The class M, is closed under coproducts.

Proof. Consider the diagram

I
f

Hie[ A > Hie[ B;

where (f; : Ai — Bj)ier is a family of ov-dense embeddings. Let f : [[,c; Ai —
[l;c; Bi be the S-poset morphism satisfying f(ui(a;)) = u}fi(a;), for a; € A,
which exists by the universal property of coproducts. In fact, f(a;,7) = (fi(a;),1).
We claim that f is an ov-dense embedding. By [5], it is clear that f is an
embedding, so it is enough to show that f is ov-dense. Let b € [[,.; B;. Then
b € B; for some i € I and b = u}(b;). Since f; is ov-dense, there exist a; € A;
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and s € S for which bs < f;(a;), and hence bs < v} fi(a;) = fui(a;), which means
that f is ov-dense. «

Proposition 2. Let (f; : B; — A)icr be a family of ov-dense morphisms. Then
[ e Bi = A is an ov-dense morphism.

Proof. Consider the diagram

Hiel B;

where [ : [[,c;Bi — A is the S-poset morphism obtained by the universal
property of coproducts. Since f; is ov-dense, for any a € A, there exist b; € B
and s € S such that as < fi(b;). So as < fi(b;) = fu;(b;) and hence f is an
ov-dense morphism. <«

Recall that the sub pullback of a diagram
A

|+
c—2-~B
in pos-S is the sub S-poset P = {(c,a) : c € C,a € A, f(a) < g(c)} of A x B,
and sub pullback maps po : P — C, pa : P — A are restrictions of the projection
maps.
A class of morphisms of a category is called pullback stable if pullbacks transfer

those morphisms. In the next result, we establish this property for ov-dense
monomorphisms of S-posets.

Proposition 3. The class My, is sub pullback stable.

Proof. Consider the pullback diagram

p-PAa

S

B-Y-C

where P = (c,a):c€ C,a€ A, f(a) <g(c) and pc : P — C and py : P — A
are restrictions of the projection maps. Assume that f,g € M,,. Let us show
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that pa, pp € Myy. By [5], it is known that p4 and pp are order embeddings.
Let us show that pp is ov-dense. Let b € B. Then ¢(b) € C, and so it follows
from the ov-density of f that there exist s € S and a € A such that g(b)s =
g(bs) < f(a). Now, since g is ov-dense, there exist t € S and b’ € B such that
fa)t < g(b'). So, we have g(bst) = g(b)st < f(a)t < g(b')t = g(V't), and since g
is order embedding, we have bst < b't = pp(at,b't). It follows that pp is ov-dense
embedding. Similarly, we can show that p4 is ov-dense embedding. «

For a class M of morphisms of a category, it is said that pushouts transfer
M-morphisms if for a pushout diagram

A2 C

f i h
B—t-D
if g € M, then so is k.
The pushout of a given diagram

A*f>C

|

B

in pos-S is the factor S-poset Q = (BUC) /0, where 6 is the congruence relation
on B U C generated by all pairs (upf(a),ucg(a)), a € A, where up : B —
BUC,uc : C — BUC are the coproduct injections. Also, the pushout maps
are given as h = yup : C — Q,k = vyuc : B — @Q, where v : BUC — Q is the
canonical epimorphism.

Proposition 4. In pos-S, pushouts transfer ov-dense embeddings.

Proof. Consider the pushout diagram

At ¢

R

); LI Q
where g is an ov-dense embedding. Let us show that k is also an ov-dense
embedding. By [5], k is a regular monomorphism. So, it remains to prove
that k is ov-dense. Let [z]g € Q. If x = up(b) for some b € B, since f is
ov-dense, there exist a € A and s € S such that bs < f(a). So, we have
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[x]ps = h(bs) < h(f(a)) = kg(a). If x = uc(c) for some ¢ € C, then for any
s € S we have [z]ps < k(cs), as required. <

For a class M of morphisms of a category, we say that multiple pushouts

&
transfer M-morphisms if in the multiple pushout (@, (B; = Q)icr) of a family
{di: A— B; | i€ I} of M-morphisms, d; € M, for every i € I.
Similar to the pushouts, we have the following result.

Proposition 5. Multiple pushouts transfer ov-dense embeddings.

Proof. Let {d; : A — B; | i € I} be a family of ov-dense embeddings. Recall
that the multiple pushout of this family is ([ [;c; B:)/6, where 6 is a congruence
on [[,c; Bi generated by all pairs H = {(uid;i(a),ujd;(a)) : i,j € I,a € A},
where for each i € I, u; : B; — [[;c; B; is the i-th coproduct injection map.
Also, the multiple pushout maps are dj = yu; : B; — ([;c; Bi)/6, where ~ :
[ic; Bi = (Il;e; Bi)/0 is a natural epimorphism. By [5], d; is an embedding for
each i € I. To show that each d}d; (and hence each d] by Lemma 1) is ov-dense,
let b € (JI,c; Bi)/0. Then there exist j € I and b; € B; such that b = [u;(b;)]s-
Since d; is ov-dense, there exist a € A and s € S such that bjs < d;(a). Now
we get bs = [u;(b;)]los = [u;(bjs)]e = d}(bjs) < didj(a) = did;i(a) € Im(did;), as
required. <«

Definition 3. For a class M of morphisms of category A, we say that A has
M-bounds if for each set indexed family {m; : A — A; | i € I} of M-morphisms
there is an M-morphism m : A — B which factors over all m;’s; that is, there
are d; : A; — B with d;m; = m. In addition, if d;’s belong to M, it is said that
A has M-amalgamation property.

Corollary 2. The category pos-S has My,-bounds and M, -amalgamation prop-
erty.

Proof. Let {h; : A — B; | i € I} be a set indexed family in M,, and
h:A— B = ([I;c; Bi)/0 be the multiple pushout of h;’s. Then h factors over all
h;’s, and is an ov-dense monomorphism by Proposition 5. The second assertion
also follows from Proposition 5. «

A directed system of S-posets and S-poset morphisms is a family (A;);er of S-
posets indexed by an up-directed set I endowed by a family (g;; : Ai — Aj)i<jer
of S-poset morphisms such that given i < j < k € I, we have g;jg;i = gk, and
also g;; = id. Note that the pair (li_>mAi, {fi 1 4; — lzl;Ai}, abbreviation lzl}Ai
is called the directed colimit of the directed system ((A;)icr, (gij)i<;), where i <
j €I and fjg;j = fi, and for every (B,h; : Ay — B) with h;g;j = h;,i < j €1,
there exists a unique map such that v : lzl}Ai — B such that vh; = f;.
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We recall that, by [5], the directed colimit of the directed system ((A;)ier, (¥ij)i<;)

A
of S-posets exists, and may be represented as (5’ (Vi = you; + Ay — g)ig),

[T 4

where vp : [[A; — is a natural epimorphism, wu; is a coproduct injection

and

(i) A =TT A

(it) aba’(a € Aj, ' € Aj) if and only if Ik > 4, j : Yi(a) < Yji(a’);
(7i7) for each i € I and a € A, 1(A) = [a]g.

Theorem 2. The category pos-S has M, - directed colimit.

Proof. Consider directed system ((Ba)acr, (9as)a<per of S-posets and S-
poset morphisms, and the colimit S-poset morphisms g, : B, — lzl;LQBa =

. B

2. Take ov-dense monomorphisms hy : A — By, a € I with Gagha = hg

forpa <pel Leth:A— li_?”f>laBa be the directed colimit of h, for o € 1.
That is, h = limaha = gghg. By [5], h is an order embedding. Let us show that
is on-dense. For this, let b € li_>m36, so there exists y, € B, such that b = [y,],.
Now, since h, is ov-dense, there exist s € S and a € A such that y,s < hq(a).
Then, bs = [Yalps = 9a(Ya)s < ga(Ta) < gaha(a) = h(a) and so h is ov-dense. <«

Definition 4. For a class M of morphisms of category A, we say that A satisfies
M-chain condition if for any directed system ((Aa)acr, (fag)a<per), whose index
set I is a well-ordered chain with the least element 0 and foo € M for all «,
there is a (so called “upper bound”) family (go : Aa — A)aer with gy € M and

98fap = ga-
Proposition 6. The category pos-S fulfills the M, -chain condition.

Proof. Take A = @}aAa and let g4 : Aqa — A be a colimit map. Then,
applying Proposition 2, we get the validity of the assertion. «

3. v-dense essentiality and v-dense injectivity

In this section, we proceed to study three different definitions of essentiality
with respect to the class M,,. Also, we investigate the relationship between
ov-injectivity, ov-injectivity and these three essentialities.

Consider subclass Mono of monomorphisms of the category pos-S and A
B € M,y,. One usually uses one of the following definitions to say that m is
called:
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(Miop-essential) A % B 5 0 e Moy = f € Moy

(Magp-essential) A 5 B 5 ¢ e Mono = f € Mono (essential
monomorphism)

(M3gp-essential) A 3 B i> CeMgy=feMono
Lemma 2. The composition of My,-essentials is a My, -essential.

Proof. Let f: A— Band g: B — C be M,,-essentials. We will show that so
is gf. By Lemma 1, gf is an ov-dense monomorphism. Suppose that h: C' — D
is a homomorphism for which h(gf) = (hg)f is a monomorphism. It must be
shown that h is a monomorphism. Since f is a M,-essential, hg and hence h is
a monomorphism because g is a M,-essential. «

Theorem 3. The category pos-S fulfills Banaschewski’s M, -condition, in the
sense that for any M,-monomorphism f : A — B there exists an S-poset mor-
phism g : B — C such that gf is M, -essential.

Proof. By [5], the category pos-S fulfills Banaschewski’s condition for reg-
ular essential monomorphisms. Now consider S-poset morphism h : C — D
such that hgf is an ov-embedding. Since gf is regular essential, h is an order
embedding, and so h is ov-dense. «

Definition 5. Let A be an S-poset. Then A is said to be ov-dense injective
if it is injective with respect to all ov-dense monomorphisms. Also, A is called
an ov-dense absolute retract if A is an ov-dense retract of each of its ov-dense
extensions. Clearly, an ov-dense retract of any ov-dense injective S-poset is ov-
dense injective. Clearly, S-poset A is ov-dense absolute retract if and only if it
s ov-dense injective.

By [8], an S-poset A is od-injective if it is injective with respect to the class
of order dense embeddings.

Theorem 4. Let A be an S-poset. It is od-injective and vitally dense injective if
and only if it is an order vitally dense injective.

Proof. Sufficiency is clear. For necessity, let B be an order vitally dense
sub-S-poset of C' and f : B — C be an S-poset morphism. We will show that
there exists an S-poset morphism h : ¢ — A such that hjp = f. Clearly, B
is an order dense sub-S-poset of | B and | B is a vitally sub-S-poset of C. So,
there exists S-poset morphism g :{ B — A and h : C — A such that g p = f
and h p = g, since A is od-injective and vitally dense injective. Thus, we have
hip = f, as required. <«
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Theorem 5. Let S be a pomonoid. Then the following assertions are equivalent
for each S-poset A:

(i) A is ov-dense injective.

(ii) A is an ov-dense absolute retract.

(iii) A has no proper Ms,,-essential extensions.

(iv) A has no proper Moo, -essential extensions.

(v) A has no proper Mi,y,-essential extensions.

Proof. We will only prove the assertions (i) = (ii¢) and (v) = (i7). Let B
be an M3g,-essential extension of A. By (ii), there exists an ov-dense retraction
g : B — A such that g4 = ids. Since A is a M3p-essential in B, g is a
monomorphism. So, for any b € B, we have g(b) € A, and so g(g(b)) = ¢g(b).
Thus ¢g(b) = b, and we have b € A. Therefore B = A.

Now, let us show the implication (v) = (i¢). For this, suppose that B is an
ov-dense extension of A. By Proposition 3, there exists an S-poset morphism
g : B — A such that g4 is a Mj,-essential. Now, g 4 is an isomorphism by
(v). So, g(gja)~ " is a retraction, and thus A is an ov-dense retract of B. <

Definition 6. Let A be an S-poset. Then S-poset B is called:

(i) a mazimal M;,,-essential extension of A, i = 1,2,3 if B is a M;g,-
essential extension of A and for any S-poset morphism h : B — C, where C is
a Mioyp-essential extension of A and h 4 is an inclusion map, is an isomorphism.

(i) a minimal My, -essential extension of A, i = 1,2,3 if B is a M;g,-
essential extension of A and for any S-poset morphism h : C' — B, where C is
a Mop-essential extension of A, which maps A identically, is an isomorphism.

Lemma 3. If B is a My, -essential extension of an S-poset A, i =1,2,3, and A
1s order vital dense embedded into some reqular injective S-poset @), then B can
also be order vital dense embedded into Q.

Proof. Straightforward. «

Theorem 6. FEvery S-poset has a maximal M,,-essential extension, for i =
1,2,3.

Proof. Let A be an S-poset, and P be the set of all M;,,-essential extensions
of an S-poset A, i = 1,2,3. Consider P as a partially ordered set under inclusion.
For any chain (A;);er in P, J;c; Ai € P is an upper bound. By Zorn’s lemma,
P has a maximal element M which is in fact a maximal M;,,-essential extension
of an S-poset A,71=1,2,3. «
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Lemma 4. Let A be an order vitally dense sub-S-poset of S-poset B and B be
an order vitally dense sub-S-poset of C. Then A is a My -essential, i = 1,2,3
in C if and only if A is a M,o,-essential in B, and B is a My, -essential in C.

Proof. 1t’s clear. «

Definition 7. S-poset B is a My, -injective hull of A, for i = 1,2,3 if B is
a Mo-essential extension of A as well as ov-injective. Clearly, My, -injective
hull of an S-poset, if it exists, is unique up to isomorphism.

Theorem 7. Let A be an S-act and B be an ov-dense extension of A. The
following assertions are equivalent:

(i) B is a Mygp-injective hull of A.

(ii) B is a Magy-injective hull of A.

(iii) B is a Magy-injective hull of A.

(iv) B is a mazimal My -essential extension of A.

(v) B is a mazimal Msey-essential extension of A.

(vi) B is a mazimal Mag,-essential extension of A.

(vii) B is a minimal ov-injective extension of A.

Proof. Let us show the validity of the assertions (i) = (iv), (iv) = (3), (iv) =
(vii), (vii) = (i). The rest are clear.

(1) = (iv), it is obtained by 4 and 5.

(iv) = (i), let B be a maximal Mj,,-essential extension of A. Then, by
Lemma 4, it has no proper M,,-essential extension, and by Theorem 3, the
result holds.

(iv) = (vii), let B be a maximal M-essential extension of A. Then, by
Lemma 4, it has no proper M ,-essential extension. So, it is an ov-dense injective,
by Theorem 5. Let f : C — B be an ov-dense embedding from an ov-dense
injective order vitally dense extension C of A, which maps A identically. Since A
is a Mygp-essential in B, by Lemma 4, it follows that f(C') is a M1y,-essential and
so f(C) = C is an ov-dense injective. Now, by Theorem 5, we have B = f(C).
So, f is an isomorphism.

(tv) = (vii), it is obtained by Theorem 6 and Theorem 5. <

The next corollary is obtained by Theorem 6 and Theorem 7.
Corollary 3. For every S-poset, there exists a Mo, -injective hull, fori =1,2,3.
Similar to Theorem 2.42 [9], we can prove the next Theorem.

Theorem 8. In the category pos-S, Migy-essential = Moy, -essential < Msg,-
essential.
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Example 5. Consider N and Z as (Ng, +)-posets with usual addition and usual
partial order. It is clear that Z is an ov-dense extension of N. Similarly to [4],
we can prove that 7 is an Mayy-injective hulll of N.

1]

[2]
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