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ABSTRACT. The aim of this paper is to study of the non-trivial solutions of Fischer-Marsden conjecture
on K-paracontact manifolds and 3-dimensional quasi-para-Sasakian manifolds. We prove that if a semi-
Riemannian manifold of dimension 2n + 1 admits a non-trivial solution of Fischer-Marsden equation,
then it has constant scalar curvature. We give a comprehensive classification for a (2n 4 1)-dimensional
K-paracontact manifold which admits a non-trivial solution of Fischer-Marsden equation. We consider
3-dimensional quasi-para-Sasakian manifolds with 8 constant which admits Fischer-Marsden equation
and prove that there are two possibilities. The first one is the scalar curvature r = —682 and M3 is
Einstein. The second one is the manifold is paracosymplectic manifold and n-Einstein.
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1. INTRODUCTION

In modern physics, the general theory of relativity provides an interpretation of many cosmological
events, from the expansion of the universe to black holes. A significant global solution of Einstein equation
in general relativity is static space-times. A semi-Riemannian manifold (M?"*1 g) and positive function
A, we say that (M?2"*2 g) = M?"*! x, R endowed with the metric § = g — M2dt? is a static space-time.
In this case, the Einstein equation with perfect fluid as a matter field over (M?2"*2, g) is given by

<

Sg——=g="T, (1)

2
where T = pA2dt? + pg is the stress-energy-momentum tensor of perfect fluid, S and rz denotes the
Ricci tensor and scalar curvature for the metric g, resp. Moreover, the smooth functions p and p are
energy density and pressure of the perfect fluid, resp. Static perfect fluid space-times is a generalization
of the static vacuum spaces and solution of . Also, it provides models for black holes, galaxies and
stellars [7,/9]. Fischer-Marsden equation can be considered as a special case of the static perfect fluid
space-times |5, Remark 1.3].

On the other hand, Fischer-Marsden conjecture is closely related the conjecture that known as Cosmic
no-hair conjecture. We recall the Cosmic no-hair conjecture as "the hemisphere S} is the only possible
n-dimensional positive static triple with single-horizon and positive scalar curveture” [9].

Let (M?"*1 g) be a compact, orientable semi-Riemannian manifold. We denote the set of all unit
volume semi-Riemannian metrics on (M?" !, g) by M. The linearization of the scalar curvature £,4(g*)
is given by

Lyg" = =D, (treg") + div(div(g")) — g(g", S),
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where Ay, div, g* and S denotes the negative Laplacian of the semi-Riemannian metric g, divergence
operator, symmetric (0,2) tensor field on M and the Ricci tensor, resp. The formal L?-adjoint £,g* of
the linearized scalar curvature operator £, is defined by

L3(A) = —(AgA)g + HessgA — AS, (2)

where HessgA(U, V) = Vg)\(U, V) = g(Vu DA, V) is the Hessian operator of the smooth function A on M
and D is the gradient operator of g. We refer the equation £} (\) = 0 as Fischer-Marsden equation (FME).
The pair (g, A) that satisfying £7()\) = 0 is called a solution of Fischer-Marsden equation. A solution with
A = 0 is called a trivial solution. We note that a complete Riemannian manifold that admits a non-trivial
solution of Fischer-Marsden equation (A # 0) has constant scalar curvature [1,/10]. Moreover, Corvino (8]
proved that a non-trivial solution of FME implies the warped product metric ¢* = g — A\2d¢? is Einstein.
Further, we recall Fischer-Marsden conjecture [10] as ”a compact Riemannian manifold that admits a
non-trivial solution of the equation Lj()\) = 0 is necessarily an Einstein manifold”. In the case of g is
conformally flat, counter examples of this conjecture are given by Kobayashi |[12] and Lafontaine [16].
This conjecture is investigated by various authors [2(-4}/19}20].

A Ricci soliton is a generalization of an Einstein metric [11]. A semi-Riemannian metric g on a semi-
Riemannian manifold M?"*! is said to be Ricci soliton if there exist a real number y and a vector field
V on M?"*! satisfying

Lyvg—+2S+2ug =0, (3)
where Ly g and S denote the Lie derivative along the vector field V' and the Ricci tensor of g, resp. The
vector field V is also called the potential vector field. If soliton constant p is zero, negative or positive,
then the Ricci soliton is said to be steady, shrinking or expanding, resp. Furthermore, if V' is a gradient
of a smooth function f, namely, V' = D f, then the Ricci soliton is called a gradient Ricci soliton and the
equation (3] becomes

Hess(f) + S = g, (4)
where Hess(f) is the Hessian of f. In semi-Riemannian manifold M?"*1, the metric ¢ is said to be
gradient n-Ricci soliton if it satisfies

Hess(f) +S = py1g + pan @, (5)

where f is a smooth function and g4, iy are constants [6].

All of the mentioned works motivate us to study Fischer-Marsden conjecture on K-paracontact mani-
folds and 3-dimensional quasi-para-Sasakian manifolds. This paper is organized in the following way. In
section 2, we recall some notations required for this paper. In section 3, first, we prove the counter-part
of the theorem which was proved in 1975 [1,/10], namely, we show that in a semi-Riemannian manifold
which admits non-trivial solution of Fischer-Marsden equation, the scalar curvature is constant. After
that, we gave a comprehensive classification for a (2n + 1)-dimensional K-paracontact manifold which
admits a non-trivial solution of Fischer-Marsden equation. With this Theorem, we have shown one of the
difference between contact geometry and paracontact geometry. Also, we prove that if the Ricci operator
commutes for a K-paracontact manifold M2"*+! with a non-trivial solution of Fischer-Marsden equation,
then M?"*! is an Einstein manifold. We show that if a 2n + 1-dimensional para-Sasakian manifold
admits a non-trivial solution of Fischer-Marsden equation, then it is Einstein. Moreover, for n = 1, the
Ricci tensor is parallel and the manifold is Ricci-semisymmetric. We also investigate the relation be-
tween Fischer-Marsden conjecture and gradient Ricci solitons on K-paracontact manifolds. In Section 4,
we consider 3-dimensional quasi-para-Sasakian manifolds with S constant which admits Fischer-Marsden
equation and prove that there are two possibilities. The first one is the scalar curvature r = —64% and
M? is Einstein. The second one is the manifold is paracosymplectic manifold which is locally a product
of the real line R and a 2-dimensional para-Kaehlerian manifold, and 7-Einstein. Finally, we give the
relation between Fischer-Marsden conjecture and gradient Ricci solitons and gradient n-Ricci solitons on
quasi-para-Sasakian manifolds M?3.

2. PRELIMINARIES

A (2n+ 1)— dimensional manifold M is called almost paracontact manifold if it admits triple (F, &, n)
satisfying the followings:
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n€) =1, F=I-n&¢ (6)
and F induces on almost paracomplex structure on each fiber of D = ker(n), where F,¢ and 7 are
(1,1)—tensor field, vector field and 1—form, resp. As a natural consequence, the tensor field F' has rank
2n, F€ =0 and no F = 0. Here, £ denotes a certain vector field (referred to as the Reeb or characteristic
vector field) which is dual to n and satisfying dn(&,U) = 0 for all U € x(M). If the structure (M, F, £, n)
admits a pseudo-Riemannian metric such that

g(FU,FV) = —g(U, V) +nU)n(V), (7)

for all U,V € x(M), then we say that (M, F,&,n,g) is an almost paracontact metric manifold. It should
be noted that a pseudo-Riemannian metric with a given almost paracontact metric manifold structure
always have a signature of (n + 1,n). On an almost paracontant metric manifold, there always exists
an orthogonal basis {U,...,Uy, Vi,...,V,, &}, namely F—basis, such that g(U;,U;) = —g(V;, V) = 045
and V; = FU;, for any 4,5 € {1,...,n}. Moreover, it is possible to establish the definition of a skew-
symmetric tensor field (a 2-form), commonly referred to as the fundamental form, denoted as ®, by using
the equation
@(Ua V) = g(Ua FV)
Within the framework of almost paracontact manifolds, the tensor N() of type (1,2) can be introduced
by
NW(U,V) = [F,FI(U,V) = 2dn(U, V)¢
where
[F,F|(U,V) = F*U,V] + [FU,FV] — F[FU,V] — F[U, FV]

is the Nijenhuis torsion of F. The almost paracontact manifold is designated as normal, when N(*) =0
[23].

Furthermore, an almost paracontact metric manifold is referred to as a paracontact metric manifold if
the following condition is satisfied for all vector fields U,V € x(M):

dn(U, V) =g(U,FV)=®(U,V).

In a paracontact metric manifold, a symmetric, trace-free operator h is defined as h := %EgF , where L
represents the Lie derivative. It is important to note that h equals zero if and only if the vector field
¢ is a killing vector. When ¢ is a Killing vector, the paracontact metric manifold is referred to as a K-
paracontact manifold. A normal almost paracontact metric manifold is said to be para-Sasakian manifold
if ® = dn. Furthermore, a para-Sasakian manifold is also K-paracontact, with the reverse holding true
solely in a three-dimensional [23]. An almost paracontact metric manifold is called quasi-para-Sasakian
when both the structure is normal and its fundamental 2-form is closed.

Actually, three dimensional quasi-para-Sasakian and para-Sasakian manifolds are normal almost para-
contact metric manifold in the type of («, 8) with (0, 3) and (0, —1), resp. In the case of @« = 8 =0, the
manifold is paracosymplectic [21].

An almost paracontact metric manifold is said to be n-Finstein if its Ricci tensor S is of the form

S = g+ pan®n (8)

where p; and p, are smooth functions on the manifold. If M is para-Sasakian, then p; and p, are
constants ( |23, Proposition 4.7]). If u, = 0, then the manifold is said to be Einstein.
In a K-paracontact manifold, we have the following relations [23]:

Vyé = —FU, (9)

QE = —2ng, (10)

R(&,U)V = (VyF)V, (11)

(VruF)FV = (Vo F)V =29(U, V)§ — (U +n(U)n(V), (12)

for all U,V € x(M). On K-paracontact manifold, from and (10), we have py + py = —2n. So
K-paracontact manifold is Einstein if and only if S(U,V) = —2ng(U, V) for all U,V € x(M). Moreover,
the following curvature identities holds for a three-dimensional quasi-para-Sasakian manifold with 3
constant [14,/15]:
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Vuvé =pFU, (13)
RUVIW =(28° + 5)(g(V. W)U = g(UW)V) = (38° + 2) (9(V. W) (V)

= gUW)n(V)E +n(V)n(W)U = n(@)n(W)V), (14)
SW.V) =(8* + 5)g(U. V) = (38> + n(Un(V), (15)
QU =(8* + U — (38° + Hn(U)E, (16)
Q€ = —28%, (17)

where R, S and r are respectively Riemannian curvature, Ricci tensor and scalar curvature of M.

3. K-PARACONTACT MANIFOLDS SATISFYING FISCHER-MARSDEN EQUATION

Theorem 1. If a semi-Riemannian manifold (M™,g) admits a non-trivial solution (g, \) of Fischer-
Marsden equation, then it has constant scalar curvature.

Proof. Let (M™,g) be a semi-Riemannian manifold and {e;|]1 < ¢ < n} be a local frame on a normal
coordinate system at any point p € M. Therefore, from |18 Proposition 33, p. 73], we have

Ve,e; =0 (18)
and .
Voei=» x;Vee; =0 (19)
for vector field U = 3" | z;e; on a neighborhood of p € M. We also know that
div(Hess\)(U Z €i(Ve,HessA) (U, e;), (20)

where €; = g(e;, €;). Computing this covariant derlvatlve, using , we have
(Ve,HessA\)(U,e;) =V, HessA\(U, e;) — Hess/\(Vei U,e;) — HessA(U,V,e;)
=Ve.9(VuDA,e;) — g(Vv, uDA,e;)
=9(Ve,VuDA,e;) — g(Vy,, uDA ;). (21)
On the other hand, using the Riemannian curvature tensor and 7 we obtain
g(R(e;, U)DA, e;) =9(Ve,VuDA,e;) — g(VuVe, DA e;) — g(Vie,. 01D, €;)

=9(Ve,VuDA,e;) = g(VuVe, DA e;) — g(Vv, vDA, e;). (22)
Using and , one can get
(Ve,HessA\) (U, e;) = g(R(e;, U)D, e;) + g(VuVe, DX, ;). (23)
By the help of and writing (23 . in ., we derive
div(Hess\)( Zszg (e;,U)DM,e;) + Zsig(VUVeiD)\, €;)

=1

72519 ela D>\7ei) +251U(9(V67D)‘761))
=1

—S(U, D))+ U(AN), (24)
for all vector field U. From , we have
div(Hess\) = Q(DX) + d(AN). (25)

Again, computing the divergence of AS, we obtain

div(\S)(U ZEZ Ve, AS) (U, €;)

i=1
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= Z gilei(N)S(U, i) + AV, 9) (U, ei)],

which gives
A
div(AS) = Q(DX) + §dr. (26)
At the end, by the parallelity of the semi-Riemannian metric g, we get
div(AX.g)(U) =Y £i(Ve, AXg)(U, e;)
i=1

= Z € [el(A)‘g)(Ua ei) - AAg(Vel Ua 61‘) - A)\g(U7 vei el)]

=1

= Zs[ei(A)\)g(U, ei) + AMeig(U,e;) — g(Ve,U,e;) — g(U, Ve, e:)}]

= Z giei(AN)g(U, €;)
i=1
= Z gig(U, ei(AN)e;)
i=1
=g(U, d(AN)),
which implies
div(AN.g) = d(AN). (27)
If (g, A) is a non-trivial solution of the Fischer-Marsden equation, i.e. A # 0, then from , we have
—(AgN\)g+ Hessgh — XS = 0. (28)
Taking the divergence in , and using , and , we have
A
§dr =0. (29)
Since A # 0, from , the scalar curvature r is constant. O

Proposition 1. [4] If (g,\) is a non-trivial solution of the Fischer-Marsden equation on a (2n + 1)-
dimensional paracontact metric manifold M, then the Riemanian curvature tensor and Fischer-Marsden
equation can be expressed as

R(U,V)DA =UNQV = V(A)QU + M(VuQ)V — (VvQU} + U(f)V = V(f)U, (30)
and
VDA = QU + fU, (31)
where f = 75‘—;, A is a function of Fischer-Marsden equation and U,V € x(M).

On a K-paracontact manifold, we have LsQ) = 0 [22]. Then using L;Q = 0 and @, we have the
following result.

Lemma 1. On a (2n + 1)-dimensional K-paracontact manifold, we have
VeQ = QF - FQ. (32)

Theorem 2. Let (g, A) be a non-trivial solution of Fischer-Marsden equation on a K-paracontact manifold
M of dimension (2n+ 1). Then either

(1) £(\) = £, or

(2) the manifold is an Einstein manifold, or
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(3) the C # 0 tensor defined by C = Q + 2nl and 1 < rank(Cp) < n for all p € M, where Cp, # 0.
Further, there exists a basis {U1,V1,..., Uy, Vo, &} of T,M such that

9p(§:8) = 1,9p(Ui, Vi) = £1

0 0 0 0
C|<Ui,Vi>:(1 0) or C|<Ui,v1->=(0 O)’

where there are exactly rank(Cp) submatrices of the first type.
If n =1, such a basis {&,Uy,V1} satisfies that FU, = Uy, FVi = FV4, and the tensor C can

be written as
Cicvivi> = ( ) .

(Vu Q)¢ = 2nFU + QFU. (33)

and

o = O
o O O
o O O

Proof. From @D and , we derive

Letting U = ¢ in , we get
R(§,V)DA =((N)QV = V(N)QE+ M(VeQ)V — (Vv Q)¢}
+&()V =V
In above equation, using 7 and , we obtain
R, V)DA=EN)QV +2nV (AN — AFQV —2nAFV + £(f)V = V(f)E. (34)
Taking the inner product of with the vector field U, we get
—g(R(V,E) DN, U) = NSV, U) + 2nV(MNn(U) + AS(FU, V)
—2nAg(FV,U) +&(f)g(V,U) =V (f)n(U). (35)
From and , we have
g(Vy YU, D) +EN)S(V.U) + [2nV (A) = V(f)In(U)
—2nAg(FV,U)+&(f)g(V,U) + AS(FU,V) = 0. (36)
Letting U = FU and V = FV in (36]), we obtain
g((VeyF)FU,DX) 4+ £(N)S(FV,FU) 4 £(f)g(FV, FU) — 2nAg(F2V, FU) + AS(F?U,FV) = 0. (37)
By substracting from and using the equations @, , and 7 we get

26(A = g(U, V) =V(2n+ DA = f)nU) — €A = fin@)n(V) = EN)S(V,U)
+4n\g(FV,U) + A\g(U,QFV + FQV) + £(\)g(QFV, FU) = 0. (38)

Since S is a symmetric tensor, we also have
26\~ 1)g(U,V) = U((2n+ DA = Nn(V) = €0 = Nn@)n(V) — EQ)S(V, U)
+4nAg(FU, V) + Ag(V,QFU + FQU) + £(N\)g(QFU,FV) = 0. (39)
The equations and implies
0=U(2n+ A= Im(V)=V(2n+ 1A — f/InU) + 8nrg(FV,U) + 2Xg(U,QFV + FQV). (40)
Putting U = FU and V = FV in , we obtain
dnAg(FV,U) = =A[g(U,QFV) + g(U, FQV)].

Since A # 0 on M, we derive
—4AnFV = (QF + FQ)V, (41)
for all V € x(M). Let {e;, Fe;, &}, (i=1,2,...,n) be a local orthonormal F-basis. Using , we get

9(FQe;, Fey) = —g(Qe, e;). (42)
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By the definition of the scalar curvature, and , we have
r= 5(575) + Zgi{s(eia ei) + S(Feiu Fez)}
i=1
=9(Q€, &) + ZEi{Q(QFei + FQe;, Fe;)}
i=1
= —2n(2n +1). (43)
Therefore, from the Proposition [I] the following equation is valid
f=02n+1)A (44)
Taking the inner product of with DA and using in , we obtain
EN)[QDA +2nDA + A[QF DX + 2nF D] = 0. (45)

Letting DA = V in implies QF D\ = —4nF DX — FQDA\. Hence, using the last equation,
becomes

EN)[QDA +2nDA] + A[-2nF DX\ — FQDA] = 0. (46)
Finally, applying F' to and using (@, we have
EN)FQDX+ 2nF DA + A\[—-2nDX — QD] = 0.
After some calculations, the last two equations imply
[(£(N)? = N][QDA + 2nDA] = 0.

Then, either £(A) = £ or QDA+ 2nDA = 0. Assume that {(\) # . Hence, QDA+ 2nD) = 0. Taking
the covariant derivative of QDA + 2nD) = 0 along the vector field U and using , we get

(VuQ)DX + AQ*U + (2nA + f)QU + 2nfU = 0.

Contracting above equation over U with respect to a local orthonormal F-basis, we obtain

n

Y cilg((Ve,Q) DA, ) +9((Vre,Q) DA, Fei)] + g((VeQ)DA, €) + AlQI* + (2nA + f)r +2n(2n + 1) f = 0.
i=1
(47)

Using the well-known formula div@Q = Ldr and , since A # 0, from we derive |Q|* = 4n?(2n+1).
Finally, using the last equation and 7 we compute

272 n r2 _
n+1 2n+1

r
2n+1

Q- I =1QP -
From (43) and , we have |C]? = 0, where the tensor C' = Q + 2nl. Then, there are two possibilities.
If C =0, then @ = —2nl. In the case of C # 0, since C is self-adjoint and Ker(n) is C-invariant we have
from [18, p.260] that, at each point p € M, Ker(n,) = W1 @ --- & W, for some (1 <1 < 2n), where V},
are mutually orthogonal subspaces that are C-invariant and on C\y;, has matrix of either type:

0. (48)

v
1

— 2l
"
o

0 1 5
relative to a basis Uy, ..., U, of W, r > 1, such that the only non-zero products are g,(U;,U;) = £1 if
i+ j=r+1, or of type
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a b
—b a 0
1 0 a b
0 1 —-b a
1 0 a b
0 1 —-b a (b#0)
0
1 0 a b
0 1 —-b a

relative to a basis Uy, Vi, ..., Upn, Vi, of Wy, such that the only non-zero products are g,(U;,U;) =1 =
—gp(Vi, V) if i+j =m+1. For n = 1, the rest of the proof is similar to the proof of Theorem 3.2 in [17].
This completes the proof. (I

Theorem 3. Let (g, A) be a non-trivial solution of Fischer-Marsden equation on a K-paracontact manifold
of dimension (2n + 1) that Ricci operator commutes, i.e. QF = FQ. Then the manifold is an Finstein
manifold.

Proof. From the assumption, returns

—4AnFV =2FQV. (49)
Applying F' to the and using @ and , we obtain QV = —2nV. Hence, the manifold is an
Einstein manifold. O

Remark 1. In a (2n + 1)-dimensional para-Sasakian manifold M satisfies the relation S(FU,FV) =
—S(U, V) =2nn(U)n(V) [25, Lemma 3.15]. Letting V = FV in the last equation, one can observe that
the Ricci tensor commutes.

With the help of the Theorem 4.1 in [13], Theorem [3| and Remark [I} we can state the following
corollary.

Corollary 1. If a (2n+ 1)-dimensional para-Sasakian manifold admits a non-trivial solution of Fischer-
Marsden equation, then it is an Einstein manifold. Moreover, for n = 1, the Ricci tensor is parallel and
the manifold is Ricci-semisymmetric.

Corollary 2. If (M?"*1 g) is a K-paracontact manifold admitting a non-trivial solution of the Fischer-
Marsden equation with QF = FQ, then g is a gradient Ricci soliton.

Proof. Since the Ricci operator commutes with F', we have Q = —2n/ from Theorem |3] Then using this
and (44)), the equation becomes

VuDA = MU,
which gives
Hess(\)(U, V) = Ag(U, V). (50)
In the view of and QQ = —2nl, we have
HessA+ S — (A —2n)g=0. (51)

It follows from (4)) and (51), ¢ is a gradient Ricci soliton.

4. 3-DIMENSIONAL QUASI-PARA-SASAKIAN MANIFOLDS ADMITTING FISCHER-MARSDEN EQUATION

In this section, we will consider 3-dimensional quasi-para-Sasakian manifolds with 8 constant which
admits Fischer-Marsden equation. The general form of the following proposition is given in [14].

Proposition 2. For a 3-dimensional quasi-para-Sasakian manifold M3, the following equation holds
r
(VvQ)E = (VeQ)V = —B(35° + 3)FV,
for any vector field V.
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Proof. Taking the covariant derivative of along the vector field V' and using the equations ,
and , we get

r
(VvQ)§ = —B(BF° + ) FV. (52)
Let {e, Fe,£} be a local orthonormal F-basis. Using the well-known formula div@ = d—; and contracting
over V with respect to a local orthonormal F-basis, we obtain
&) =0,
Similarly, taking the covariant derivative of along &, we have
(VeQ)V =0, (53)
which completes the proof. O

Theorem 4. Let (g, \) be a non-trivial solution of Fischer-Marsden equation on a 3-dimensional quasi-
para-Sasakian manifold M?> with B constant. Then either

(1) the scalar curvature is —63° and M3 is Einstein, or
(2) M3 is a paracosymplectic manifold which is locally a product of the real line R and a 2-dimensional
para-Kaehlerian manifold, and n-Einstein.

Proof. Letting U = £ in and taking the inner product with E, we have
g(R(§, V)DA, E) =((N)S(V,E) = V(N)S(E, E) + Mg((VeQ)V — (Vv Q)S, E)}
+&(Ng(V. E) = V(f)g(&, E). (54)
After some calculations, using the equations (16)), and in (54), we get
r

9(R(§,V)DA, E) =£(N)S(V, E) + 282V (\)n(E) + AB(35° + F)I(EV,E)+&(f)g(V, E) = V(f)n(E).
(55)
We recall that the scalar curvature r is constant from Theorem [I} Putting £ = ¢ in and using the
equation and f = —%, we obtain

9(R(§,V)DA,€) = (g +26%)(V(A) = n(V)EN)). (56)
From ([T4)), one can get
9(R(E,V)DX, E) = =B*(V(Mn(E) — £(N)g(V, E)). (57)
For E = ¢ in (57), we obtain
9(R(E,V)DX,&) = =B*(V(A) = EN)n(V)). (58)
Therefore, the equations and imply
(5 +358) (V) = n(V)E) = 0. (59)

From the above equation, two cases occur. We now check, case by case, whether give rise to a local
classification.
Case I: If § + 38% = 0, then scalar curvature r is —642.
Case II: If
V(A) =n(V)ER) =0, (60)
then the gradient of A is colinear with &, i.e. DA = £(N\)€. Taking the covariant derivative of the last
equation along the vector field U implies

VuDX = Vy(§(A)E + &N Ve (61)
Taking the inner product of with V' and using , we obtain
g(Vu DA, V) = UEN)n(V) + BENg(FU, V). (62)

Interchancing U and V in , we get
g(Vy DA U) = V(EN)nU) + BEN)g(FV, U). (63)
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Since the Hessian operator is symmetric, the equations and imply
UE))n(V) = V(EXM)n(U) = 286(N)g(U, FV). (64)
Putting U = FU and V = FV in (64)), we have
26(N)g(FU, V) = 0.

If 3 = 0, then the manifold is paracosymplectic which is locally a product of the real line R and a
2-dimensional para-Kaehlerian manifold and 7n-Einstein from . Let £(A\) = 0 and 8 # 0. Then, from
, A is constant. Therefore, from , the Ricci operator S is zero. Hence, the manifold is Ricci flat.
Using , we get 8 = 0, which is a contradiction of our assumption. So, this case does not occur. [

Corollary 3. Let (M3, g) is a quasi-para-Sasakian manifold that admitting non-trivial solution of Fischer-
Marsden equation. Then either g is a gradient Ricci soliton or is a gradient n-Ricci soliton.

Proof. From the assumption and Theorem [4] there are two possibilities.
Case I: If r = —63%, then the equations , and f = —% implies

VoD = A32U.
With similar idea in the proof of Corollary [2| we have
HessA+ S — %A —2)g = 0.

It means that g is a gradient Ricci soliton.
Case II: If 8 = 0, then we have S(U, V) = 3[g(U,V) —n(U)n(V)]. On the other hand, using and
, we get HessA = —Agn ® . In the view of the last two equations, we obtain

Hess)\+ngg+g(1+)\)n®77:0,

which shows that from (5]), g is a gradient 7-Ricci soliton.
O
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