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Anahtar Kelimeler
[zomorfizm teoremi,

Alt caprazlanmis kare,
Caprazlanmis kare ideali.

Ozet: Cebirlerin caprazlanmis modiillerine ek bir boyut daha eklendiginde ortaya
¢ikan degismeli cebirlerin ¢aprazlanmis kareleri icin izomorfizm teoremleri bu ma-
kalenin ana konusunu tegkil etmektedir. Bu baglamda, ¢capraz kare ideal, goriintii ve
boliim ¢apraz kareleri gibi kavramlarin yani sira ¢aprazlanmis kare morfizmleri igin
cekirdek kavramini da kapsayan degismeli cebirlerin ¢aprazlanmis karelerinin ta-
nimi verilmistir. Calisma, izomorfizm teoremlerinin bu yapilara nasil uygulandigini
tartismakta ve bu ¢ergeve icin ayrintili kanitlar sunmaktadir. Ayrica, daha énce bu
yapilarda tanimlanmamis olan béliim caprazlanmis kareleri gibi baz1 gerekli kav-
ramlar da sunulmakta ve bunlarin bazi temel 6zellikleri incelenmektedir. Bu ¢a-
lisma, ¢aprazlanmis n-kiipler de dahil olmak tizere bir dizi farkli yapiya olasi genel-
lestirme firsatlar1 sunmaktadir.

Isomorphism Theorems for Crossed Squares of Commutative Algebras

Keywords
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Subcrossed square,
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Abstract: The isomorphism theorems for crossed squares of commutative algebras,
which arise when the crossed modules of algebras are given an extra dimension, are
the main subject of this paper. The definition of crossed squares of commutative al-
gebras is given in this context, encompassing ideas like the crossed square ideal, im-
age, and quotient crossed squares, as well as the kernel for crossed square mor-
phisms. The study discusses the way how isomorphism theorems are applied to
these structures and offers detailed proofs for this framework. Moreover, some nec-
essary concepts such as quotient crossed squares, which were not previously spec-
ified in these structures, are also presented, and some basic properties are exam-
ined. The study provides opportunities for possible generalization to a number of
different structures, including crossed n-cubes.

1. Introduction

One of the most fundamental problems in mathemat-
ics, specifically in the field of algebra, is determining

Historically, the concept of algebra and its properties
have formed the foundation of mathematics. Algebras
are rich algebraic structures that roughly combine two
ring structures together and are among the most im-
portant structures in algebra, so much so that they are
synonymous with the name of the field itself. Through
years of research. it has been discovered that many
structures existing in group and ring theories can also
be transferred to algebras.
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whether two structures are identical. The most
straightforward way to perform this verification in al-
gebra is by using isomorphisms. However, the answer
to whether there exists an isomorphism between two
algebraic structures is not always obvious.

Isomorphism theorems, which provide a reference
pattern for identifying many pairs of isomorphic alge-
braic structures, offer an extremely useful approach to
this fundamental problem in algebra and thus have
numerous applications. In this regard, investigating
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whether isomorphism theorems hold for different al-
gebraic structures constitutes a fundamental and cru-
cial step in thoroughly understanding the related alge-
braic structure.

When examining the crossed modules of commutative
algebras structurally, it is evident that this area con-
tinues to develop significantly. The concept of a
crossed module was first defined for groups by J.H.C.
Whitehead [1] in his work on homotopy groups. Since
then, the concept of a crossed module has contributed
significantly to various fields. M. Gerstenhaber [2] and
also M. Schlessinger and S. Lichtenbaum [3] conducted
different studies on the crossed modules of associative
and commutative algebras. T. Lue [4] adapted the con-
cept of semi-completeness existing for groups to the
crossed module of groups. G.J. Ellis [5] further devel-
oped the concept of a crossed module dimensionally
by defining crossed n-cubes for n = 1,2,3 in the group
category. T. Porter [6] examined the category of
crossed modules for commutative algebras in his re-
search. KJ. Norrie [7] transferred many existing theo-
rems and results for groups to the crossed modules of
groups. Additionally, G.J. Ellis [8] provided the defini-
tion of a crossed square for commutative algebras.
N.M. Shammu [9] studied the crossed modules of asso-
ciative algebras algebraically and categorically,
providing the definition of a crossed square for associ-
ative algebras. Later, Z. Arvasi [10], U. Ege and H.G.
Akay [11] obtained significant findings on crossed
modules in commutative algebras in their studies. For
more information on crossed modules and crossed
squares, the reader can refer to [12-22].

2. Material and Method

In this subsection, the definition and square homo-
morphism of crossed squares of commutative alge-
bras are expressed.

2.1. Crossed squares of algebras

The definition of crossed squares of commutative al-
gebras will be given below. For this, we first recall that
the action of a IK — algebra R on a K — algebra C is a
function R X C — C that satisfies the conditions

r-(c16) = (r-c)e; = ¢1(r - ¢cy)
(nr)-c=mr-(0-c)

for all r,r, 1, € R and ¢, ¢y, c, € C. Moreover, if R is
unital, it is also required that 1 - c =c for allc € C.
We also recall that a crossed module of commutative
K — algebras is a structure of the form (C, R, d), where
Ractson(C,0d : C - Ris aK — algebra homomorphism
and the conditions

(CM1) a(r - ¢) =rd(c)

(CM2) d(cy) - ¢; = ¢4

are satisfied forallr € Rand ¢, ¢y, ¢, € C.

Definition 2.1.1 Let R be a unitary K — algebra, L, M
and N be R —algebras. Given a following commutative

diagram

> M
X Ju
R

N

»
»

\2

with a function h: M X N — L since L, M and N are
R — algebras, R acts on them. Morever, M acts on L
and N through u such that é-e=pu(é)-eand ¢-
¢c=u(é) -cgforall ¢ceN, £ € Mand ¢ € L while N
acts on L and M through v such that ¢-e=v(¢)-¢

and ¢- §=v(5)" S
Ifforall ke K €L, §, ¢ EM¢g ¢'EN
and r € R;

i)

bras.
foralle € Landr € R;
Alr-e) =1-2)
ANir-e)=r-A()
forallk e K, ¢ €M, ¢ EN;
kh(§,¢) = h(k$,6) = h($,k¢)
forall ¢, é&'eM, ¢ ¢ €N;
h(§+ &',¢) =h($,6) +h(E,¢)
h(§, 6+ ¢) =h(§¢) +h(E6)
forall reR, {€EMand ¢E€EN;
r-h(§,¢)=h(r- §¢)=h(&T ¢)
forall £ € M and ¢ € N;
Ah(E,6) =¢- &
Yh(§,0)=¢-¢
foralle e L, £ e Mand ¢ € N;
h(de,¢) = ¢ ¢

h(&ENe)= €& ¢

Then, following such a structures is called

A

vii)

L

»
»

/‘l,

M
JH
R

Definition 2.1.2 Let there be a crossed square

N

»
»

\2

crossed square of commutative algebras.
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(L,M, ), (L,N, 2", (M,R, ), (N,R,v) and
(L, R, pAd) are crossed modules of alge-



S. GETIN et al. / Isomorphism Theorems for Crossed Squares of Commutative Algebras

A A
Ll 1 > M1 1 n] > I
A H1 A H
> > R
Nl » R]_ ] v
Vi
is a crossed square of algebras, where R acts on I, ]
Cy and a crossed square and I N J by multiplication. The conditions for being a
A, crossed square are obviously satisfied in this case.
L, > M,
2.2. Subcrossed squares
Ay Ha In this subsection, the definition of sub-crossed
squares of commutative algebras is presented.
Definition 2.2.1 Let
N, > R,
Vs L A » M
C,. A crossed square homomorphism ¢: C; — C, is a
quadruple ¢ = (e, B,y, §) such that the following 2
L= ! H
Az
L2 = M2
a B
/‘1’2 #2 N AV > R
A‘l il
Ly > M, be a crossed square.
l IfA<L B<M,C <N,D < R such that the structure
N, > R, A Al B
A1 V2 U1 >
14
6 !
> R
N1 Vl 1
diagram commutes and the conditions are satisfied:
forall ¢, €Ly, § € M;,¢; EN;andr; € R ¢ vl » D
a(ry - &) = 8(ry) - aley),
B(ry- &) =68(m) P&, A, X, i, v and h under the restriction maps is a
y(r - 61) = 8(ry) - v(sy) crossed square, then <A is called a sub-crossed square
“(hl( &, C1)) =h, (,3( 51),y(g1)), of L. This situation is denoted by A < L through the

paper.
Remark 2.1.3 Due to the commutativity of the dia-
gram and the preservation of the actions, (a, ), (a,y),
(B,6), (y,6) and (a, §) are crossed module homomor-

Subcossed squares naturally serve as subobjects in the
category of crossed squares and crossed square homo-

phisms. For more information on crossed module ho- morphisms.
momorphisms, refer to [23].
3. Results
The following example demonstrates that crossed
modules of algebras can be considered as an extension 3.1. Ideal of crossed squares of algebras
of the concept of an ideal. In this subsection, the definition and a theorem related

to the ideal of crossed squares of commutative alge-
Example 2.1.4 LetRbeaK — algebra and I and ] be bras are presented_

ideals of R. Define y, v, ::INJ —Tand 1:INnjJ] — ]
as inclision maps. For all i €] and j €], define
hIx]—In], h(i,j) =ij.Then (R, I, J, In])

179
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Definition 3.1.1 Given a crossed square

L oM
L= A J u
N > R
v
of a commutative algebras and let
E A
E= A JH
J > K
v

be a sub-crossed square of L. If forallr € R, p € E,
0€l,0€]

i) K be aideal of R,

if) Ifforallr €R, p€EE, o€, 0€]
r-p€E
r-p€l
r-og€j
Andforalld €K, e€L, §EM, ¢EN
d-¢€E
d- £€l
d-¢ce]j
Andforall £ €M, j €],
h(¢,)) € E

V) Andforalli € I,¢ €N,

h(i,¢) € E

Then € is called an crossed square ideal of £ or simply
ideal. This situation is denoted by £ 2 £ throughout
the paper.

iii)

iv)

Theorem 3.1.2 Let

h

Il

=
v X

=

be a crossed square and

180

E

v

v

J

an ideal of L. Then

a)
b)

<)
d)

e)

Proof:

a)

b)

d)

(E,LA) 2 (L,M, Q)
(E,J,A) 2 (L,N, 1)
(LK,p) 2 (M,R, 1)
(J,K,v) 2 (N,R,v)
(E,K,ud) 2 (L,R, ud).

Since £ < L, (E, I, 1) is a crossed module
and E<L,I<Mso (E,LA) <(L,M,A).
Forallp€eE,pel,e€L, £ € M:

(i) Se=n@ o€l

(i) $-p=ul)-p€E

(i) o-e=p(0) €€k

Thus, (E,I1,4) 2 (L, M, 1).

Since € < L, (E,J,A") is a crossed module
andE <L,] <N,so(EJ,A)<(LN,A1).
Forallp e E,c €J,e €L, ¢EN:

O co=v()-0€]

i) ¢-p=v()-p€eE

(iii) o-e=v(o)-€c€E

Thus, (E,J,A") 2 (L,N, 1").

Since € < L, (I, K, p) is a crossed module
and I<M , K<R, so (ILK,u <
(M,R,u).Forallpel, keK,§eM, re
R.

(i.) rk € K
(ii)) r-pe€el
(iii) k-¢€el

Thus, (I,K,u) 2 (M, R, u).

Since £ < £, (J,K,v) is a crossed module
and] < N,K<R,so(J,K,v) < (N,R,v).
Forallo €], k€ K,¢ € N,r ER:

i) rkek
(i) r-o€j
(i) k-ceJ

Thus (J,K,v) 2 (N,R,v).

Since € < L, (E, K, ul) is a crossed mod-
ule and E<L, K<R, so (E,K,ul) <
(L,R,ur).Forallpe E,keEK, ceL, re
R.

(i). rk € K
(i) r-p€eE
(iii)) k-c€E

Thus (E,K,ud) 2 (L,R,ul). m
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3.2. Kernel and image of morphisms of
crossed squares of algebras

In this subsection information about the kernel of im-
age of morphisms of crossed squares of commutative
algebras is provided.

Theorem 3.2.1 Let be the following two crossed
squares of commutative algebras.

A

L > M
L= A J#
N » R
A\
L* A* > M*
L= A uw
N* » R*
v*

If¢p =(a,pB,v,8): L — L"is a crossed square homo-
morphism between these squares, then

kera » kerp

kerg :=

kery kerd

v

ker¢ =2 L.

Proof: First, let's Show that ker¢ is a sub-crossed
square of L. By Proposition 3.4.27 in [23], we get
(kera, kerf, 1) < (L, M, 1)
(kera, kery,A") < (L,M, ")
(kerf, kerd, u) < (M,R, 1)
(kery, kerd,v) < (N,R,v)
(kera, kerd, ud) < (L, R, ul).
Additionally, if o € ker 8, o € kery, then a(h(g, O’)) =
h*(B(e),v(a)) = h*(0,0)
and
h*(0,0) = h*(0 + 0,0) = 2h*(0,0).
Therefore, h*(0,0) =0, so h(p,o) € kera .
ker¢p < L.
Now, let’s show that ker¢ is an ideal.
i) By Proposition 2.19 (i) in [23], kerd = R.
ii) For all r€R,p €kera, o€ kerf, g€
kery:

Thus,

a(r-p)=6(@r)-alp) =6(r)-0=0,
so r - p € Kkera.
B(r-e)=6(@r) -ple) =6()-0=0,
so r-p € kerfs.
y(r-o0)=46@)-y(0) =6()-0=0,
so r - g € Kery.
iii) Foralld e kerd, e € L, € Mve¢ € N:
a(d-g)=6(d)-a(s)=0-a(e) =0,
Bld-§)=6(d)-pE)=0-p(¢)=0
and
yd-¢)=6@d)-y()=0-y() =0
Therefore, d - p € kera, d - o € kerf and
d - o € Kery.
iv)  Forall¢ € M, o € kery:
a(h(€,0)) = h*(B(),¥(0))
=h"(B($),0)
and

h*(B($),0) = h*(B(§),0+ 0)
=h"(B(£),0) + h*(B(£),0),
then h*(B8(£),0) = 0,+.So h(&, o) € kera.

v)  For all g €kerf, ¢e N : a(h(o,)) =

h(B(@),7(s)) = h(0,¥(c)) =0
Thus h(g,¢) € kera. m

Theorem 3.2.2 Let

L » M
L= A JM
N » R
\"2
I A . M
L= A w
N* » R*
v*

be two crossed squares and ¢ = (a,B,y,8): L — L*
be a crossed square homomorphism. Then,

ima p imf

imy » imd

imp < L7,
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Proof: By Proposition 3.4.28 in [23], we have:
(ima,imB,A") < (L', M*, %)

(ima, imy, ™) < (L*, M*, 2")

(imp,imé, u*) < (M*,R*, u")

(imy,imé,v*) < (N*,R*,v")

(ima,imd, p*A*) < (L, R, u*A").

Additionally, if o* € imB and ¢* € imy, there exist o €
M and o € N such that ¢* = B(¢) and ¢* = y (o).
h*(e*,0%) = h*(B(0),¥(0)) = a(h(e, 0)).

Thus h*(¢*,¢*) € ima.

As a consequence, im ¢ is shown to be a subcrossed
square of L*. m

As a direct result of this theorem and the previous the-
orem, the exact sequence of crossed squares can be
obtained.

kera > L ima

Theorem 3.2.3 Let

~

v

v

be a crossed square.

i) Given a family of sub-crossed squares
4; » Bi
‘Hi = J
Ci > Di

of £, in this situation, then

182

v

N
Mo

»
»

Ne o

N A; is a sub-crossed square of L.

if) Given a family of crossed squares ideals
E; > I
Ei =
Ji > K
of L, then,
ﬂ Ei > ﬂ Ii
ﬂ El- =
ﬂ ]i » ﬂ Ki

N &; is an ideal of L.

Proof: As a result of Proposition 3.4.24 in [23] given
for crossed modules, it is seen that each edge of the
structures N A; and N &; are crossed modules. There-
fore, it is sufficient to check the following for the proof
of this result.

i) For all peNB; and o € NC; since
h(o,0) € A; for each i, it follows that
h(o,0) € N A4;.

if) For all§ € M and o € N J; since h(§,0) €
E; for each i, it follows that h(§,0) € N E;

iii)  Forall o € NI;, ¢ € N since h(p,¢) € E;

for each i, then h(p,¢) E NE; .m

Theorem 3.2.4 Let
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’ >» M ZEi
L= A J'u Z&'::
R

! . >

be a crossed square of commutative algebras.

o~

v
g
ol

v

>

i) Given a sub-crossed square A < L and defined as their sum is also an ideal of L.
anideal € 2 £, respectively.
4 B Proof: From Theorem 3.4.26 in [23], it is seen that

each edge of A + £ is a sub-crossed module of the
corresponding edge of £, and each edge of Y &; is a
crossed ideal of L. Therefore, it is sufficient to show
A= the following.
i) Forallp e Bo'€l,c € C,0' €]:
h(e +¢',0+ ") = h(g,0) + h(e,0")
+h(o’,0) + h(o' + ")

C » D and since h(o,0) € 4, h(p,0"), h(o’,0),
h(o',6')EA+E, thus h(o+o',0+
E > I o) € A+E.

if) Forallé e Mand Y g; € }.J;: h(&, Y 0;) =
Y. h(¢, 0;) € Y E;. Similarly, for all ¢ € N
€= and Y o; € Y I;:
h(Xoi,¢) =X h(e;,¢) EXE; m

Theorem 3.2.5 Let

J > K
L A y M
The crossed square A + £ ”
A+E » B+1I
r= A u
A+ E =
N » R
\%
C+J] » D+K be a crossed square of commutative algebras and
defined as their sum is a sub-crossed E _
square of L. »
i) If the crossed squares for each i,
Ei » Ii E =
Si =
J > K
an ideal of £;
J; > K, For£+EEL/E,VE+IEM/Ivch+]EN/]:

Iljfp M/, A+ E) =) +1
Vilfp =N/, X+ B)=2()+]
M/ =R, g+ D = u@ +K
N/ >Rl w(e+ D =v(o) +K

are ideal of £, then the crossed square

<R

183
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M/ N — LY hE + L6 +)) = hE ) +E
With these functions,

1
M
L/ £ > / i
13/(g = A I
N R
/] - > /k
v
the structure is a crossed square.
Proof:
i) From Proposition 3.5.1 in [23], it is seen

that each edge of L/g isa crossed module.

It is sufficient to show that h is well-de-
fined and satisfies the conditions related
to crossed squares.

For all £, €M and ¢,¢" EN, let &+

I=&+1and ¢+J=¢"+]. Thus & —

&' €l, ¢—¢' €]. Therefore, since & —

&el, h(—-¢&,¢)€E. Similarly, ¢ —

¢'" €], h(¢',¢ —¢') € E. Thus,

h(§—$",¢)+h(' ¢—¢)

=h(§,¢) —h(',¢) + h(§',¢) —h(¢', )

=h(,¢)—h(E' ¢)EE

Therefore, h(&¢,¢) + E = h(§',¢') + E,

or equivalently

h@G+1Lc+])=hE +1,¢"+]).

Hence, h is well-defined.

i) Forallr+KeR/, e+E el/p:

T +K)-(e+E)=Ar-e+E)
=Ar-e)+l=r-A(e)+1
=r+K)-(Ae)+D
= (r+K) -A(s +E).

Similarly,

V(@ +K) - (e+E)=X(@ e+E)
=Ar-&)+]=r-A()+]
=@+ K- Q@ +))
= (r+K) -A(e+E).

iii) Forallé+1eM/ ¢c+] € N/],k € K;

kh(m +1,¢+]) = k(h(§,¢) + E)
=kh(é,¢) + E = h(ké,¢)+E
=h(&,k¢) + E
=h(ké+1,¢+))
=h(+1Lk¢+]))
=hk@+D,c+])
=h(E+1Lk(s+))).

iv)  For all§+1,§’+IEM/Iand ¢+J €

N/ .

]l

h(E+I1+& +1,¢+]))

=hE+¢' +1L,¢+]))
=hE+$,0+E
=h(& ) +h(E O+E

=h(§O+E+h(E ) +E
=h@+Lc+D+h(E +1c+)).
Forallf+I€M/I, g+]andg’+]€N/];

hE+Ls+]+¢ +])
=h(E+Lc+¢" +]))
=h(,¢+¢)+E
=h(, ) +h(E ) +E
_ =h@GO+E+hE¢)+E
=h(E+L¢c+])+h(E+1,¢+)).
v) Forallr+KER/K,€+IEM/Iandc+
]EN/]; B
(r+K)-h(+1L¢c+]))
=T +K) (h(,6)+E)
=r-h(,¢)+E
=h(r-é¢)+E
=7L(r-f+1,g‘+])
=h(r+K)-E+D,c+]).
Similarly,
For allr+KeR/, vi+1eM/ and
C+]EN/];
r+K)-h(E+1Lc+]))
= +K) - () + E)
=Th(f,§)+E
=h(Er-¢)+E
=h(E+1Lr-¢+]))
=h(E+L(r+K) (c+)).

vi) ForallE+IEM/I,(;+]EN/];

ARG +1L,¢+]) = A(h(,6) + E)
=/1(h(f,c)) +1
=¢-&+1
=@G+D-E+D.

Similarly,
f+IeM/1,g+]eN/];
A'(hE +1,6+])=2A(h(,¢) +E)
=2(h(,¢)+]
=&-¢c+J=¢+D-G+D.

vii) Foralls+EEL/Eand§+]€N/];

h(A(e + E),n+]) = h(A(e) + 1,6 +))
=h(A(e), ) + E
=¢-e+E

=@+ (e+E).

Similarly, forall £ + I € M/Iand e+EE€ L/E;
h(f+1,,?(e+5))

= hE+LAV(E)+))
=h(&A () +E
=& e+E=CE+D) - (¢+E).m

3.3. Quotient crossed squares of algebras

In this subsection, the definition of quotient crossed
squares of commutative algebras is provided.
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Definition 3.3.1 Let £ 2 L. The crossed square L/g

given in the theorem above is called the quotient of £
by €.

Corollary 3.3.2 For a crossed square £, a necessary
and sufficient condition for € to be an ideal of £ is that
€ is equal to the kernel of a crossed square homomor-
phism ¢p: L — L.

3.4. Isomorphism theorems for crossed

squares of algebras

In this subsection, the first, second, and third isomor-
phism theorems for crossed squares of unitary com-
mutative algebras are stated and proven.

Theorem 3.4.1 First Isomorphism Theorem for
Crossed Squares) Let

L A > M
L= A JH

N » R

\2
and,
L* A,* # M*
L= |- w
N* » R’
v*

are two crossed squares of commutative algebras and
¢ =(a,B,v7,8): L — L be a crossed square homo-
morphism. Then L/kerq) = img.

Proof: From Theorem 3.6.1 in [23] for all | + kera €

L/kera ,E+kerp € M/kerﬁ ,¢+kery € N/kery and
R .

rtker§ €8/ st

I

: L/kera — ima, a(e + kera) = a(e)

M/ verg — imB B +kerf) = B(&)

N kery = iy, 7(s + kery) = ()

: R/ker(S — imé, 8§(r + kers) = 6(r)

Since the pair (@, ), (&,7), (8,5), (¥,8) and (@, §) are
isomorphism of crossed modules, it is sufficient to ex-
amine the condition for the functions h: M/kerﬁ X

S R

N/kery - L/kera and h*: imB X imy — ima.
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@ (E(g‘ + kerp, ¢ + kery)) = a(h(é,¢) + kera)
= a(h(§ ) = K (BE,¥()
=h* (E(f + kerfB),v(¢ + ker]/)). n

M
JM
R

be a crossed square of algebras. In this situation, if

E I
K

Proposition 3.4.2 Let

»
»

N
»

\2

»
»

v

»
»

D

c
A<ESLandASLthenASEandé/ ga4/

Proof: Since A < &, it is sufficient to show that A 2
E.

If D<K<Rand D 2R, then D 2 K, by
Proposition 2.21 in [23].

For all keK,p€A, 0€B and d €C
since k € R:

k-peAk-po€eB, k-ogeC(.

Foralld e D,p € E,p€l,0 €]sincep €
L,oeEM,o€eNand A 2 L:
d-peAd-peB,d-oc€eC.

For all i€l and 0 €C since ieM
h(i,0) € A.

For all p€B and j€] since jEN

h(p,j) € A.
Thus A Q H.

Now, let’s show that g/ﬂ = L/c/l']

Since £/, L/, 1/gcM/p, /). N/,
K/D c R/D and g/cfl is a crossed square, and since the
boundary homomorphism of S/c/l are restrictions of

the boundary homomorphisms ofL/Uq, S/ﬂ < L/c/l'
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By Proposition 2.21 in [23], K/D SR/D.
For allr+DER/D,p+AEE/A , 0+
(r+D)-(p+A)=r-p+AEE/A,
(r+D)-(Q+B)=r-Q+BEI/B,
(r+D)-(0+C)=r~0+CE]/C.

For allk+DEK/D,£+AEL/A,§+
(k+D)-(e+A)=k-e+Ack/,,
(k+D)-(§+B)=k-é+Bel/p,
(k+D)-(c+C)=k-c+Cel/.
Forallé +BeM/p,j+cel/,:
hE+B,j+C)=hEN+Ack/,.
I:‘oralli+B€I/B,q+CEN/C:
h(i+B,c+C)=h(i,g)+A€E/A.l

ii)

iii)

Theorem 3.4.3 (Second Isomorphism Theorem for

Crossed Squares) Let
M
J u
R

be a crossed square of commutative algebras and

»
»

»
»

\%

E » I

£ =
] » K
A » B

A =
C » D

L/c/l ~L

g/ = /g.
A

Proof: From Theorem 3.6.2 in [23], for all e + A +

L My
E/AeN A/E/A' E+B+1/p€ RB/I/B‘ ¢+C+
I/CE /C/]/Candr+D+K/De /D/K/D:

L
a: /A/E/A_>L/E,a(s+A+E/A)=e+E
M
B: /B/I/B—>M/1;ﬁ(f+3+l/3)=f+l
N
y: /C/]/ —>N/],y(§+C+I/C)=§+]
c

5 R/D/K/D_’ R/K' 6(T+D+K/D)=r+K

since the pair (a, f), (a,y), (8,6), (v,6) and («, §) are
isomorphisms of crossed modules, it is sufficient to ex-

M
amine the condition for the functions h: /B/I/ X
B

N/ Ly -

¢ — /4 and h: M/ x N/ — L/

i /E/A /1xNp = g

a(fz(§+B+1/B,g+C+]/C))
=a(h(€+B,c+0)+E/,)
=a(h(f,c)+A+E/A)
=h(E ) +E

(&é+1L,¢+B)

(ﬁ(f +B+1/g)y(c+cC +]/C)). .

h
h

Theorem 3.4.4 (Third Isomorphism Theorem for

Crossed Squares) Let
M
J u
R

be a crossed square of commutative algebras. And,

L >

N >
\%

186



S. GETIN et al. / Isomorphism Theorems for Crossed Squares of Commutative Algebras

E » I
£ =

] » K

A » B
A =

C » D

if A<Land€2 Lthen#/ ;= ATE/

Proof: By Theorem 3.6.3 in [23],

a: A/AnE_’A+E/E' a(p+ANE)=p+E

B: B/Bnl_) B+I/I,B(Q+Bnl)=g+1

y: C/Cn]_> C+]/],y(a+Cn])=0+]
8:P/yax =LK/ s@d+DnK)=7r+K

for all p+ANE€A/, (g, e+BnIeB/y
o+CnjeC/c andd+Dnkel/y

Since the pair (a,8), (a,y), (8,6), (v,6) and (a,d)
are isomorphisms of crossed modules, it is sufficient

to show the condition for the functions A, : B/B n1x
T C+
C/Cﬂ]HA/AﬂE and hZ:B+[/I>< ]/]—)
A+E/
E.

(X(El(Q+BﬂI,G+Cﬂ])) =a(h(o,0) + ANE)
=h(g,0) +E=hy(e+ 10 +))
=h(Ble+BND,y(@+Cn))).

|

4. Discussion and Conclusion

In this study, the isomorphism theorems, which hold
significant importance in the theory of crossed mod-
ules of algebras in algebra theory, are explicitly proven
since they have only been stated in the literature. Sub-
sequently, by using the isomorphism theorems of
crossed modules of algebras, the isomorphism theo-
rems in the crossed squares of commutative algebras
are stated and proven. Furthermore, to achieve this,
several auxiliary concepts, such as the quotient
crossed square, which had not been previously de-
fined in these structures, are introduced, and their fun-
damental properties are examined.

This study can be adapted or generalized to various
other structures in numerous ways. For instance, one
could investigate whether the isomorphism theorems
apply to structures similar to crossed squares, such as
crossed cubes and crossed n-cubes, or examine certain

187

algebraic results, whether found in this thesis or not,
within the category of crossed squares.

It is believed that this work will serve as a fundamen-
tal resource in mathematics and engineering, espe-
cially in the fields of algebra and algebraic topology,
and will provide a valuable contribution to advanced
studies on commutative algebras. Additionally, it will
shed significant light on the discovery of numerous
new topics and guide contemporary structures.
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