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Abstract

In this paper, we study semilinear backward stochastic evolution inclusion systems in
Hilbert spaces. First, we prove the existence of mild solution of the semilinear backward
stochastic evolution inclusion systems using a multivalued fixed point theorem. Then, we
obtain the approximate controllability result for semilinear backward stochastic evolution
inclusion systems through the linear systems corresponding to these semilinear backward
stochastic evolution inclusion systems under appropriate conditions. In particular, our
study extends the results of the concept of approximate controllability to backward sto-
chastic evolution inclusion systems.
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1. Introduction

Controllability theory, which has an important place in engineering and science, has
developed considerably. Controllability works based on differential systems have been
studied recently [21,22,28]. In [11,20,26,27], the researchers discussed approximate con-
trollability results for some differential systems using multivalued analysis and fixed point
approaches. In addition, controllability problems for different stochastic and determinis-
tic systems have been studied by many researchers [5,14, 18,25,29]. Especially, stochastic
systems attract a lot of attention because they provide better performance. Stochastic
differential systems appear in the analysis of different engineering fields (electrical, me-
chanical). Many studies have been conducted on stochastic differential systems and the
approximate controllability of these systems under appropriate conditions has been inves-
tigated [1,2,10,15,19,24].

On the other hand, backward stochastic differential equations (BSDE), an important
type of stochastic equations, attract the attention of researchers. These equations have
important applications in stochastic control and mathematical finance. BSDE studies
started with the publication of Pardoux and Peng [23], and there are many articles on
this subject for finite and infinite spaces [3,8,23]. Dauer et. al. studied the approximate
controllability of a semilinear backward stochastic evolution equation (BSEE) in Hilbert
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spaces [4]. Mahmudov and McKibben obtained optimal control and some existence results
for the BSEE [4,17]. Govindan also studied mild solutions for such equations [9]. Recently,
Lii and Neerven obtained some well-posedness results in Banach spaces for BSEE [16].
Then, Essaky et. al. extended these results to the inclusions and obtained the existence
result of a mild LP—solution of the backward stochastic evolution inclusion (BSEI) [7].
Nevertheless, so far very few studies have been reported for backward stochastic differential
inclusion [13].

In this paper, we extend the BSEE studied by Dauer et al [4] to the semilinear BSEI
in the following form:

{ dz(t) € — [Hz(t) + Gu(t,z,y) + K(t,z(t),y(t))] dt — y(t)dw(t) (1.1)
#(T) = ¢ € L2 (Q, 97, X) :

where t € [0,T], X, Y are separete Hilbert spaces, H : D(H) C X — X generates a
strongly continuous semigroup {¢(t) : t € [0, T]} such that ¢ is a bounded linear operator,
G :Y — X is a bounded linear operator, w is a Q-Wiener proces on complete probalitiy
space (2,9, P), the control function u in L3 ([0,77],Y) and K is a multivalued operator.

Approximate controllability results for BSEI in the form (1.1) have not been presented
in the literature. This information motivated us to do this study. We prove that the
semilinear BSEI system (1.1) has a mild solution with a different approach than in [4],
and then we focused on the approximate controllability result under appropriate conditions
in Hilbert spaces.

Additionally, the progression of the paper continues as follows: Firstly, some definitions
and preliminary information that will be used throughout the article are given, and the
problem is also explained. Then, we prove the existence of mild solutions for system (1.1).
We model our proof with a multivalued fixed point theorem (Theorem 2.1). Further,
one of the important arguments in the results is concept of p-condensing related to the
Hausdorff measure of noncompactness. Finally, under suitable conditions, we obtain the
approximate controllability result of system (1.1) through the linear system corresponding
to (1.1).

2. Preliminaries

Let (2,97, P) be a complete probalitiy space, where filtration d7 (0 < ¢t < T) is a
right-continuous increasing family and ¢ contains all P—null sets. Then we take the
separete Hilbert spaces X, Y, Z and w is a Q-Wiener proces on (2, ¥, P) such that @ is
a bounded linear convariance operator with ¢r@Q < oo. We suppose that {e, } is a complete
orthonormal system in Z and there exist a bounded sequence A, of non-negative real
numbers such that Qe, = \pen, n > 1, also {¢,} is a sequence of independent Brownian
motions with

(w(t),e) =Y (en.€) pnlt), e€ Z,te[0,T].
n=1

Let LY = Ly (Ql/zZ; X) be the space of all Hilbert-Schmidt operators with (1, B)Lg =

tr [ QpP*] and Ly (2, Y7, X) be Hilbert space of all Y7 measurable square-integrable ran-
dom variables in X. Let L? (Q,C[0,77], X) the Banach space of all X-valued 9~ measur-
able for ¢ € [0, T], continuous functions z(t) : [0,7] x © — X and for fixed w € ,

1/2
]| = {E < sup IIx(t,w)|2>} <0
te[0,7

is satisfied. Also, for any oo € R, t € [0,T], let Ny [t,T] be a Banach space;
No [t,T] = L3 (2, C [t, T}, X) x L3 ([t, 7, L§) .
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X is a Hilbert space and
P(X)={McCcX:M #a},
Py (X):={M C X : M is nonempty and bounded},
P, (X):={M C X : M is nonempty and convex},
Py (X) :={M C X : M is nonempty, closed and convex} .
Let A: M C X — P(M) be a multivalued operator and A(M) is defined by A(M) =
agMA(a). Assume that for every subset N C X, we put
AN (NY={aeM:A(a)NN # 2}.

The graph G(A) and the range R(A) of A is defined by

GA) ={(a,b)e M xX:aecM,beA(a)}, = | 4(a)
aeM

The multivalued operator A : M — P (M) is said to be upper semicontinuous (u.s.c.) if

A~ (N) is closed in M, for any closed subset N of M. A is called compact if the set A(N)

is relatively compact in M, for any bounded subset N of M. Also, a multivalued mapping

A has a closed graph (i.e., ap, — a, b, — b, b, € Aa,, = b € Aa) if and only if A is u.s.c.
A Hausdorff measure of noncompactness p is defined as follows

() = inf {7" >0|QcC U B, (z;), for some z; € X}
i=1
where M € Py(X) and B,(z;) = {z € X | d(z,x;) < r}. Then the function u satisfies the
following conditions:
(1) (M) =0 if and only if 2 is relatively compact,
M, C My = M(Ml) < ,U,(MQ), for My, Mo € Pb(X),
(MU{a}) =wu(M) for all a € X, M € Py(X),
(co(M)) = u(M); co is the closed convex hull of M,
(My + M) < pu(My) + p(Msy), for My, Ma € Py(X)
(AM) = [Alu(M), YA € R
More information about the measure of noncompactness can be found in Zeidler [30].

(2)
(3)
(4) p
(5) p
(6) p

In addition, if A : M — P(X) is bounded and pu(A(M)) < p(M) is satisfied for all M €
Py(X) with p(M) # 0, the multivalued mapping A is called p-condensing.

Theorem 2.1. [6] Let M be a bounded convex and closed subset of a Banach space X
and let A : M — P ., (M) be p-condensing and u.s.c. multivalued operator. Then A has
a fixed point point.

Now let’s consider the semilinear BSEI:
da(t) € — [Ha(t) + Gult, v y) + K (t,2(t), y(¢))] dt — y(t)duw ()
2(T) = ¢ € L2(Q, 97, X)

where H : D(H) C X — X generates a compact and strongly continuous semigroup
{6(t) : t €10, T]} of bounded linear operator ¢, i.e. for all ¢ € [0,T] operator ¢(t) is
compact, G : Y — X is a bounded linear operator, K : [0,7] x X x LY — P(X) is
a multivalued operator, w is a Q-Wiener process, the control u in L2 ([0,77],Y) and
controlability operator T} € L(X) by

(2.1)

1! = /¢(s)GG*¢*(s)ds, 0<t<T,
0

where G* and ¢*(t) denote the adjoint of G and ¢(t) respectively, also H (al +71§)~ H <1.
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Definition 2.2. A pair of stochastic process (z,y) € Ny |t,T] is called to be a mild
solution of (2.1) if for all ¢ € [0, 7] there exists a function k(¢) € K(t,z(t),y(t)) such that

c
T T T
2(t) :¢(T—t)g+/¢(s—t)Gu(s)ds+/¢(s—t)k(s)ds+/¢(s—t)y(s)dw(s) (2.2)

Definition 2.3. System (2.1) is called to be approximately controllable on [0, T if Fy(¢) =
X, F(T) = {a(t,¢u) sw e L3 (0,T],Y)} .

Now let’s consider the linear system given as follows:

{ 2'(t) € — [Hz(t) + Gu(t,z,y)] dt

x(O) =xp € X. (2'3)

Lemma 2.4. [18] The linear sysyem (2.3) is approximately controllable on [0, 7] if and
only if a (al + Y4) — 0 as a — 0™ in the strong operator topology.

3. Existence results

We will investigate the existence of the mild solution for the system (2.1). In particular,
Theorem 2.1 plays a key role in achieving this goal. Now let’s assume the following
assumptions hold throughout this article:

(A1) The multivalued mapping K : [0,T] x X x LY — Py a(X) is w.s.c., measurable
and for each fixed z € X, the set

K, ={k:k(t) e K(t,z(t),y(t)), fortel0,T]}

is nonempty. Also let M : LY([0,T], X) — C([0,T], X) be a continuous linear mapping,
then operator
M(Kx) : C([()? T] 7X) - Pb,C%Cl(C([Ov T] 7X))
is a closed graph operator in C' x C, where M (K,) = M o K,.

(A2) For each g > 0, there exists a function Pj(q) which is positive and independent
on g with

sup  sup  E|k|® < Plg), fort€[0,T].
E||z|?<q k€K (tz,y)

Also the operator G : Y — X and the function y are bounded such that
Pg= swp GO, |G < Ps and P, = sup [y@)], |yl < P,
0<t<T 0<t<T

(A3) ¢:]0,T] — [0,T] a linear bounded operator holds the following assumptions:
(i) For t1,t2 € [0,T7], there exits a § = (L with 0 < 8 < 1 such that

[6(t1) — d(t2) [l < B Ity — tof

is satisfied.

(if) Let Py = supgeier |6(t)]| and so [|6(t)]| < Py.
Now we define the control function, as in study [4]:

u(s) = —C°¢(s) (al +X8) " (H(T)EC ~ p)
T
_Gr g (s) / (al + 5" ¢(r) ER(r)dr. (3.1)

S

Theorem 3.1. Assume that (A1)-(As) are satisfied. Then, BSEI system (2.1) has a mild
solution on [0,T7].
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Proof. Let set M = {x € X : ||z|| < m} and define the multivalued operator ¥ : M —
Pcl,cv (M) by
T

U(z) = {z eEM:z(t) = (T —t)(+ [ ¢(s — t)Gu(s)ds + tf(ﬁ(s —t)k(s)ds

t

T
+J ¢s = Dy(s)dw(s)

where k (t) € K (t,z(t),y(t)).
We must show that the operator ¥ satisfies the all requirements of Theorem 2.1.
Step 1 : ¥(x) is convex for each x € M. Let 21,22 € ¥U(x) and so k1, ke € K, such that

for each t € [0,T], A € [0, 1], taking into account the (3.1), we can write
T

2 (1) = 6T — )¢ + [ os — Okils)ds + [ o(s — )y(s)du(s)
. t t »
+J0ls =G x {~G*6°(s) (al + T8) " (GDIEC ~ p)

—G*¢*(s) f(aI +15) ! gb(r)Eki(r)dr} ds,i=1,2.

s

Azi(8) + (1= N2z (1) = o(T = )¢ + tfsf)(s — 1) [Me (s) + (1 = N)ka (s))] ds

65 — t)y(s)duw(s) + f o(s — 1)G

—G*(s) (al + T{)fl (&(T)EC = p)

+

X

—G*¢*(s) f(a[ + TS)_l O(r)E Mk (r) + (1 = N)ka ()] dr ¢ ds.

Since k; € K, and K is convex, Aky (s)+(1—A)ka (s) € K. Thus, Az1+(1—-X)22 € ¥(x).

Step 2 : W(x) is closed for each z € M. We see that ¥ has a closed graph. For this, let
Ty — Ty, N — 00, 2, € W(xy) and z, — 24, n — oo. In this case there exists k, € K,,,.
We will prove that z, € ¥(x,). We have,

T

T T
o () = (T =G+ [ ols = Oha(s)ds + [ 95~ y(s)duw(s) + [ 65 - G

t

«{-67"(s) (a + X8 (0(T)EC - p)

T
—G*¢*(s) / (al +715)~" ¢(T)Ekn(r)dr} ds. (3.2)

Then, we must show that k., € K,, with
T T

T
2 (1) = 9T = 0C+ [ 6(s = D(s)ds + [ os = Oy()duls) + [ ols — )G

t t

«{-670"(s) (al +X5) " (0(T)EC - p)

T
_Grg(s) / (al +717)"L qﬁ(r)Ek*(r)dr} ds.

s

By taking n — oo in (3.2), we get

2 (£) = (T — )¢ — f 05 — t)kn(s)ds — f B — t)y(s)dw(s) — [ @s — )G
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2
{G*¢*<s> (al +18) " G(T)EC — p) + G (5) f (al +75) " ¢<r>Ekn<r>dr} ds

— 0.
Give the linear and continouos operator M : L2 ([0,7],X) — C ([0,T], X) by

T T —1
(MO = [ 9= Oh()ds+ [ o(s )G x { ~6"6°(s) (ol + TF) " (HTIEC )

—G*p*(s) f(af + 715t qb(r)Ek‘i(r)dr} ds.

S

From (Aj), it obtain that M o K, is a closed graph operator. Further,

<zn ()~ (T ~ )¢+ [ ols ~ Dus)duls) — [ ofs ~ )6
< {G*¢*(s) (a +15) " (o(T)EC - p)} ds) € M(K.).

By (A;) and z,, — x,, we reach

T T
(z* (t) = o(T = )¢ + {qﬁ(s — t)y(s)dw(s) {¢(8 -G

—1
X {G*¢*(s) (aI + TOT) (p(T)EC — p)} ds) e M (K,,).
Thus, 2z, € ¥(z,). Consequently, ¥ has a closed graph and is therefore closed-valued.
We also conclude that ¥ is u.s.c.
Step 3 : W is a pu-condensing. Let’s write the W operator as the sum of ¥; and W,
operators we define below:

N———

U= U + Wy,
Uy =o(T - t)C,
T T
Uy=<¢zeM: 2 fd) s —t)Gu(s)ds + zfgb(s —t)k(s)ds + tfqb(s —t)y(s)dw(s)

For the proof we need to show that Wy is a contraction and Wy is compact. (see [12]).
For each t; € [0,T], T — t; = ¢i, i = 1,2, considering assumption (As)-i, we have

[Wr2(t1) — Wax(t)| = (|lp(c1) — p(c2)ll
< (Lller = ko]
= Bt1 —t2

thus, ¥y is a contraction. Then, let us show the compactness of Wy, for each t € [0, 7] and
z9 € Uy there exists k € K, with

t)_/T¢(s—t)Gu<s)ds+f¢(s—t ds—l—/¢s—t s)duw(s)

if t =T, this case is trivial. Let ¢ € [0,7") be ﬁxed and n € (¢,T'), then we define
22y (1) f¢8—t— n))Gu(s)ds + ¢(1 f¢8— (t —n)k(s)ds

+¢("7)tf o(s — (t = n)y(s)dw(s).

-1

Since for each t € [0,T] ¢(t) is compact , it follows that W, is compact in X.
For each t € [O T] we have

Bllu®]? < L5 (B2B ¢ + B|In)?) + Ligt

T 2
—a (T =D [ 1Bk(s)I* ds

= Pu.
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Thus, we have

2 2

T

/d)(s — t)Gu(s)ds

t

T

/ (s — 1)k(s)ds

t

E|z=®)|* < 4E +4E

T 2

[ (s = Dy()du(s

t

+4E

IN

T T
AB(T =) [ 165 ~ )Gu(s)| ds + 42 (T ~ ) [ (s~ O)k(s)]* ds

T
+4Br(Q) [ 19(s — (o) ds

< A(T —t)P}PEP, +4(T —t) P1Dy, + 4tr(Q) P1Ps.
Then we can write
2 T 2

T
Ez(t) — 202 < 3E / &(s — 1)Gu(s)ds| + 3E / (s — D)k(s)ds

< 3nPiPEP, + 3nP P + 3tr(Q) P PL.

When n — 0 is taken, it can be seen that compact sets arbitrarily close to Wo(xz(t)), for
each t € [0,7"). Thus the set Wy(xz(t)) is compact, for each ¢ € [0,7). Consequently we
reach that U is a pu-condensing.

As a reult, ¥ fulfill all requirements of Theorem 2.1. Thus x € Wz has a solution and
so BSEI system (2.1) has a mild solution on [0,7]. O

4. Approximately Controllability

Theorem 4.1. Suppose that F is uniformly bounded on respective domains and let the
linear system (2.3) be approximately controllable. Then the BSEI system (2.1) is approx-
imately controllable under assumptions (Ay)-(As).

Proof. Let z(t) be a fixed point on Wz(t), also each fixed point of ¥ is a mild solution
for system (2.1), for each ¢ € [0,T]. Then we have,

T T
2(0) = GTIC+ [o(s)hls)ds + [ Gl)ys)dus
. 0 0 y
- [ 696657 (5) (al + 1F) " ((T)EC  p)
0
T

T
—E/ s) GG o™ ( / (al +Y5) " o(r)k(r)drds
0
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o

where T = ¢(T)C + bf(b(s)k(s)ds + §¢(s)y(s)dw(s), then we have

E |lz(0) — |’

IA

latat + ) F (BB G + 1ol?)
2

T
+4P2E (/ Jatar +15)~ k()] ds)
0

IN

4latar + 1) (B2E1CI? + 101
T

ARRER, ( / Ha(aurg)lH?ds) |
0

Letting a — 07, we get E ||z(0) — Z||* — 0 and according to Lemma 2.4, this expresses
the approximately controllablility of the system (2.1). O

5. Example

Consider the differantial inclusion

day(t,2) € = [waa(t,A) + gNu(t) + K (&, (2))] dt — y (¢, 3) duw(t),
z(t,0) = z(t,7) = 0, (5.1)
z(T) = p,

where X = Ly [0,7], p,g € X, u € Ly[0,T], K : R x R — P(R) a multivalued operator.
Let G : R — X a linear operator be defined as follow:

(Gu)(A) =g(MNu, 0<A<7, uweR, g(\)eX.
Let operator H : X — X defined by Hy = " and domain set
D(H)={y € X | y,y are absolutely continuous, y” € X, y(0) = y(r) =0}
Then,

Hy = 2 (—nz) (z,€n) en,y € D(H).
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H generates a compact semigroup ¢(t) given by

o(t)yy = Z efn%(y, msin(nﬂ))msin(nﬂ), n=12 ..
n=1

and define K(t,x(.) = K(t,z(.)). Then, the linear system which corresponds to system
(5.1) is approximately controllable. Hence, with the definitions of operators H, G and K
as above, the system (5.1) can be written in the form (2.1) and thus by satisfying all the
conditions of Theorem 4.1, the differential inclusion (5.1) is approximately controllable on
[0,77].

6. Conclusion

In this study, the controllability problem of BSEI systems in Hilbert spaces is discussed.
We examine the approximate controllability of the semilinear BSEI by supposing that the
semigroup generated in the linear part of the BSEI is strongly continuous and compact.
To find the mild solutions of this inclusion system, we define an operator ¥ whose fixed
points correspond to the solutions of the inclusion system. We then investigate the y—con-
densing and u.s.c. properties of the operator to obtain the existence of fixed points of W.
Finally, we achieve the approximate controllability of the corresponding linear system un-
der appropriate conditions, which means that the semilinear BSEI system is approximately
controllable. In addition, we provide an example for our main result. In the next study,
we aim to study the controllability of fractional backward stochastic evolution inclusions,
an analog of BSEI’s.
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