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Conformal semi-invariant Riemannian maps to Sasakian manifolds
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ABSTRACT. The idea of conformal semi-invariant Riemannian maps to almost Hermitian manifolds was
first put forward by Sahin and Akyol in [3|. In this paper, we expand this idea to Sasakian manifolds
which are almost contact metric manifolds. Hereby, we present conformal semi-invariant Riemannian
maps from Riemannian manifolds to Sasakian manifolds. Then, we prepare a illustrative example and
investigate the geometry of the leaves of D1, D2, D; and D2. We find necessary and sufficient condi-
tions for conformal semi-invariant Riemannian maps to be totally geodesic. Also, we investigate the
harmonicity of such maps.
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1. INTRODUCTION

In [6], Fischer introduced Riemannian map between Riemannian manifolds as a generalization of
an isometric immersion and Riemannian submersion that satisfies the well known generalized eikonal
equation |9, H2 = rankd, which is a bridge between geometric optics and physical optics. Where ¥ is a
Riemannian map and ¥, is its derivative map. Let ¥ : (S1,gs,) — (52, 9s,) be a smooth map between
Riemannian manifolds such that 0 < rankd < min {dim(S),dim(S2)}. We state the kernel space of
V. by Vg = kerd,, at ¢ € Sy and consider the orthogonal complementary space H, = (ker 19*(1)l to
kerd,, in T;S1. Then the tangent space T;S1 of Si at ¢ has the decomposition T;S; = (kerﬁ‘*q) @
(ker19*q)l =V, © H,;. We state the range of ¥, by ranged, at ¢ € S; and consider the orthogonal
complementary space (rangeﬁ*q)J- to ranged,, in the tangent space Ty;)S2 of Sy at J(q) € Sa. Since
ranky < min {dim(S),dim(S2)}, we have (kerd, )= # {0} . Therefore the tangent space Ty(q) Sz of Sa
at ¥(q) € Sz has the decomposition Ty Sz = (ranged.,) & (ranged.,, ). Then ¥ is called Riemannian
map at ¢ € S; if the horizontal restriction ﬂfq : (ker 9, )= — (ranged,,) is a linear isometry between the
spaces ((ker ﬂ*q)L,gslkkerﬂ*q)L) and (Tcmgeﬂ*q,gszlg(q)|mnge,9*q). In other words, ¥ satisfies

952(19*141719*142) =49gs (A17A2)7 (1)

for all Ay, Ay vector field tangent to I'(ker ., )*.

Different features of Riemannian maps have been investigated extensively by many authors in [1,/7,/8]
10L{15H17,20424,/25,27H29]. Detailed development in the theory of Riemannian map can be found in [21].

Conformal Riemannian maps as a generalization of Riemannian maps and the harmonicity of such
maps have been introduced in [22,23]. Conformal anti-invariant Riemannian maps have been studied
in [2]. In this article, we expand this concept to almost contact metric manifolds as a generalization of
semi-invariant Riemannian maps and totally real submanifolds.

The paper is organized as follows. Section 2 contains preliminaries. Section 3 includes conformal semi-
invariant Riemannian maps from Riemannian manifolds to Sasakian manifolds and provides this notion
by non-trivial example. Then, we get a decomposition theorem by using the existence of conformal
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semi-invariant Riemannian maps. Moreover, conformal semi-invariant Riemannian maps allow us to
obtain new conditions for a map to be harmonic. We also investigate the total geodesicity of conformal
semi-invariant maps. In Section 4, we give scope for future studies.

2. PRELIMINARIES

Let S be an odd-dimensional smooth manifold. Then, S has an almost contact structure [21] if there
exist a tensor field F of type—(1,1), a vector field £, and 1-form 7 on S such that

F?Ey = —Ei +1(E1)§, FE=0,n0 F = 0,7(¢) = 1. (2)
If there exists a Riemannian metric gs on an almost contact manifold S satisfying:
9s(FE, FEy) = gs(Ev, Ez) = n(E1)n(Ea), (3)
gs(Er, FEy) = —gs(FEy, Ey),
n(Er) = gs(E1,€), (4)

where E7, Fy are any vector fields on S, then S is called an almost contact metric manifold with an
almost contact structure (F,€,n, gs) and is symbolized by (S, F, &, 1, gs)-
A manifold S with the structure (F, ¢, 7, gs) is said to be Sasakian structure given by [4]

(V5 F)E> = gs(E1, B2)& — n(B»)En, (5)

for any vector fields Fy, Fo on S, where 17 stands for the Riemannian connection of the metric gg on S.
For a Sasakian manifold, we get

v, ¢ =—FE, (6)
for any vector field F; on S.

¥, can be considered as a part of bundle hom(TSl,ﬁflTSg) — S, where 97179, is the pullback
Sa
bundle. The bundle has a connection 77 induced from the pullback connection /¥ and the Levi-Civita

connection 17°'. Then the second fundamental form (379,)(A1, A3) of ¥ is given by [14]

Sa
(VO)(A1, Az) = V4, 0. Az — 0. (V7 Az), (7)
SQ S2

for all Ay, Ay € T(T'S1), where Vilﬂ*Ag o = vg*Alﬁ*Ag. It is known that (79.)(A1, A2) is symmetric
and (79.)(A1, A2) has no component in ranged,, for all Ay, Ay € T'(ker9,)* [21]. It means that, we get

(V9.)(A1, Ag) € T(ranged,)*.
The tension field of ¥ is defined to be the trace of the second fundamental form of ¥, ie. 7(¢) =

m

trace(V) = Y. (V) (e4,€i), where m = dim(S;) and {ey, e, ..., €, } is the orthonormal frame on Sj.
i=1

Moreover, a map ¥ : (S1,9s,) — (S2,9s2) is harmonic if and only if the tension field of ¥ vanishes at

each point ¢ € 5.

For any section By of (ranged,)* and vector field A; on Sy, we get 7% Bi, which is the orthogonal
projection of vi"’l By on (ranged,)*, where 77+ is linear connection on (ranged, )" such that /%t gg, =

0. For a Riemannian map 9 we describe Sp, as ( [21], p. 188)
ngAlBl = —Sp, 9. A + Vi By, (8)

where Sp, 9. A; is the tangential component of vnglBl and 17%2is Levi-Civita connection on Sy. There-
fore, we have vnglBl(q) € Ty(q)S2, 5B, U+ A1 € U4q(T4S1) and foJ{Bl € (Vug(T;51))* at g € S1. We
know that Sp,¥.A; is bilinear in By, and ¥A; at g depends only on By, and ¥.qA14. From here, using
and we have
952(53119*‘41’19*‘42) = 952(B17(v19*)(A17A2))’ (9)
where Sp, is self adjoint operator for Ay, Ay € T'(ker9.)t and By € ['(ranged,)*.
For all By, By € I'(ranged.): we define

V3 B2 = R(V% B2) + V5 B,
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where R(v%ﬁ Bs) ) and V%JI'BQ denote ranged, and (ranged,)* part of V%ﬁ B, respectively. Therefore
(ranged,)* is totally geodesic if and only if
s v
VleBQZVBlBQ' (10)
3. CONFORMAL SEMI-INVARIANT RIEMANNIAN MAPS TO SASAKIAN MANIFOLDS

Definition 1. 23] Let ¥ : (S1,9s,) — (S2,9s,) be a conformal Riemannian map (CRM). Then, ¥ is a
horizontally homothetic map if H(grad\) = 0.

Definition 2. [22] Let ¥ : (S1,9s,) — (S2,9s,) be a smooth map between Riemannian manifolds. Then,
¥ is a CRM at ¢ € S1 if 0 < rankd,, < min{dim(S),dim(S2)} and V., maps the horizontal space
H(q) = (kerd.q)t conformally into ranged.,, it means that there exists a number M (q) # 0 such that

95 (Vg A1, Vg Az) = X*(a)gs, (A1, Az),
for Ay, Ay € T'(ker9.)*. Moreover, if ¥ is CRM at any q € Sy, then ¥ is called CRM.
Lastly, the second fundamental form of 4 is given by [22]
(V04) (A1, Ag)"09¢% = A) (In\) 9, Ag + Ay (InXN) 9, A1 — gs, (A1, Ag)0.(gradln \). (11)

Therefore, if we state the (ranged,)’ component of (70,)(A1, As) by (70,) (A1, Ag)rense?)" then
we can write

(V9.) (A1, Az) = (70.)(Ar, A) "9+ (70.) (A, Ag) ren9e?)", (12)
for Ay, Ay € T'(ker9),)+. Therefore we get
(v'ﬁ*)(Al,AQ) = A1 (hl)\) ’19*142 +A2 (ln)\) 19*141 (13)

—gs, (A1, A2)0(gradln \) + (9,)(Ay, Ag)range?)™,

Definition 3. Let ¢ be a CRM from a Riemannian manifold (S1,gs,) to an almost contact metric
manifold (Sa, F,&,m,gs,). Then ¢ is a conformal semi-invariant Riemannian map (CSIRM) at q € Sy if
there is a subbundle Dy C (ranged,) such that

ranged,, = D1 ® Dy, F(D1) = Dy, F(Ds) C (ranged.,)*,

where Dy is orthogonal complementary to Dy in ranged.. If ¥ is a CSIRM for any q € Sy, then ¥ is
called a CSIRM.

For 9. A; € T'(ranged.), then we write
F’l9*A1 = ¢19*A1 + wﬁ*Al, (14)

where ¢, A; € I'(D1) and wid.A; € ['(FDz). Also, for 9.A; € I'(Dy) and 9.4y € I'(D2), we have
gs, (V«A1,9,A2) = 0. Thus we have two orthogonal distributions D; and Dy such that

(ker ﬁ*q)l = Dl D DQ.
On the other hand, for B; € I‘((rangeﬁ*)L), then we have
FBy = f,B1+ a1By, (15)

where 8,B1 € T'(D;) and a1 By € T'(n). Here 7 is the complementary orthogonal distribution to w(D5)
in (rangeﬁ*)L. It is easy to see that 7 is invariant with respect to F.

Example 1. Let S; be an Fuclidean space given by
S1 = {(ul,uQ,U3,u4,u5) ER®:up #0,u # 0, us # 0}.
We describe the Riemannian metric gs, on S1 given by
gs, = du + du3 + du3 + duj + du3.
Let Sy = {(Ul,’UQ,’Ug, V4,05) € RE’} be a FEuclidean space with metric gs, on Sa given by

gs, = ezuldvf + ezuldvg + ezuldvg + dvi + dvg.
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Usual Sasakian structure (F,&,n) on (Sz,gs,) can be choosen as [5]
0 0 0 0 7 0 0 7 0 0

F(8’01> - 8’1}27F(8’l12):_81)1’ (8’03):({91)47 (3U4 :—("91)37
0
n = dv5,§=781}57F(§):0.

Then a basis of 1,5 1is

{eie’“ 9 f0r1§i§5},
Oui

and a F-basis on Ty(4)S2 is

.0 , w9 .0
{ejzavjforlﬁjﬁ‘ly@:e 8114’6265:81)5}’

for all g € S1. Now, we define a map 9 : (S1,9s,) — (S2,9s,, F') by
19(“17”27“33“43,“5) = (u17u27u57070)'

Then, we have
kerd, = Span{U; = e3,Us = e4},
(kem?*)L = Span {A; = ey, Ay = eq, A3 = e5}.

Hence it is easy to see that ¥, A1 = e“e], 0, Ay = e"e5, 0. A3 = e"ej and
95, (Vs (A1), 94 (A1) = €21 gs, (A1i, Arj) fori,j =1,2,3. Thus 9 is a CRM with X\ = e*** and we get
ranged, = Span{e“te], e"te}, e"tes},
(ranged,)™ = Span{e},&},

Dy = Span{e"tej, " e5}, Dy = Span{e“tel}.
Moreover it is easy to see that F9,A; = e"es, F¥, Ay = —e"ef, F¥, Az = e"e}. Thus ¥ is a CSIRM.
Remark 1. Throughout this article £ € (ranged.) will be taken as the Reeb vector field.

We obtain the following theorem for the geometry of the leaves of D;.

Theorem 1. Let 9 be a CSIRM from a Riemannian manifold (S1,gs,) to a Sasakian manifold
(S, F\E,m, gs,). Then Dy describes a totally geodesic foliation on Sy if and only if

(i)-
95, (A1, 9. As)n(arBr) = (V3 9. A2)n(B1) + gs, (81 B1 (In X) 0. A,
02 (V3 As), FOuAz) + g5, (Say py 04 A1, FO, Ay)
(ii). ¢Spy. B, VA1 — n(wl.Bo)Ay has no components in T'(Dy), for any Ay, Az, A, By € T'(kerd,)*
such that 9, A1,9,As € T(D1),9.Bs € T'(D3) and By € T'(ranged.)* such that ¥.As = 3, By.
Proof. For ¥,A;,9.A5 € T'(D1), By € T'(ranged,)* and 9,.By € T'(Dy), since 9 is a CRM, using and

we have
95, (V32 0. Az, Br) = gs,(F V52 0. Az, FBy) + (V52 0. A2)n(By).
From , and @ we get
95, (V20 A2, B1) = —gs,(A1, 0. A2)n(FBi) + gs, (A1, FB1)n(9. As)

———
0

(V2 0. A2)n(By) — gs, (V3 F By, F9, Ay)
From
95, (V2 0. A2, B1) = —gs,(A1, 0. Az)n(on By) + n(73 0. A2)n(B)
—95, (V5 B1B1, F. As) — g5, (V'3 a1 By, F9, Ay).
Using , we have
95, (V20 A2,B1) = —gs,(A1, 0. Az)n(a1 Br) + (V¢ 0. Az)n(B1)
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—95, (V30 0 Az, FOLA2) — g, (= Say 5, 0: A1 + 74y 04 A1, FO. As)
where 3, By = 9. A3 € ['(Dy) for A3 € T'(kerd.)™. From @ we have
95, (V3 0. A2, B1) = —gs,(A1, 9. Az)n(a1Br) + 1(v3 9. A2)n(Br)
—5,(V520.) (A1, A3) + 0. (V3 As), FY. Ay)
495, (Sar B9 A1, FUAs) — g5, (VAT 9. A1, FU. As).

0

Using in the above equation we get
95, (V2 0. A2, B1) = —gs,(A1, 0. As)n(a1 By) + (V3¢ 9. Az)n(B1)
—95, (VF20.) (A1, A3)™ ™% 4+ 9.(V75 As), FU. As)
+952 (S(X1B1 19*141, F’L9*A2)
From (77)
95, (V20 A2, B1) = —gs,(A1, 0. As)n(e1By) + n(v3 V. As)n(Br)

—3gs, (A1 (hl A) 19 Ag + A3 (hl A) 19 A1

—gs, (A1, A3)9.(gradln ) + 9, (VAlAg) Fv.Ay)

+9s, (SalBlﬁ*AlaFﬁ*A2)~
Since grad(In\) € (ranged,)*, using and ¥, A3 = 8, B; we have

95, (VR 0. A2, B1) = —gs,(A1, 0. Ag)n(an Br) + n(v73 0. A2)n(By)
—95, (BB (N A) 0, Ay + 0.(V5, A3), F. A)
+952 (SalBlﬁ*Ala F’l9*A2)
This implies the proof of (i).
On the other hand, by using we get
952 (VA 0:A2,9:B2) = g5, (F V3 0. Az, FO.By)
(VA119 Ag) (19*32)
0
From , and @ we get
95, (V20 A2,0.By) = —gg,(A1, 0. As)n(FY.By) + gs, (A1, 9. By)n(d. Ay)

———
0

+g52 (F VZi Fﬂ*BQvﬁ*AQ)
From and (8) we have
95, (V3 0.A2,0.Bs) = —gs,(A1, 9. Ag)n(wd. By)

+95,(—0SFo, B,V A1 + ¢ VAT F9.Ba, 9, As)
—98, (77("”9*32)141 - ¢SF19*BQ'19*A17?9*A2)~

This implies the proof of (ii).
We obtain the following theorem for the geometry of the leaves of Ds.

Theorem 2. Let ¢ be a CSIRM from a Riemannian manifold (S1,gs,) to a Sasakian manifold
(Se, F\€,m, gs,). Then Dy describes a totally geodesic foliation on Sy if and only if

(i).
D752 0. BOn(B2) = g5, (7529.)(Bs, Ag)709e0)”
+ V5, a1B2, FO,By) + gs,(Bs, 0. Ba)n(o1Ba),

(ii). B,(7%29,)(Bs, Ag)(renged- N has no components in T'(Ds),
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for any As, Ay, B3, By € T'(kerd,)* such that 9, Az,9,Bs, 9. By € T'(Dy), By € T'(ranged,)* such that
¥ Ay = 1 Bs.

Proof. For 9,As,9.B3,9,By € I'(Dy), By € I'(ranged, )", using ,, and since ¥ is a CRM, then

we have
95, (VE 0By, Bs) = gs,(F 7%, 0. Bs, FBs) 4+ n(v7 5 0. Ba)n(Bo)
= 95,(—9s,(B3,9B4)§ + n(V.By) B3
+ V5 F9.By, FBy) + (V3 0+ Ba)n(Bs)
= —95,(Bs, 0« Ba)n(FB2) + gs,(Bs, F'Ba)n(V«Ba)
i
+95, (V32 FY. B, FBa) + (V% 0. Ba)n(Bz)
= —gs,(Bs,9.Ba)n(c1By) — gs, (V32 81 Ba, FY. By)
—gs, (V5 1B, F. By) + 1(/3, 9+ Ba)n(Ba)
From , and 9, A4 = ;B2 we have
95, (V32 9:Bs, Bs) = —gs,(Bs, 0. Ba)n(a1Ba) — gs,((V**0.)(Bs, As) + 9. (V3 As)
—Sa, 8,0+ Bs + Va1 By, FU.By) + W(Vjsgiﬁ*34)7l(32)~
Since Dy defines a totally geodesic foliation on Ss, using we have
95, (V0. Ba, By) = —gs,((V50.,)(Bs, A)""90)" + G¥kay By, FO.By)

~ 952 (B3, 0« Ba)n(cr Ba) +1(7 39 Ba)n(By).
This implies the proof of (i).
On the other hand, by the virtue of , , and we have

95, (V2 0. A3, 0. Bs) = gsz(F(vSw*)(Bg,A3)<Tangem>ﬂ19*33)+n(vg2319*A3)n(19*33)
N—_——
0

— gSQ(ﬁl(vszﬂ*)(BB’AS)(Tangeﬂ*)L’19*33>'

Since D; defines a totally geodesic foliation on Sy then we can say that 3, (729, )(Bs, Ag)“"‘mg‘”g*)L
has no components in I'(Ds). This completes the proof of (ii). O

Theorem 3. Let ¢ be a CSIRM from a Riemannian manifold (S1,gs,) to a Sasakian manifold

(Se, F\E,m, gs,)- If (ranged,) defines a totally geodesic foliation on Sy and ¥ is a horizontally homothetic
CRM then we have

952(Sa13119*A1,¢19*A2)—952(19*(Vi11143),¢19*142) = gSQ(Swﬂ*Agﬁ*AlﬂﬁlBl)_gSQ(viJl_wﬁ*AQ)alBl)
— (VR 9.A)n(B1) + gs, (A1, 9. Az)n(ay By) (16)

for any A1, Ay € T'(kerd,)* such that 9,A;1,9.As € T'(ranged.), By € T'(ranged.)* such that
9, A3 = B,B1.

Proof. For Ay, Ay € T'(kerd,)* and B; € I'(range?.)*, using and we get

95, (V20 A2, B1) = gs,(V3 F. Az, FB1) — gs, (A1, 9. A2)n(FBy) + n(52 9. A2)n(Ba).
From we have
95, (VR VA2, B) = gs,(VF FY. A2, By B1) + gs, (VY F. Az, a1 By)

—gs, (A1, 0. A)n(a1 By) + (V752 0. A2)n(B1)
= —g5, (V3 B1B1, FY. Ay) — gs,(V3 a1 By, Fil. Ay)
—gs, (A1, 9, Az)n(0n By) + n(752 9. A2)n(Ba).
From and ¥, As = 5, By then we have
95, (V0 A2, B1) = —gg, (V3 0uAz, 0. Az) + g5, (V52w Ag, U, As)
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—g5, (V32 01 By, 0. As) + s, (V52 wil Ap, 01 By)
—gs, (A1, . A2)n(en By) + n(732 0. A2)n(By).
Since ¥ is a CRM, using
95, (V0. A2, B1) = —g5,((V*20.)(A1, Ag) + V. (V3 As), 9. Az)
+95, (V2w Az, 0. Ag) — g5, (V52 01 By, 9. Ag)
+95, (V3w Az, a1 B) — gs, (A1, 9. As)n(a1 By)

(V9. A2)n(By).
Using (13), () and 9. A5 = 8, B1 we get
95, (V2 0. A2, B1) = —gs, (A1 (InN) 0 Az + Az (In\) 0. A,
—gs, (A1, A3)0.(grad(In ), ¢, As)
—gs, (¥ (VA1A3) ¢4 Az) — g5, (Swo, 4,0+ A1, U4 A3)
+95, (S B, A1, P9 A3) +gsz(vA1w19 Ag, a1 By)

—gs, (A1, 0. Az)n(01 By) + n(v732 9. A2)n(Ba).
If we take A1 (In\) = gg, (A1, Hgrad(In X)) and As (In\) = gg, (A3, Hgrad(1n X)), then we obtain

95, (VR 0. A2, B1) = —gs, (A1, Hgrad(In \))gs, (9. Az, 9. A2) (17)
—gs, (As, Hgrad(ln\))gs, (0. A1, 90 Ag)
—gs, (A1, A3)gs, (V. (grad(In X)), 9. As)

(94 (V3 As), 994 Az) — g5, (Sus, 4,9+ A1, B B1)
+95,(Say B, 9+ A1, 90, As) +952(VA1M9 As, a1 By)
—gs, (A1, 0. A2)n(en By) + (V752 0. A2)n(By).

Since (ranged.) describes a totally geodesic foliation on Ss and ¥ is a horizontally homothetic CRM,

then from we obtain . O

Theorem 4. Let ¢ be a CSIRM from a Riemannian manifold (S1,9s,) to a Sasakian manifold
(S2, F,€,1m,9s,). Then (ranged,): defines a totally geodesic foliation on Sy if and only if

g5 (1 By, (V0.)(Ar, Ao)"970)T) = g5, (B, [Br, 0. A1) + Vi s, F By By
+ a1 Vo, FaiBy) + Bin(wd. Ay),
for any By, By € T(ranged.)* and Ay, A € T'(kerd.)" such that 9. Ay = 3, Ba.

Proof. For any By, Bs € T'(range?d,)* and Ay, Ay € T'(kerd,)*, using , and since Sy is a Sasakian
manifold,

—98S,

95,(VE B2, A1) = —gs,(Ba, [B1,0.A1)) — gs,(F B, V3?4 FB1)

—gs,(Ba, BUn(F9. A1) + (V5 Ba)n(9. Ay).
0

Then using (7), (3), and we have
95, (VE B2, 0. A1) = —gs,(Ba, [B1,0.A1]) — gs, (B, Viyta, FB1B1) + gs, (01 By, (V9.) (A1, Az))
—3s,(Ba, a1 Vi, Fa1By) — gs,(Ba, Bin(wd. Ay)).
From , and since (rangev, )’ defines a totally geodesic foliation we have
95, (01 By, (V0.) (A1, A2) 9907y = g, (Ba, [Br, 9. As] + V) La, FBL By + a1 Vi2a, FouBy)
+ Bin(wd.Ar).
This completes the proof. O
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Remark 2. Let ¥ be a CSIRM from a Riemannian manifold (S1,gs,) to a Sasakian manifold
(S2, F,€,1m,9s,). From the second fundamental form, one can easly see that kerd, and (kerd.)*
define a totally geodesic foliation on Si.

From the above fact we can state following theorem.

Theorem 5. Let 9 be a CSIRM from a Riemannian manifold (S1,gs,) to a Sasakian manifold
(S2, F,&,1m,gs,). Then ¥ is totally geodesic foliation if and only if

S(0.) (A1, A)™ 9 — 0, (5, A2) = Swp. 4,0 A1) = —B1((V0)(Ar, Ag)ranoe?-)”
+ VZfWﬁ*Ai%) *(VAI 3), (18)
W((V9) (A1, A2)" "9 — 9, (75, A2) = S, a,0e A1) = —ar((V0.)(Ar, Ag)Tonee?)”

1
+ VT Wl A) + (VD As)E, (19)
for any Ay, Ag, As € T'(kerd,): such that 9, Ay = @0, As.
Proof. For Ay, Az € T'(kerd,)*, using . and . we have
(VSW*)(AhAz) = V0. Az - 0.(VF A3)
= —F(V300. 43 + V3w As)
0. (V3 As) + (V0. As)E
From and we have
(VS 0.)(A1As) = —F((79)(A1, 42)"°"9%) = F((90.)(Ar, Az) "e"90-)")
—F(9.(V3: A2)) + F(Swp, 4,9: A1) — F(V% w9 As)
—0. (V3 Az) + (V32 0. A3)E.
Since 1 is a CRM, from and we have
(VS0)(A1 As) = —0((79)(A1, 42)"°"9%) = w((70.) (Ar, Az) ")
~B1((T) (A, A2) "9 ) — (79 (Ar, A2) 790
—(0.(V5 A2)) — w(¥. (V3 A2)) + A(Swv. 4304 A1) + w(Swo. 4,0 A1)
—B1(ViywiAs) — ar (Vi w9 Az) = 9.(V5, As) + (V52 0. As)E.
Taking ranged, and (ranged,): components we have
SV (A1, Ag)™ %) = —@((V.) (A1, Ag)™ ") + 0. (V'3 A2) — S 4y 0 A1)
~B1((T0:) (Ar, Az) 790 7w Ag) = 9.(V3 As)

(VU (A, Ag) om0 = —w((70.) (A1, A2)™ "9 497, Az) = Suvp. a4, 0 A1)
—ar(V0)(Ar, A2) "9 4 Tl A) + (V5 9. As)E.
Thus (v9.)(A1, A3z) = 0 if and only if and are satisfied. This completes the proof. O

Proposition 1. Let ¥ be a CSIRM from a Riemannian manifold (S1,gs,) to a Sasakian manifold
(82, F,€,m,9s,) such that dim(ranged,) > 1. Then the following statements are true.

(i). Dy defines a totally geodesic foliation if and only if (v9.)(A1,Ur) has no component in Dy such
that

95, (=S g, ;A1 + g5, (A1, )0 AL, FO. Ag) = (V5 Ao)n(Ay)

Jor A1, Ay € T(D1),U; € T(kerd.) and A} e T(Dy).
(ii). Do defines a totally geodesic foliation if and only if (794)(Az,Ur) has no component in Dy such
that

952 (S, a0+ As, FO. A1) = g, (g5, (A3, €) 0 Az I, Ax) = 1(V5! 4,0 Aa)n(9. As)
for Ay, Az, Ay € T(Dy), U € T(kerd.,) and Ay € T(Dy).
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Proof. We know that D; defines totally geodesic foliation if and only if gsl(VillAz,Ul) = 0 and
gsl(villAg,All) = 0 for Ay, Ay € T(D;),U; € T(kerd,) and A} € I'(Dy). Now, since ¢ is Riemann-
ian map, using , and we have
95, (Vi A2, U1) = —gs,(V3, U1, A2)
= 95, (0-(V3, U1), 9. 42)
= 95 ((V0:)(A1,U1), 9. A2),

and similarly

gs,y (VillAQaAll) = 7951( A17A2)
= —gs, (¥ (VA1 1), 0. As)
= —g5’2( ’l9 Al,’l9 AQ)

= —9gs, (Vﬁ*Alﬁ*Ah ¥, Ag).
Since S5 is Sasakian manifold, using , and then , we have
95, (V3 As, A7) = =g, (=Spy, a1 DAL, FOA) +1(75: Ao)n(AL) = g, (95, (A1, €)0. A1, P, As)

This completes the proof of (i).
On the other hand, we know that Dy defines a totally geodesic foliation if and only if gg, (Vilg Ay, Up) =0
and gsl(vA A47 Ay) = 0for As, Ay € T(Dy),U; € I'(kerd,) and A} € T'(D;). Now, since 9 is Riemannian
map, using (1)) and ( . we have

gsl(VAlgA47U1) = —gsl(vigUl,Az;)

~g5. (9:(V33,U1), 94 Aa)
95, ((V529.) (A3, U1), 9. Ag),

and similarly
95, (VA1 Ag) = g5, (0.(V5, A1) 0.45)
95, (V4,0 Ay, 9, Ay)
= 9552, 04 As, 0u Ag).
Since S5 is Sasakian manifold, using , and then , we have
95, (V5 As, A3) = =5, (=S 4102 Az, FIAL) + (V5! 4,02 A2 A3) — g, (95, (As, €)0. Az, I Ag).
This completes the proof of (ii). O

Definition 4. [19] Let (S1,9s,) be a Riemannian manifold and assume that the canonical foliations K
and Ko such that K1 N Ky = {0} everywhere. Then (S1,gs,) is a locally product manifold if and only if
Ky and K5 are totally geodesic foliations.

Theorem 6. Let 9 be a CSIRM from a Riemannian manifold (S1,gs,) to a Sasakian manifold
(So, F,€,1m,9s,) such that dim(range?,) > 1. Then (kerd,)* is a locally product manifold of Dy and D5
if and only if

(i). (VV+)(A1,U1) has no component in Dy such that —

95, (Spg_ a0+ A1, F Az) = gs,(9s, (A}, )9 A1, FO,. Ay) — (75, A2)n(A))

for A1, Ay € T'(Dy),U; € T(kerd,) and Ay € T(Dy),
(ii). (V94)(As,Uy) has no component in Dy such that

gs, (SFﬁ*A’Sﬁ*ASa Fi,A4) = gs, (952 (A:Oﬂ £)V.As, Fﬁ*AAL) - n(vsiAﬁ*Azx)??(Aé)
for Ag, As, Ay € T(Dy), Uy € D(kerd,) and Ay € T(D,).
Proof. The proof is clear by Proposition and Definition . O
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Theorem 7. Let 9 be a CSIRM from a Riemannian manifold (S1,gs,) to a Sasakian manifold
(S2, F,&,1m,gs,) such that dim(ranged,) > 1. Then the base manifold is locally product manifold Sa x Sy
if and only if

95, (0 (V2 $0. A1), B1B1) + gs, (0. (Vi wd A1), a1 B1) + g5, (Say 5,05 A1, ¢9. A1)
(V52 4, 0 A1)n(Br) = [9.A1|* T (on By),
for Ay € T(Dy) and By € I'(range?,)*.
Proof. Since S5 is Sasakian manifold, using and we have
05, (VA0 ALBY) = 95, (V5 FOALFBY) + (75 4, 0. A)n(B1)
— [0 A1 T(1 Br) + T(9. A1)gs, (9. A1, FBy),
0
for ¥,A; € I'(ranged,) and B; € I'(ranged,)*. Using and then we have
95, (V52 0,0 ALBY) = g5,(75° 4,004 AL B1B1) + 95, (V52 4,004 A1, B1B1) + g5, (V57 4, $9x A1, 01 B1)
05, (V52 4, w0 A1, a1 By) + (752 4, 0. A1)n(By) — |9 A1 T(en By),
using in above equation, we get
95:(V524,9:A1,B1) = g5,(V52 4,892 A1, 81 B1) + 5, (S 5, 9 A1, 90, A1)
g5, (ViTwid Ar, a1 Br) + (V52 4, 9 A1)n(B1) — |92 A1 [* T (01 By).
Then, using we obtain
95, (V52 4, 0xA1, B1) = g5, ((V02) (A1, 0.(¢94 A1), B1B1) + g5, (Sen 3, 0 A1, ¢, Ar)
+gs, (Virwd, A1, a1 Br) + n(v52 4, 9. A1)n(Br) — [0, A1 T(en By),
from Definition , the proof is completed. O

Now, we will examine the harmonicity of CSIRM from a Riemannian manifold (57, gs,) to Sasakian
manifold (S, F,&,7,9s,) in the following theorem.

Theorem 8. Let 9 be a CSIRM from a Riemannian manifold (S1,gs,) to a Sasakian manifold
(So, F\E,m, gs,). Then @ is harmonic if and only if the following conditions are satisfied
(i). The fibres are minimal,

(ii).
tracedSuo. AL — b1 Vi wiiAi —0u(V3, A1) — (V2 F @9, Ay) "9 =0,
(iii).
tracewSyy, 4, A1 — a1 Vf;f wd Ay — (VS2F¢19*A1)(TM9619*V +0((79.)(Aq, Al)(rangeﬂ*)L)g -0
for Ay € (kerd.,)™ .
Proof. For Uy € kerd, using @ we get

(V)L U1) = Vol = 0.(Vii Uh) (20)
= 0V ),
since ¥,U; = 0. For A; € (kerd,)* using , @, , and we have
(V)ALA) = V0.4 - 0.7 A)

= — VR Fi. A — F(VRwid A1) — 075 A1) + n(v5 0. A1)E
= — VR Fe0. A1 — F(=Suo. 4,0 A1 + V5w Ar) — 0.(V5 A1) + (V2 0. A1 E.
Since ¢ is a CRM, from and we have
(V) (AL, A1) = — 5 FoU. Ay + ¢Sug, 4,9 A1 + wSug. 9, 4,05 Ay
—By Vi wi AL — o1 VT wd AL — 9. (VR AL + (V2 9. AL E
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Taking ranged, and (ranged.)*
(V92) (A1, A1) = $S,,9, 4,0 A1 — By Vi wie A1 — 0.(V3L AL — (V32 F0. AN (21)

and

components we have

(vﬁ*)(Al’ Al)(rangeﬁ*)i- — waﬂ*ﬂ*Alﬁ*Al — Vif wﬂ*Al — (Vile(Z)ﬁ*Al)(Tangeﬂ*)J_
4
+ n((V0.)(Ar, Ay) et e (22)
Thus the proof is completed from , and . O

4. FUTURE STUDIES

The Clairaut Riemannian maps are particular Riemannian maps having important applications in the
geometry [13,26]. The notions of invariant, anti-invariant, and semi-invariant Clairaut Riemannian maps
with almost hermitian manifolds have been studied by the first author and other authors in [9}/18}30L[31].
Recently, the notions of Clairaut conformal submersions and Clairaut conformal Riemannian maps have
been introduced in [11,|12] and showed that these smooth maps generate a lot of interest due to their
associated geometric properties. Our paper combined the notions of conformal Riemannian maps and
semi-invariant Riemannian maps to Sasakian manifolds. Therefore in future it will be interesting to
combine more notions of Clairaut Riemannian maps to these two notions and study Clairaut conformal
semi-invariant Riemannian maps (and in particular Clairaut conformal semi-invariant submersions) to
Kahler and/or to Sasakian manifolds.
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