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Abstract

This paper is dedicated to present static behaviour of Reddy-Bickford laminated composite and sandwich beams
subjected to various sets of boundary conditions which are simply supported (SS), clamped-simply supported (CS),
clamped-clamped (CC) and clamped-free (CF) by using Ritz method. An analytical solution based on polynomial
series including auixiliary functions which are used to satisfy the boundary conditions is developed to solve the
studied problem. The polynomial shape functions for axial, transverse deflections and the rotation of the cross-
section are presented. The validation and convergence studies are performed by solving symmetric and anti-
symmetric cross-ply composite beam problems with various boundary conditions and aspect ratios. The numerical
results in terms of mid-span deflections, axial and shear stresses are obtained to make comparison with previous
studies and to investigate the accuracy of the present study. The effects of fiber angle, lay-up and aspect ratio on
displacements and stresses are studied. The static response of the various laminated composite sandwich structures
which have symmetric lay-up based on the various boundary conditions, fiber angles and thickness ratios is also
studied. It is found that the polynomial series with auxiliary functions can be used for the static analysis of the

composite and sandwich beams via Ritz method.
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1. Introduction

The use of composite beam structures has been increasing
in several engineering applications due to their high stiff-
ness, anisotropic material property and strength to weight
ratio. To understand the mechanical behavior of these struc-
tures, researchers have been developed various beam theo-
ries in recent years, the review of these theories can be
found in [1]. There are a number of beam theories which
have presented the kinematics of deformation. Among
them, the most commonly used is the Euler Bernoulli Beam
Theory (EBT). Euler-Bernoulli beam theory (EBT) is
widely used to solve the bending behaviour of the thin
beams where the transverse shear deformation is neglected.
If the beam is short or thick, the transverse shear defor-
mation should be taken into account and refined shear de-
formation theories are needed.

The Timoshenko Beam Theory (TBT) and the Reddy-Bick-
ford Beam Theory (RBT) are commonly used for the buck-
ling, vibration and static analysis of thin and thick beam
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structures. In the TBT, the normality assumption of the
EBT is relaxed and the cross sections do not need to normal
to the mid-plane but still remain plane. The TBT requires
the shear correction factor (SCF) to compensate the error
due to the assumption of the constant transverse shear strain
and shear stress through the beam thickness. The SCF de-
pends on the geometric and material parameters of the
beam but the loading and boundary conditions are also im-
portant to determine the SCF [2-3]. In the third order shear
deformation theory which is named as the RBT, the trans-
verse shear strain is quadratic trough the thickness of the
beam and does not need to use a SCF. Many higher order
beam theories (HBT) including quasi-3D ones (HBT) have
been developed to study the bending behaviour of compo-
site beams and only some of them [4-14] are referenced
here. The static behavior of of composite and sandwich
beams have been investigated by using analytical and nu-
merical methods. Among them, the finite element methods
are the most commonly used ones for the analysis of com-
posite beams [15-28]. There are a few studies realted to the
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flexure analysis of laminated composite and sandwich
beams by employing a meshless method [29-33]. The Na-
vier solution is the simplest one which can be used only for
the solution of the problems with SS boundary condition
[34-36] as an analytical approach. In order to deal with ar-
bitrary end conditions, many different methods have been
developed. The most commonly used one is the Ritz
method [38-41].

As it is seen from above literature survey, the studies related
to static analysis of the laminated composite and sandwich
beams by employing Ritz method are still limited. The
main scope of this work is to investigate the static behav-
iour of the Reddy-Bickford laminated composite and sand-
wich beams by using Ritz method with polynomial shape
functions. In the persent paper, the static analysis of the
laminated composite and sandwich beams are presented by
considering various fibre angles, lay-ups, aspect ratios and
sets of boundary conditions. In section 2, the theory and
formulation are given. In Section 3, numerical results are
given for the problems with four different boundary condi-
tions which are simply supported (SS), clamped-simply
supported (CS), clamped-clamped (CC) and clamped-free
(CF).

2. Theory and Formulation

In Fig. 1, a laminated composite beam which is made of
many plies of orthotropic materials in different orientations
with respect to x-axis is presented. It is assumed that a lam-
ina has no gaps or empty spaces, behaves as a linear elastic
material and is bounded perfectly to each other.
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Figure 1 Geometry of a laminated composite beam.

Where h is the height of the beam, b is the width and L is
the length. The stress-strain relationship of a k' orthotropic
lamina in the material coordinate axes is given by:

k
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YXZ
where (0., 0y;) are the stresses and (&,,, ¥xz) are the
strains with respect to the laminate axes. Q;;’s are the trans-
formed elastic constants or stiffness matrix with respect to

laminate axis x. The transformed elastic constant can be
given by:

0
Qss

O-X X

axz [Qll (2.1)
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Qll = (:116'0549 + 2(C12 + 2666)(,‘052951'712 + szsin49

Qss = C445in?6 + Cg5c0s20 (2.2)

where

C. = E; G = Ejvy, ) _ E, .
- VgpUzp 21— UgpUz1 21— VgpUz1

Cos = G12; Cs5 = G13; Cpy = G23

Ei, E;, Gy5, Gy3, Gz, V1, and v, are the six independent
engineering constants. To describe the RBT the following
coordinate system is introduced. The x-coordinate is taken
along the axis of the beam and the z-coordinate is taken
through the height (thickness) of the beam. In the general
beam theory, all the loads and the displacements (u,w,0)
along the coordinates (x,z) are only the functions of the x
and z coordinates.

The following displacement field is given for the RBT,
dw(x

U(x,z) = ulx) + zp(x) — az (q,’)(x) + ( ))

W(x,z)

=w(x) (2.3)
Here u and w are the axial and transverse displacements of
any point on the neutral axis, ¢ is the rotation of the cross
sections and a = 4/(3h?). By using the Eq. (2.3), the
strain-displacement relations of the RBT are given by

dU du 4 do dp d*w

Gox T T dx ! Cdx az’ dx = dx?
dU aw ( + dW) 24
‘VXZ dZ - ¢ ﬁZ ¢ dx ( . )

where f = 3a = 4/(h?).
The strain energy of the beam including the energy associ-
ated with the shearing strain can be written as,

1
= E j (Oxx&xx + OxzVxz)AV (2.5)

where V is the volume of the beam. By substituting Egs.
(2.1) and (2.4) into Eq. (2.5), the strain energy can be ob-
tained as the form of:
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U= %f [Qn {(%)2 + (z%+a?z® — 2az*) <Z—f)
v
dw\?

2

s [TV 12 3)dudqﬁ 5 ,dud?w
@z dx? zmaz dx dx @z dx dx?
do d?w
2,6 4N 1T
+ 2(a%z® —az )dx dxz}
+ Qss {(1 + B%z* — 2Bz%)p? + (1 + B2z*
dw\?
_ 2y (22 2,4
2Bz )<dx> +2(1+p°z
— 287 d_W av 2.6
Br)p 2.6)

The potential energy of the load q(x) is given by
L

V=—f2qudx 2.7)

The stiffness coefficients can be introduced as follows:
(4,B,C,D,F,H)

h
+_
= bfh2 0:1(1,z,2%,23,2%,2z%)dz (2.8)
2

+h/2

Qss(1, 2%, z")dz (2.9)

(A4, Dy F)) = b f

—h/2

By using Egs. (2.6) to (2.9), the total potential energy (IT)
can be written in the form of:

n=u+Vv
L/2
n=2 [ () + et - 20 (42)
) dx (Dta aF) dx
-L/2
dw\? du dg
2 _ hdedt
+a H(dx2> + 2(B ac)dxdx
) du d*w
O dx dx? )
do d°w
2y -
+ 2(a’H — aF) Tx da?

2

+ (A; + BF, - 26D,) {¢2 +(3)

+ 2¢ Z—V;} - 2qwl dx (2.10)

The mid-span deflections, axial and shear stresses are ob-
tained by using the Ritz method. The displacement func-
tions u(x), w(x) and ¢(x) are presented by the following
polynomial series which are satisfy the kinematic boundary
conditions given in Table 1,
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u(x) = i a;0;(x),

=1
6;(x) = (x + §>Pu (x - %)qu xJ1 (2.11a)
W) = ) by,

=1
p;(x) = (x+%)pw (x—g)qw xJ/71 (2.11b)
P00 = ) ),

=1
() = (x + %)% (x - g)% X/t (2.11c)

where a;, b; and ¢; are unknown values to be determined,
6;(x), ¢;(x) and ;(x) are the shape functions which are
proposed for the boundary conditions (BC) to be studied
within this paper, p; and q; (§ = u, w, ¢) are the boundary
exponents of auxiliary functions related with the boundary
conditions given in Table 2. It has to be mentioned that the
shape functions which do not satisfy the boundary condi-
tions may cause slow convergence rates and numerical in-
stabilities.

One can substitute Eq. (11) into Eq. (10) and then use the
principle of the minimum potential energy given by Eq.
(2.12) to obtain the system of equations and determine the
values of a;, b; and ¢;.

o _ an on _

P y .= U,
aaj 6bj 6L‘]'

0, j=123,..,m(2.12)

Table 1. Kinematic boundary conditions used for the nu-
merical computations.

BC L2 L2
SS u=0,w=0 W=

cs o 8: v w=0

€ | §ow=0 | ¢-0w=0
| plow=s

Table 2. Boundary exponents for various boundary condi-
tions.

BC Left end Right end

Py Pw pd) qu dw q¢
SS 1 1 0 0 1 0
CS 1 2 1 0 1 0
CcC 1 2 1 1 2 1
CF 1 2 1 0 0 0
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3. Numerical Results

This section is presented to understand the static behaviour
of the composite beams based on the RBT formulations and
the Ritz method. The numerical results obtained by em-
ploying different number of terms in the polynomial series
expansions are used for convergence and verification stud-
ies. The results are presented in terms of displacements and
stresses of composite beams considering various lay-ups,
aspect ratios and boundary conditions.

Table 3. Material properties of composite and sandwich
beams

Structure

Material Properties
Ei/E; = 25;E3 = Ep; Gyp = Gy3 =
0.5E2; G23 = 0.2E2
UlZ = U13 = U23 = 025
Face Layer: Type A
Core Layer: E; /E, = 1;E; = E,; Gy, =
G13 = 1.5E2; G23 = 0.4‘E2
U12 = U13 = U23 = 0.25 (E2 iS same fOI‘
faces and core layers)

Type A

Type B

The results from previous studies [5,8] in terms of dimen-
sionless mid-span deflections, axial and shear stresses are
used for comparison purposes by considering three differ-
ent aspect ratios (L/h) 5, 10 and 50 are considered. The
material properties for the composite beams studied within
this paper are given in Table 3. The following non-dimen-
sional quantities are used for the representation of the re-
sults; Non-dimensional maximum transverse deflection of
the beam:

100E,,,bh3

L w(0,z) (3.1)

Non-dimensional axial and shear stresses of the beam:

bh? _ bh L
=—0,(0,2); Oy =—0y4, (—E,Z) (3.2)

qol? qolL
3.1 Verification, Comparison and Convergence Stud-
ies

Symmetric and anti-symmetric cross-ply composite beams
subjected to uniformly distributed load with various bound-
ary conditions (SS, CF, CC and CS) and aspect ratios are
investigated to verify the developed code with respect to
the different series number m. The present results agree
well with those from previous studies [5, 8]. It is clear that
for the static analysis, the responses converge quickly for
all types of boundary conditions when m is set to 8 as it is
seen from Tables 4 and 5. It is seen that for the deflection
analysis 10 terms in the polynomial expansion gives accu-
rate results which are good agreement with the previous
studies. However, for the stress analysis, using 10 terms in

X

Q
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the polynomial expansion could not provide satisfactory re-
sults. So that for the further stress analysis m is set to 8.
Moreover, a beam with CF boundary condition should be
studied by employing 12 terms in the polynomial expansion
to obtain accurate results in terms of mid-span deflections.

The approximation functions which are 8;(x), ¢;(x) and
Y;(x) should be continuous as required in Eq.(2.10), line-
arly independent, complete and satisfy kinematic boundary
conditions. If these functions are linearly independent and
complete, the assumed approximation for the displace-
ments converges to the exact solution with an increase in
the number of term. Since the strains are computed based
on an approximate displacement field, generally the strains
and stresses are less accurate than the displacements. A
mathematical proof can be found in [42-44].

3.2 Bending Analysis of Laminated Composite and
Sandwich Beams

Various boundary conditions are considered to investigate
the flexural behavior of the laminated composite and sand-
wich beams under uniformly distributed load. Different
lay-ups, fiber angles and aspect ratios are employed to ob-
tain numerical results in terms of the mid-span deflections,
axial and shear stresses based on the RBT Theory.

12

1+ =7

0.8

[0/15/0] 1
----- [0/45/0]

o6 = [0/90/0] 1

0.4

0.2

o

0.2

-0.4

Dimensionless Axial Stress - ¢

12 r L L L L L L L L
E 0.2 0.3 0.4 0.5

0.1 o 0.1
Dimensionless Thickness - z/h

a. Symmetric lay-up

x

Dimensionless Axial Stress - g

25 L L r L r L L L L

0.2 0.3 0.4 05

b. Anti-symmetric lay-up
Figure 2 Axial stress distribution through the thickness of
symmetric and anti-symmetric beams with S-S boundary
condition based on RBT, Type A, L/h=5.
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3.2.1 Laminated Composite Beams: Type A

In this example the symmetric [0°/6/0°] and unsymmetric
[0°/8] composite beams are studied. In Tables 6 and 7, var-
iations of mid-span displacements, axial and shear stresses
respect to the fiber angle (0) are revealed. It is explicit that
as the fiber angle increases, mid-span deflections and max-
imum axial and shear stress values increase for any type of
boundary conditions and aspect ratios. The midspan deflec-
tion and axial stress decrease while the aspect ratio in-
creases. One can easily notice that for all type of lay-ups,
the shear stress increases when the aspect ratio increases. It
is displayed in Figs. 2 and 3 that the fiber angle increases
while the dimensionless maximum axial and shear stresses
increase with respect to all type of boundary conditions and
aspect ratios. It is clear that the discontinuities are visible
for studied composite beam structures.

A.F. Karamanli

3.2.2 Laminated Composite Sandwich Beams: Type B

This example is dedicated to investigate the static defor-
mations of cross-ply sandwich beams (Type B) subjected to
uniformly distributed load with the top and bottom face
thickness (h;) and core thickness (h,). The dimensionless
mid-span deflections and stresses are presented in Tables 8
and 9 for various thickness and aspect ratios by employing
the Ritz method. It is observed that the dimensionless mid-
span deflections increase while the thickness ratio in-
creases. In Fig. 4, the dimensionless axial and shear stress
variations through thickness of the sandwich beams are dis-
played for various thickness ratios. It is noteable that, the
maximum stresses increase as the thickness ratio changes
from 3 to 8. The maximum dimensionless axial and shear
stresses are computed while the thickness value is set to 8.

Table 4. Verification and convergence studies, dimensionless mid-span deflections for different number of terms.

Symmetric (0°/90°/0°) Anti-symmetric (0°/90°)
Theory Reference Lh=s | 10 | 50 Lh=5 | 10 | 50
a.  Simply Supported Beams (S-S)
RBT Khdeir and Reddy [5] 2.412 1.096 0.665 4.777 3.688 3.336
2 terms 2.2631 0.9657 0.5352 4.1051 3.0235 2.6720
4 terms 2.4201 1.0972 0.6645 4.7810 3.6886 3.3363
RBT 6 terms 2.4103 1.0959 0.6645 4.7750 3.6881 3.3363
8 terms 2.4127 1.0965 0.6645 4.7773 3.6884 3.3363
10 terms 2.4123 1.0963 0.6645 4.7767 3.6882 3.3363
b. Cantilever Beams (C-F)
RBT Khdeir and Reddy [5] 6.824 3.455 2.251 15.279 12.343 11.337
2 terms 5.2901 2.9104 2.1027 13.3349 11.3189 10.6569
4 terms 6.7854 34122 2.2474 15.1831 12.2916 11.3337
RBT 6 terms 6.7924 3.4297 2.2487 15.2213 12.3116 11.3347
8 terms 6.8267 3.4558 2.2505 15.2827 12.3406 11.3362
10 terms 6.8235 3.4538 2.2506 15.2769 12.3399 11.3364
12 terms 6.8240 3.4554 2.2511 15.2791 12.3435 11.3368
c. Cantilever Beams (C-C)
RBT Khdeir and Reddy [5] 1.537 0.532 0.147 1.922 1.005 0.679
2 terms 1.5312 0.5129 0.1451 1.8838 0.9816 0.6772
4 terms 1.5087 0.5106 0.1451 1.8724 0.9807 0.6772
RBT 6 terms 1.5396 0.5330 0.1466 1.9262 1.0050 0.6784
8 terms 1.5366 0.5303 0.1465 1.9198 1.0026 0.6783
10 terms 1.5370 0.5318 0.1469 1.9219 1.0058 0.6787
d. Cantilever Beams (C-S)
RBT Khdeir and Reddy [5] 1.952 0.740 0.280 2.863 1.740 1.346
2 terms 1.8008 0.6962 0.1570 2.4912 1.2426 0.6903
4 terms 1.9409 0.7178 0.2773 2.8127 1.7081 1.3437
RBT 6 terms 1.9405 0.7335 0.2794 2.8446 1.7337 1.3455
8 terms 1.9530 0.7401 0.2792 2.8643 1.7381 1.3453
10 terms 1.9516 0.7396 0.2796 2.8619 1.7392 1.3458
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Table 5. Verification and convergence studies, dimensionless axial , (0, 5) and shear 7., (— %, 0) stresses of S-S beams
for different number of terms

Symmetric (0°/90°/0°) Anti-symmetric (0°/90°)
Theory Reference Lh=s | 10 | 50 Lh=5s | 10 | 50
a. Axial Stress ()
RBT Zenkour [8] 1.0669 0.8500 0.7805 0.2362 0.2343 0.2336
2 terms 0.7981 0.5903 0.5213 0.1582 0.1564 0.1558
RBT 4 terms 1.0819 0.8516 0.7806 0.2362 0.2342 0.2336
6 terms 1.0604 0.8486 0.7805 0.2361 0.2342 0.2336
8 terms 1.0697 0.8512 0.7806 0.2362 0.2343 0.2336
b. Shear Stress (d,,)
RBT Zenkour [8] 0.4057 0.4311 0.4514 0.9211 0.9572 0.9860
2 terms 0.4401 0.4523 0.4563 0.9770 0.9875 0.9922
RBT 4 terms 0.4158 0.4436 0.4559 0.9479 0.9799 0.9919
6 terms 0.4067 0.4356 0.4553 0.9272 0.9693 0.9913
8 terms 0.4057 0.4320 0.4545 0.9213 0.9614 0.9906
1 . . r . T : : T T ! ' ' ' ' ' ' ' ' R
09 :{gi:g} ‘.__. ., 4 09+ .‘...“,.--v‘" ":“ {ggi},
o8l @ [0/90/0] .’__..- --_"..'.- ] osk V.‘.‘_..- ......... i
é 06 ° ’,"./ /\ \."\ .-"!,’ 4 % 06 ',-".. ./'/ g
5 §g e . " § A e
% 051 .~"d. SO T . h"'-. 1 % 05k _.":/’ “‘\\ T
S T . \\ i g 0.4 i, e \\.\ 4
g 3 2 it Seea,, -
£ N A R N 1
[ W\ 8 . Bal e
! 02- & RN B
) T, W
N 0.1F 7 ! \:\ -
%-5 '0T4 '0’3 VDﬁZ VOﬁl l; Orl OTZ 0r3 DTA 05 -%.5 -0t4 -0ﬁ3 -Oﬁz -0{1 (’J 0.’1 0.’2 0.’3 0.’4 .0.5
Dimensionless Thickness - z/h Dimensionless Thickness - z/h
a. Symmetric lay-up b. Asymmetric lay-up

Figure 3 Shear stress distribution through the thickness of symmetric and anti-symmetric beams with S-S boundary con-
dition based on RBT, Type A, L/h=5.

Table 6. Dimensionless mid-span deflections of [0°/6/0°] and [0°/68] beams for various boundary conditions under a uni-
formly distributed load, Type A.

Aspect
Ratio

a. Simply supported beams (SS)
[0°/6] 1.8008 1.8693 2.1007 2.6212 3.6432 4.6080 4.7767

Theory | Lay-ups 0° 15° 30° 45° 60° 75° 90°

> [0°/8/0°] 1.8008 1.8292 1.9133 2.0467 2.2091 2.3532 24127
10 RBT [0°/8] 0.9221 0.9711 1.1518 1.6068 2.5903 3.5400 3.6882

[0°/8/0°] 0.9221 0.9315 0.9581 0.9976 1.0426 1.0810 1.0965
50 [0°/8] 0.6354 0.6787 0.8433 1.2777 2.2495 3.1947 3.3363

[0°/6/0°] | 0.6354 0.6386 0.6463 0.6547 0.6608 0.6637 0.6645
b. Clamped simply supported beams (CS)
[0°/6] 1.4107 1.4573 1.6059 1.8919 2.3616 2.7762 2.8619

5 [0°/6/0°] 1.4107 1.4362 1.5115 1.6308 1.7745 1.9002 1.9516
10 RBT [0°/6] 0.5737 0.5982 0.6843 0.8845 1.2900 1.6749 1.7392

[0°/6/0°] 0.5737 0.5818 0.6053 0.6420 0.6858 0.7240 0.7396
50 [0°/6] 0.2633 0.2808 0.3472 0.5216 0.9107 1.2890 1.3458

[0°/6/0°] | 0.2633 0.2648 0.2685 0.2729 0.2765 0.2788 0.2796
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c. Cantilever beams (CF)
5 [0°/6] 5.2507 | 54707 | 6.2323 | 7.9694 | 11.4390 | 14.7241 15.2791
[0°/6/0°] | 5.2507 | 5.3276 | 5.5525 | 5.9023 6.3174 6.6773 6.8240
10 RBT [0°/6] 29613 | 3.1259 | 3.7338 | 5.2728 8.6143 11.8432 12.3435
[0°/6/0°] | 2.9613 | 2.9892 | 3.0675 | 3.1815 3.3081 3.4133 3.4554
50 [0°/6] 2.1551 | 2.3021 | 2.8612 | 4.3379 7.6418 10.8554 11.3368
[0°/6/0°] | 2.1551 | 2.1655 | 2.1913 | 2.2196 2.2396 2.2488 2.2511
d. Clamped clamped beams (CC)
5 [0°/6] 1.0902 | 1.1236 | 1.2250 | 1.4007 1.6544 1.8703 1.9219
[0°/6/0°] | 1.0902 | 1.1113 | 1.1739 | 1.2729 1.3918 1.4950 1.5370
10 RBT [0°/6] 0.3956 | 0.4103 | 0.4601 | 0.5687 0.7764 0.9711 1.0058
[0°/6/0°] | 0.3956 | 0.4020 | 0.4209 | 0.4508 0.4870 0.5188 0.5318
50 [0°/6] 0.1364 | 0.1452 | 0.1787 | 0.2662 0.4610 0.6502 0.6787
[0°/6/0°] | 0.1364 | 0.1372 | 0.1394 | 0.1421 0.1446 0.1463 0.1469

2 T T T T T T T T T 0.7 T T T T T T T T

h2/h1=3

. === h2/h1=8

15 ——h2/h1=3 Pl 06}~ N i
e

" 05 B

04f 7 N 4

v AN
03F I b A
h 7 S
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=] <
o
T
\---------¢
1
Dimensionless Shear Stress - ¢
-
-,
e
o

-2 L L L L L L L L L 0 L L L L L L L L L
-0.5 04 -0.3 -0.2 0.1 0 0.1 0.2 0.3 0.4 0.5 05 0.4 -0.3 02 -0.1 0 0.1 0.2 0.3 0.4 05
Dimensionless Thickness - z/h Dimensionless Thickness - z/h

a. Axial Stress b. Shear Stress
Figure 4 Axial and shear stress distribution through the thickness of symmetric sandwich beams with S-S boundary con-
dition based on RBT, Type B, L/h=5.

Table 7. Dimensionless axial 7, (O, g) and shear 7, (— g , O) stresses of [0°/6/0°] and [0°/6] S-S beams under a uniformly
distributed load, Type A.

Aspect

Ratio Theory Lay-ups 0° 15° 30° 45° 60° 75° 90°
a. Axial stress (a,)
5 [0°/6] 0.9523 0.9161 0.8045 0.6489 0.4542 0.2787 0.2362
[0°/6/0°] 0.9523 0.9591 0.9779 1.0049 1.0347 1.0596 1.0697
10 RBT [0°/6] 0.8009 0.7802 0.7109 0.6043 0.4421 0.2760 0.2343
[0°/6/0°] 0.8009 0.8051 0.8161 0.8294 0.8409 0.8485 0.8512
50 [0°/6] 0.7520 0.7364 0.6807 0.5900 0.4382 0.2751 0.2336

[0°/6/0°] 0.7520 0.7555 0.7639 0.7727 0.7783 0.7803 0.7806

b. Shear stress (G,,)

[0°/6] 0.6769 0.6923 0.7364 0.7993 0.8581 0.8999 0.9213

. [0°/6/0°] 0.6769 0.6644 0.6272 0.5680 0.4958 0.4320 0.4057
10 RBT [0°/6] 0.7156 0.7311 0.7754 0.8386 0.8972 0.9390 0.9614

[0°/6/0°] 0.7156 0.7024 0.6634 0.6015 0.5262 0.4595 0.4320
50 [0°/6] 0.7475 0.7629 0.8067 0.8691 0.9264 0.9674 0.9906

[0°/6/0°] 0.7475 0.7339 0.6935 0.6296 0.5519 0.4830 0.4545
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Table 8. Dimensionless mid-span deflections of [0°/90°/0°] beams for various boundary conditions under a uniformly

distributed load, Type B.

h h

Theory 2/ hy =3 2/ hy =8

Lh=5 | 10 | 20 [ 50 Lh=5 | 10 | 20 [ 50

a. Simply supported beams (SS)

RBT | 21117 [ 1.1198 | 0.8696 | 0.7994 | 2.4647 | 1.5342 | 1.3008 | 1.2354
b. Clamped simply supported beams (CS)

RBT | 1.6755 | 0.6842 | 0.4102 | 0.3300 | 1.8281 | 0.8415 | 0.5791 | 0.5037
c. Cantilever beams (CF)

RBT | 63183 | 3.6304 | 29172 | 2.7119 | 7.6910 | 5.0663 | 4.3874 | 4.1948
d. Clamped clamped beams (CC)

RBT | 13110 [ 04691 | 0.2379 | 0.1703 | 1.3887 | 0.5433 | 0.3205 | 0.2568

Table 9. Dimensionless axial g, (0, g) and shear 7, (—é, 0) stresses of [0°/90°/0°] S-S beams under a uniformly dis-

tributed load, Type B.

h h
Theory 2/ hy ~ 3 2/ hy ~ 8
Lh=5 | 10 | 20 | 50 Lh=5 | 10 | 20 [ 50
a. Axial stress (a,)
RBT | 1.1229 | 0.9898 | 0.9565 | 0.9473 | 1.5823 | 1.4988 | 1.4781 | 1.4723
b. Shear stress (a,,)
RBT | 0.6509 | 0.6781 | 0.6918 [ 0.6973 | 0.6566 | 0.6732 | 0.6796 | 0.6818

4. Conclusion

Based on the RBT formulation and the Ritz method, the
static behavior of the laminated composite and sandwich
beams is investigated by using the polynomial series ex-
pansions with auxiliary functions. Various composite and
sandwich beam configurations are considered based on dif-
ferent aspect ratios, lay-ups, fiber angles, thickness ratios
and boundary conditions. The numerical calculations in
terms of mid-span deflections, axial and shear stresses are
compared with the results which are obtained by other au-
thors to validate the present model. It is found that com-
puted results agree well with previous ones.

The selection of the number of terms in the polynomial ex-
pansion depend not only the formulation used in the nu-
merical calculations but also depends on the boundary con-
dition to be employed. For the deflection analysis, em-
ployed number of terms can be different according to the
boundary conditions of the problem. It is clear that to ob-
tain satisfactory results with a CF beam, higher number of
terms should be employed in the polynomial expansion.
Moreover, to obtain accurate results in terms of stresses, it
is important to investigate optimum number of terms.
Higher number of terms in the polynomial expansion may
not produce satisfactory results regarding to the lower
ones. It is also found that using the Ritz method with poly-
nomial shape functions including auxiliary ones is simple
to implement, efficient and provides quick convergence
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rates and expected results for the static analysis of lami-
nated composite and sandwich beams.
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