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ABSTRACT. Eliahou and Kervaire defined splittable monomial ideals and pro-
vided a relationship between the Betti numbers of the more complicated ideal
in terms of the less complicated pieces. We extend the concept of splittable
monomial ideals showing that an ideal which was not splittable according to
the original definition is splittable in this more general definition. Further, we
provide a generalized version of the result concerning the relationship between

the Betti numbers.
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1. Introduction

Splittable monomial ideals were developed by Eliahou and Kervaire [3] to study
the Betti numbers of stable ideals. These splittings have further been used by
Fatabbi [4] and Francisco [5] to obtain results on the graded Betti numbers of ideals
of fat points, as well as by Ha and Van Tuyl [9] to study the resolutions of edge ideals
of both graphs and hypergraphs. In particular, Eliahou and Kervaire provided an
example of a monomial ideal that is not splittable, using their definition. The aim
of this paper is to extend the concept of splittable monomial ideals in order to
expand the results on the graded Betti numbers.

Throughout this paper, R = k[z1,...,x,] will be a polynomial ring in the vari-
ables x1, ..., x, over the field k. Then if M is a finitely generated graded R-module,

associated to M is a minimal free resolution, which is of the form
s Spm
0— @R<_a)ﬂp,a(M) BCN @R(_a)ﬁpfl,a(M) R IR TN @R(_a)ﬁo,a(M) — M =0,
a a a

where the maps §; are exact and where R(—a) denotes the translation of R obtained
by shifting the degree of elements of R by a € N. The numbers §; (M) are called
the graded Betti numbers of M, and they correspond to the number of minimal

generators of degree a occurring in the i-th syzygy module of M.
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In Section 2, we review the definition of splittable monomial ideal, as given by
Eliahou and Kervaire [3], and provide examples. Throughout this paper, we will
refer to the splittings of Eliahou and Kervaire as 2-splittings. Then, in Section 3,
we will generalize this definition by allowing ideals to be split into more than two
parts. In particular, we will show an example of an ideal that does not have a
2-splitting, but does indeed have a splitting in a more general definition (which we
will call a k-splitting). Lastly, in Section 4, we will show the relationship between
the Betti numbers in a generalized k-splitting and extend the earlier examples to

show a class of ideals that has several different k-splittings.

2. Splittable monomial ideals

Consider the polynomial ring R := k[z1,...,z,]. For a monomial ideal I C R,
we let G(I) denote the canonical generating set of I. Eliahou and Kervaire [3]
introduced the concept of a splittable monomial ideal, which we call a 2-splitting

with the following definition:

Definition 2.1. We say that I C R is 2-splittable if I is the sum of two nonzero
monomial ideals J and K such that
(1) G(I) is the disjoint union of G(J) and G(K), i.e., G(I) = G(J)UG(K), and
(2) there is a splitting function

G(JNK)—- G(J)xGK), w (¢(w),(w))

satisfying the following properties:

(S1) for all w € G(J N K), we have that w = lem(¢(w), (w)) and

(S2) for every subset G’ C G(JNK), both lem ¢(G’) and lem (G’) strictly
divide lem G'.

These splittings of monomial ideals have been used to study triangulated hyper-
graphs [9] and extremal Betti numbers [1] and have been applied to Boij—Séderberg
theory [8], in addition to many other areas. An example of a splittable ideal is the

squarefree domino ideals studied by the authors [2].

Definition 2.2. Consider a 2 x n rectangle, D. Each 2 x 1 region in D corre-
sponds to a domino tile. We assign to horizontally-oriented dominos the labels

T1,%2,...,Ta,—2 and to vertically-oriented dominos the labels y1,ys, ..., yn.

(1) A tiling T of D is a degree n squarefree monomial 7 = 2129 - - - 2, where
zi € {x1,22,...,T2n—2,Y1,Y2,-.-,Yn} and, when considering the variables
as dominos in the array, we have z; N z; = 0 forall 1 <i,57 <n. We will
let T,, denote the set of all tilings 7 of D.



114 RACHELLE R. BOUCHAT AND TRICIA MULDOON BROWN

(2) The domino ideal corresponding to T, is the ideal generated by all tilings

in T,, i.e.,
In = (T | TE Tn) g R= ]k[xla~">x2n—2’y17"'7yn}'

Example 2.3. Let R be a 2 x4 rectangle. The horizontal dominos are labeled with
{x1, 22, 3,24, 75,26} and the vertical dominos are labeled with {y1,¥2,ys,ya}-
Then

Iy = (71237476, T174Y3Ya, T2T5Y1Y4, T3T6Y1Y2, Y1Y2Y3Y4)-

The domino ideal is 2-splittable as I, = J + K, where

J = (2123246, 1174Y3ys) and K = (22X5Y1Y4, T3T6Y1Y2, Y1Y2Y3Ya)

with splitting function
GUNK) = Jx K — GJ)x GK), wr (xﬂ yﬂ) = (2,9),
1Y
where z € G(J) and y € G(K) are such that w = lem(z, y). Because every element
in G(J) and no element in G(K) is divisible by z; and similarly every element
in G(K) and no element in G(J) is divisible by y1, it is straightforward to check

the splitting function satisfies conditions (S1) and (S2).

In the example above, each of the four minimal generators in G(J N K) has a
unique representation as the least common multiple of a generator from J and a
generator from K. More generally, in domino ideals, when the representation is
not unique, we choose the representative in G(J) x G(K) which is lexicographically
smallest by some linear ordering on the variables.

Furthermore, Example 2.3 illustrates an x;-splitting defined by Francisco, Ha,

and Van Tuyl [6]. The following restricts their definition:

Definition 2.4. Let I be a monomial ideal in R = k[z1,...,z,]. Let J be the ideal
generated by all elements of G(I) divisible by z;, and let K be the ideal generated
by all other elements of G(I). If I = J 4+ K is a 2-splitting, we call I = J 4+ K an
x;-splitting.

Proposition 2.5. Let R be a planar region on the square lattice with a corner,
that is, the region contains a square this is connected via adjacent edges to exactly
two other squares and is not adjacent to squares along the other two edges. Then

the domino ideal Ir is x;-splittable.

Proof. At any corner of R, exactly two dominos may be placed: one vertical
and one horizontal. Without loss of generality, label these dominos by = and y,

respectively. Every tiling must contain exactly one of these dominos, so every
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generator of I is divisible by z or y, but not both. We split the ideal into ideals
J and K with disjoint generating sets

G(J)={z€G(Rg): x|z} and G(K)={z€G(R):y]|z}.
This is a splitting with splitting function analogous to that in Example 2.3. (]
One of the uses for splittings of monomial ideals is to more easily calculate the
Betti numbers on the minimal free resolution of the monomial ideal. Given a 2-
splittable ideal I = J + K, we can calculate its graded Betti numbers using the
graded Betti numbers of the ideals J and K along with the graded Betti numbers

of the intersection J N K. The following theorem is due to Eliahou and Kervaire [3]
for Betti numbers and Fatabbi [4] for graded Betti numbers:

Theorem 2.6. Suppose that I is a 2-splittable monomial ideal with 2-splitting
I=J+ K. Then for alli,j >0,
Bii(I) = Bij(J) + Bij(K) + Bi1,;(J N K).

This theorem gives a nice way to compute the Betti numbers of more complicated
monomial ideals by understanding the less complicated components given by the
splitting. However, there are even relatively simple monomial ideals that are not
2-splittable. The following example comes from [3, Remark 2]:

Example 2.7. Let k be a field. Then the ideal
I = (x1x2x3, X1T3T5,L1T4T5,L2L3T4, $2$4$5) - ]k[.%‘l, A ,l‘5]
does not have a splitting according to Definition 2.1.

We will revisit this ideal in Example 3.2, when we consider splitting a monomial

ideal into more than two nonzero ideals.

3. The k-splittable ideals
To begin, we extend Definition 2.1 to allow for any finite number of parts.
Definition 3.1. We say that I is k-splittable if I is the sum of k nonzero monomial
ideals Jq, Ja, ..., Ji such that
(1) G(I) is the disjoint union of G(J1), G(J2), ..., G(Jk), i.e.,
GI)=G(Jh)UG(J)U---UG(Jk),
and
(2) there is a splitting function
G(JindaN- - NJx) = G(J1)xG(J2) X - xG(Jk), w— (¢1(w), d2(w),..., dr(w)),

satisfying the following properties:
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(S1) for all monomials w € G(Jy N JaN---NJg), we have that

w = 1CII’1(¢1 (w)7 ¢2(w>7 L) ¢]€(’U})), and
(S2) for every subset G' C G(J1 N JaN---NJg), we have lem ¢;(G’) strictly
divides lem G’ for all 1 <14 < k.

The definition above allows us to use splitting techniques in greater general-
ization. We note that Definition 2.1 is equivalent to the case where £ = 2 in
Definition 3.1.

Recall, the ideal in Example 2.7 that was not 2-splittable. We now show that
this ideal is 3-splittable.

Example 3.2. Let k be a field. Consider the ideal
I = (z12923, T1X3X5, T1T4Ts, ToX3Ty, TaLaxs5) C K21, ..., 25]
from Example 2.7. Set
J = (12023, x12325), K = (x12425), and L = (zox324, Toxsxs).

Then G(I) = G(J)UG(K)UG(L). Consider the function

¢:GINEKNL) = G(J) x GK) x G(L), wH(

w w w
ToXy Toxs xlxs)'
Since JN K NL = (z129w32475), it is clear that the conditions of Definition 3.1 are
satisfied. Therefore, I is 3-splittable.

We will prove a result concerning the Betti numbers of k-splittable monomial
ideals, but first, let us consider the generalizations of x;-splittable ideals in which
each component ideal in the sum is divisible by a distinct element. We prove that

these ideals are k-splittable.

Theorem 3.3. Given a monomial ideal I with disjoint sum I = Jy + Jo+ -+ Ji
such that

G(J;) ={z:2€ G() and Iz; € R such that z; | z and
zitw for any w € G(Jj) with i # j}.

Then I is a k-splittable ideal for k > 1.

Proof. For any w € G(J; N Ja N --- N J), we have w = lem(xy,xo,...,xp) for
at least one k-tuple (z1,z2,...,z)), where each x; € G(J;). Canonically, choose
the lexicographically smallest k-tuple (z1, 2, ..., z)) whose least common multiple
is w for some linear ordering on the variables. To show that I is k-splittable, we
define the function ¢ = (¢1, da, ..., ) as

o : G(inJan---NJdg) = G(J;), where ¢;(w) = x;.
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For condition (S1), by construction

lem (1 (w), a(w), ..., b (w)) = lem(z1, 2, ..., x3) = w.

For condition (S2), given w € G(J; N Ja N ---N Jg), we know w = 2125 - - - 25y for
some y. Therefore, in any subset G’ = {wy,wa,...,wy,} of the intersection, there

exists a monomial ¢ such that
lem(G') = lem(wy, wa, . .., W) = 2122 - - 2k 7.
But z; does not divide ¢;(w) when j # i, so z; also does not divide
lcm(¢i(G/)) = lcm(¢i(wl)v¢i(w2)7 xx ,éf’z’(wm)),
and hence lem(¢;(G")) strictly divides lem(G). O

Now, we prove an extension of Theorem 2.6.
Theorem 3.4. Given a k-splittable monomial ideal I = J1 + Jo+- - -+ Ji such that
Ji=A{z:2 |z and z; {w for any w € G(J;), with i # j}
for some z;, where 1 < i < k. Then for alli,5 >0,

k
Bii(I) = Z ( Z Bi—mt1,j(Jiy NSy N --o ) Jim)>7
m=1

21,225--5Tm

where the sum is over all m-subsets {i1,i2,...,im} C [K].

Proof. By [3, Proposition 3.1], the claim holds for &k = 2; so by induction, we
assume it holds up to k. Given a k-splittable ideal I = J; + Jy + - -+ + Ji, set
Ji_y = Ji—1+ Ji. As above, note that any w € G(J1NJoN---NJp_2NJ|_,) can
be written as the lem(zy,z2,. .., Tx—2,2}_;) for some lexicographically smallest
(k — 1)-tuple such that z; € G(J;) for 1 <i <k —2and z}_; € G(Jx—1) UG(Jy).
Define the function ¢’ = (¢}, ¢, ..., ¢},_) as follows: If 1 <7 <k — 2,

¢t G(iN - NJp2 N Jg_q) = G(J;), where ¢j(w) = z;,
and
Gp1: G NN T2 N Jp_y) = G(J4_y),  where ¢p_1(w) = 27, _;.
We claim ¢’ is a (k — 1)-splitting. Easily ¢’ satisfies (S1) as
lem (¢} (w), ph(w), ..., ¢h_1(w)) =lem(zy, z2,. .., Th_2,)_q) = w.
Further for w € G(J; N--- N Jy—1 N Jj_;), w has one of three forms:

(1) wy =21 2g—1y,

(2) Wi = 21" Zk—1%KY, O
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(3) wi =21+ 2k—22kY.

So, given a subset G’ C G(J1N---NJx_2NJ}_1),
lem(G’) = lem(wy, ..., wy,)

also has one of those three forms. For 1 < i < k — 2, we have that z; does not

divide ¢'(w) when j # 4, so z; also does not divide
lcm(gb;(G’)) = lcm(gbg(wl), e qSi(wm)),

so lem(¢;(G")) strictly divides lem(G’). Depending on the type, it may be that
both zx_1 and z;, do divide lem(¢},_,(G")), but z; for 1 < j < k—2 does not divide
lem(¢),_,(G")), so again lem(¢),_,(G")) strictly divides lem(G’). Thus, we have
satisfied (S2), so ¢’ is a (k — 1)-splitting, and we have

k-1
Bij(h+ 4 Tha+Ti)= < > Bicmir(Jiy 0o Jim)>, (1)
m=1 “iy,iz, - ,im
where the sum is taken over all m-subsets {i1,42,...,%m} C [k — 1].

Further, J; | = Jx_1+J) is a 2-splitting with the canonical map ¢ = (¢y—1, d),
where ¢p,_1(w) = zx_1 and ¢y (w) = x, for w given by the lexicographically smallest
lem(zg,,xg). Set W =J NJaN--+NJp_o. We have

WNd_y=Wnde_1)+(WnJg)

is also a 2-splitting as the map ¢ still acts on the elements of the intersection as a

subset of J_,, so

ﬂ@j((W N Jk—l) + (W N Jk))
=Bi;(WnNJp_1) + Bi; (WD Jg) + Bica;(WN T N Tg). (2)

Combining (1) and (2), we obtain the desired result. O

Domino ideals still fall nicely in the category of z;-splittings, sometimes in several
ways, because we can partition the tilings by the domino variables that covers any

particular square of the band.
Example 3.5. Consider the ideal

I = (212923, x123%5, T1T4T5, T2X3Ta, T2X425) C K21, ..., 25)
from Example 3.2, with the 3-splitting

J = (z12023, v12325), K = (x12475), and L = (Tox324,ToT4x5).
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The Betti table for the minimal free resolution of I, obtained using Macaulay?2 [7], is

01 2
total: 5 5 1
3: 5 5 1.

Further, the results from Theorem 4.2 can be verified using the following Betti ta-
bles for the minimal free resolutions of J, K, L, JNK, JNL, KNL,and JANKNL,

respectively:
01 0 01 0 0 0 0
total: 2 1 total: 1 total: 2 1 total: 1 total: 1 total: 1 total: 1
3: 21 31 3: 21 4: 1 4: 1 4: 1 5. 1.

Example 3.6. Let M,, be the region describing the 2 x n Mobius band and Iy,
be the domino ideal of this region. Then the domino ideal is 3-splittable, where
Iy, = Jp + Ky, + Ly,. Any tiling must contain exactly one domino from the set

{Yn, Tn,Tn—1}, so we define J,, K, and L,, as
In=A{r€T, y, |7}, Kn={r€T,:z,|7}, and L,={r7€T, :x,_1]|7}

As a consequence, we can use Theorem 4.2 to calculate the Betti numbers that
describe the minimal free resolution of the domino ideal I, . In the next section,
we look at the relationship between k-splittable ideals as defined in Definition 3.1
and generalized k-Betti splittings.

4. The k-splitting and Betti numbers

Before our main result showing the relationship between the Betti numbers of
a k-splittable monomial ideal and the Betti numbers of its k component ideals, we

prove the following proposition:

Proposition 4.1. Suppose that I is a k-splittable monomial ideal with splitting
I =J1+Js+ -+ Jg. Then for every pair 1 < i < j < k, we have the ideal
I' = J; + J; with the property

Ba.g(I') = Ba,i(Ji) + Ba,i(Jj) + Bg—1,5(Ji N J)
for all q,j > 0.

Proof. Set W = J;NJ;. Given that I is a k-splittable monomial ideal with splitting
I=Jy+J2+- -+ Ji, define an embedding v : G(W) — G(J1N---NJy) as follows:
Every element of G(W) has the form w = lem(x;, z;) for at least one pair (z;,z;) €
G(J;) x G(J;). Choose the lexicographically smallest k-tuple (x1, 2, ..., x)) such
that w divides lem(z1,x9,...,xk). Because lem(z1,x2,...,2x) is a monomial, we

can find at least one generator z = lem(z), 5, ..., 2z}) € G(J1N---NJy) such that z
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divides lem(z1, 2, ..., x). Choosing z so that (z},z5,...,x}) is lexicographically
smallest, define y(w) = .
Thus, we can define a function ¢ : W — J; @ J;, where ¢ = (¢; 0 v,¢; 0 7).

Consider the short exact sequence
O—=-W—=JoJ; —1—0,

with standard maps a(w) = (w,w) and 7(u,v) = u — v.

We want to prove that the map
bq : Tors (W, k) — Torl(J;, k) & Torl (Jy, k)

induced by v is 0 for all ¢ > 0.

Let (Ji)«, (J;)«, Wi be the Taylor resolutions for J;, J;, and W with generators
G((Ji)o), G((J5)0), and G(Wy), respectively. We have basis elements g4 of W, for
ACGW) with g4 = guy, N+ A gu,, where w; € A for all i.

There is a bijection between the basis of W and the basis of W defined by
o : W — Wy, where o(w) = g,,. The splitting function is then lifted giving

Yo : Wo = (Ji)o © (J)os  Guw = (9g:(v(w))> I8, (v(w)))-

Thus, more generally, a can be lifted to a map on the resolution using the same
splitting function v as

Vit W = (i) @ (Jj)*v
where My (4) My(4)

¥x(94) = (mmmm)) Goutr(an o 9 <v<A>>> )
with m4 = lem(w : w € A).
We slightly modify the coefficient in the standard differential so our differential
acts on an element of the Taylor resolution by
A(ga) = > _(—1yEnled) s JA\{w}s

weA My(A\{w})
where sgn is the number of elements in A greater than w under the linear order
and m4 = lem(w : w € A). One can check it is still true that §% = 0.

We now show that ¥ and 0 commute.

MaA(A mM~A
B(w(gA)Zﬁ( i )gwwm)) —4 9¢j(v(A)))

M, (4) "M (4(A)
n(w’,¢i(v(A My (A) Mg;(v(A))
_ < Z (_1)Sg (w04 (v( )))m 2 . - i ) g¢i(7(A))\{w/}7
w’€i (v(A)) @i (v(A)) @i (v(A)\{w’}
sgn(w’, 3§ A m'Y(A) m¢(7(A))
> (b S 9¢j<v<A>>\{w/}>-
e TA) 65(1(4)) Mg, (3(AN\{w')

On the other hand,
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1/1(3(9,4)) _ 1/}( Z (71)Sgﬂ(’w,A) WQA\{U;})

weA Moy (A\{w})
sgn(w,A m (A4) m (A\{w})
= <Z(—1) gn(wd) 12 . 1 i (v (A\{w}))
=y Moy(A\{w)})  Mei(v(A\{w}))
sgn(w m (A) m'y(A\{w})
(—1ysenlnd) T 9¢-<<A\{w}n>-
1;1 Moy(A\{w}) My (v(A\{w})

Because we have a k-splitting on I, by Property 2, we see the remaining coeffi-
cients M. 4y /Mg, (v(A\{w})) do not reduce to a unit, so they lie in the augmentation
ideal. Thus, ¢ induces 0 in the homology, so we conclude by Proposition 2.1 in [6]
that I’ = J; + J; has the decomposition

Bai(I') = Bai(Ji) + Bai(J;) + Ba—1.4(Ji N J})
for all ¢,5 > 0. O

We can now state our main result.

Theorem 4.2. Suppose that I is a k-splittable monomial ideal with splitting I =
Ji+Jo+ -+ Jg. Then for alli,j >0,

k
Bij(I) = Z( Z Bi—mt1,5(Jiy NSy 02220 Jim)>,

m=1 “i1,i2,...,im

where the sum is over all m-subsets {i1,ia,...,im} C [K].

Proof. Given a k-splittable ideal I = J; +Js+- - -+ J}, and utilizing Proposition 4.1
as the base case, we apply induction and assume this sum holds for any ideal
Jiy +Jiy +- -+ J;,, for m < k, where {i1,i2,...,%m} C [k]. Then consider the ideal
I=Ji+Jo++Jp

Set U = Ji+Jo+ -+ Jg_1, and set W = U N Ji. Define an embedding
v: GW) = G(J1 N---NJg) as follows: Every element of G(W) has the form
w = lem(z,y) for some x € G(U) and y € G(J;). Because generators of the sum
ideal U are all generators of one of the summand ideals, without loss of generality,
suppose z € G(J1).

As in the proof of Proposition 4.1, we may find an element lem(xy, zo, ..., zx_1) €
JiNJzN---NJy that is divisible by w. Find the generator z = lem(x}, x5, ..., z})
that divides lem(z1, 2,..., k), canonically. We choose these monomials so that
(x1,x2,...,2) and (2, 25,...,2),) are lexicographically smallest. Set vy(w) = z.

The proof follows exactly as above, and we see that the multigraded Betti num-
bers of the ideal I = (J; + Jo + -+ + Ji—1) + Ji are

Ba.i(I) = Baj(JitJat- -+ Jk—1)+Bq,;(Ji) = Bg—1,; (J1+Ja+- - Je—1)NJi)
for ¢q,7 > 0.

By the induction hypothesis, we know



122 RACHELLE R. BOUCHAT AND TRICIA MULDOON BROWN

¢
Boi(Ji +Jis+-+Ti) =Y (D Beemiri (L NTjpNeeen ij)>7
m=1 j1,52,---sJm
where the sum is over all m-subsets {j1, jo, ..., m} C {i1,42,...,4¢}. We note that

(Ji1 +Ji, £+ Jie) N Jitz+1 = (Ji1 n Jie+1) + (Jiz n Jie+1) +ooeet (Jié N Jiz+1)
is an f-splittable ideal as the splitting function carries through intersection. Now,
with a shift of indices,

Bi-1,((Jiy + iyt 4+ Ji,) 0 Jiyyy)

-1

( Z 6ifm,j((‘]j1 m‘]]'2 m"'mij)mJinrl))
1

k
m=1 *j1,j2,..,jm

k
= Z ( Z /Bi—m-‘rl,j ((le n sz n---n ij—l) n Jiz+1)>’

m=2 j1,f2,-,Jm—1

where the sums are over all m-subsets {j1,jo,...,jm} C {i1,i2,...,i¢}. We can

now combine the two equations to achieve the desired result:
ﬁi,j(Jil +Jiy ++ i, + Ji“_l)

= Bij(Jiy + Jig + -+ Ji,) + Bij(Jigy) + Bic1i(Jiy + iy + -+ Jiy) N iy,
k—1

> < _ Z | Bi—m+1,5(Jj, N iy N0 ij)) + Bii(Jiryy)

m=1 " j1,52,..-,Jm

k
+> ( Y Bimmrrg (T N N N g ) 1 ']iz+1)>

m=2 " j1,J2,.-;Jm—1

k
> ( Y. Bimmii(Jpndpnen ij)),

m=1 *j1,j2,-;0m

where the first two sums are over all m-subsets {j1,Jo2,...,Jm}t C {i1,%2,...,%}

and the final sum is over all m-subsets {j1,j2,...,9m} C {i1,42,...,%,0p+1}. In

particular, if £ = k, then we see that I has a Betti k-splitting. O

Returning to (and generalizing) domino ideals, we end with an example showing

that a monomial ideal can have several different k-splittings.

Example 4.3. Consider the domino ideal arising from tiling a 4 x 4 rectangle.
This tableau is covered by the horizontal dominos {z;; : 1 <i<4 and 1 <j < 3}
and the vertical dominos {y; ; : 1 < i < 3and1 < j < 4}. If we consider the
highlighted cell,

then we have a 2-splitting I = Jo + Ko, with G(J3) = {z : z11 | 2z} and G(K?) =

{z:y11] 2}
If we consider the highlighted cell,
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then we have a 3-splitting I = J3 + K3 + L3, where G(J3) = {z : z11 | z},
G(Kg) = {Z T1,2 ‘ Z}, and G(Lg) = {Z Y12 | Z}.
If we consider the highlighted cell,

then we have a 4-splitting I = Jy + K4 + L4 + My, where G(Js) = {z : z21 | 2},
G(Ky)={z:1222 |2}, G(Ls) ={z:y12 | 2}, and G(My) = {z: y22 | 2}

Notice that the generating sets for the ideals among the different splitting are
related. We can look at some tilings of basic regions of the square that are affected
by the yellow squares, namely the upper left quadrant, the upper and lower halves

of the square, and the whole 4 x 4 squares. Define the following sets:

A = {z:wy120, |2}
Ay = {z:y11y12 | 2}
B = {z:z11%41Y21Y2.2 | 2}
C = {z:z12%2201 1014 | 2}
Dy = {z:211713722732%41743Y21Y2,4 | 2}
Dy = {z:212%42Y1,1914Y22Y23Y3,1Y3.4 | Z}-

We can represent the generators of the ideals in terms of these sets.

G(J) = A1 UBUDy, G(J3) = A, UBU Dy, G(Jy) = Ay,
G(Iz) = A, UCU Dy, G(K3) = C'UDs, G(K,) = BU Dy,
G(L3) = As, G(L,) = Ay,

G(M4) =CUDs.
Acknowledgement. The authors thank the reviewer for the suggestion to add in
Example 3.5.
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