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Abstract

Sets contain some numbers according to their properties and can help us to write some series. At this point,
thanks to the equations arising from the mathematical series, the existence of certain proofs can be proved in
which generalizations can be expressed. In addition, the proofs can be tools or results in reaching new
generalizations. In this direction, the aim of this study is to prove a sum sequence for the calculation of all
subsets of a set other than emptiest set in which there are ordered sums of its elements except the empty set. In
this direction, a different format of the summation series formed by subtracting the empty set from the number
of all subsets that form the ordered sums of a set with n elements different from the empty set is obtained and
the equality is proved by inductive proof method. Because of, the obtained general equality is presented as a
new sum series. It is predicted that new generalizations can be reached thanks to this equality.
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Bir Kiimede Sirali Toplamlarin Bulundugu Tiim Alt Kiimelerin Toplam Dizisi
Uzerine

Oz
Kiimeler ozelliklerine gore birtakim sayilari ihtiva etmekte ve bazi serileri yazabilmemize yardimci
olabilmektedir. Bu noktada olusturulan matematiksel serilerden dogan esitlikler sayesinde genellemelerin ifade
edilebilecegi birtakim ispatlarin varligi kanitlanabilmektedir. Ayrica bu ispatlar yeni genellemelere ulagsmada
birer arag veya sonug olabilmektedir. Bu dogrultuda ¢aligmanin amaci bos kiimeden farkli bir kiimede bos kiime
hari¢ elemanlarmin sirali toplamlarinin bulundugu tiim alt kiimelerinin hesabina yonelik bir toplam dizisinin
ispatini yapabilmektir. Bu dogrultuda bos kiimeden farkli n elemanli bir kiimenin sirali toplamlarini olusturan
biitiin alt kiimelerinin sayisindan bos kiime ¢ikartilarak olusturulan toplam serisinin bir farkli formati elde
edilmis ve tiimevarim ispat yontemiyle esitlik ispatlanmistir. Sonug olarak elde edilen genel esitlik yeni bir
toplam serisi olarak sunulmustur. Bu esitlik sayesinde yeni genellemelere ulasilabilecegi 6ngoriilmektedir.

Anahtar Kelimeler: Kiime, toplam serisi, sirali toplamlar, alt kiime.
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1. Introduction and Preliminaries

The concept of the proof in mathematics has been considered extremely important. It has
appeared in front of human beings while discussing many mathematical concepts. With the
existence of mathematics, the abstract dimension of this science has become more
understandable thanks to propositions, theorems and proofs related to these theorems. The first
proof recorded in history belongs to the Babylonians. Thales applied the first formal
mathematical proof in geometry [1]. This proof is extremely important in revealing the
relationship between abstract concepts and concrete concepts. One of the main purposes of
different types of the proofs in mathematics is to express the relationships between abstract
concepts, to interpret these relationships correctly and to reach new knowledge. At this point,
it is possible to obtain new knowledge and advance mathematical knowledge through proofs.

Although the proof condition can be realized in different types, in mathematical theorems
involving algebraic expressions and equations, inductive proof'is a frequently used type of the
proof. As a matter of fact, according to Yildirim (2011), Euclid's contribution to geometry lies
not in presenting original knowledge, but in presenting previously known proofs in a deductive
system [2]. In this presentation, from a small number of axioms, postulates and definitions
selected as premises, the proofs of all the remaining propositions are given by deductive
inference. The propositions proved in this axiomatic system constitute the theorems of the
system. It was observed that Euclid, while making proofs, adhered to the requirement of
Aristotle, who lived a period before him, that proofs should be made by applying the least
number of assumptions [3].

While performing operations on sets, series are used from time to time, and when calculating
the sum of subset series, operations can be performed quickly. At this point, number theory
comes into play and contributes to mathematics in analyzing certain relationships. One of the
important research topics for number theory is to characterize numbers and to evaluate the
relations or correlations of numbers with each other. Many problems in number theory can
essentially be transformed into the number of subsets of a set with a finite number of elements
under certain conditions. Therefore, the result of the problem can be evaluated with different
approaches such as reduction, coding, and generating function [4]. In addition, in the proof of
the theorem to be constructed in this study, the concept of combination appears as an important
element for the solution. Combination: Given 7, n ¢ N and » < n, each of the subsets of a set A
with n elements and r elements is called an r' combination of a set A [5].

One of the important issues in number theory is to characterize numbers and to examine their
relationships and relations with each other. In number theory, many problem situations can
actually be transformed into the number of subsets of a finite number of elements with certain
conditions [6]. As a matter of fact, one of the main objectives of mathematical science is to
extend the mathematical structures studied to larger, inclusive mathematical structures and to
obtain general mathematical results by working on these extended structures [7]. Although
syntactic or sequential proof is based on the formal inference process, it is said that semantic
proof production can be fed by intuitive inferences [8]. Therefore, since mathematics is a
cumulative science and there is a relational structure between mathematical concepts, it can be

697



Akun et al. EJSAT 2025, 18(3) 696-702

said that it is a necessity to build new knowledge on the previous ones [9]. In this direction, in
this study, sum series were handled together with the concept of combination, and a
generalization was reached for an equality related to sets by inductive proof.

2. Main Theorems and Proofs

In this section, a different format of the sum series formed by subtracting the empty set from
the number of all subsets forming the ordered sums of an n-element set is obtained. In the study,
a sum sequence for the calculation of all subsets of a set with ordered sums of its elements
except the empty set was proved by inductive proof. In mathematics, induction is a powerful
proof technique and has a systematic structure as in other proof techniques [10], [11].

Now we have the following:

Theorem I: For a series of sums generated by subtracting the empty set from the number of all
subsets of a set of n elements that form ordered sums. Then we have

Y 2Kl n—k) = Zk=2(ﬁ)- (1.1)

Proof: Let A={a;, az, ... an} be a set of n elements. Then for the n-/ elements, each of the
ordered binary sums selected from this set, we can write

ajtaz ajtas, ajtaq, ... ajtan,
and for the n-2 elements, we have
axtas, ataq, ax+tas, ... axtan.
At last, for one element, we get
An-171an.

Thus, we obtain

C(n,2) == (1.2)

Now, if we write each of the ordered triple sums selected from this set, then for the n-2 elements,
we have

artax+tas, ajtaztaq, ... aitaztay,
and for the n-3 elements, we have
ajtasztay ajtaztas, ... ajtaztan,
At last, for one element, we get
airtan-1+an,
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Also with similar way, for the n-3 elements, we have
a>tasztay, axtas+tas, ... axtastan,

and for the n-4 elements, we get
a>taqtas, axtaqstas, ... axtasta,

At last, for one element, we get
aztap-1tan.

Indeed, 1n this way the process is executed for the sum of all ternary elements in the last step,
for one element, we get

An-2FTan-1tan.

Thus, the triple sums are given by

Cn, 3)="0=002 (1.3)

When the process is executed for the sum of all elements, at each step the sum results in a
combination expression and at step n, for one element, we have

ajtax+t...+ay.
Thus, with the n elements sum, we get
C(n, n)=1. (1.4)

Now, for given all these sums, the number of terms can be expressed by

Zk=2(k)' (1.5)

But if this sum is considered in terms of each term, then for the number of times we can write
n-1, n-2, n-3, ... 1.

Thus, we obtain
1.(n-1)+2.(n-2)+4.(n-3) ... 2" [n-(n-1)].

If we generalize this sum for the grand total, we find
> 2 (n—K). (1.6)

Hence we get the following:
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T2 =) () (1.7

Now let prove equation (1.7) by induction method. As is well known that, the number of all
subsets of a set of n elements is 2”. Therefore, we find

>

Also, one can write

+1
zn xk _ 1-xm
k=1 1-x

If the derivative of both sides of this equation is taken with respect to k, then we have

—(n+1).x"(1 —x) + (1 —x")

k-1 _
k.x = 1= )2

NIE

k=1
For the x=2, we obtain

n k—1 _ (m+D2"™+@-2™YH 0 w4, 12" . on k—1
Doy 2= 2 n.2"+2"+1-2.2"=(n-1).2"+ 1= —=2"-1=}, 2

Therefore, we have

e 2K m—k) = Zkzz(ﬁ)- (1.8)
Thus from (1.8) we can write
z:=1 21 (m) - Zzzl 2k=1(k) = 2"-C(n, 0)-C(n, 1)

and

1-2" (n+1).2"+(1-2"t1

n‘(1—2) - [ T 1= 2"-1-n.

Using -1 is in the last equation, we get
-n+2"n-(n+1).2"-1+2"1=2""]-n.

If the expressions -/ and -z on both sides of the equation are simplified. We get
2" n-(n+1).2"+ 2" 1=2n,

Hence we obtain

(2".n-2".n)-2"+2.2"=2"
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Hence we get

n=2"
Thus, the proof is completed.
3. Conclusion

With the help of numbers and series, certain relationships and generalizations can be reached
through consecutive sums performed on a set. When evaluating the relationship between
clusters and their subsets, sum series can be utilized from time to time and some inferences can
be reached at this point. Therefore, in this study, a different format of the summation series
formed by subtracting the empty set from the number of all subsets forming the ordered sums
of an n element cluster was tried to be determined.

Starting from this point: For the sum series generated by subtracting the empty set from the
number of all subsets of set of the n elements that form the ordered sums of set of the n elements,
we get the equation (1.1). Thus if we collect the result, we can give the following:

n k-1 I k-1 -\ k=1(n _ 1) = "om
S 2710 - Ty, 20 =T, 2 -0 = ) ()

Because of the above equation, it is proved by induction that the combinatorial formula obtained
for the sum series formed by subtracting the empty set from the number of all subsets forming
the ordered sums of a set of n elements can actually be expressed by a power series. Thanks to
this equality, it is predicted that different proofs in the literature on ordered sums can be carried
out and new generalizations can be reached.
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