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Abstract. This study investigates the existence and uniform local attractiveness of solutions for a class of
fractional ψ-Hilfer hybrid differential equations within Banach algebras. Utilizing advanced hybrid fixed-point
theory, we derive results that not only establish conditions for the existence of solutions but also demonstrate their
uniform local attractiveness. Our findings offer valuable insights into the behavior of these fractional differential
equations and provide a solid theoretical foundation for future research and applications in this field.
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1. Introduction

The idea of derivatives of arbitrary order, which is essential to fractional calculus and provides a great tool for
characterizing the inherent properties of many materials and processes, has maintained its appeal to a large number
of scientists in recent years, one can see [11, 15]. There are several representations and definitions for the derivative
of fractional order; the most widely used ones are Riemann-Liouville and Caputo. In [13], Hilfer discussed fractional
time development in physical processes and presented an extension of the Riemann-Liouville fractional derivative and
Caputo fractional derivative. It was called a generalized derivative by the author, but the Hilfer fractional derivative
was given to it later recently. This operator has two parameters, α and β, which can be reduced to the definitions of
the Riemann-Liouville fractional derivative and Caputo fractional derivative, respectively, if β = 0 and β = 1, respec-
tively. Sousa and de Oliveira [26] introduced the new version of the Hilfer fractional derivitive with respect to another
function ψ. They presented a generalization concerning these derivatives in which they combined several formulations,
including the traditional Caputo and Riemann-Liouville operators, and proposed a new fractional differential operator,
known as the fractional ψ-Hilfer operator.

Fractional differential equations involving the ψ-Hilfer fractional derivative have received a lot of attention recently.
Various properties of these equations, such as the attractivity of solutions, Ulam-Hyers stability, and the existence and
uniqueness of solutions, have been thoroughly investigated by researchers. For instance, Ahmad et al. [3] studied the
existence, uniqueness, and stability of implicit switched coupled ψ-Hilfer fractional differential equations, while Abdo
et al. [1] investigated Ulam-Hyers-Mittag-Leffler stability for ψ-Hilfer problems with fractional order and infinite delay.
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Moreover, for coupled systems including the Hilfer fractional Langevin equation with non-local boundary conditions,
Hilal et al. [12] examined existence and stability results. This study was extended to the Hilfer Langevin fractional
pantograph differential equations, addressing existence and uniqueness, by Lmou et al. [16]. A study of the stability
of fractional differential equations with impulsive conditions was presented by Shah et al. [23] in a related work. Si
Bachir et al. [24] investigated ψ-Hilfer hybrid fractional differential equations in more detail, as well as the existence
and attractivity of solutions; Sousa and Capelas Oliveira [25] constructed a Gronwall inequality and used the Hilfer
operator to study the Cauchy-type problem.

Researchers have also looked on hybrid fractional differential equations. The fractional derivative of an unknown
function hybrid with nonlinearity dependent on it is included in this class of problems. A brief history of fractional
differential equations and hybrid differential equations will be given, (see [2, 4, 5, 8–10, 14, 17–22]).
In [6], Dhage and Lakshmikantham initiated the study of the first-order hybrid differential equation{ d

dι

(
w(ι)

f (ι,w(ι))

)
= g(ι,w(ι)), ι ∈ [0,T ],

w(0) = w0 ∈ R,

where f ∈ C([0,T ] × R,R∗) and g ∈ C([0,T ] × R,R).
Zhao et al. [27] discussed the following hybrid fractional initial value problem{

Dp
(

w(ι)
f (ι,w(ι))

)
= g(ι,w(ι)), ι ∈ [0,T ],

w(0) = w0 ∈ R,

where Dp is the Riemann-Liouville fractional derivative of order 0 < p < 1, f ∈ C([0,T ] × R,R∗), and g ∈ C([0,T ] ×
R,R).
In [5], an initial value problem was discussed for hybrid fractional differential equations involving ψ-Hilfer fractional
derivative of the form  HDp,q;ψ

(
w(ι)

f (ι,w(ι))

)
= g(ι,w(ι)), ι ∈ [0,T ],

I
1−γ;ψ
0+,ι

(
w(0)

f (0,w(0))

)
= w0 ∈ R,

where HDp,q;ψ is the ψ-Hilfer fractional derivative with 0 < p < 1, 0 ≤ q ≤ 1, p ≤ γ = p + q − pq < 1, f ∈
C([0,T ] × R,R∗), and g ∈ C([0,T ] × R,R).
In this work, we study the existence and attractivity of solutions to the following problem

H
D

p1,q1;ψ
0+,ι

(
H
D

p2,q2;ψ
0+,ι

w(ι)
G (ι,w(ι))

+ f1(ι,w(ι))
)
= f2(ι,w(ι)), ι ∈ R+ := [0,+∞) ,

w(0)
G (0,w(0))

= 0,

I
1−γ1−p2;ψ
0+,ι

(
w(0)

G (0,w(0))

)
= w0, w0 ∈ R,

(1.1)

where I1−γ1−p2;ψ
0+,ι and Dpi,qi;ψ

0+,ι , i = 1, 2 represent the Riemann–Liouville fractional integral and the ψ-Hilfer fractional
derivative in order pi and type qi respectively. 0 < pi < 1, 0 ≤ qi ≤ 1; 1 < p1 + p2 ≤ 2. f1, f2 : R+ × R → R and
G : R+ × R→ R∗ are given functions.
This work is divided into five sections. Basic definitions of ψ-Hilfer fractional calculus, essential lemmas, and certain
fixed-point theorems are given in Section 2. In Section 3, we derive the formula of solution for problem (1.1). During
Section 4, we discuss whether or not problem (1.1) has an existence of solutions. Section 5 discusses how attractivity
of solutions can be achieved in the above problem.

Special Cases:

• For q1, q2 = 1 and ψ(ι) = ι, we get hybrid Caputo fractional differential equation of the form

C
D

p1

(
C
D

p2
w(ι)

G(w,w(ι))
+ f1(ι,w(ι))

)
= f2(ι,w(ι)),

w(ι)|ι=0 = 0.
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• For q1, q2 = 0 and ψ(ι) = ι, we get the hybrid differential equation involving Riemann-Liouville fractional
derivative of the form

RL
D

p1

(
RL
D

p2
w(ι)

G(w,w(ι))
+ f1(ι,w(ι))

)
= f2(ι,w(ι)),

w(ι)|ι=0 = 0.

• For p1 = 0, q2 = 0, f1 = 0, and ψ(ι) = ι, we obtain the following problem

RL
D

p2

(
w(ι)

G(w,w(ι))

)
= f2(ι,w(ι)),

w(ι)|ι=0 = 0,

which is studied in [27].
For p2 = 1, we obtain

d
dι

(
w(ι)

G(w,w(ι))

)
= f2(ι,w(ι)),

w(ι)|ι=0 = 0,

which is investigated in [6] by Dhage and Lakshmikantham.

• Also, a natural consequence of problem (1.1), if we take f1(ι,w(ι)) = λw(ι), we obtain the famous fractional
Langvin equation 

H
D

p1,q1;ψ
0+,ι

(
H
D

p2,q2;ψ
0+,ι

w(ι)
G (ι,w(ι))

+ λ

)
w(ι) = f2(ι,w(ι)),

w(0)
G (0,w(0))

= 0,

I
1−γ1−p2;ψ
0+,ι

(
w(0)

G (0,w(0))

)
= w0, w0 ∈ R.

2. Preliminaries

Let γ = γ1 + p2. Define on [a, b], (0 < a < b < ∞) the weighted space

C1−γ;ψ([a, b]) =
{
w : [a, b]→ R : (ψ(ι) − ψ(0))1−γw(ι) ∈ C([a, b])

}
,

with the norm
∥w∥C1−γ;ψ = sup

ι∈[a,b]

∣∣∣(ψ(ι) − ψ(0))1−γ w(ι)
∣∣∣ .

Let BC := BC (R+) be the Banach space of all bounded and continuous functions from R+ to R. By BC1−γ =

BC1−γ (R+), we denote the weighted space of all bounded and continuous functions defined by

BC1−γ =
{
ϕ : R+ → R : (ψ(ι) − ψ(0))1−γϕ(ι) ∈ BC

}
,

with the norm
∥ϕ∥BC1−γ = sup

ι∈R+

∣∣∣(ψ(ι) − ψ(0))1−γ ϕ(ι)
∣∣∣ .

Let X =
(
BC1−γ(R+), ∥ · ∥BC1−γ

)
be a Banach algebra where (wz)(ι) = w(ι)z(ι), ι ∈ R+ is the definition of the product of

vectors.
Additionally, we recall some results and properties from the ψ-fractional calculus.

Definition 2.1 ( [26]). For p > 0,w ∈ L1([a, b],R), additionally ψ ∈ Cn([a, b],R), the fractional ψ-Riemann-Liouville
operator with order p of w can be written as

I
p;ψ
a+,ιw(ι) =

1
Γ(p)

∫ ι

a
ψ′(s)(ψ(ι) − ψ(s))p−1w(s)ds,

in which ψ′(ι) > 0, ∀ι ∈ [a, b].



A. Louakar, H. Lmou, A. Kajouni, K. Hilal, Turk. J. Math. Comput. Sci., 16(2)(2024), 450–462 453

Definition 2.2 ( [26]). For 0 < p < 1 and w, ψ ∈ Cn−1([a, b],R) with ψ′(ι) > 0, ∀ι ∈ [a, b], the fractional ψ-Hilfer
derivative operator with order p and type 0 ≤ q ≤ 1 of w is represented as

H
D

p,q;ψ
a+,ι w(ι) = Iq(1−p);ψ

a+,ι

(
1

ψ′(ι)
d
dι

)
I

(1−q)(1−p);ψ
a+,ι w(ι).

Lemma 2.3 ( [26]). Let 0 < p < 1, 0 ≤ q ≤ 1, w ∈ C1([a, b],R), then

I
p;ψ
a+,ι

H
D

p,q;ψ
a+,ι w(ι) = w(ι) −

(ψ(ι) − ψ(a))ϱ−1

Γ(ϱ)
I

1−ϱ;ψ
a+,ι w(a),

where ϱ = p + q (1 − p).

Lemma 2.4 ( [25, 26]). Let p, q > 0, δ > p and w ∈ C([a, b],R). Following that ∀ι ∈ [a, b] there is

(i) Ip;ψ
a+,ιI

q;ψ
a+,ιw(ι) = Ip+q;ψ

a+,ι w(ι),

(ii) HD
p,q;ψ
a+,ι I

p;ψ
a+,ιw(ι) = w(ι),

(iii) Ip;ψ
a+,ι(ψ(ι) − ψ(a))q−1 =

Γ(p)
Γ(p+q) (ψ(ι) − ψ(a))p+q−1,

(iv) Iq;ψ
a+,ι(1) = (ψ(ι)−ψ(a))q

Γ(q+1) ,

(v) HD
p,q;ψ
a+,ι (ψ(ι) − ψ(a))δ−1 =

Γ(δ)
Γ(δ−p) (ψ(ι) − ψ(a))δ−p−1,

(vi) HD
p,q;ψ
a+,ι (ψ(ι) − ψ(a))δ−1 = 0, 0 < δ < 1.

Lemma 2.5 ( [24]). Let 0 ≤ γ < 1 and f ∈ C1−γ;ψ[a, b]. Then,

I
p;ψ
a+,ι f (a) = lim

ι→a+
I

p;ψ
a+,ι f (ι) = 0, 0 ≤ 1 − γ < p.

Theorem 2.6 ( [7]). Assume that the Banach algebra X has a non-empty closed, convex, and bounded subset S. Take
A : X → X and B : S → X be two operators in which
(i)A is Lipschitzian with a Lipschitz constant α;
(ii) B is completely continuous;
(iii) w = AwBz =⇒ w ∈ S for all z ∈ S;
(iv) αM < 1 whereM = sup{∥Bw∥ : w ∈ S}.
Hence, one exists w ∈ S, in which w = AwBw.

3. Formula of Solutions

Lemma 3.1. Take h1, h2 ∈ C(J,R); J := [0, d], d > 0. Then, it follows that the problem :

H
D

p1,q1;ψ
0+,ι

(
H
D

p2,q2;ψ
0+,ι

w(ι)
G (ι,w(ι))

+ h1(ι)
)
= h2(ι), a.e. ι ∈ J,

w(0)
G (0,w(0))

= 0,

I
1−γ;ψ
0+,ι

(
w(0)

G (0,w(0))

)
= w0, γ = γ1 + p2,

(3.1)

is equivalent to the equation

w(ι) = G (ι,w(ι))
{

w0

Γ(γ)
(ψ(ι) − ψ(0))γ−1 + I

p1+p2;ψ
0+,ι h2(ι) − Ip2;ψ

0+,ι h1(ι)
}
. (3.2)

Proof. Taking the fractional integral operator of order p1 on each side of (3.1). Then, utilizing Lemma 2.3, we arrive
at

H
D

p2,q2;ψ
0+,ι

w(ι)
G (ι,w(ι))

+ h1(ι) = Ip1;ψ
0+,ι h2(ι) + e1

(ψ(ι) − ψ(a))γ1−1

Γ(γ1)
. (3.3)

Utilizing again Lemma 2.3, we can get by taking fractional integral operator of order p2 on each side of (3.3)

w(ι)
G (ι,w(ι))

= I
p1+p2;ψ
a+,ι h2(ι) − Ip2;ψ

0+,ι h1(ι) + e1
(ψ(ι) − ψ(0))γ−1

Γ(γ)
+ e2

(ψ(ι) − ψ(0))γ2−1

Γ(γ2)
, (3.4)
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where e1 and e2 are arbitrary constants.
In (3.4), the boundary condition w(0) = 0 leads to e2 = 0, and therefore we get

w(ι)
G (ι,w(ι))

= I
p1+p2;ψ
0+,ι h2(ι) − Ip2;ψ

0+,ι h1(ι) + e1
(ψ(ι) − ψ(0))γ−1

Γ(γ)
. (3.5)

In addition, if we combine the condition I1−γ;ψ
0+,ι

(
w(0)

G(0,w(0))

)
= w0 with the value of (3.5), we obtain e1 = w0.

We substitute e1 in (3.5), we obtain

w(ι) = G (ι,w(ι))
{

w0

Γ(γ)
(ψ(ι) − ψ(0))γ−1 + I

p1+p2;ψ
0+,ι h2(ι) − Ip2;ψ

0+,ι h1(ι)
}
.

On the other hand, suppose w can be the unique solution satisfying (3.2). Then, (3.2) may expressed as

w(ι)
G (ι,w(ι))

=
w0

Γ(γ)
(ψ(ι) − ψ(0))γ−1 + I

p1+p2;ψ
0+,ι h2(ι) − Ip2;ψ

0+,ι h1(ι). (3.6)

Taking the fractional ψ-Hilfer derivative operator HD
p2,q2;ψ
a+,ι on both sides of (3.6), and using Lemma 2.4. Then, taking

fractional ψ-Hilfer derivative operator HD
p1,q1;ψ
a+,ι again, we otain

H
D

p1,q1;ψ
0+,ι

(
H
D

p2,q2;ψ
0+,ι

w(ι)
G (ι,w(ι))

)
= h2(ι) − H

D
p1,q1;ψ
0+,ι h1(ι).

So, it follows
H
D

p1,q1;ψ
a+,ι

(
H
D

p2,q2;ψ
a+,ι

w(ι)
G (ι,w(ι))

+ h1(ι)
)
= h2(ι), ι ∈ R+.

Now, we will show that w satisfies the boundary conditions. To do this, we have w(0)
G(0,w(0)) = 0, and from (3.6) and

Lemma 2.4, we get I1−γ;ψ
0+,ι

(
w(0)

G(0,w(0))

)
= w0.

Hence, the proof is complete. □

4. Existence Results

We present the following hypothesis in order to show the existence, and attractivity of solution.
(H1): G : R+ × R → R∗ is continuous and bounded with bound ∥G∥ = sup(ι,w)∈R+×R |G(ι,w)|. Additionally, there exists
a function ω ∈ C(R+,R) with

|G(ι,w) − G(ι, z)| ≤ ω(ι)|w − z|,

ι ∈ R+ and w, z ∈ R.
(H2): f1, f2 : R+ × R −→ R fulfill the condition of caratheodory ( i.e. continuous in w for all ι ∈ R and mesurable in ι
for all w ∈ R) and ω1, ω2 : R+ −→ R are continuous functions achieving the following requirements

| f1(ι,w)| ≤ ω1(ι) and | f2(ι,w)| ≤ ω2(ι),∀(ι,w) ∈ R+ × R.

Further, assume that
lim
ι→∞

(ψ(ι) − ψ(0))1−γ
(
I

p1+p2;ψ
0+,ι ω2

)
(ι) = 0,

ω2
∗ = sup

ι→∞
(ψ(ι) − ψ(0))1−γ

(
I

p1+p2;ψ
0+,ι ω2

)
(ι) < ∞,

and
lim
ι→∞

(ψ(ι) − ψ(0))1−γ
(
I

p2;ψ
0+,ι ω1

)
ι) = 0,

ω1
∗ = sup

ι→∞
(ψ(ι) − ψ(0))1−γ

(
I

p2;ψ
0+,ι ω1

)
ι) < ∞.

Using Theorem 2.6, we will now discuss the existence result.

Theorem 4.1. Suppose that (H1) and (H2) are valid. Further if ∥ω∥
{
|

w0
Γ(γ) | + ω1

∗ + ω2
∗
}
< 1. Then, there is at least one

solution to problem (1.1) on X.
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Proof. Define S = {w ∈ X : ∥w∥BC1−γ ⩽ η}, where ∥G∥
{
|

w0
Γ(γ) | + ω1

∗ + ω2
∗
}
< η. We have that S is a bounded subset of

X which is closed and convex.
DefineA : X −→ X and B : S −→ X by

(Aw) (ι) = G (ι,w(ι)) , (4.1)
and

(Bw) (ι) =
w0

Γ(γ)
(ψ(ι) − ψ(0))γ−1 + I

p1+p2;ψ
0+,ι f2 (ι,w(ι)) − Ip2;ψ

0+,ι f1 (ι,w(ι)) . (4.2)

The problem (1.1) is thus equivalent to the operator equation.

w(ι) = Aw(ι)Bw(ι),∀ι ∈ R+.

Now, we demonstrate thatA and B fulfill all requirements of Theorem 2.6 on X.
Step 1: A is Lipschitz condition.
Take w, z ∈ X and ι ∈ R+. By (H1), we get∣∣∣(ψ(ι) − ψ(0))1−γ (Aw(ι) −Az(ι))

∣∣∣ = ∣∣∣(ψ(ι) − ψ(0))1−γ (G(ι,w(ι)) − G(ι, z(ι)))
∣∣∣

≤ ω(ι)
∣∣∣(ψ(ι) − ψ(0))1−γ (w(ι) − z(ι))

∣∣∣
≤ ∥ω∥∥w − z∥BC1−γ .

Therefore,
∥Aw −Az∥BC1−γ,ψ ≤ ∥ω∥∥w − z∥BC1−γ . (4.3)

The next step is to demonstrate the completely continuous of B : S → X.
To do this, we will demonstrate the continuity, uniform boundedness, and equicontinuousness of B.
Step 2: B is continuous.
Consider a sequence wn → w in S. Then, for each ι ∈ R+, we have

|(Bwn)(ι) − (Bw)(ι)| ≤
1

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) | f2 (s,wn(s)) − f2 (s,w(s))| ds

+
1
Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) | f1 (s,wn(s)) − f1 (s,w(s))| ds,

where N p
ψ (ι, s) = ψ′(s)(ψ(ι) − ψ(s))p, p = p2, p1 + p2.

Then,

| (ψ(ι) − ψ(0))1−γ (Bwn)(ι) − (Bw)(ι)| ≤
(ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) | f2 (s,wn(s)) − f2 (s,w(s))| ds

+
(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) | f1 (s,wn(s)) − f1 (s,w(s))| ds.

(4.4)

Case 1: ι ∈ [0, ϵ], ϵ > 0. f1 and f2 are continuous by using the Lebesgue dominated convergence theorem and wn → w
as n→ ∞. Eq. (4.4) gives us

∥Bwn − Bw∥BC1−γ → 0 as n→ ∞.
Case 2: ι ∈ [ϵ,∞). Then, based on the hypotheses and (4.4), we obtain

∥Bwn − Bw∥BC1−γ ≤
2 (ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s)ω2(s)ds

+
2 (ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s)ω1(s)ds.

It follows that
∥Bwn − Bw∥BC1−γ ≤2(ψ(ι) − ψ(0))1−γ

(
I

p1+p2;ψ
0+,ι ω2

)
ι)

+ 2(ψ(ι) − ψ(0))1−γ
(
I

p2;ψ
0+,ι ω1

)
ι).

(4.5)

Since wn → w as n → ∞, (ψ(ι) − ψ(0))1−γ
(
I

p1+p2;ψ
0+,ι ω2

)
ι) → 0 as ι → ∞, and (ψ(ι) − ψ(0))1−γ

(
I

p1+p2;ψ
0+,ι ω2

)
ι) → 0 as

ι→ ∞ , it follows from (4.5) that
∥Bwn − Bw∥BC1−γ → 0 as n→ ∞.
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Step 3: B(S = {Bw : w ∈ S} is equicontinuous and uniformly bounded on every compact subsets [0, ϵ] of R+, ϵ > 0.
Firstly, we show the uniform boundedness of B.
Take w ∈ S, we have

|(Bw)(ι)| ≤
∣∣∣∣∣ w0

Γ(γ)
(ψ(ι) − ψ(0))γ−1

∣∣∣∣∣ + 1
Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) | f2 (s,w(s))| ds

+
1
Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) | f1 (s,w(s))| ds.

Then,

| (ψ(ι) − ψ(0))1−γ Bw)(ι)| ≤
∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + (ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s)ω2(s)ds

+
(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s)ω1(s)ds.

By using (H2) and taking supremum over ι, we arrive at

∥Bw∥BC1−γ ≤

∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + ω1
∗ + ω2

∗. (4.6)

Hence, B(S) is uniformly bounded.
It can now be shown that B(S) is equicontinuous. Take, ι1, ι2 ∈ [0, ϵ], ι1 < ι2 and w ∈ S∣∣∣(ψ(ι2) − ψ(0))1−γ(Bw)(ι2) − (ψ(ι1) − ψ(0))1−γ(Bw)(ι1)

∣∣∣
≤

∣∣∣∣∣∣ (ψ(ι2) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι2

0
N

p1+p2
ψ (ι2, s) f2 (s,w(s)) ds −

(ψ(ι1) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι1

0
N

p1+p2
ψ (ι1, s) f2 (s,w(s)) ds

+
(ψ(ι2) − ψ(0))1−γ

Γ(p2)

∫ ι2

0
N

p2
ψ (ι2, s) f1 (s,w(s)) ds −

(ψ(ι1) − ψ(0))1−γ

Γ(p2)

∫ ι1

0
N

p2
ψ (ι1, s) f1 (s,w(s)) ds

∣∣∣∣∣∣
≤

1
Γ(p1 + p2)

∫ ι1

0

∣∣∣∣(ψ(ι2) − ψ(0))1−γN
p1+p2
ψ (ι2, s) − (ψ(ι1) − ψ(0))1−γN

p1+p2
ψ (ι1, s)

∣∣∣∣ | f2 (s,w(s))| ds

+
(ψ(ι2) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι2

ι1

N
p1+p2
ψ (ι2, s) | f2 (s,w(s))| ds

+
1
Γ(p2)

∫ ι1

0

∣∣∣∣(ψ(ι2) − ψ(0))1−γN
p2
ψ (ι2, s) − (ψ(ι1) − ψ(0))1−γN

p2
ψ (ι1, s)

∣∣∣∣ | f1 (s,w(s))| ds

+
(ψ(ι2) − ψ(0))1−γ

Γ(p2)

∫ ι2

ι1

N
p2
ψ (ι2, s) | f1 (s,w(s))| ds.

Then, ∣∣∣(ψ(ι2) − ψ(0))1−γ(Bw)(ι2) − (ψ(ι1) − ψ(0))1−γ(Bw)(ι1)
∣∣∣

≤
1

Γ(p1 + p2)

∫ ι1

0

∣∣∣∣(ψ(ι2) − ψ(0))1−γN
p1+p2
ψ (ι2, s) − (ψ(ι1) − ψ(0))1−γN

p1+p2
ψ (ι1, s)

∣∣∣∣ω2(s)ds

+
(ψ(ι2) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι2

ι1

N
p1+p2
ψ (ι2, s)ω2(s)ds

+
1
Γ(p2)

∫ ι1

0

∣∣∣∣(ψ(ι2) − ψ(0))1−γN
p2
ψ (ι2, s) − (ψ(ι1) − ψ(0))1−γN

p2
ψ (ι1, s)

∣∣∣∣ω1(s)ds

+
(ψ(ι2) − ψ(0))1−γ

Γ(p2)

∫ ι2

ι1

N
p2
ψ (ι2, s)ω1(s)ds.
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Then, based on the continuity of the functions ω1 and ω2, by defining ω1∗ = supι∈[0,ϵ] ω1(ι) and ω2∗ = supι∈[0,ϵ] ω2(ι),
we obtain ∣∣∣(ψ(ι2) − ψ(0))1−γ(Bw)(ι2) − (ψ(ι1) − ψ(0))1−γ(Bw)(ι1)

∣∣∣
≤

ω2∗

Γ(p1 + p2)

∫ ι1

0

∣∣∣∣(ψ(ι2) − ψ(0))1−γN
p1+p2
ψ (ι2, s) − (ψ(ι1) − ψ(0))1−γN

p1+p2
ψ (ι1, s)

∣∣∣∣ ds

+
ω2∗ (ψ(ι2) − ψ(0))1−γ

Γ(p1 + p2 + 1)
(ψ(ι2) − ψ(ι1))p1+p2

+
ω1∗

Γ(p2)

∫ ι1

0

∣∣∣∣(ψ(ι2) − ψ(0))1−γN
p2
ψ (ι2, s) − (ψ(ι1) − ψ(0))1−γN

p2
ψ (ι1, s)

∣∣∣∣ ds

+
ω1∗ (ψ(ι2) − ψ(0))1−γ

Γ(p2 + 1)
(ψ(ι2) − ψ(ι1))p2 −→ 0, as ι1 −→ ι2,

the Arzela-Ascoli theorem thus shows that B(S) is relatively compact, and hence a compact operator. From the conti-
nuity and compactness of B : S −→ X, it is completely continuous.
Step 4: To prove w ∈ X,w = AwBz =⇒ w ∈ S for all z ∈ S.
Take w ∈ X and z ∈ S such that w = AwBz.

| (ψ(ι) − ψ(0))1−γ (Bw)(ι)| =| (ψ(ι) − ψ(0))1−γ (AwBz)(ι)|

=

∣∣∣∣∣∣(ψ(ι) − ψ(0))1−γ G(ι,w(ι))
{

w0

Γ(γ)
(ψ(ι) − ψ(0))γ−1

+
1

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) f2 (s, z(s)) ds +

1
Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) f1 (s, z(s)) ds

}∣∣∣∣∣∣ .
=

∣∣∣∣∣∣G(ι,w(ι))
{

w0

Γ(γ)
+

(ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) f2 (s, z(s)) ds

+
(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) f1 (s, z(s)) ds

}∣∣∣∣∣∣ .
Then,

| (ψ(ι) − ψ(0))1−γ (Bw)(ι)| ≤ |G(ι,w(ι))|
{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + (ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s)ω2(s)ds

+
(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s)ω1(s)ds

}
≤∥G∥

{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + (ψ(ι) − ψ(0))1−γ
(
I

p1+p2;ψ
0+,ι ω2

)
ι) + (ψ(ι) − ψ(0))1−γ

(
I

p2;ψ
0+,ι ω1

)
ι)
}
.

Taking supremum over ι, we arrive at

∥Bw∥BC1−γ ≤ ∥G∥

{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + ω1
∗ + ω2

∗

}
≤ η

=⇒ w ∈ S.

Step 5: In conclusion, we demonstrate that forM = sup{∥Bw∥BC1−γ : w ∈ S}, we have αM < 1.
Using (4.6), we get

M = sup{∥Bw∥BC1−γ : w ∈ S}

≤

{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + ω1
∗ + ω2

∗

}
,

with the aid of (4.3), we arrive at α = ∥ω∥. Thus, as a result of ∥ω∥
{
|

w0
Γ(γ) | + ω1

∗ + ω2
∗
}
< 1, we get

αM ≤ ∥ω∥M ≤ ∥ω∥

{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + ω1
∗ + ω2

∗

}
< 1.
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Since all of the requirements of Theorem 2.6 are satisfied, the operator equation w = AwBw hence has a solution in
S. □

5. Attractivity of Solutions

In this part, the Attractivity of solutions to problem (1.1) will be discussed. To show that, we need the following
definition

Lemma 5.1 ( [24]). Solutions of equation (Kw)(ι) = w(ι) are locally attractive if a ball B (w0, η) exists in the space
BC in which, any solutions z = z(ι) and σ = σ(ι) to the above equations belonging to B (w0, η) ∩ Λ, can be written as
follows

lim
ι→∞

(w(ι) − σ(ι)) = 0. (5.1)

The solutions are considered uniformly locally attractive if the limit (5.1) is uniform with respect to B (w0, η)∩∧, where
ϕ , ∧ ⊂ BC. (or that the solutions are locally asymptotically stable; equivalent).

Theorem 5.2. Under the hypotheses of Theorem 4.1. Then, the solutions of the problem (1.1) are uniformly locally
attractive on R+.

Let us now show that the solution is uniformly locally attractive on R+.

Proof. Define the operator K : S → X as

(Kw)(ι) =G(ι,w(ι))
{

w0

Γ(γ)
(ψ(ι) − ψ(0))1−γ +

1
Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) f2 (s,w(s)) ds

+
1
Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) f1 (s,w(s)) ds

}
.

Keep in mind that Kw(ι) = Aw(ι)Bw(ι),∀ι ∈ R+, whereA and B are given in (4.1) and (4.2), respctively.
Given the conditions of this theorem, we suppose that w∗ is a solution to problem (1.1).

Take w ∈ B
(
w∗, 2∥G∥

{∣∣∣∣ w0
Γ(γ)

∣∣∣∣ + 2ω1
∗ + 2ω2

∗

})
, we get

| (ψ(ι) − ψ(0))1−γ (Kw)(ι) − (ψ(ι) − ψ(0))1−γ w∗(ι)|

=

∣∣∣∣∣∣G(ι,w(ι))
{

w0

Γ(γ)
+

(ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) f2 (s,w(s)) ds +

(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) f1 (s,w(s)) ds

}
−G(ι,w∗(ι))

{
w0

Γ(γ)
+

(ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) f2 (s,w∗(s)) ds

+
(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) f1 (s,w∗(s)) ds

}∣∣∣∣∣∣ .
Then,

| (ψ(ι) − ψ(0))1−γ (Kw)(ι) − (ψ(ι) − ψ(0))1−γ w∗(ι)|

≤

∣∣∣∣∣∣G(ι,w(ι))
{

w0

Γ(γ)
+

(ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) f2 (s,w(s)) ds +

(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) f1 (s,w(s)) ds

}
−G(ι,w∗(ι))

{
w0

Γ(γ)
+

(ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) f2 (s,w(s)) ds +

(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) f1 (s,w(s)) ds

}
+G(ι,w∗(ι))

{
w0

Γ(γ)
+

(ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) f2 (s,w(s)) ds +

(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) f1 (s,w(s)) ds

}
−G(ι,w∗(ι))

{
w0

Γ(γ)
+

(ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) f2 (s,w∗(s)) ds

+
(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) f1 (s,w∗(s)) ds

}∣∣∣∣∣∣ .
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Then,
| (ψ(ι) − ψ(0))1−γ (Kw)(ι) − (ψ(ι) − ψ(0))1−γ w∗(ι)|

≤ |G(ι,w(ι)) − G(ι,w∗(ι))|
{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + (ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) | f2 (s,w(s))| ds

+
(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) | f1 (s,w(s))| ds

}
+ |G(ι,w∗(ι))|

{
(ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) | f2 (s,w(s)) − f2 (s,w∗(s))| ds

+
(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) | f1 (s,w(s)) − f1 (s,w∗(s))| ds

}
.

Therefore,

| (ψ(ι) − ψ(0))1−γ (Kw)(ι) − (ψ(ι) − ψ(0))1−γ w∗(ι)|

≤2∥G∥
{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + (ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s)ω2(s)ds

+
(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s)ω1(s)ds

}
+ 2∥G∥

{
(ψ(ι) − ψ(0))1−γ

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s)ω2(s)ds

+
(ψ(ι) − ψ(0))1−γ

Γ(p2)

∫ ι

0
N

p2
ψ (ι, s)ω1(s)ds

}
≤2∥G∥

{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + 2(ψ(ι) − ψ(0))1−γ
(
I

p1+p2;ψ
0+,ι ω2

)
(ι) + 2(ψ(ι) − ψ(0))1−γ

(
I

p2;ψ
0+,ι ω1

)
(ι)

}
.

Taking supremum over ι, we arrive at

∥Kw − w∗∥BC1−γ ≤ 2∥G∥
{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + 2ω1
∗ + 2ω2

∗

}
.

Consequently, we deduce that K is a continuous function such that

K

(
B

(
w∗, 2∥G∥

{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + 2ω1
∗ + 2ω2

∗

}))
⊂ B

(
w∗, 2∥G∥

{∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + 2ω1
∗ + 2ω2

∗

})
.

Moreover, if w is a solution of problem (1.1), then

|w(ι) − w∗(ι)| = |(Kw)(ι) − (Kw∗)(ι)|

≤ |G(ι,w(ι)) − G(ι,w∗(ι))|
{

(ψ(ι) − ψ(0))γ−1
∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + 1
Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) | f2 (s,w(s))| ds

+
1
Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) | f1 (s,w(s))| ds

}
+ |G(ι,w∗(ι))|

{
1

Γ(p1 + p2)

∫ ι

0
N

p1+p2
ψ (ι, s) | f2 (s,w(s)) − f2 (s,w∗(s))| ds

+
1
Γ(p2)

∫ ι

0
N

p2
ψ (ι, s) | f1 (s,w(s)) − f1 (s,w∗(s))| ds

}
≤ 2∥G∥

{
(ψ(ι) − ψ(0))γ−1

∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + 2
(
I

p1+p2;ψ
0+,ι ω2

)
(ι) + 2

(
I

p2;ψ
0+,ι ω1

)
(ι)

}
.

Therefore,
|w(ι) − w∗(ι)|

≤ 2∥G∥

(ψ(ι) − ψ(0))γ−1
∣∣∣∣∣ w0

Γ(γ)

∣∣∣∣∣ + 2
(ψ(ι) − ψ(0))1−γ

(
I

p1+p2;ψ
0+,ι ω2

)
(ι)

(ψ(ι) − ψ(0))1−γ + 2
(ψ(ι) − ψ(0))1−γ

(
I

p2;ψ
0+,ι ω1

)
(ι)

(ψ(ι) − ψ(0))1−γ

 . (5.2)
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Using (5.2) and the fact that
lim
ι→∞

(ψ(ι) − ψ(0))1−γ
(
I

p1+p2;ψ
0+,ι ω2

)
ι) = 0,

and
lim
ι→∞

(ψ(ι) − ψ(0))1−γ
(
I

p2;ψ
0+,ι ω1

)
ι) = 0.

It follows that
lim
ι→∞
|w(ι) − w∗(ι)| = 0.

Lemma 5.1 implies that solutions of problem (1.1) are uniformly locally attractive. □

6. Examples

Example 6.1. Taking the following problem

H
D

p1,q1;ψ
0+,ι

(
H
D

p2,q2;ψ
0+,ι

w(ι)
G (ι,w(ι))

+ f1(ι,w(ι))
)
= f2(ι,w(ι)), ι ∈ R+,

w(0)
G (0,w(0))

= 0,

I
1−γ;ψ
0+,ι

(
w(0)

G (0,w(0))

)
= 1,

(6.1)

where p1 =
1
4 ,p2 =

2
5 , q1 =

5
6 , q2 = 1, and ψ(ι) = ι2.

We take

f1(ι,w) =
e−ι

2
|w|

13(1 + ι2)3(1 + |w|)
,

f2(ι,w) =
ι3 sin(ι)

(1 + ι2)2(1 + |w|)
e−3ι2 ,

G (ι,w(ι)) =
ι2|w|

8(1 + |w|)
+ 5ι + 1,

where f1, f2 and G satisfy (H1) and (H2) of Theorem 4.1 with

ω1(ι) =
e−ι

2

13(1 + ι2)3 ,

ω2(ι) =
ι3 sin(ι)
(1 + ι2)2 e−3ι2 .

Moreover, we have

lim
ι→∞

ι
−11
20

Γ( 13
20 )

∫ ι

0
2s(ι2 − s2)

−7
20 ω2(s)ds = 0,

and

lim
ι→∞

ι
−11
20

Γ( 2
5 )

∫ ι

0
2s(ι2 − s2)

−3
5 ω1(s)ds = 0.

So, by Theorem 4.1 and 5.2 there is at least one solution to problem (6.1). Further, the solutions are uniformly locally
attractive on R+.

Example 6.2. Taking the following problem

H
D

p1,q1;ψ
0+,ι

(
H
D

p2,q2;ψ
0+,ι

w(ι)
G (ι,w(ι))

+ f1(ι,w(ι))
)
= f2(ι,w(ι)), ι ∈ R+,

w(0)
G (0,w(0))

= 0,

I
1−γ;ψ
0+,ι

(
w(0)

G (0,w(0))

)
= 1,

(6.2)
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where p1 =
1
6 , p2 =

1
4 , q1 =

5
8 , q2 =

7
10 , and ψ(ι) = ι4 + 1. Let

f1(ι,w) =
e−ι|w|

9(1 + ι2)2(1 + |w|)
,

f2(ι,w) =
ι3 cos(ι)

(1 + ι2)3(1 + |w|)
e−3ι,

G (ι,w(ι)) =
ι2|w|

10(1 + |w|)
+ 3ι + 1,

where f1, f2, and G satisfy (H1) and (H2) of Theorem 4.1 with

ω1(ι) =
e−ι

9(1 + ι2)2 ,

ω2(ι) =
ι3 cos(ι)
(1 + ι2)3 e−3ι.

Moreover, we verify that

lim
ι→∞

(ψ(ι) − ψ(0))1−γ
(
I

p1+p2;ψ
0+,ι ω2

)
(ι) = lim

ι→∞

ι−0.05

Γ
(

5
12

) ∫ ι

0
4s3

(
ι4 − s4

)− 7
12 ω2(s)ds = 0,

and

lim
ι→∞

(ψ(ι) − ψ(s))1−γ
(
I

p2;ψ
0+,ι ω1

)
(ι) = lim

ι→∞

ι−0.05

Γ
(

1
4

) ∫ ι

0
4s3

(
ι4 − s4

)− 3
4 ω1(s)ds = 0.

Thus, by Theorem 5.2, the solutions of the problem (6.2) are uniformly locally attractive on R+.

Conclusion

In this work, we developed and validated certain conditions guaranteeing the existence and uniform local attractive-
ness of solutions for a class of ψ-Hilfer fractional differential equations. Our findings provide an important theoretical
advance by utilizing a sophisticated hybrid fixed point theory framework within Banach algebras. This method not only
offers a strong basis for the study of fractional differential equations, but it additionally generates novel possibilities
for further study. Our results shed light on the possibility of using similar methods in various fields of practical and
mathematical sciences and advance our understanding of the dynamics of these complex problems.
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