MATHEMATICAL

MATHEMATICAL SCIENCES AND APPLICATIONS E-NOTES SCIENCES ﬁ
https://doi.org/10.36753/mathenot.1492238 w APPLIE-ANTIIJl}’ég

12 (3) 145-154 (2024) - Research Article
ISSN: 2147-6268

On the ¢-Cesaro Bounded Double Sequence Space

Sezer Erdem?*

Abstract

In this article, the new sequence space M is acquainted, described as the domain of the 4d (4-dimensional)
g-Cesaro matrix operator, which is the g-analogue of the first order 4d Cesaro matrix operator, on the
space of bounded double sequences. In the continuation of the study, the completeness of the new space
is given and the inclusion relation related to the space is presented. In the last two parts, the duals of the
space are determined and some matrix classes are acquired.
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1. Introduction

Obtaining g-analoques of known results has recently been found interesting by researchers. The ¢g-analogue of a
mathematical expression is the result that contains the parameter ¢ and is more general than that expression, but
reduces to the basic expression for ¢ — 1. According to the basic information about g-calculus acquired from [1],
the ¢g-analogue of any nonnegative number r is described as

‘s

1—¢q

. q# L
T , qg=1.

A little after the concept of convergence of double series with real terms (convergence in the Pringsheim’s sense)
introduced by Pringsheim [2], Hardy [3] introduced regular convergence, which also requires convergence according
to each index. Zeltser [4] also contributed to these developments by comprehensively examining the topological
structure of double sequences. The spaces of all double sequences that are convergent in the Pringsheim’s sense (Cp),
regularly convergent (C,), p-absolutely summable (£,) and bounded (M,,) can be given as examples of the most
basic double sequence spaces. It is known that a convergent double sequences in the Pringsheim’s sense (shortly
‘P-convergent) need not be bounded. The space of bounded and P-convergent double sequences is specifically
denoted by Cyp. Additionally, for p = 1, the space £, [5] is reduced to the space £, [6]. The linear space of all
double sequences with real terms is represented by €.
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If u = (w) € Q1is ¥-convergent to a limit point M, in that case, it is expressed as ¥ — lim; ;00 Ui = M for
¥ € {P,bP,r}. Zeltser [6] described the double sequences ™ = (e]* ) by

rk { 1, if (r,k) = (I, m)

et = .
tm 0 , otherwise

and eby e = Y e, where Y- e =372 (372 (e, If by = 0 for I > 7 or m > k or both, the 4d matrix
B = (bygm) is called as triangular matrix and also if b,4,+ # 0, then the 4d triangular matrix B is named as triangle
forallr, k,i,m € N, where N = {0,1,2,3, ...}.

Consider that ¥, A € Q, u = (w,) € ¥ and the 4d matrix B = (bykim). If (Bu)rry = 9 — >, briimUim (the
B-transform of u) is in A, in that case B is called as a matrix mapping from W into A and it is denoted by B : ¥ — A
for all u = (u;,,,) € . Moreover, B € (U : A) if and only if B, € (") and Bu € A, where B,x = (bykim)i.men,
(U:A)={B = (byim)| B: ¥ — A} forall 7,k € Nand U#") is the 5(«9) dual of U.

The ¥-summability domain \I'(g) of the 4d matrix B is expressed as

U = Lu= (um) € Q: Bui= (9= bomtiim exists, Bue U C Q ». (1.1)
l,m
r,keN

The 4d matrix that transforms bounded and P-convergent double sequences into P-convergent double sequences
with the same limit is called as RH regular [7, 8].

The double series spaces BS and CSy spaces, whose sequences of partial sums are in the spaces M, and Cy,
respectively, are described by Altay and Basar [9]. In addition to other related studies on single and double sequence
spaces, some g-analogue studies and their references can be also expressed as [10-34].

Recently, Erdem and Demiriz [35] constructed a new double sequence space using the domain in £, space of
the 4d g-Cesaro matrix operator (¢-analogue of the ordinary 4d Cesaro matrix) presented by Cinar and Et [36] and
examined some algebraic and topological properties of this space.

As a continuation of the studies mentioned above, this article aims to acquaint the new double sequence space
/\?tg as the domain of the 4d ¢g-Cesaro matrix on the space M, to examine its completeness, to determine its duals
and to present some matrix mappings classes related aforementioned space.

2. g-Cesaro bounded double sequence space M?

In this section, the space MY € Q is constructed and we obtain that M¢ is Banach space and linearly isomorphic
to M,,. Finally, an inclusion relation is presented about the space M.
The 4d Cesaro matrix C' = (¢, ) of order one is given by

1
- N<i< 0< <k
r+DE+1) =e=T, S ma s

Crklm = (21)

0 , otherwise,

for all r,k,1,m € N. The 4d g-Cesaro matrix C(y,1)(q) = (cznik(q)) that is the g-analogue of the matrix C' and
presented by Cinar and Et [36], is in the form below:

qler
m , 0<Ii<r,0<m<k,
C'rklm(q) = r q q (22)
0 , otherwise.

In the same study, the authors showed that C 1)(¢) is RH-regular for ¢ > 1. The inverse (C(Ll)(q))_l of the
C(,1)(q) is presented by

(,1)T+k*(l+m)% , r—1<i<r,k—1<m<k,
qT

C';kller(q) = (23)

0 , otherwise.
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From the mentioned above, it can be seen that the C(; 1)(¢)-transform of a u = (us) € Q is denoted by

vk = (C1,1)(@)u)rk = Z ¢, (rk €N). (24)

[T_Fl ql7n 0

It can be said that for the case ¢ — 1, C(1,1)(¢q) will be reduced to C.
Now, it is acquainted the set M of all g-Cesaro bounded double sequences by

./\;IZ = {u_(ulm)EQ:Sup ﬁ Z q Ulm <OO}

rk [

Thus, M¢ can be rephrased as Ma = (Mu)0<1,1>(q) with the impression (1.1) and it can be called as ¢-Cesaro
bounded double sequence space.

When ¢ approaches 1, Mg is reduced to the space M, presented in [37]. From now on, any term with a negative
index will be ignored and assumed to be ¢ > 1.

Theorem 2.1. The set MY is a Banach space with

r,keN

HU”M‘f = ||O(1,1)(Q)UHMu = (sup [r—i—l—k—i—l Z q " U, ) . (2.5)

Proof. Tt is a known procedure to show that MY is a normed linear space with (2.5) and it is omitted.
Consider the Cauchy sequence u(™) = (ul(;? ) € M4 for n € N. In that case, Ve > 0, 3M € N such that

Ju® —u gy = (su,g —[r—l—l Zq”m( o ufﬁZ))

' qlmO

- (gl (o),

for all n,z > M and it is reached that {(C’(M)(q)u("))rk}neN is Cauchy in M,,. From the completeness of M,,
{(C(Ll)(q)u("))m}neN converges and it can be written that {(C(Ll)(q)u(”))rk}neN = (Can(qu),, forn — co. In
that case, we may define the sequence (C(1,1y(¢)u),,. After all of these, it must be proven that (C(1,1)(q)u) , €
M,. From {(C(Ll)(Q)“(n)>rk}neN € My, it is obtained that (sup,. |(C(171)(q)u("))rk|) < 0. So, we see that
(Ca(u),, € M, from

) <e (2.6)

I (0(1,1)(Q)U>7.k m, = (SUP|< (1) (Qu )71@‘)

T7

< (STUI? ‘ (0(1,1)(Q)U(n)>rk - (0(1,1)(Q)u)rk )
+ (SUP ’ (0(1,1)(Q)U(n)> > <0
rk rk
by applying limit on (2.6) for z — co. Consequently, u € MZ and MY is complete with ||.|| - O

Theorem 2.2. MY is linearly norm isomorphic to M,,.

Proof. The linearity of the mapping described as Y : M% — M., T (u) = C1,1y(q)u is obvious for u = (uim) € M.
Additionally, from the expression Y (u) = 0 = u = 0, Y is injective.
Let us consider the sequences v = (v,,,) € M, and u = (uy,) as follows:
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1
U= e S > ()T fm 4 g (k€ N) (2.7)
l=r—1m=k—1
Then, from the equality
1 rk
lul| o0 = | sup|———— Mgy,
M rke |1+ gk +1]q l7§0
rk l m
= (ol 20 X X 0
7ok [ + qlmO i=l—1j=m—
= (SHEIVM) = [Vllm, < oo,
it is seen that T is surjective. Finally, since |[u|| yys = [[¢| A, in that case T is norm keeping. O

Theorem 2.3. The inclusion M,, C /\;IZ holds.

Proof. Consider that u = (uj,) € M,. In that case, it can be written that sup, ,,, [uim| < ¢ for at least positive real
number §. Consequently, it is achieved that

_ l+m
u|| = sup|————— q
< sup|l————— qH'm Ul
rb ([ gl +1]g lmZO |
1 rk
< dsup Jgtmi =46
r.k [r Hq[k + 1]q 17;0
and thus M,, € M4. O

3. Dual spaces

In this section, the a-, (P)-, 8(bP)-and ~-duals of M are determined. For ¥, A € Q, the set D(¥ : A) is defined
by

D(T:A) = {T = (7rk) € Q:7u= (Trpurr) €A forall (uyg) € \II}

Then, a-, 5(9)- and ~y-duals of ¥ are defined as
U =D(V:L,), VD) =DW:CSy) and ¥ = D(¥:BS).
Theorem 3.1. [MZ} "t = Ly
Proof. Consider the sequences u = (u,) € /\;IZ with v = (v,) € M, and 7 = (7,,) € L. In that case,

[Vim| < N < oo for atleast N > 0 for all [, m € N.
By using the equality (2.7), it is obtained the inequality
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! m 1)lm—(i+3)
D I mmtm| =Y |7im Z > T[i + 1g[f + gwig
l,m I,m i=l—1j=m—
! m 1)bm—(i+3)
< NZ |7im| Z Z —[i + 1l + 1]
= NZ |Tlm| < 00
l,m
which gives that 7 € [/\?tg} * and thus £,, C [Mg} ..
On the other hand, consider that 7 € [/\;lﬂ ¢ \Ly. In that case, Zl,m |TimUim | < oo for all w = (uyy,) € /\;lg. For
choosing e € /\?tg, since Te = T ¢ L,, it is reached the contradiction 7 ¢ [Mg} a. Thus, it should be 7 € L,,. O

We can express the necessary conditions for the matrix class characterizations that will be used in this and the

next section and the matrix classes with the help of a lemma as follows:

sup Z ‘brklml < 00,

T kENlm

Jdaym € C>9 — lim bygym = apm  Subsists,
r,k—00

VieN, Fmg 3 brkm =0, Vm > myg,
VYmeN, Ty bm =0, VI>I,

sup |brklm‘ < 00,
rk,l,meN

P
bupE |brim|” < 00,
rkEN

da;, €C>  bp— T%igloo lz: |b7"klm - alm| =0,
,m

T

bp — lim brkim subsists, Vm €N,
r,k—o00
1=0
k
bp — lim brgim subsists, VI €N,
r,k—o00 foor

Z |brkim| converges,

L,m
where § + - = 1.
Lemma 3.1. [6, 7, 38] For B = (byni) € €, the following statements hold:
(i) B € (M, : M,,) iff the condition (3.1) holds.
(ii) B € (M, : Cp) iff the conditions (3.2), (3.3) and (3.4) hold.
(iii) B € (M, : Cyp) iff the conditions (3.1), (3.2), (3.7), (3.8), (3.9) and (3.10) hold.
(iv) B € (Cyp : My, :) iff the condition (3.1) holds.
(V) For0 <p <1, B e (L,: M,) iff the condition (3.5) holds.
(vi) For1l < p < oo, B € (L, : M,) iff the condition (3.6) holds.

(3.1)

(3.2)

(3.3)
(3.4)
(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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It can be given the abbreviations to be used in the next theorem as follows:

A Tim - Tim  Ti41,m + Tim+1 + Ti+1,m+1
11 g™ - g™ g rmtl gtmtz )
A Tik Tik Ti+1,k
10 gtk gtk - gkt )
Trm o Trm Tr,m+1
Aot <q+n) = <qr+m - qr+m+1> :
(3.11)
Theorem 3.2. Consider that ¥ C Q, 7 = (1,,) € Q2 and the 4d infinite matrix O = (0,kim ) described by
Tim
1+ 1]4[m + 1],A11 ql+m) , 0<i<r—-1, 0<m<k—-1,
Tik
[l+1]q[k+l]qA10 quf) 5 OSZST—:L m:k,
Orklm = Trm 3.12
kit [7"+1]q[m+1}qA()1 m s Ogmgk_].7 l:T', ( )
[T+1]Q[k:1]q7—rk , m=k, l=m
qt
0 , elsewhere
forallr,k,l,m e N.
In that case;
R0
@) [Mg} = {1 = (1) : O € (M : Cg)}, where 0 € {P,bP}.

(i) [Mgr = (7= (1) : O € (My : M)}

Proof. (i) Consider the sequences 7 = (7;,,) € Q and u € M? with v € M,, with the relation (2.4). By bearing in
mind the equation (2.7), it is reached that

Ork

+

1,m=0 1,m=0 i=l—1j 1

r.k r.k 1 l m
g TimUlm = E Tim +m § E
q e

(_1)l+mf(i+j) [i + 1], + 1]q,,ij)

k—1
[0+ 1,k + 1, A0 (q) v+ I+ Uglm + 1y A0 (q ) Vom (3.13)

r+m

m=0

m +1],k+1 Tr
[l + 1]q[m + l]qul <q7l-im) Vim + [T ]qq[rJrk ]q kl/rk- = (OV)rk

for O = (0rpim) is defined by (3.12). Thus, by using (3.13), we reach that 7u = (7mwm) € CSy whenever
- ~ 1B(9)
u = (wm) € MIiff 0 = (0,) € Cy whenever v € M,. Consequently, 7 € [MZ} iff O € (M, : Cy) for

v e {P,bP}.

(ii) It can be shown to be similar to the first part using the definition of y-dual. So, it is omitted. O

4. Matrix mappings

This section contains the characterizations of matrix classes (M2 : A) and (¥ : M%), where A € {M,,,Cp,Cyp}
and ¥ € {M,,Cyp,L,} for 0 < p < occ.
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Theorem 4.1. Consider that 4d matrices B = (bygim) and H = (hyjim,) with the equality

b/" oL
bk = [+ Uylm + 1,A17 ( s ) . (@.1)

Then, B € (Mg : A) iff H € (M, : A) and
By € (Mq) e 4.2)

Proof. Suppose that B € (./\;lg : A). Then, Bu € A for all u € MY with v = C(y,1)(q)u € M,,. Thus, it is obtained

-~ \B)
that B, € (MZ) . For the (4, j)th partial sums of the series Zl,m by kim Wim, 1t is reached that

(Bu)l! = > brktmtiim

l,m=0
= brki brri
m relm lj rklj
S 3D DI AT MRS (- P Z i+ ,al (222
=0 m=0
j—1 . .
. im bT’fim v+ 1 J + 1
+ [i + 1]g[m + 1]gAg] ( i+m) + [ ]3J[rj ]qbrki]‘ (4.3)
m=0 q q
forallr, k,1, 7 € N. Let us define the 4d infinite matrix H,; = (hgll:i) as

bT’ m . .
1t + 8l (BH2) L 0i<io1 osmeyon,
] br j . .
[l—"_l}Q[]—’—l]qAé]O(qlilj?) ) OSZSZ_L m=7,
i [i + 1]g[m + 1], AT i;”) , 0<m<j—1, l=i,
L+ 107 + 1
R
0 , otherwise

the relation (4.3) can be restated as

(Bu)y[jl;j] = (Hriv) [i,] ° (4.4)
Moreover, if we take ¥-limit on H,.;, = (h£ ]’M]L) for i, j — oo, it is obtained that
. rk m br m
0 — Limi jsoohlm = [+ Lglm + 1],Al < ql’fm ) . (4.5)
From (4.5), it can be defined the 4d matrix H = (h,im) by
bT‘ m
Bokim = [+ 1)g[m + 1],A? (qlffm ) . (4.6)

If we take ¥-limit on (4.4) for i, j — co, we see that Bu = Hv. Thus, Hv € A whilev € M, and H € (M, : A).

~ \B) -
Conversely, suppose that B, € (MZ) and H € (My : A). Letu € M with v = C; 1y(q)u € M. In this
case, Bu exists. By the (i, j)th partial sums of Zt, & DantkUek, it is obtained the equality

0,
§ brk:lmulm - E h”lmylm

I,m=0 I,m=0
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forall r, k,l,m € N. If we take ¥-limit as 4, j — oo on the equation above, we reach that Bu = Hv. Consequently,
Be (Mg ). 0

Corollary 4.1. Consider that 4d matrices B = (byiim) and H = (hygim ) with (4.1). Then;

(i) Be (/\?tg : Mu) iff the condition (3.1) holds with H in place of B and the condition (4.2) holds.
(ii) B € (M;{ : Cp) iff the conditions (3.2), (3.3) and (3.4) hold with H in place of B and the condition (4.2) holds.

(iii) B € (./\;lg : Cbp) iff the conditions (3.1), (3.2), (3.7), (3.8), (3.9) and (3.10) hold with H in place of B and the condition
(4.2) holds.

Lemma 4.1. [39] Suppose that ¥,A C 2, a 4d matrix B = (bygim) and 4d triangle Y = (Yrkim ). Then, B € (U : Ay) iff
YBe (U:A).

Corollary 4.2. Consider the 4d matrices B = (bykim) and W = (Wi, ) with the equality

r.k
Wrklm = E Crkij (q)bz]lm

l,m=0

In that case;

() Be (Mu : /\;IZ) iff the condition (3.1) holds with W instead of B.
(ii) B € (Cbp MY :) iff the condition (3.1) holds with W instead of B.
(iii) For0<s<1,B € (Es : ./\;lg) iff the condition (3.5) holds with W instead of B.

(iv) For1 <s< oo, B € (ES : Mg) iff the condition (3.6) holds with W instead of B.
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