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Abstract
In this article, the new sequence space M̃q

u is acquainted, described as the domain of the 4d (4-dimensional)
q-Cesàro matrix operator, which is the q-analogue of the first order 4d Cesàro matrix operator, on the
space of bounded double sequences. In the continuation of the study, the completeness of the new space
is given and the inclusion relation related to the space is presented. In the last two parts, the duals of the
space are determined and some matrix classes are acquired.
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1. Introduction
Obtaining q-analoques of known results has recently been found interesting by researchers. The q-analogue of a

mathematical expression is the result that contains the parameter q and is more general than that expression, but
reduces to the basic expression for q → 1. According to the basic information about q-calculus acquired from [1],
the q-analogue of any nonnegative number r is described as

[r]q =


1− qr

1− q
, q 6= 1,

r , q = 1.

A little after the concept of convergence of double series with real terms (convergence in the Pringsheim’s sense)
introduced by Pringsheim [2], Hardy [3] introduced regular convergence, which also requires convergence according
to each index. Zeltser [4] also contributed to these developments by comprehensively examining the topological
structure of double sequences. The spaces of all double sequences that are convergent in the Pringsheim’s sense (CP ),
regularly convergent (Cr), p-absolutely summable (Lp) and bounded (Mu) can be given as examples of the most
basic double sequence spaces. It is known that a convergent double sequences in the Pringsheim’s sense (shortly
P-convergent) need not be bounded. The space of bounded and P-convergent double sequences is specifically
denoted by CbP . Additionally, for p = 1, the space Lp [5] is reduced to the space Lu [6]. The linear space of all
double sequences with real terms is represented by Ω.
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If u = (ulm) ∈ Ω is ϑ-convergent to a limit point M , in that case, it is expressed as ϑ− liml,m→∞ ulm = M for
ϑ ∈ {P, bP, r}. Zeltser [6] described the double sequences erk = (erklm) by

erklm :=

{
1 , if (r, k) = (l,m)
0 , otherwise

and e by e =
∑
r,k e

rk, where
∑
r,k e

rk =
∑∞
r=0

∑∞
k=0 e

rk. If brklm = 0 for l > r or m > k or both, the 4d matrix
B = (brklm) is called as triangular matrix and also if brkrk 6= 0, then the 4d triangular matrix B is named as triangle
for all r, k, l,m ∈ N, where N = {0, 1, 2, 3, ...}.

Consider that Ψ,Λ ∈ Ω, u = (ulm) ∈ Ψ and the 4d matrix B = (brklm). If (Bu)rk = ϑ −
∑
l,m brklmulm (the

B-transform of u) is in Λ, in that case B is called as a matrix mapping from Ψ into Λ and it is denoted by B : Ψ→ Λ
for all u = (ulm) ∈ Ψ. Moreover, B ∈ (Ψ : Λ) if and only if Brk ∈ Ψβ(ϑ) and Bu ∈ Λ, where Brk = (brklm)l,m∈N,
(Ψ : Λ) = {B = (brklm)| B : Ψ→ Λ} for all r, k ∈ N and Ψβ(ϑ) is the β(ϑ) dual of Ψ.

The ϑ-summability domain Ψ
(ϑ)
B of the 4d matrix B is expressed as

Ψ
(ϑ)
B :=

u = (ulm) ∈ Ω : Bu :=

ϑ−∑
l,m

brklmulm


r,k∈N

exists, Bu ∈ Ψ ⊂ Ω

 . (1.1)

The 4d matrix that transforms bounded andP-convergent double sequences intoP-convergent double sequences
with the same limit is called as RH regular [7, 8].

The double series spaces BS and CSϑ spaces, whose sequences of partial sums are in the spacesMu and Cϑ,
respectively, are described by Altay and Başar [9]. In addition to other related studies on single and double sequence
spaces, some q-analogue studies and their references can be also expressed as [10–34].

Recently, Erdem and Demiriz [35] constructed a new double sequence space using the domain in Lp space of
the 4d q-Cesàro matrix operator (q-analogue of the ordinary 4d Cesàro matrix) presented by Çinar and Et [36] and
examined some algebraic and topological properties of this space.

As a continuation of the studies mentioned above, this article aims to acquaint the new double sequence space
M̃q

u as the domain of the 4d q-Cesàro matrix on the spaceMu, to examine its completeness, to determine its duals
and to present some matrix mappings classes related aforementioned space.

2. q-Cesàro bounded double sequence space M̃q
u

In this section, the space M̃q
u ∈ Ω is constructed and we obtain that M̃q

u is Banach space and linearly isomorphic
toMu. Finally, an inclusion relation is presented about the space M̃q

u.
The 4d Cesàro matrix C = (crklm) of order one is given by

crklm :=


1

(r + 1)(k + 1)
, 0 ≤ l ≤ r , 0 ≤ m ≤ k,

0 , otherwise,

(2.1)

for all r, k, l,m ∈ N. The 4d q-Cesàro matrix C(1,1)(q) = (czntk(q)) that is the q-analogue of the matrix C and
presented by Çinar and Et [36], is in the form below:

crklm(q) :=


ql+m

[r + 1]q[k + 1]q
, 0 ≤ l ≤ r , 0 ≤ m ≤ k,

0 , otherwise.

(2.2)

In the same study, the authors showed that C(1,1)(q) is RH-regular for q ≥ 1. The inverse (C(1,1)(q))
−1 of the

C(1,1)(q) is presented by

c−1rklm(q) :=


(−1)r+k−(l+m) [l + 1]q[m+ 1]q

qr+k
, r − 1 ≤ l ≤ r , k − 1 ≤ m ≤ k,

0 , otherwise.

(2.3)
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From the mentioned above, it can be seen that the C(1,1)(q)-transform of a u = (utk) ∈ Ω is denoted by

νrk := (C(1,1)(q)u)rk =
1

[r + 1]q[k + 1]q

r,k∑
l,m=0

ql+mulm, (r, k ∈ N). (2.4)

It can be said that for the case q → 1, C(1,1)(q) will be reduced to C.
Now, it is acquainted the set M̃q

u of all q-Cesàro bounded double sequences by

M̃q
u =

{
u = (ulm) ∈ Ω : sup

r,k

∣∣∣∣∣∣ 1

[r + 1]q[k + 1]q

r,k∑
l,m=0

ql+mulm

∣∣∣∣∣∣ <∞
}
.

Thus, M̃q
u can be rephrased as M̃q

u = (Mu)C(1,1)(q) with the impression (1.1) and it can be called as q-Cesàro
bounded double sequence space.

When q approaches 1, M̃q
u is reduced to the space M̃u presented in [37]. From now on, any term with a negative

index will be ignored and assumed to be q > 1.

Theorem 2.1. The set M̃q
u is a Banach space with

‖u‖M̃q
u

= ‖C(1,1)(q)u‖Mu
=

 sup
r,k∈N

∣∣∣∣∣∣ 1

[r + 1]q[k + 1]q

r,k∑
l,m=0

ql+mulm

∣∣∣∣∣∣
 . (2.5)

Proof. It is a known procedure to show that M̃q
u is a normed linear space with (2.5) and it is omitted.

Consider the Cauchy sequence u(n) =
(
u
(n)
lm

)
∈ M̃q

u for n ∈ N. In that case, ∀ε > 0, ∃M ∈ N such that

‖u(n) − u(z)‖M̃q
u

=

sup
r,k

∣∣∣∣∣∣ 1

[r + 1]q[k + 1]q

r,k∑
l,m=0

ql+m
(
u
(n)
lm − u

(z)
lm

)∣∣∣∣∣∣


=

(
sup
r,k

∣∣∣(C(1,1)(q)u
(n)
)
rk
−
(
C(1,1)(q)u

(z)
)
rk

∣∣∣) < ε (2.6)

for all n, z > M and it is reached that
{(
C(1,1)(q)u

(n)
)
rk

}
n∈N is Cauchy inMu. From the completeness ofMu,{(

C(1,1)(q)u
(n)
)
rk

}
n∈N converges and it can be written that

{(
C(1,1)(q)u

(n)
)
rk

}
n∈N →

(
C(1,1)(q)u

)
rk

for n→∞. In
that case, we may define the sequence

(
C(1,1)(q)u

)
rk

. After all of these, it must be proven that
(
C(1,1)(q)u

)
rk
∈

Mu. From
{(
C(1,1)(q)u

(n)
)
rk

}
n∈N ∈ Mu, it is obtained that

(
supr,k

∣∣(C(1,1)(q)u
(n)
)
rk

∣∣) < ∞. So, we see that(
C(1,1)(q)u

)
rk
∈Mu from

‖
(
C(1,1)(q)u

)
rk
‖Mu

=

(
sup
r,k

∣∣(C(1,1)(q)u
)
rk

∣∣)

≤

(
sup
r,k

∣∣∣(C(1,1)(q)u
(n)
)
rk
−
(
C(1,1)(q)u

)
rk

∣∣∣)

+

(
sup
r,k

∣∣∣(C(1,1)(q)u
(n)
)
rk

∣∣∣) <∞

by applying limit on (2.6) for z →∞. Consequently, u ∈ M̃q
u and M̃q

u is complete with ‖.‖M̃q
u

.

Theorem 2.2. M̃q
u is linearly norm isomorphic toMu.

Proof. The linearity of the mapping described as Υ : M̃q
u →Mu, Υ(u) = C(1,1)(q)u is obvious for u = (ulm) ∈ M̃q

u.
Additionally, from the expression Υ(u) = 0⇒ u = 0, Υ is injective.

Let us consider the sequences ν = (νlm) ∈Mu and u = (ulm) as follows:
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urk =
1

qr+k

r∑
l=r−1

k∑
m=k−1

(−1)r+k−(l+m)[l + 1]q[m+ 1]qνlm (r, k ∈ N). (2.7)

Then, from the equality

‖u‖M̃q
u

=

sup
r,k

∣∣∣∣∣∣ 1

[r + 1]q[k + 1]q

r,k∑
l,m=0

ql+mulm

∣∣∣∣∣∣


=

sup
r,k

∣∣∣∣∣∣ 1

[r + 1]q[k + 1]q

r,k∑
l,m=0

ql+m
l∑

i=l−1

m∑
j=m−1

1

ql+m
(−1)l+m−(i+j)[i+ 1]q[j + 1]qνij

∣∣∣∣∣∣


=

(
sup
r,k
|νrk|

)
= ‖ν‖Mu

<∞,

it is seen that Υ is surjective. Finally, since ‖u‖M̃q
u

= ‖ν‖Mu , in that case Υ is norm keeping.

Theorem 2.3. The inclusionMu ⊂ M̃q
u holds.

Proof. Consider that u = (ulm) ∈ Mu. In that case, it can be written that supl,m |ulm| < δ for at least positive real
number δ. Consequently, it is achieved that

‖u‖M̃q
u

= sup
r,k

∣∣∣∣∣∣ 1

[r + 1]q[k + 1]q

r,k∑
l,m=0

ql+mulm

∣∣∣∣∣∣
≤ sup

r,k

∣∣∣∣∣∣ 1

[r + 1]q[k + 1]q

r,k∑
l,m=0

ql+m

∣∣∣∣∣∣ |ulm|
≤ δ sup

r,k

∣∣∣∣∣∣ 1

[r + 1]q[k + 1]q

r,k∑
l,m=0

ql+m

∣∣∣∣∣∣ = δ

and thusMu ⊂ M̃q
u.

3. Dual spaces

In this section, the α-, β(P)-, β(bP)-and γ-duals of M̃q
u are determined. For Ψ,Λ ∈ Ω, the set D(Ψ : Λ) is defined

by

D(Ψ : Λ) =

{
τ = (τrk) ∈ Ω : τu = (τrkurk) ∈ Λ for all (urk) ∈ Ψ

}
.

Then, α-, β(ϑ)- and γ-duals of Ψ are defined as

Ψα = D(Ψ : Lu), Ψβ(ϑ) = D(Ψ : CSϑ) and Ψγ = D(Ψ : BS).

Theorem 3.1.
[
M̃q

u

]α
= Lu.

Proof. Consider the sequences u = (ulm) ∈ M̃q
u with ν = (νlm) ∈ Mu and τ = (τlm) ∈ Lu. In that case,

|νlm| < N <∞ for at least N > 0 for all l,m ∈ N.
By using the equality (2.7), it is obtained the inequality
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∑
l,m

|τlmulm| =
∑
l,m

∣∣∣∣∣∣τlm
l∑

i=l−1

m∑
j=m−1

(−1)l+m−(i+j)

ql+m
[i+ 1]q[j + 1]qνij

∣∣∣∣∣∣
≤ N

∑
l,m

|τlm|

∣∣∣∣∣∣
l∑

i=l−1

m∑
j=m−1

(−1)l+m−(i+j)

ql+m
[i+ 1]q[j + 1]q

∣∣∣∣∣∣
= N

∑
l,m

|τlm| <∞

which gives that τ ∈
[
M̃q

u

]α
and thus Lu ⊂

[
M̃q

u

]α
.

On the other hand, consider that τ ∈
[
M̃q

u

]α
\Lu. In that case,

∑
l,m |τlmulm| <∞ for all u = (ulm) ∈ M̃q

u. For

choosing e ∈ M̃q
u, since τe = τ /∈ Lu, it is reached the contradiction τ /∈

[
M̃q

u

]α
. Thus, it should be τ ∈ Lu.

We can express the necessary conditions for the matrix class characterizations that will be used in this and the
next section and the matrix classes with the help of a lemma as follows:

sup
r,k∈N

∑
l,m

|brklm| <∞, (3.1)

∃alm ∈ C 3 ϑ− lim
r,k→∞

brklm = alm subsists, (3.2)

∀l ∈ N, ∃m0 3 brklm = 0, ∀m > m0, (3.3)
∀m ∈ N, ∃l0 3 brklm = 0, ∀l > l0, (3.4)

sup
r,k,l,m∈N

|brklm| <∞, (3.5)

sup
r,k∈N

∑
l,m

|brklm|p
′
<∞, (3.6)

∃alm ∈ C 3 bp− lim
r,k→∞

∑
l,m

|brklm − alm| = 0, (3.7)

bp− lim
r,k→∞

r∑
l=0

brklm subsists, ∀m ∈ N, (3.8)

bp− lim
r,k→∞

k∑
m=0

brklm subsists, ∀l ∈ N, (3.9)∑
l,m

|brklm| converges, (3.10)

where 1
p + 1

p′ = 1.

Lemma 3.1. [6, 7, 38] For B = (bzntk) ∈ Ω, the following statements hold:

(i) B ∈ (Mu :Mu) iff the condition (3.1) holds.

(ii) B ∈ (Mu : CP) iff the conditions (3.2), (3.3) and (3.4) hold.

(iii) B ∈ (Mu : CbP) iff the conditions (3.1), (3.2), (3.7), (3.8), (3.9) and (3.10) hold.

(iv) B ∈ (CbP :Mu :) iff the condition (3.1) holds.

(v) For 0 < p ≤ 1, B ∈ (Lp :Mu) iff the condition (3.5) holds.

(vi) For 1 < p <∞, B ∈ (Lp :Mu) iff the condition (3.6) holds.
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It can be given the abbreviations to be used in the next theorem as follows:

∆11

(
τlm
ql+m

)
=

(
τlm
ql+m

− τl+1,m + τl,m+1

ql+m+1
+
τl+1,m+1

ql+m+2

)
,

∆10

(
τlk
ql+k

)
=

(
τlk
ql+k

− τl+1,k

ql+k+1

)
,

∆01

(
τrm
qr+m

)
=

(
τrm
qr+m

− τr,m+1

qr+m+1

)
.

(3.11)

Theorem 3.2. Consider that Ψ ⊂ Ω, τ = (τlm) ∈ Ω and the 4d infinite matrix O = (orklm) described by

orklm :=



[l + 1]q[m+ 1]q∆11

(
τlm
ql+m

)
, 0 ≤ l ≤ r − 1, 0 ≤ m ≤ k − 1,

[l + 1]q[k + 1]q∆10

(
τlk
ql+k

)
, 0 ≤ l ≤ r − 1, m = k,

[r + 1]q[m+ 1]q∆01

(
τrm
qr+m

)
, 0 ≤ m ≤ k − 1, l = r,

[r + 1]q[k + 1]qτrk
qr+k

, m = k, l = r,

0 , elsewhere

(3.12)

for all r, k, l,m ∈ N.
In that case;

(i)
[
M̃q

u

]β(ϑ)
= {τ = (τlm) : O ∈ (Mu : Cϑ)}, where ϑ ∈ {P, bP}.

(ii)
[
M̃q

u

]γ
= {τ = (τlm) : O ∈ (Mu :Mu)}.

Proof. (i) Consider the sequences τ = (τlm) ∈ Ω and u ∈ M̃q
u with ν ∈ Mu with the relation (2.4). By bearing in

mind the equation (2.7), it is reached that

σrk =

r,k∑
l,m=0

τlmulm =

r,k∑
l,m=0

τlm

 1

ql+m

l∑
i=l−1

m∑
j=m−1

(−1)l+m−(i+j)[i+ 1]q[j + 1]qνij


=

r−1∑
l=0

[l + 1]q[k + 1]q∆10

(
τlk
ql+k

)
νlk +

k−1∑
m=0

[r + 1]q[m+ 1]q∆01

(
τrm
qr+m

)
νrm (3.13)

+

r−1∑
l=0

k−1∑
m=0

[l + 1]q[m+ 1]q∆11

(
τlm
ql+m

)
νlm +

[r + 1]q[k + 1]qτrk
qr+k

νrk = (Oν)rk

for O = (orklm) is defined by (3.12). Thus, by using (3.13), we reach that τu = (τlmulm) ∈ CSϑ whenever

u = (ulm) ∈ M̃q
u iff σ = (σrk) ∈ Cϑ whenever ν ∈ Mu. Consequently, τ ∈

[
M̃q

u

]β(ϑ)
iff O ∈ (Mu : Cϑ) for

ϑ ∈ {P, bP}.
(ii) It can be shown to be similar to the first part using the definition of γ-dual. So, it is omitted.

4. Matrix mappings

This section contains the characterizations of matrix classes (M̃q
u : Λ) and (Ψ : M̃q

u), where Λ ∈ {Mu, CP , CbP}
and Ψ ∈ {Mu, CbP ,Lp} for 0 < p <∞.
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Theorem 4.1. Consider that 4d matrices B = (brklm) and H = (hrklm) with the equality

hrklm = [l + 1]q[m+ 1]q∆
lm
11

(
brklm
qr+k

)
. (4.1)

Then, B ∈
(
M̃q

u : Λ
)

iff H ∈ (Mu : Λ) and

Brk ∈
(
M̃q

u

)β(ϑ)
. (4.2)

Proof. Suppose that B ∈
(
M̃q

u : Λ
)

. Then, Bu ∈ Λ for all u ∈ M̃q
u with ν = C(1,1)(q)u ∈ Mu. Thus, it is obtained

that Brk ∈
(
M̃q

u

)β(ϑ)
. For the (i, j)th partial sums of the series

∑
l,m brklmulm, it is reached that

(Bu)
[i,j]
rk =

i,j∑
l,m=0

brklmulm

=

i−1∑
l=0

j−1∑
m=0

[l + 1]q[m+ 1]q∆
lm
11

(
brklm
ql+m

)
νlm +

i−1∑
l=0

[l + 1]q[j + 1]q∆
lj
10

(
brklj
ql+j

)

+

j−1∑
m=0

[i+ 1]q[m+ 1]q∆
im
01

(
brkim
qi+m

)
+

[i+ 1]q[j + 1]q
qi+j

brkij (4.3)

for all r, k, i, j ∈ N. Let us define the 4d infinite matrix Hrk = (h
[r,k]
ijlm) as

h
[r,k]
ijlm :=



[l + 1]q[m+ 1]q∆
lm
11

(
brklm
ql+m

)
, 0 ≤ l ≤ i− 1, 0 ≤ m ≤ j − 1,

[l + 1]q[j + 1]q∆
lj
10

(
brklj
ql+j

)
, 0 ≤ l ≤ i− 1, m = j,

[i+ 1]q[m+ 1]q∆
im
01

(
brkim
qi+m

)
, 0 ≤ m ≤ j − 1, l = i,

[i+ 1]q[j + 1]q
qi+j

brkij , m = j, l = i,

0 , otherwise

the relation (4.3) can be restated as

(Bu)
[i,j]
rk = (Hrkν)[i,j] . (4.4)

Moreover, if we take ϑ-limit on Hrk =
(
h
[r,k]
ijlm

)
for i, j →∞, it is obtained that

ϑ− limi,j→∞h
[r,k]
ijlm = [l + 1]q[m+ 1]q∆

lm
11

(
brklm
ql+m

)
. (4.5)

From (4.5), it can be defined the 4d matrix H = (hrklm) by

hrklm = [l + 1]q[m+ 1]q∆
lm
11

(
brklm
ql+m

)
. (4.6)

If we take ϑ-limit on (4.4) for i, j →∞, we see that Bu = Hν. Thus, Hν ∈ Λ while ν ∈Mu and H ∈ (Mu : Λ).

Conversely, suppose that Brk ∈
(
M̃q

u

)β(ϑ)
and H ∈ (Mu : Λ). Let u ∈ M̃q

u with ν = C(1,1)(q)u ∈ Mu. In this
case, Bu exists. By the (i, j)th partial sums of

∑
t,k bzntkutk, it is obtained the equality

i,j∑
l,m=0

brklmulm =

i,j∑
l,m=0

h
[r,k]
ijlmνlm
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for all r, k, l,m ∈ N. If we take ϑ-limit as i, j →∞ on the equation above, we reach that Bu = Hν. Consequently,
B ∈

(
M̃q

u : Λ
)

.

Corollary 4.1. Consider that 4d matrices B = (brklm) and H = (hrklm) with (4.1). Then;

(i) B ∈
(
M̃q

u :Mu

)
iff the condition (3.1) holds with H in place of B and the condition (4.2) holds.

(ii) B ∈
(
M̃q

u : CP
)

iff the conditions (3.2), (3.3) and (3.4) hold with H in place of B and the condition (4.2) holds.

(iii) B ∈
(
M̃q

u : CbP
)

iff the conditions (3.1), (3.2), (3.7), (3.8), (3.9) and (3.10) hold with H in place of B and the condition
(4.2) holds.

Lemma 4.1. [39] Suppose that Ψ,Λ ⊂ Ω, a 4d matrix B = (brklm) and 4d triangle Y = (yrklm). Then, B ∈ (Ψ : ΛY ) iff
Y B ∈ (Ψ : Λ).

Corollary 4.2. Consider the 4d matrices B = (brklm) and W = (wrklm) with the equality

wrklm =

r,k∑
l,m=0

crkij(q)bijlm.

In that case;

(i) B ∈
(
Mu : M̃q

u

)
iff the condition (3.1) holds with W instead of B.

(ii) B ∈
(
CbP : M̃q

u :
)

iff the condition (3.1) holds with W instead of B.

(iii) For 0 < s ≤ 1, B ∈
(
Ls : M̃q

u

)
iff the condition (3.5) holds with W instead of B.

(iv) For 1 < s <∞, B ∈
(
Ls : M̃q

u

)
iff the condition (3.6) holds with W instead of B.
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