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where the initial conditions u_p, v, for p = 0,4 are real numbers, the parameters A,, B, C, D,
for r € {1,2} are real numbers, A2+ BZ # 0 # C2 + D2, for r € {1,2}, f and g are continuous
and strictly monotone functions, f (R) =R, g(R) =R, f(0) =0, g(0) = 0. In addition, we solve
aforementioned general two dimensional system of difference equations of fifth-order in explicit
form. Moreover, we obtain the solutions of mentioned system according to whether the parameters
being zeros or not. Finally, we present an interesting application.

1. Introduction

The notation of N, Ny, Z, R, stand for the set of natural, non-negative integer, integer and real number, respectively. If
Y,8 € Z, ¥ < & the notation § = y,8 means {f € Z:y< B < §}.

Difference equations emerge from mathematical models of physical events, numerical solutions of differential equations or
generation functions. There has been an intense interest in nonlinear difference equations. Some mathematicians are interested
in nonlinear difference equations in these days in [1], [2], [3], [4], [5]. In addition, systems of difference equations are studied
by some authors in [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21].

One of the interesting difference equations is
Wn+2:¢wn+l+l}lwn7 VlENO, (11)
where the initial values wg, wi and the parameters ® and ¥ are real numbers. Equation (1.1) is solved by De Moivre in [22].

The solution of (1.1) is given by

o — (w1 = Aawo) A" — (w1 — Aywo) AJ neN, (1.2)
AM—A

when W # 0 and ®” 4 4% #£ 0,

wa = (w1 — Aywo) n+Awo) A", n € Ny, (1.3)
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when ¥ # 0 and ®? +4¥ = 0, where A; and A, are the roots of the polynomial P (1) = A2 —®A — ¥ =0. Also, the roots of
PE4/ D2 H4Y

characteristic equation are Ay, = >

Another well-known difference equation, that is Riccati difference equation, is given by

aw, +

o~ +6,n€N0, (1.4)

Wpt1 =

for y # 0, ad # By, where the initial condition wg and the parameters o, 3, 7, 0 are real numbers. Equation (1.4) is reduced
to equation (1.1) by using the convenient transformation.

There are general forms of the difference equations reduced to equation (1.4) by changing variables in literature. For example,
the following difference equation

6Wn—kwn—k—l

————————— neNp, (1.5)
BXn—i—1 + Vxn—1

Wil = Wy +

where k, [ are fixed natural numbers, the parameters @, 8, ¥, 6 and the initial conditions w_;, i = 1,k + [ are real numbers and
B2+ ¥* #0, is solved in [23].

Some authors solved special cases of equation (1.5) in [24], [25], [26], [27], [28]. A different form of equation (1.5) continued
to be studied in the literature [29], [30], [31].

In an earlier paper, Elsayed et al., deal with the following difference equation

Nup—1Upn—a

————————  n €Ny, (1.6)
Yun—a+ Y3un—2 0

Upt+1 = YoUn—1+

where the initial values u_, for p = 0,4 are arbitrary positive real numbers and the coefficients ¥, for I = 0,3 are real numbers
in [32].

Recently, Stevi€ et al., investigate the following difference equations

ad (x,—2) + BP (x,-4)
y® (xn—2) +0® (xn—4)

Xn+1 = q)_l <q)(xnl) ) ,ne N()a (L.7)

where the initial values x_,, for p = 0,4 and the parameters o, 3, ¥ and 6 are real numbers in [33]. Note that, the different
form of equation (1.6) is equation (1.7).

Equations (1.7) can be expand in various ways. For instance, increasing order, adding periodic coefficients, expanding the
dimensional, etc.

In this paper, we are interested in the following general two dimensional form of equation (1.7)

Uy = <g(Vn_1)Alf(un—2)+31g(vn_4)>7

Cif (up—2) +D1g(vn—1)

(1.8)
Azg (vy—2) + Bof (tn—a)
GCog (Vn—Z) +Dyf (un—4)

Vel = & (f(un1) >7n€No,

where the initial conditions u_,, v_, for p = 0,4 are real numbers, the parameters A,, B, Cy, D,, for r € {1,2}, are real
numbers, A2 + B2 # 0 # C2 + D2, for r € {1,2}, f and g are continuous and strictly monotone functions, f (R) =R, g(R) =R,
f(0) =0, g(0) = 0. We obtain the solutions of system (1.8) in explicit form according to states of parameters by changing the
variable. In addition, we present an application, which indicates that some conclusions in [32] are not correct.

2. Explicit-form solutions of system (1.8)

In this section, we investigate the solutions of system (1.8) in explicit-form.

Theorem 2.1. Assume that A, By, C,, D, € R, forr € {1,2}, A% —l—B% #+0# C% +D? A% +B% #0# C% +D3, fand g are
continuous and strictly monotone functions, f (R) =R, g(R) =R, f(0) =0, g(0) =0. So, the general system (1.8) is solvable
in explicit-form.
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Proof. 1f at least one of the initial values u_, =0 orv_, =0, for p = 0,4, then the solution of system (1.8) is not defined.
Moreover, assume that u,, = 0 for some ny € Ny. Then from system (1.8) we have v,,> = 0. These facts along with (1.8)
imply that v, 15 is not defined. Similarly, suppose that v,; = 0 for some ng € Ny. Then from system (1.8) we have u,,2 = 0.
These facts along with (1.8) imply that u,, 5 is not defined. Hence, for every well-defined solution of system (1.8), we have

vy, 0, n> —4. 2.1

From (2.1) and the conditions of the theorem we have

f(u’l) 7é 07 g(vn) ;é Oa n 2 —4.
Now, we examine the solutions of system (1.8) for two cases:

Case 1: First, suppose that A|Dy — B|C| # 0, ApD, — B,C> # 0 and Cy # 0 # C,. Let

f () Yo = g(vn)
gn2)" " flun2)

From (1.8) and monotonicity of f and g, we obtain

Xp = n>-2. (2.2)

Alf(un—Z) +Big (Vn—4)

Pl = 80 G ) T Dig (vne)

(2.3)
A2g (va—2) + Bof (un—4)
v = Up— , n € Np.
g( n+1) f( n I)ng(vnfz)ﬁ’sz(Mnsz) 0
By using the change of variables (2.2) in (2.3) we get
Ax,—2+ B Asyn—2+ B>
X = =, nc Np. 2.4
n+1 Cixp 2+ D Yn+1 Coyn + D3 0 (2.4)
Let
kit = X3ms gy 15 = yamej, me No, j € {~2,-1,0}. 2.5)
Then from (2.4) and (2.5) we obtain
() :Alk;(nj>+Bl 10) :Azlr(nj)-‘rBz 2.6)
m+1 () ? Ym+1 () ’ .
Ciky,” + Dy Gy’ + Do
form € Ny, j € {—2,—1,0}. The equations in (2.6) are named Riccati type difference equations in literature.
Let
) )
k) =Tl g ) =L me No, € {—2,-1,0), @.7)
z,(qf) t;gf )

for some pj,h; € R, j e {-2,—1,0}.
From (2.6) and (2.7) we have

Z(j)+2 Z(j>+1 Z(j)+l
Z(T+pj C 0 +Cipj+Dy | — A1Z(71)+A1Pj+31 =0,

m m

t(‘n ) t(j) | t<j) 1
%—th Cz%—FCzhj—%-Dz - A2%+A2hj+32 -0,

tm Im
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for some m € Ny, j € {—2,—-1,0}.
Let

D D
Lohj=-22, je{-2,-1,0}.

pj:_aa j G

Then, we get

C%Zg’{)ﬂ —Ci (A +D1)Z£r{)+1 + (A1Dy —BlCl)zﬁ,{) =0,
(2.8)
Gl —Ca (A +D2)1) | + (A2Dy — BoCo) i) = 0,
for m € Ny, j € {-2,—1,0}.
Assume that A} := (A +Dl)2 —4(A\D; —BCy) #0, Ay 1= (A, +D2)2 — 4(AsDs — BaCy) 0. Then by employing formula
(1.2), we have

W _ (217 =Rz ) A= (1 — iz ) 2
- - Al - 12 ’
2.9)
o _ (R A () - ar
m /il - 12 ,

form e Ny, j € {-2,—1,0}, where A, = %, 1172 = %. Equations in (2.9) are the general solutions to
equations in (2.8).

By using (2.9) in (2.7), we obtain
W (8 —Aaz) A (

(Z(lj) —A’zz(()j)) z'lm N

(k) + 20 =2 ) At — (k) + 2o =) gt
= (k(()J)Jr%lf)Lz);lei(k(()j)Jr%iM)lzm o

(9~ Aot ) 21 -
(" =Rt ) A —

(l(()j) n % 712) /)\L{nJrl _ (l(()j) Jr% 7711)715'%1 D

(l(()j)—i—%—/iz)/i]m— <l(()j>—|—%—11)1£" _67

for m € Ny, j € {—2,—1,0}, from the last equalities with (2.5) we have

(4 2 h) A (22 ) g

x3m+j = - A
(Xj-f—%ll—lz))vf”—(xj'-f—%l—ll)lzm G

(2.10)
(y+ 2 =T) At = (y+ 2 =2) Bt p,
V3m+j = = N < - =
(y+2-T)ap—(y+2-2)2 @

form € Ny, j € {-2,-1,0}.
From (2.2), we get
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f(un) = Xn& (Vn—2) = ann—zf (Lt ) = XnYn—2Xn—48 (Vn 6) = XnYn—2Xn—4Yn— 6f (un—S)
= XnYn—2Xn—4Yn—6Xn—88 (Vn 10) = XnYn—2Xn—4Yn—6Xn—8Yn— IOf(Mn 12) n>38, (2.11)
g(vn) = yuf (”n72) = YnXn—28 (V ) YnXn—2Yn—af (“;176) = YnXn—2Yn—4Xn—68 (vn78)

YnXn—2Yn—4Xn—6Yn—8f (n—10) = YnXn—2Yn—4Xn—6Yn—8Xn—108 (Va—12) ,n > 8.

From (2.11), we have

Fiomei) = XomeiV12myi-2X102mi—4Y12m+i-6X12m4i-8Y12m+i— 10 (H12(m—1)4i)
(2.12)
gViam+i) = Vi2mtiX12mti-2Y12m+i—4X12m+i—6Y12m+i—8X12m+i—108 (V12(m71)+i) )
for m € Ny, i = 8, 19. Multiplying the equalities which are obtained from (2.12), from O to m, it follows that
m
f mioms3stp) = f (U3s4p-12) H( x12r+3s+py12r+3s+p2x12r+3s+p4y12r+3s+p6x12r+35+p8y12r+33+p10)>
r=0
(2.13)
m
8 <V12m+3s+p) =8 (V3s+p—12) H ( y12r+3s+px12r+3s+p—2y12r+3s+p—4x12r+3s+p6y12r+3s+p—8x12r+3s+p—10) ,
r=0
form € Ng, s = 3,6, p=—1, 1. From (2.13), we obtain
m
flumsserp) = f (Uaerp-12 H)( 3(4rs+1252))+p- 31282 13 (4r+s+ 1§ 1)+p—2-314)
xx3(4r+s+ 1252 ) 4p+243 252 V3 (4r s 141 254 4p-3-3( 251
Xx3<4r+x1+[‘733j>+p53\_”33jy3(4r+s1+|_p35j)+p73\_p35J> ’ (2.14)
m
8 (V12m+3s+p) = 8 (V3s+p*12) rl:l <y3(4r+s+[p+zj)+l7 3LPTJ 3(4r+5+L%J> p—2-3%]

y3(4r+?+LP32J>+p+2+3LpTJ 3(4rbs— 141251 ) +p-3-3( 25

Xy3(4r+s71+U’Tﬂ)+p7573w%3jx3(4r+s71+[?j)+p 7- 3LP3J> ’

form € Ny, s =3,6, p = —1, 1. By substituting the equations in (2.10) into (2.14) and by using equations in (2.2), we have

U12m+3s+p

= r! |:f(u3s+p12)

f("pstL}zJ) LD g, A;&r+s+\_pT+2J+l - f<u[773tp+2 ) Y )ﬂjrﬂﬂ%zjﬂ

+
n ( (v, o2, ) (o e2s) D,

Cr

f(u7p+2> g | PE2 f<L17p+2) st | PE2 1

=315~ _’_%11_}1'2 lf+‘+L3J_ =315~ + _y» A’;JF*LsJ
J—2>

Tarts+ [ §]+1

+%§—z1 A

rrap) ()
f (“p—4—3t§J> ! <”;z—4—SL§J> Dy
lree) (200

(s

2 Cz
Yar+s+| 4]

HVESTD PR P
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) ) "
B e e N L
y g< p+3l%zj> g( p+3L%ZJ> . % (215)
1
(f( 1>+2+3LPT72J) T Dy _a llélrJrerLpT*zJ f( p+2+ﬂp772j> T Dy — A A;r+3+LpT72J
C C
g( p+3L7%2j> g<vp+3L%2J>
g(v)—— u) ~4, p_l g(v)—— D) ~4, p_l
.133L3J _'_%_12 )Llr+s+L3J_ .133L3J _’_%_ll A/Zr+s+L3J
N (4 s et oy sest) D
&)
(ysnest) £ gy | A (et P gy |2
i i 2
oy 5ozt g (“w&%}‘J)
oy sp) arssrtzz)_ (se) P
=535~ JrD*]l*)Lz llr+sﬂ3jf p—5-3557] Jr%lill )LZY+SH3J
" g(%ﬂ—ﬂ%ﬂ) g(”p—ww%ﬂ) D
Ci
f(";;fsfz[”T*J) LD, A;&rﬂﬂ%ﬂ—l f<up7573LpT73J> LD )L;rﬂﬂ%ﬂ—l
1 Ci
¢ ("M—n’%ﬂ) g(%—v—w%ﬂ)
o) g2 \goes_(orans) 3o
p-7-31252] +%—7Lz Alr+s+L3J_ p—7-3[ 252 +%_)~1 A2r+s+L3j
x f<”v—9—*t"%> ! (%-u&;@) L )}
(653 ’
(10 et PR, A Crns) gy A
2
f(“p*Q*?)[”T_SJ) f<upf9—3t"T_5J>
Vidmidsip =8 [8 (V3stp-12)
p—3[ 5= ] _'_%_)‘2 A1r+s+L3J+ _ =31 55 +2§—ll A2r+s+L3J+
| ) o) o
G
M"‘r%—lz llr+5+\.3j_ M-ﬁ-%—l] 2’2r+s+\_3j
f<uP*3LPT+2J*2> f<uP*3LPT+2J*2>
CR N W 7 o z
D r+s+[5]+1 p—2-315] D 4rts+| 5 |+1
3 _’_711_)‘2 )’1 |.3J 3 +Cfl_ll 1’2 L%J
§ <"p—4—3L%J) § (%—4—3%) D,
. G
f(“ +3m> 4r+s+|8 f(” 7273L"J> dr+s+|8 :
#‘f‘%‘—ﬂa A]rslﬂ_ #4_%1_11 lerbJ
§ (%—4—31%J> § (”p—4—3L§J>
() AR B S
p+2+3 P35 Dy Arts+ [ 5= ]+1 p+2+3 P3| D, drts+[ 557+
f(u 2 e Pk f(u 2 N @ ok D
VALY i3 P22
% 31557 31557 _Fz (2.16)
g(v p—Z) ~ ~ | P=2 g\Vv p=2 ~ ~ | P22 2
pH2+3[ 227 D Ar+s+| 5= ( p+243| j) D dr4s+| 5= |
(T+C;—Az At —(T+C;—xl PR
f<up+3LpT_2j> f<up+3[pT_2j>
f(u p—1 ) p—1 f(“ p—1 > p—1
p—3-3[ 2| D drts+| 55| p—3-3125- ] D drts+[ 55|
+ o A )“1 - + 1 M )‘2
% & Vp7573l"3;lj E\Vp_s_3 ezl B &
f(“ p—1 ) 1 p-1 f(“ p—1 ) L p—1 1
p—3-3 ] D Arts+| 5= -1 _ p—3-3[ | D drs+[ 5= -1
; o M| A : o —M A
E\ps-aiezhy E\psa125h



192 Fundamental Journal of Mathematics and Applications

g(v —5—3[ﬁj> Dy o\ sdrst| 252 g(" 757311’*%) Dy o | Sdrst| 252
‘P 3 +C7§_)‘2 )“1 L}J_ 14 3 +C7§_)‘1 )'2 L3J
f(”p—v—n"g—ﬂ) f(”p—v—aw’giJ D,
X _ =
g<v 754“’;%) D, 5 | p4rtst 2] g(v 757311’*%) D, o \arstZR1
V4 3 + sz —AQ )vl L 3 J _ p 3 + ﬁ: _)vl )‘2 [ 3 J
s (”p—v—w”g—ﬂ> ! <”p—7—3tpg—ﬂ>
f(u177773[p775J> D drts+ 252 | f(“pf%yDJ) D drs+| 232 ]
734—7:—&2 A 30— 734—*:—11 A 3
% g( ]779—3“’_5J> g(V]J7973L/7:";5J> _ & >:|
. C ’
f(u p=5 ) p=5 f <’4 p—5 p=5 1
r1-31221) | p dres 2521 r1-31221) | p drtst|252) -1
=t LA -\ 7=t M| A,
g<vp—973L”§5J> g(vp79f3L?J>

form € Ng, s = 3,6, p = —1, 1. The formulas in (2.15) and (2.16) are the solutions of system (1.8) if A; # 0 # A,.
Assume that A} = (A} +D1)2 —4(A|D; —B|Cy)=0and Ay = (A2 + D2)2 —4(A2D; — B,C,) = 0. So, by employing formula
(1.3), we obtain

Z’(J) _ ((ZEJ') _MZ(()J')> m—l—llz(()j)) Alm—1)
(2.17)
tr<nj) _ ((tfj)—iltéj))m+7tlt(()j>) Ilm—17
for m e Ny, j € {-2,—1,0}, where
A1+D ~ Ay+Dy
M= 0, 4 = .
1 20, 7é y U 26, 7& 0
Note that equations in (2.17) are the solutions to the system (2.8) if A| =0 = A,. From (2.7) and (2.17), we get
i) ((zﬁj) */’leg)j)> (m+1) +/llzf)j)) M p,
(Zgj)—llz(()j)>m+llz(()j) Ci
() +2 =) m+)+0) 4 p
(_)‘ - —C—l, (2.18)
(koj +Cfll*7tl)er7Ll :
l<j) ((l%l) —/ilt((]ﬂ) (m—|— 1) —‘r/i] l‘(()j)) 11 D,
m = (t](j) —/iltéj))m—&—ilt(()j) C
- ((lé")+%§—711)(m+1)+11)11 D,
(1§ + 82 =1 ) m+ =

form € Ny, j € {—2,—1,0}. By using (2.5) in (2.18), we obtain

((y+2-m)m+1)+u)A p,
(xj+%l'—7tl)m+ll G

X3m+j

((yj+%711) (m+1)+711>11 D
(yﬂr% —Zl)m‘Fil G’

Y3m+j

for m € Ny, j € {—2,—1,0}. From (2.14), we have
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SAVEE ) (4r+s+LpT+2J+1)+M M
m g<v fSLL”Jﬁ) D
Uiomissip = f [f(”3s+p—12)><11)( pf : ) _Cill
— u
' APV B | (4rs 4 (222)) 4 A
A<V1773L"+2H>
(et
r—27315] +%—ll (4r+s+ 5]+ +A4 |4
. f <”p—4—3L§J> Dy
G
Cront) o - -
LWjL%_xl (dr+s+ %))+
/ (%—4—%%)
f(u —2 )
p+2+3 5= _’_%1_)4 <4r+s+ LPTJ 1) +A | M
« A<V]7+3[pT_2J> - & (2 19)
! (” +2+3L”’2J> “ |
= o (s [252]) + A
g(%ﬁt%ﬂ)
Gt o - s
e | (4125 ) A A
« f<up—5—3[%lj) - &
C
Cronen) .G
. Ll +2-h (4r+s+L”T—1j—1>+/11
f(%—s—sﬁ%‘i)
oy
p—5-31 25| JrDillf;tl (4V+S+LPTJ)+M A
y g(vp—v—ﬂ’%ij) _D
C
f(u < a1 p3 ) !
p—5-31 257 Jr%l,)“ (4r+s+[’73;3j71)+11
g("pfw%)
g(v g p=S ) ~ 213
LMJJF%_M (4r+s+L"TJ)+M M
« f<up—9—3l%5J> —& >:|
G ’
Crraes) -
(<I’73L3J+lg§_zl) (4r+s+L”3;5j—1)+?ln
u —
2 SJ)

o(v, ae2)) - 2\
ATy 2Oy (4 s 122 1) + A0 |

m f<upf3LMJ,2> 2 D,
<I1( 3 G
r=0

g(”p—w—”J) D, 3 2 .
A 2 <4r+s+LpTJ)+)~1
! (up—ﬂ%zkz)

f(“,z,gtﬂj)
Aﬁ-%—ll (4r+s+L§J+1)+l1 A

g(V 74—3L"J> D
" p=4-31% _ =z

C
fM77 P D 4 s+ - /IL
Mq_—l—/ll ( Frs L%J) !
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glv -2 —~ ~
p2+3[ 5= +C7_)“1 (4r—|—s—|— LPTJ +1> 2. M
X ! <u”*3t%ﬂ> D (2.20)
s\ +2+W’;2J) ~ > 2
e (4r+s+[pTJ)+M
f u/?#L%ZJ)
oy s et
( P3Py +2 - (4r+s+Lij>+7Ll A
" g(vp—S—ﬂ‘%}lJ) D
C
f(“ o=l ) 1
( P33LP3J +DI1)L]) 4}’+S+Lp 1J71>+Al
& (mm%>
rones) b - -
( P53L13J +2§)Ll) 4r+s+ pTJ)“Fll Afl
y f(“p—v—w%) Dy
C
g(v < 4 P3 ) ~ 2
P53LP3J +%§7Al 4r+s+LP 3J71>+/’Ll
! (“p—w%*ﬂ
f("p—v—%tﬂj) D
— ="+ A 4r+S+ ”TJ)JrM A
y g(%—s—%t’%ﬂ) Dy ﬂ
C b
oy yecs)) !
P73LP3J +%-)L] <4r+s+|—pT75J_1)+kl
& (%—9—31"%%)
formeNy,5s=3,6,p=—1,1,if A; =0=A,.
Now assume that C; = 0 = C, D # 0 # D». In this case, equations in (2.4) turn into
B A B
Xpy1 = Dllx" 2+ Dl y Ynt1 = Dzyn72+ Ei, n € No.
Thus,
) _ AL o) ) _ A2, B ,
e 7 R Ry 1) B e 16 ol RS ~2,-1,0}. 221
m—+1 D m 7m+1 2m +D2’m€ Ovje{ 5 7} ( )
If Ay = Dy and A, = D5 then from (2.21), we have
ki = Zm k0 15 = Zm1l), me N, je {~2,-1,0},
Dy D,
)
1 B .
X3m+j = Fm+xj> YVam+j = *WH‘)’/’ me N07 J€ {_2a_170} (222)
1 D,
From (2.2), (2.14) and (2.22), we get
U2m+3s+p = f_l [f(”3.¥+pl2) (2.23)
m /(B +2 f(”_sﬁ) g(VfHE)
H( D‘(4r+s+L”3 J>+ PR o [ B2 (s 1 B0) 4
AN 8 (v aie2 ) 7 (st

! (”p+2+3t%ﬂ)

X IBT <4r+s+L ZJ) +

g( +3L”TJ)

(%—3—3[%)

_ 3
x % <4r+s+ LPTIJ — 1) +
’ (15250
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_ mn B —|—2 g(V _3 pt2 )
Viomt3s+p = & 1[8(V35+p—12)><H( D2(4r+S+Lp J>+ P35

r=0

f(“p*%ﬂ%’J)
X 4r+s L ] —_—
( +s+[2))+ g( )

p=2 -1 f U 5 ap-1
B2 (4r454] ("””L ) < B (4 sy 2L 0 +M (2.24)
D 3 D 3

? " (4252 O
g (Vﬂ*5*3t”3;3l>

Flu, 5 5=
X g(4r+s+L 33J—1)+ X g(4r+s+L 35J—1)+W )],
’ f (”p—7—3L”%3J> 1 g(%—%ﬂ"ﬂ)

3

for m € Ny, s = 3,6, p = —1, 1. Hence, the formulas in (2.24) and (2.24) are solutions of system (1.8) in this case.
Suppose that A} # D; and A # D;. By using (2.21), we get

M _ (AN 0, B A"
o = (D1> “ A D; ((Dl ’
() AN\" ), B A\"

m = ~ ~ -1 ’
: (D2> g +Az—Dz ((Dz

form € Ny, j € {—2,—1,0}. That is,

o A \" L B B
Wi = \bp,) \"TA=bD,) A, -D
Ap " B> B
(A ‘ _ 225
Y3m+j (Dz) (yj+A2D2 A —D,’ ( )

form € Ny, j € {—2,—1,0}. From (2.2), (2.14) and (2.25), we get

2
m A drts+| 5= f(u 3 242 ) B B
o Ay 3157 1 _ 1
Uiomstp = f |:f(u3s+[712) X n)( (D]) g (V +2 ) +A1 — Dy A1 —D
p=3557]-2
y (142>4r+\+ g(Vp 2— 3 % ) B2 _ 32
D, f(up 4-3(28 ) Ao=Da J A=
2
y (Al)zwrrﬂp% f(up+2+3|.pT ) B B
D (v Ai—Di | Ay
p+31252 ]
Ar+s+| L -
A 3 g(V p-l ) B B
) (132) e A 2D A 2D (220
> f(blp Y ) 2—D> 2—D>
. (A1>4r+s+p3 f(up53pT) B B,
D A —-D A
) g("p s QJ) 1 1 1
y <A2>4r+S+L1’35J 1 g(Vp 7.3 pTSJ) 32 B B2 ):|
D A —D A, —D '
5 f(”p oy ) 2—D; 2—D;
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B

2
) m A drps+| 22 ] g(v _a 242 ) B
Vi2m+3s+p — & 1|:g(v3s+p—12) XH( (D2) s +A jD
=0 ? T
y (Al)4r+s+l_§J ( P 2-3] % ) _ Bl
D ( Vpaslt) ) D1 A1—D
p—2
b2 ( pi3[ 252 2) TRh) D
-1
(o o) o) s
D g(v 2 ) AI_DI Ar=Dn
p—5-3[251)
-3
y <Az>4r+s+|_p3j_1 g(Vp LI) 3 ) B _ B>
D5 f(u = ) Az—Dz Ay —D;
p— 3 ]
y (Al )4r+s+[P J 1 f(up 7-3 psisJ) + B _ B ):|
D 8 (V 9 3[[7—5J) Ar—D, A1=Dy 7
P—7=31 73

_Aszz

(2.27)

for m € Ny, s = 3,6, p = —1, 1. Then, the solutions of system (1.8) are given by the equations in (2.26) and (2.27) in this case.
Case 2: Assume that A{D| = B|Cy, AyDy = BC,. If Ay =0 and B; #0. Then C; =0 and D; #0. If A, =0 and B, # 0.

Then C; = 0 and D; # 0. From system (1.8), we have

(B (B
Upy1 = f : (l)llg(vn—l))a Vntl1 = § : (sz(un—l)) , n € No.

From (2.28) we easily get

_ BB B BB
un=f (22 F (pa) ) va=g " [ o g(vua) |, n >3
DD, 2

By using (2.29), we obtain

B 3132 m+1 B B1Bz m+1
Usmsi = | ! ((D1D2> f(ui74) y Vam+i = § ! DiD, g(Vi74) )

mGNo,i=3,76.

If A #0 and By = 0. Then D; = 0 from which it follows that C; # 0. If A, # 0 and B, = 0. Then D, =

follows that C; # 0. From system (1.8), we get

A (A
Unp1 = [~ (Cig(‘}” 1)), Var1 =g (éf(’hzl)) , n € Np.

From (2.31) we easily get

1 (AlA 1 [AA
un:f 1<C:C§f(un4)>7vn:g 1<C1C2 (n 4))»n>1~

By using (2.32), we obtain

B AA m+1 B AA m+1
— 1((55) f<ui4>>,V4m+i=g 1((0102) ¢ia)).

(2.28)

(2.29)

(2.30)

0 from which it

(2.31)

(2.32)

(2.33)
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m € Ny, i = 3,6.

If Dy =0so Cy # 0. This means By =0, A; # 0. If D, =0 so C; # 0. This means B, =0, Ay # 0. Then we have system
(2.31). Moreover, the equalities in (2.33) are solutions of system (2.31).

Assume that C; = 0 so Dy # 0. This means A} = 0, B} # 0. Suppose that C; = 0 so D, # 0. This means A, = 0, B # 0. So,
we obtain system (2.28). In addition, equalities in (2.30) are solutions of system (2.28).

Suppose that A|B1C1D; # 0 and A;B,CoD, # 0. It means A} = Bb—? and Ay = Bé—gz. Moreover, we have system (2.28).
Similarly, it means B} = A‘C—ID‘ and B, = AQC—?Z. O

3. An application

In this section, we give an application for system (1.8).

Remark 3.1. If f =g A=Ay, By =B, Ci =Cy, Dy =Dy, u_p, =v_p, p=0,4, then, the system (1.8) turns into the
following equation

- A f (un—2) + B f (un—s)
1 1 n—2 1 n—4
Upy] = Up— , n € Np. 3.1
w1 =f (f( n I)le(un,2)+D1f(u,,,4) 0 (3.1
Behavior of solutions to equation (1.6) is mentioned in [32]. But somethings are not correct in [32].
Equation (1.6) can be expressed as

gt = sy W2 OBV thrms g (32)

Yaun—a + V3p—2

Firstly, the authors of [32] studied to obtain the equilibrium point of equation (1.6). Then, using a great deal calculations, they
found u = 0. If

(1=1)(n+nr)#n,

an unique equilibrium point of equation (1.6) is # = 0.
Suppose that an equilibrium point of equation (1.6) is u. So we get the following equation

=2
_ _ hu
U= "Yu+ (3.3)
(+n)u
From (3.3), we see that it must be
(2+7) #0and @ # 0.
This exterminates the probability zz = 0.
Suppose that u # 0. Moreover, equation (3.3) means
— N
u — /0 =V,
( " L+tr )
so we have
4!
1—1— =0. 34
% - (3.4

From equation (3.4), the equilibrium point of the difference equation is # # 0. It implies that the idea in [32] Theorem 3, under
the condition, zero equilibrium point of equation (1.6) is local asymptotic stable is not corect, because it is not an equilibrium
point at all.

In addition, Theorem 4 in [32] is expressed as:

Theorem 3.2. If 1> (1 — %) # Y1, then the unique equilibrium point of Equation (1.6) is globally asymptotically stable.

The particular case of equation (3.1) is equation (3.2) with

fx)=x, Ai=1% Bi=wr+n, Ci="n, D=n.
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Example 3.3. Keep in mind the equation (1.6) with

h=n=p=p=1,

and then we get the following equation

Up_o +2u,_
Upi1 =ty ——2" "% p e N, (3.5)
Up—2 + Up—4

Equation (3.5) is derived from equation (3.1) with f (x) = x and x € R,

Ai=C =Dy =1, B =2. (3.6)

By using (3.6) the first equation in (2.8), we get

pr(A)=22—24—1,

and its roots are

M= 1—|—\ﬁand/12: 1—\/5.
Then, we obtain
L(l—n)—n=-1#0,

the restriction ¥ (1 —y) # 71 in Theorem 3.2 is valid.
By using the parameters A1,B1,C1,Dy are as in (3.6) and (2.15)-(2.16), where f (x) = x and x € R, we have

U12m+3s+p = U3s+p—12

“p32£2) Tl A#ﬂﬂ%ﬁl a2 T2 )L;r+s+[pT+2j+l
m M3 2t2) 2" U3 et2) :
H( p-3125=) p-3155=) |
X _
=0 po3 p2 4 p2 U 3 2 4 P2
" 1413#4_1_12 )Ll’“ﬂsJ_ u13L3J Y1 %r+s+[3j
p-3122 -2 p-31252 -2
a3k 4 | Y drts |
T T A (e B T AR
« p—4-3 & p—4-3 &
p-2-31%) 1— 2 )L4r+s+[7j p—2-31§) _2 4rts+| 5]
(“p43L§J * 2) ! Ups-3|L) 1) A
Uprats| 252 drts+| 252 ] +1 Upiata 252 drts+] 252 +1
I g A (e g gt
3155~ 31557 1 3.7
X - .
P23 252 drts+| 5= RRSETETY by drts+| 252
p; +1-21 kl 30— m pj +1-A /12 3
3155~ P35~
p-3-31 271 drs+| 2L RS e N drs+| 2L
pil +1-2 | 4 R ,:1 +1-4 | A, 3
o535t 531251 |
X _
p-3-31 271 drts+| 25 -1 QPSR N drs+| 25 -1
pil +1—-2 | 4, 3 - - pil +1- | A, 3
p-s-3125L) 531250
p—5-3[ 25| drts+| 232 ] o531 252 drst+| 52
- S 1-2 | A - - =+ 1-2 | A,
731253 p-7-31 253 |
X —
Yposoa 23 A A4r+\+L?J71 “ps3 25 A l4r+\+\_pT4J71
;3 +1- 2 1 “\u 3 +1- 1 2
p—7-3125] p—7-31 55|
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( p—T1— ﬂ +1_)~2> A4V+S+LPTJ . ( p—T1— 3 —’—1—&1) l4r+S+LpT75J

“po-31257) p-9-3[ 257 . >
X - )
%-H—M /14r+S+V’TJ 1 [y Iy Ao+ 52 |
p=9-3125° ! po-3 53 2
formeNy, s=3,6,p=—1,1.
Note that
u +2 u +2 Pt
p—3[ 5= drs+ [ 557 [+ p-3[ 257 4r+s+LTj +1
+1-2 | A — ; +1-A |4
. <MP3LP3+ZJ2 ! “poa 22 2 |
im —
m—soo u +2 P2 u 12) ks
p—3125=) . dr+s+| 57 P31 5= . 4’+\+LTJ
(“pwpsz +1-A ) A TR +1-41 A
up—z 314 F1-2, )L]4r+s+[§j+1 up 2-3 4] F1-2 2{4r-&-s-&-L J+1
— lim p—4-31%) p—4-315] _1
m—yeo Up—2-312] drts+| 2 2-312 drts+| 2
D2y gy ) A (2 gy Ayt
p—4 3L3j p—4 3L3j
p243] 232 Y-, l4r+sﬂ 2= J+1 pra43[ P52 Tl l;r+s+[1;g2J+l
) =] ! sl |
= |lmm _
m—reo u p=2 4 p=2 P2 4 p=2
p+2+3[ £5= ] 1—2 12 e I B T1-2 r4s+| 55
u p—2 + 2 1 p—2 1 )’2
p3155=] 3155
“ 125 4 pl U 33 pZl LS
up3z +177L lerH3Jf up3313j+1711 ;Lzrﬂﬂ L
. p—5— 3“) lj ]77573“73;”
= lim —1
m—oo u —1 p—1 p—1 —1
p—3-3 2L drts+| =] -1 p—3-3 21 drs+| = ]-1
ﬁJrlf?Lz A — 31 +1-41 |4,
p=5-31257] p=5-31257)
4 p-3 U s 3 p=3 4 p=3
lp53L J+1_)Lz )Llr+s+L3J_ u153L3J+1_M )Lzr+s+L3j
1i p-7-3115%) p-7-31233) |
- mllgo p 3 ], 3 u p=3 p=3 B
U5 3LT R k4r+s+{ -1 _ p—5-3 552 1 )L4r+s+[Tj—1
p—7—3U’T*J p=1-3125% ] 2
p 7— 3“ +1 l 14F+S+LPT75J o ]77773“73;5J +1 a’l A4F+S+L?J
i 93125 ! p-9-3125° 2 |
= lim —
Moo “po1-31253 -2 l4r+sﬂ"3;5j71 p-7-31 25| 12 drst| 2521
e R LY o G AR L
p—9— 3LT p—9-3| ]
=M—-1=v2>1,
when
u +2
-3 %2 —2-3|2
p=31 3 ] 7& 212 1= 7\/5,7& P L3J ,
Up-3| 222 Up—4-3| %
1243 252 Up_3_3:1 S
PRI 1= v, 2 T (3.8)
Upi3|23?) Up—s-—325t)
u —3 _5
—5-3|253 731253
P L 3 J # )«2 1= _\/57# P L 3 J ,
Up1-3125 p—9-3[253)

By selecting positive initial conditions providing (3.8) and using equations in (3.7), we obtain

lim u,, = co.
m—yoo

Now, we give numerical example to support the last equation.
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Example 3.4. Consider the equation (3.5) with the initial values u_4 = 0.195, u_3 =0.1, u_» =2.4, u_1 =3, uy = 7.62, the
solution is given as in Figure (1).

2.0x108 .

1.5x108 ¢} 1

u[n]

1.0x108} 1

5.0x107 1

0 20 40 60 80 100
n

Figure 1: Plots of u,

Then, the solution is not convergent. It is a counterexample to the claim in Theorem 3.2 (Theorem 4 in [32]).

4. Conclusion

In this study, we have solved the following general two dimensional system of difference equations

Ayf (un—2) +B1g(va—4) —1 Azg (vn—2) +Baf (un—4)
s Vnd+l = & f(u’lfl)

Cif (un—2) +D1g (vn_4) Cog (va—2) + D2 f (un—4)

where the parameters A;, B;, C;, D}, for j € {1,2} are real numbers, the initial values u_y, v_g, for k = 0,4 are real numbers,

f and g are continuous and strictly monotone functions, f (R) =R, g(R) =R, f(0) =0, g(0) = 0. The following particular
cases are considered:

Un+1 :f71 <g(v’l]) >7 VZENO,

1. if AyDy # B1C; and A;D; # ByCy
(@) if C; #0,C #0,

i. if (A +Dy )2 —4(A1Dy —BCy) #0, (A2 —|—D2)2 —4(A2D, — BCy) # 0, then the general solutions of system
(1.8) is given by formulas in (2.15) and (2.16).

ii. if (A;+D )2 —4(A1Dy—BC1) =0, (A 4—D2)2 —4(A,D, — BC) =0, then the general solutions of system
(1.8) is given by formulas in (2.19) and (2.20).

(b) ifC; =0,C, =0,
i. if A; = Dy, Ay = Dy, then the general solutions of system (1.8) is given by formulas in (2.24) and (2.24).
ii. if A| # D1, Ay # D;, then the general solutions of system (1.8) is given by formulas in (2.26) and (2.27).
2. if A;D; = B1C1, A2Dy = BCs,

(a) if A =0, Ay = 0, then the general solutions of system (1.8) is given by formulas in (2.30).
(b) if A} # 0, Ay # 0, then the general solutions of system (1.8) is given by formulas in (2.33).
(c) if D1 =0, D, =0, then the general solutions of system (1.8) is given by formulas in (2.33).

(d) if Dy # 0, Dy # 0, then the general solutions of system (1.8) is given by formulas in (2.30).
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(e) ifA]Blchl 75 0, A232C2D2 75 0.

i ifA; = %, Ay = %, then the general solutions of system (1.8) is given by formulas in (2.30).

ii. if By = A‘C? L. By, = Azc—lz)z, then the general solutions of system (1.8) is given by formulas in (2.33).

In addition, an application is given.
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