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1. Introduction

Oubina introduced the idea of trans-Sasakian manifold of classification (a, ). Indefinite Sasakian
manifold is a notable category of indefinite trans-Sasakian manifold for « = 1, § = 0. Also, indefinite
cosymplectic manifold is the other category of indefinite trans-Sasakian manifold for « = 0, § = 0.
Indefinite Kenmotsu manifold is given with @« = 0, § = 1. Siddiqi, M. Danish, Aliya N. Siddiqui, and
Bahadir, Oguzhan studied the trans-Sasakian manifolds with a quarter-symmetric nonmetric connection
[1]. Prasad, R., Gautam, U. K., Prakash, ]. and Rai, A. K. studied (¢)—Lorentzian trans-Sasakian manifolds
[2]. Prasad, R and Prakash, ]. studied On Generalized Ricci- Recurrent Indefinite Trans-Sasakian
Manifolds [3]. Prasad, R, Kishor, S. and Srivastava, V. studied On generalized Ricci-recurrent (k, w) -contact
metric manifolds [4].

The papers interested in contact structures with Riemannian metric or pseudo-Riemannian metric but
in this paper, we are also related to the contact structures with pseudo-Finsler metric.

After Finsler published his thesis about curves and surfaces, a lot of articles are dedicated to Finsler
geometry, see references [5, 6, 7, 8, 9, 10], but the theory of indefinite Finsler manifold has been
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investigated by few researchers [11, 12, 13, 14]. We also make reference to the reader to the recent
monograph for detailed information in this field.

Hence, our aim is to present generalized Ricci- recurrent trans-Sasakian indefinite Finsler manifolds and
to obtain the formulas for @ —Sasakian and f —Kenmotsu indefinite Finsler manifolds. The paper is
organized as follows: after introduction and background, we give some preliminaries about indefinite
Finsler manifolds. Then, we deal with the trans-Sasakian indefinite Finsler manifolds. Finally, it is shown
that if the trans-Sasakian indefinite Finsler —manifolds, ((M®" ¢ &H,n",GH) and
(M%7, ¢V, EY,nV,GY) are one of the (&) — a — Sasakian,(¢)— Sasakian, (¢) — B-Kenmotsu
and (&) —Kenmotsu manifolds, which are generalized Ricci- recurrent with cyclic Ricci tensor and non-
zero AH (&), AV(¢V) everywhere, then they are Einstein and Ricci symmetric manifolds, where a, 8
are constant functions defined on (M°)" and (M°)”.

2. Preliminaries

2.1. Indefinite Finsler Manifolds

Let M be a real (2n + 1) — dimensional smooth manifold and TM be the tangent bundle of M. A coordinate
system in M can be stated with {(U, ¢): x1, ..., x2™*1}, where U is an open subset of M; forany x € U, ¢: U —
R2™*+1 js a diffeomorphism of U onto ¢ (U), and ¢ (x) = (x%,...,x?"*1). On M, denote by m the canonical
projection of TM and by T, M the fibre, at x € M, i.e., T,M = n~1(x). Through the coordinate system
{(U, ®): xi} in M, we can describe a new coordinate system {(U*, ®); x1, ..., x2™*1, y1 .., y2™*1} or shortly
{(U",®@):xL,y'} in TM, where U* =7"1(U) and ®:U* - R**2 is a diffeomorphism of U* on
e(U) xR and ®(y,) = (x1, ..., x2"*1 y1, ., y?2"*1) for any x € U and y, € T, M. Let M° be a non-
empty open submanifold of TM such that 1(M°) = M and (M) n M° = @, where 6 is the zero section of
TM. Assume that M2 = T,M n M° is a positive conic set, for any k >0 andy € M2. we have ky €
M2 . Obviously, the largest M° holding the above circumstances is TM \ 8(M), ordinarily given with the

description of a Finsler manifold.

We now consider a smooth function F : M° — (0, ) and take F* = F2, F*: M° - R, where M° is as above.

Moreover, suppose that for any coordinate system {(U°,<I>° ); xi,yi} in M?, the following conditions are
fulfilled:

(F1*) F* is positively homogenous of degree two regarding (y?, ..., y2**1), we get, forall k > 0 and (x,y) €
d0(UY),

F*(xl, ., x?W L kyl, L ky?™ ) = k2F*(xt, L, x2 Lyt Ly

(F2*) Atall point (x,y) € ®°(U?),

21*

g9ij(x,y) =5 (x,y), i,je{1,2,...2n+ 1}

are the components of a quadratic form on R?™*1 with (2n + 1) — ¢ positive eigenvalues and q negative
eigenvalues (0 < g < 2n + 1). In this state F2"*1 = (M, M°, F*) is called indefinite Finsler manifolds with

index g. Particularly, if chosing g = 1, we get Lorentzian indefinite Finsler manifolds [12]. Consider the



A.F, Saglamer et al. / IKJM/ 7(1) (2025) 15-33 17

structure of F2"*1 = (M, MO, F*) indefinite Finsler manifold with index g. Then the tangent mapping
m,:TM® - TM of the submersion m: M°—M and define the vector bundle (TM®)V = kerm,. As locally,

' (x,y) = x', we obtain

i 4 i 9 H : 0 0 ad . .
L (6xf) 6 and (ay]) = 0, on the coordinate neighborhood U” < M”. Thus, {6_3/‘} is a basis of

r ((TMO)V| 0). We call (TM®)Y the vertical vector bundle of F2"*1. Locally, on a coordinate neighborhood
U

U° c MO, we have

XV = Xi(x, y) = where X’ smooth functions on U°. After we denote by (T*M®)" the dual vector bundle of

oyl
(TM®)V. Thus a Finsler 1-form is smooth section of (T*M°)V. Assume {5y, ..., §y?™*1} is a dual basis to

{aiyl""'ﬁ} ie., &y ( ) &f. Then each for w € (T*M°)Y, w" = wi(x,y) §y', where wi(x,y) =

w (aiyl) [12].

The complementary distribution (TM®)# to (TM°)V in TM° is said a horizontal distribution (non linear

connection) on M°. Thus we can write
TM® = (TM®)" @ (TM®)Y

The set of the local vector fields { is a basis in T((TM®)). Then

Sx1’ " 5x 2n+1}

Let X be a vector field on M°. Then locally we get

X =X — J + Xt — 9
Sxt ayt

Clearly, for X*(x,y) = 0, we obtain the subbundle of (M°)* ¢ M° and for X*(x,y) = 0, we obtain the
subbundle of (M°)¥ c M°. Suppose {dx?, ..., dx?™*1} is a dual baSlStO{ . ,L} i.e., dxt ( d ) 8.

Sxl’ T sx2ntl sx

Then each w € T(T*M®)! is locally written as w! = W;(x, y)dx‘, where W; = w; — Nijwj. Thus we can
write

Syt = dy' + Nji(x, y)dx’
Consider a 1-form w , then
w = W;(x, y)dx'+w;(x,y) 8y*.
Also, w(X") = 0,w” (x") = 0, wherew = w# + w" [12].
Definition 2.1. A Finsler connection is a linear connection V= FT with the property that the horizontal linear

space (T(yy)M 0)H, (x,y) € MP° of the distribution N is parallel with respect to V.

Similarly, a Finsler connection is called linear connection V= FT with the vertical linear space (T(x_y)MO)V,
(x,y) € MP° of the distribution N parallel relative to V.



A.F. Saglameretal. /IKIM/ 7(1) (2025) 15-33 18

Necessary and sufficient condition for linear connection V on M to be Finsler connection is
vyyH) =o0,(VlYY) =0

VyY = VEYH + 7)YV
foreach X,Y € T(,, M°.

Vyw = VEWH + 7Y wY
forallw € T(,,, M°[6].
Let V be a Finsler connection and the curvature of this connection is given with the below equation.

R(X,Y)Z = VxVyZ — VyVxZ — Vixy)Z = RE(XH,Y")ZH + RV (XV,YV)ZV
where
RHE(XH,YMZH = VynVynZH — VynVynZ" = Viyn yuy 2%
RV XV, YZ" = VyVyZ" = VyVywZ" = Viyv 2"

X,Y,Z € TpyyM° [5].
2.2. Almost Contact Pseudo-Metric Finsler Structures

Consider tensor field ¢, 1-form n and vector field ¢ given as below:

¢ =91+ 0V = ¢/ (x, )= @ dx) + ] (x,) 5 ® 5y 21)
n=n"+n"=n;(x,y)dx' +7,(x,y)8y" (2.2)
i ) 51 a
§=81+8" =80y g+ Y) 5z (2:3)
Then, we can write the following statements.
(@M)2xH = —x" + (XY &M, (pV)2XYV = =XV + 1" (XV) &V (2.4)
"M =n"E"H =1 (2.5)
p"(ENH =¢"¢E")=0 (2.6)
nfogf=n"ogp"=0 2.7)
rank(¢p™) = rank(¢pV) = 2n (2.8)

Thus, (¢, &1, ) and (¢", &Y, n") are called the almost contact Finsler structures on vector bundles (M°%)"
and (M°)” respectively, where M° = (M%)" @ (M°)". Also, we call that ((M%)", ¢",&",n")and
(M%7, ¢V, &Y, n") are almost contact Finsler manifolds [15].

Let F?2"*1 = (M, M°, F*) be an indefinite Finsler manifold. Then, we define
g7 :T(TM®)Y x T(TM®)Y - F(MP),

* * a a
95 (6 y) = g" (G55, 9)-

F

Obviously, g is a symmetric Finsler tensor field. g© is called the pseudo-Finsler metric of F2"*+1, Thus,
F

g"" is thought to be a pseudo-Riemannian metric on (TM?%)" .

Similarly, the metric for horizontal distrubituon is defined as following:
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g™ :T(TMO)" x T(TM*)* > F(MO),
6 6
Sxt’ 8xi

gl (6 y) = g™ ( )(x, )
[12].
Also,
G:T(TM®) xT(TM®) - F(M°)
GX,Y) = GH(X,Y) + GV (X, ).

is defined. Obviously, G is a symmetric tensor field of type (0,2), non-degenerate and pseudo-Riemannian
metric on M° with index 2q. Then, G is called Sasaki Finsler metric on M°. Then, G can be defined as below.

G=G"+G" = gfj*dx" ® dx’/ + gl’j 5yt ® 6y’
[12].

Definition 2.2. Suppose that (¢, &, n") and (¢V, &Y, n") are almost contact structures on horizontal and
vertical Finsler vector bundles (M®)" and (M°)?. If the G and GV satisfy the following conditions,

GH (X", pYH) = GH(X™,YH) — en™ (X")n™ (YH)
GV (pXV,¢Y") = GV(XV,YV) —enV (X" )n¥ (Y")
nf (X" = 6" X", ¢M), 0" (XV) = 6V (X", ¢Y)

3. Trans-Sasakian Indefinite Finsler Manifolds

We introduce trans-Sasakian indefinite Finsler manifolds in our main results. The almost contact pseudo-metric
Finsler manifolds ((M®)", ¢, &M nH,GH) and (M®)?,¢Y,EY,nY,GY) are said to be trans-Sasakian
indefinite Finsler manifolds if and only if the following conditions are hold.

(VHpMIYH = S{GH (X1, YH)EH — en! (Y")XH) +E0eGH (px ™, YH)EH - (Y™)px ") (3.1)
(V5 IYY =2(6Y (X", Y")§" — e’ (V)XV} + £ {e6V (9x",¥")g" -
' (r")px"}, (3.2)

where « and 8 are smooth functions on (M°)"* and (M°)? then we say such a structure the trans-Sasakian
pseudo-metric Finsler structure of type («, ).

(Vi) = —eZ px + £ (x4 -y (xte) (3.3)
(V5") = —e5 ¢x" + £V =1V (XV)€") (34)
(Vi () = 261 (XM, ¢vH) + £ 6 (pxH, pr™) (35)

V() =567 (XY, oY) +e£67 (90X, p1") (36)
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2 _ p2
R,y = B gy — g ety e S g v g — gt emygy )

+5 (@gx" - XH @y

+% XY — YH X +yH (B (xH)§H

— X" (B (rH)EH) (3.7)
RV(XV,Y")E" = mt—ﬁz){n"(l"’)X" -1’ (X"} + e%nV(YV)quV —n" (X")$Y"}

+= (P (@pxV — XV(@)py"}

+2 XYYV - rV(BXY + V(Y (xV)EV -

xV(m¥(rV)ev) (3.8)

RH(&H, xH)yH
2 _ P2
= P egnan, yiyg — it (rixny + %l (v g™ — eGH (K", YIEN)

+§ {GH (o™, X"V (@) + YH (@) pXx*H}

+% {ri@x" —y* " (x"eH — ¢ (X", y"v(p)
+en X" (YHHV(B)} (3.9
RV(EV,XV)YV
(o® — B?)
- 4
+§ (6V(orY, XV)V(a) + YV (@)X}

(66Y (XY, V)Y " ()XY} 4 £ 2 (0 (V) — eV (9", Y)2")

+% rV@xV —yVem'(x)e - ¢V(xV,YV)v(p)

+enV(XVnV(rV)v(p)} (3.10)
SHQxH, gy = (L LE Oy () £ gt () + 2D xH (p), (3.11)
SYKY, V) = QT By xvy £ gxVia) + 20XV (p), (3.12)
SH (g, gH)= "L D) 2 gv gy gvy (3.13)

2
If a,f =constant, then the getting «, 8 =constant from (3.1) and (3.2) we get
RH (XM, Yyt = B i (y iy — it (XY r ) + e L gt (r gt —
n(X")pyH} (3.14)
RY(HY, Y)Y = CSE Y (rVaxY — ¥ (e rV) + e L n' (v )px” -
n"(X")pr"} (3.15)
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R, xmyt = D g, ygn — gty

ety vy p

— G (pXH, YH)EH) (316)

R xnyr = B v gy — vy

e%ﬁmvw¢MWV—sGW¢XWYhfﬂ (317)
I RE GO, Y ZH) = ¢ SEBD (GH (y, 7y (X — GH (X, 2P (v}
+%§{nH(X”)G(¢Y”.ZH)——nH(YH)GH(¢XH)ZH)} (3.18)
1RV, YY) = e GV (v, 2 (V) — 6V ()Y, 2 Y (V)
+ LY (XN, 20 — ' ()6 (9K, 2Y)) (319)
n (RM(XH, Y™)eH) = 0,n" (R (X", ¥")§")=0 (3:20)
SH(XH, gH) = n @D ﬂ) nH(XH), SV(XV,&V) = n @B ﬂ) v (XYY (3.21)
SH(fH,€H>=11@1§¥1% $7(5¥,) = n (3.22)
ot =en M, oxV =g n EEI gV, et =g n CE) e, ge¥ e n ) g (3.23)

Example 3.1. Consider the structure of F3 = (R3, (R3)?, F*) indefinite Finsler manifold. (R3)%=R® \ {0} is
a real 6-dimensional C” manifold and TR3 is the tangent bundle of R3. A coordinate system in R3can be
stated with {(U,@):x%,x2,x3}, where Uis an open subset of R3 ; for any x € U, ¢:U -» R3is a
diffeomorphism of U onto ¢(U), and ¢ (x) = (x1,x2,x3). On R3, denote by m the canonical projection of
TR® and by T, M the fibre, at x € R, i.e.,, T,R® = =~1(x). Through the coordinate system {(U, ¢): x'} in R3
, e can describe a new coordinate system {(U*, ®); x*, x?,x3; ¥, y2,y3} or shortly {(U*, ®): x!, y' } in TR3,
where U*=n"1(U) and ®:U* > R® is a diffeomorphism of U* on ¢(U) xR3, and ®(y,) =
(x1,x2,x3;yt,y2%,y3) for any x € U and y, € T, R3. Let (R)° be a non-empty open submanifold of TR3
such that 7((R*)?) = R® and 8( R3) n (R3)? = @, where 6 is the zero section of TR3. Assume that
(RS = T, R3 n (R?)? is a positive conic set, forany k > 0 and y € (R3)%. we
have ky € (R3)2. Obviously, the largest (R3)° holding the above circumstances is TR3 \ 8(M), ordinarily

5§ 6

given with the description of a Finsler manifold. The set of the local vector fields {5 T 527 503

d
UTR%>HMM{®1WW,6

}IS a basis in

63} is a basis in (T( R*)%)". We get

s
XV =X/ (x, y) + X7 (x, y)p+X§’(x y)a c X = X y) s XY () ey + X (,7) o, for
any XV € (T( ]R3)°)Vand XH € (T(R3)?)H. Thus, forany X€ T(R3)?, X = X (x, y)—+XV(x y)
i=1,2,3).Consideral-formn,n =n" +n" = 0,7 (x,y)dx' + ;" (x,y)8y' (i=1,2,3), nf € (T* (]R3)°)H
and n” € (T*(R*)%)V.

G is a symmetric tensor field of type (0,2), non-degenerate and pseudo-Riemannian metric on ( R*)°. Then,
G is called Sasaki Finsler metric on (R3)°. Then, G can be defined as below:
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G=G"+G" =gl d'®@dx) +gf] 6y' ® 6y' (i=1,2,3).
The vector fields

s H _ J H _ S _ :H
Sx1 B3 _x36x2 » E3 _x38x3_f

Ef' = x5
are linear independent at every point of ((R3)%)". Let G be the Sasaki Finsler pseudo-metric given by
GH(Ef,§") = G"(E, EF) = GM(EF,§") =0
GH(EfLEN) = GH(EY Ef) =1, 6" (g%, 6" = e=-L1.
Let nf be the 1-form derscribed by
n"(Z") = -G"(Z", &) = —GH" (2 Ef' + 2B}l + 238", §M) =25, v Z" € (T(R?)DH,
Consider ¢ the (1, 1) tensér field stated by
" (Ef) =— E5' ,¢"(EfH) =Ef', " (") =0.
Then using the linearity of ¢, we have
ZH = 2.Ef + z,EY + 23 &%, WH =w Ef + wEll + wy EH
o (ZM") = ¢" (2 Ef' + 2E) + 2387 ) = 2. 9" (Ef) + 2,07 (ES)) + 23 pH (1)
" (Z") = —2E]' + z,E{
" W) = " WET' + wES + w3 &) = wip" (ET) + wo0" (EF) + w3 ¢ (§7)
W) = —wi E5' + w,Ef!
(9™ (2" = —z, B — zEf' =-Z +nH(Z")¢"
Thus we get
G"(p"(z™), " W) = 6H(Z", W) + " @") nt (W)
v ZH e (T(RHOHP and v WH € (T(R3)®)H. Thus the structure ((R*)",¢H,eH,nH, GH) define the
almost contact pseudo-metric Finsler structure on ((R3)%)",
Let V be the Levi-Civita connection with respect to pseudo-metric G*. Then we have
[Ef,Ef1=0, [Ef,¢"] = —Ef', [E}',§"] = — Ef.
The connection V of the pseudo-metric G¥ is given by
261 (VyuYH,ZH) = XHGH(YH, ZH) + YHGH (XH,ZH) — ZHGH (xH, Y1)

—GH(XH,[YH, ZH]) —GH(YH, [X", ZH]) + GH(ZH,[x",YH)) (3.24)
Which is known as Koszul’s formula. Using this formula, we have
264 (g™, EN) = —GH (BY, 1%, Ef 1) —G"(§", [ B, E]) + GH (B}, [ Ef,§7)

=2G"(-E{, Ef").

Thus,
vElny = —Ef', VenE{' =0.
Again by using Koszul’s formula we obtain

26" (Voue®, EY) = —G"(EY, [€", ES' 1) —G" (6", [ Ef, EFD) + GY (EY, [ B4, €"])
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=2G6H(- EY, EYY).
Thus,
Vend" = —Eff |, VeuE =0,
Also by using Koszul’s formula we obtain
261 (Vo ES, €7) = GH(EH, [§%, B 1) +GH (&%, [ B, ES]) — GH(EY [ EL, §"])=0.
Thus,
Ven E3' =0, VpuEf'=0
Similarly we get
26" (Vyn B, €)= — GM(EL [E, €% 1) +G" (6%, [ EYY, EI']) — G (EY! [ EY', €))
= 2G"(E", Ef) = —26" (¢, ¢M).
Thus,
Vpn Eff = — 1.
(3.24) further yields
Vo Bl = — ¢4, Vew Eff =0, Ven B =0,V Eff = 0.
If we use the equations we found
(vgeh) = x1VE{IfH + XZVEZHfH = (—xq1) Eff — (x2))EY,
v X" e (T(R3)%)H,

The above equations tell us the almost contact pseudo-metric  Finsler
((R)HO", pH, &, nH, GH) satisfy (3.3) for a =0, =-2, e = —1.

With the help of the above results it can be verified that
RUCE!, ENE) = Ef',  RUCE", EXNE) =¢",  RUCEf, §M)¢M = —Ef
RA(EY, M) ¢ = — EF, RP(EY, Ef) Ef = E}, RA(EM, EfNEf = &7
SR, §M)=GcHRY(EL, §M) &1, EfY) + GH(RM(EY, §™) &%, EF')
= GM(—Ef!, E)+GH (=E}, E}) = -2

SH(&-H, SH) =n (‘ZZZ—BZ) =-2

4. Generalized Ricci-Recurrent Trans Sasakian Indefinite Finsler Manifolds

23

manifold

Definition 4.1. Trans-Sasakian indefinite Finsler manifolds (MO, pH, 1 M, )

and ((M°)?, ¢V, &V, n",GV) are said to be recurrent if vV X¥,Y#, zH wHe (TM®)H
vXxV,YY, zV,wVe (TM)

(VELRT)(YH, ZHYWH = AH(XM)RH(YH, ZHywH
and

(VivRV)(YY,ZYWY = AV (XV)RV(YY, ZVYWY,

and
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where Af is 1-form on (M°)" such that A" (X#) = GH (X", (4*)¥) and (4*)" is called associated vector field
to the 1-form A" (4Y is 1-form on (M°)Y such that AV (XV) = GV (X", (4*)") and (4*)V is called associated
vector field to the 1-form A").

If A¥ and A" vanishes identically on (M®)" and (M°)?, the recurrent manifold reduces to locally symmetric
manifold due to Cartan, i.e. VFR¥ = 0 and V'RV = 0.

Definition ~ 4.2.  Trans-Sasakian indefinite ~ Finsler ~ manifolds ((M®)", ¢, &%, n",GH)  and
(M%7, ¢V, &Y, 7Y,GY) are said to be Ricci-recurrent if v XxH YH zH wHe (TM®)H and
vXV,YY, 2V, wVe (TM®)

(ViuSH)(YH, ZH) = AH(XT)SH(YH, ZH) and (V2 SY)(YY,ZV) = 4¥ (xV)SV(YY,Z"),
where A" is 1-form on (M®)" and AV is 1-form on (M°)”. If A and AV vanishes identically on (M°)" and
(M%)?, the Ricci-recurrent manifold becomes a Ricci- symmetric manifold, i.e. VAS? = 0 and VVSV = 0.

It is well known that an Einstein manifold is a Ricci-symmetric manifold.

The non-flat trans-Sasakian indefinite Finsler manifolds ((M®)", ¢!, &%, 91, G*) and (M°)¥, ¢",¢",n",G")
are called generalized Ricci-recurrent trans-Sasakian indefinite Finsler manifolds if their Ricci tensors S¥
and S", satisfy the conditions

(V)I'(IHSH)(YH,ZH) = AH(XH)SH(YH,ZH) + BH(XH)GH(YH,ZH) (41)
(VvSV)(YY,zV) = AV (XV)SV (Y, z) + BY XV)6V (v, Z¥) (4.2)
where A", BH are 1-forms on (M°)"*and AV, BV are 1-forms on (M®)V,v X", YH, zH wHe (TM®)H and
v XV, YV, ZV,wV€ (TM®)". In particular, if 1-form B vanishes identically, then (M®)"* reduces to well

known Ricci-recurrent trans-Sasakian indefinite Finsler manifold (if 1-form BV vanishes identically, then
(M°)? reduces to Ricci-recurrent trans-Sasakian indefinite Finsler manifold [3].

Theorem 4.1. Let ((M°)", ¢, &, M, GH) and (M®)?, ¢V, €",1",G") be generalized Ricci-recurrent trans-
Sasakian indefinite Finsler manifolds. Then, 1-forms A%, AY, B®, BV are related as

BH(XH) - _ £n(a2;32)AH(XH), BH(fH) - _ gn(“zgﬁz) AH(fH)

BY(x") = — en ) gv (xv), BV (8 = — e n ) 4V g

Proof: We have

(VEuSH)(YH, ZH) = XHSH (Y H, ZH) — SH(VE Y H, ZH) — SH(YH, V] uZH) (4.3)
(VovSY)(YY,zV) =XVsV(Y",zV) — sV (Vo YV,zV) — sV (YV,ViwZ¥) (4.4)
From (4.1) and (4.3), we get

AR (X™)SH(YH, ZH) + B (x")GH (YH, Z") = XHSH(YH, ZH) — sH(Vi,YH, ZH) — sH(YH, v, zH)
Putting Y = ZH = &M in above equation, we obtain
AH(XH)SH (&R, E1) + BH (XH)GH (g7, 61) = XHSH (&M, &) — 257 (V" €M), (4.5)
from equations (3.3), (3.21) and (4.5), we get
eBH (x") +n B 4t (xH) = —25H (e & gxt + £ xH — i (xH)gH), ),

B () + 0 B (M) = ea S (XY, £1) - BSH (XY, ) + i (X)SHEY, 61,
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from (3.21) and (3.22), we obtain

2 _ p2
eBH(XH) + nwAH(XH) =0
BH(XH) = — en CF) i (xH), (4.6)
Putting X* = &Hin equation (4.6), we obtain
BH(H) = — e nF) o (g @.7)

Similarly from (4.2) and (4.4), we get
AV xXNSY(YY,ZY) + BV (XV)GV(YV,Z2V) = XVSY(YV,Z2V) - SV (Vi YV, ZV) = SV (YY, Vv ZY).
Putting YV = ZV = &V in above equation, we obtain
AV (XV)SY(£Y,€") + BV (X")GY(§,&") = XVSV(£",§") — 25V (Vywé", &Y), (4.8)
from equations (3.3), (3.22) and (4.8), we get
eB’ (xM) + n B AV (XV) = ea ST (9X7,€7) - pST (XY, €)Y (XV)SV (€7,6%) = 0
and from (3.21) and (3.22), we obtain
BY(xY) = —en 2 E v (xv), (4.9)
Putting XV = &in equation (4.9), we get
BY(¢") = —en B av g, (4.10)
Let (4*)" and (B*) be the associated vector fields of A¥ and B respectively, so
AP (xXH) = GH(XH,(A)H) and BH (XH) = GH (XM, (B*)M).
From (4.6), we get
(a? = B?) (a? - B?)

GH(XH,(BHYH) =—¢ nTAH(XH) =Gt <XH, —€ nT(A*)H>

B = —enTE (4.11)
For @ — Sasakian indefinite Finsler manifold, the equations (4.6), (4.7) and (4.11) becomes
BH(xH) = — sn(aZjAH(XH), BH(EM) = —¢ n@AH({’H), (B =—¢ n@(A*)H.
For (¢) — Sasakian manifold, the equation (4.6) becomes
BE(X") = —¢ n%AH(XH)
which implies
(B = —en (A",
Let (A*)V and (B*)V be the associated vector fields of AV and BV respectively, so
AV(X") = ¢V(XY,(A)") and BV (XV) = ¢" (X", (BM)"),

From (4.9), we obtain
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(a® = %)

MAV(XV) =GY (XV, — & TIT(A*)V>

GV(XV,(B)Y)=—¢n 5

B = —en T (ary (4.12)

For @ — Sasakian indefinite Finsler manifold, the equations (4.9), (4.10) and (4.12) becomes
B"(x")=—¢ n(";—Z)AV(XV), B"(¢")=—¢ n(aTZ)AV(EV), (B*) =—¢ n@(A*)V.
For (&) — Sasakian manifold, the equation (4.9) becomes
BY(XV) = —enz A" (x"), (4.13)
which implies
(B =—en (4"
Hence we have the following Lemmas:

Lemma 4.1. In a generalized Ricci-recurrent (&)-Sasakian indefinite Finsler manifold or (¢) — a — Sasakian
indefinite Finsler manifold ((M°)", ¢H,&H,nH,G!), (B*)" and (4*)" have same or opposite directions if &
is -1 and 1 respectively.

Lemma 4.2. In a generalized Ricci-recurrent (&) — Sasakian indefinite Finsler manifold or (¢) — a —
Sasakian indefinite Finsler manifold ((M°)Y,¢V,&V,n",G"), (B*)” and (4*)" have same or opposite
directions if € is-1and 1 respectively.

For (&) —Kenmotsu indefinite Finsler manifold ((M°)", ¢, &H,n, GH), the equation (4.6) becomes
BH (xH) = e n_ Al (x), (4.14)
which implies

(B =en (A" (4.15)

For () — p-Kenmotsu indefinite Finsler manifold ((Mo)h,¢H,§”,n”, G*), the equation (4.6) becomes

BH(xH) = en B 4 (x1), (4.16)
which implies

(B = enb (A . 4.17)

For (¢) —Kenmotsu indefinite Finsler manifold ((M°)?,¢",&",1nV,G"), the equation (4.9) becomes

BY(x") = en2av(x"), (4.18)
For (¢) — p-Kenmotsu indefinite Finsler manifold ((M°)?, ¢",&V,n",G"), the equation (4.9) becomes

B'(x") = enElav (x¥), (4.19)
which implies

B =enl (). (4.20)
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Hence we have the following Lemmas:

Lemma 4.3. In a generalized Ricci-recurrent (¢) — Kenmotsu or (¢) —  — Kenmotsu indefinite Finsler
manifold ((M°)", ¢#, &%, 9%, G"), (B*)" and (A*)" have same or opposite directions if & is 1 and -1
respectively.

Lemma 4.4. In a generalized Ricci-recurrent (¢) — Kenmotsu or (¢) —  — Kenmotsu indefinite Finsler
manifold ((M®)Y,¢V,¢V,nV,G"), (B*)V and (A*)V have same or opposite directions if & is 1 and -1
respectively.

5. Generalized Ricci-Recurrent Trans Sasakian Indefinite Finsler Manifolds with Cyclic
Ricci Tensor

Indefinite Finsler manifolds ((M%)", ¢, &%, 7", G") and (M°)¥,¢",€",n",G") are said to admit cyclic
Ricci tensor, if these manifolds are Ricci-recurrent [3]:

(VEaSTY(YH, ZH) + (ViluST)(ZH, X™) + (ViuST)(XH,YH) = 0 (5.1)
(VorSY)(YY,Z2V) + (VywSY)(ZV, XV) + (Vi SV) (XY, YY) = 0. (5.2)
Theorem 5.1. Let (MO)", ¢, &%, nH,GH) and (M®)?,¢",€Y,n",G") be generalized Ricci-recurrent trans-
Sasakian indefinite Finsler manifolds with cyclic Ricci tensor, the Ricci tensors satisfy
AH(EHYSH(xH, Y = ¢ n LB gt gy g o, vy (5.3)
A NS (K YY) = e n—(“ ;B Lav 6" (1, v 54)
Proof: Suppose that ((M°)" ¢, &H,nH,G")is a generalized Ricci-recurrent trans-Sasakian indefinite
Finsler manifolds with cyclic Ricci tensor. Then in view of (4.1), (5.1), we get

AH(XISH(YH, 7H) + AH(YISH(ZH X1 + AH(ZH)SH(XH, YH) + BE(XTYGH(YH,ZH) +
BH(Y®"YcH(ZH, x") + BH(ZHYcH (XH,YyH) =0 (5.5)

Putting Z# = & in equation (5.5), we obtain

AR XT)SHYH, EH) + AR (YH)SH(EH, XH) + AT (DS (X, YH) + BH (XM (YH, &)
+ BH(YHYGH (€1, X 1) + BH(eM)GH (XM, YH) = 0

or

A (S, = D ey iy -+ D gy —
n LB i (g GH (M, Y1) — n("‘zziz)A”(XH)nH(Y”) : n("‘z—”)A”(Y”)n”(XH) =

el g ey g i,y

or

(a® =B
2

AREMSH X, YH) = en AR (MG XM, YT

Let (M%), ¢",&V,nV,GY) be generalized Ricci-recurrent trans-Sasakian indefinite Finsler
manifolds with cyclic Ricci tensor.Then in view of (4.2), (5.2), we get

AV(XVYSY(YV,ZV) + AV (YNSY(ZV, X)) + AV (ZV)SY (XY, YY) + BV (XV)GV (Y, ZV) +
B"(YGV(ZV,XV) + BV (ZV)GV(XV,Y") =0 (5.6)

Putting Z¥ = ¢V in equation (5.6), we obtain
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AVXV)SY(YV, &V )+ AV(YV)SV(EV,XV) + AV (EV)SY (XY, YY) + BV (X)GV (Y7, €Y)
+BY(YGV(EV,XV)+B"(ENGY (X", YY) =0
or

2 _ nR2
ATENST XYY = EnwAV(EV)GV(XV,YV)

Corollary 5.1. For the generalized Ricci-recurrent trans-Sasakian indefinite  Finsler
manifold with cyclic Ricci tensor (M), ¢, &H,nH, GH'), we have the following statements:

1. If a#0, B=0,a B are constant functions defined on (M°)", ((MO)", ¢, &8, nH,G")is a (e) —
a — Sasakian indefinite Finsler manifold, then from equation (5.3)

2
AP vy = en 'S0 At gitygH en, vy

SH(XH yH) = ¢ n(“Tz)GH()w, YH), if AH(£H)20.

2. If a =1, B=0,a,p are constant functions defined on (M®)", (MO, ¢pH, &M, nH,GH)isa (e) —
Sasakian indefinite Finsler manifold, then from equation (5.3)

A Y1y = e M )G et vy

SH(XM, Yy = en S GH (XM, Y, if AH(EM) 20,
3. If =0, B=0, a,p are constant functions defined on (M°)", ((M*)", ¢, &%, nf,GH) isa (e) —

B-Kenmotsu indefinite Finsler manifold, then from equation (5.3)

2
AREMSH XM, YH) = —sn@AH(s‘”)G”(X”.YH)

sHxH,yH) = — e nLGH 0, v, if A% (EH) 20,
4. If a =0, B=1,a/p are constant functions defined on (M), ((MO)", ¢H, &8, nt,GH) is a

(&) —Kenmotsu indefinite Finsler manifold, then from equation (5.3)

ANGEMSH e, vy = —en O A g6 et 1)
SH(XM,YH) = —en Q2 GH (XM, Y1), if AM(EM) 20,

Theorem 5.2. Let ((M)", ¢pH,&H, 7, GH) be a generalized Ricci-recurrent trans-Sasakian indefinite Finsler
manifolds with cyclic Ricci tensor. If ((M%)", ¢, %, 9H,G") is one of (&) — a — Sasakian, (¢) —
Sasakian, (&) — B-Kenmotsu and (¢) —Kenmotsu manifolds with non-zero A (&) everywhere, then
((MO)", pH,eH,nH, G") is Einstein and Ricci symmetric.
If a =0, B =0, ap are constant functions defined on (M®)", ((MO)", ¢H, e, nt,G") is a (&) —
cosymplectic indefinite Finsler manifold, then from equation (5.3)

AT EMSHXT, YTy = 0
SH(XH YHY = 0, if AH(EH)%0.
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Lemma 5.1: If ((MO)", ¢", &% 1", G")be a generalized Ricci-recurrent (&) — cosymplectic indefinite
Finsler manifolds with cyclic Ricci tensor and non-zero AH (£ everywhere, then
(MO, pH,eH,nH, GH) is Ricci flat.

Corollary 52. For the generalized Ricci-recurrent trans-Sasakian  indefinite  Finsler
manifold with cyclic Ricci tensor (M®)Y, ¢",&Y,1nV,G"), we have the following statements:

5. If a#0, Bp=0,a,p are constant functions defined on (M°)¥, (M°)?,¢",&V,n",G)isa (¢) —a —
Sasakian indefinite Finsler manifold, then from equation (5.4)
(a?)
2

ATENST XY, YY) = en—=AV (NG (X", YY)

SV(XV,YV) — gn(aszV(XV’YV)’ |f AV(&'V)?&O.

6. If a =1, B=0,ap are constant functions defined on (M°)?, ((M°)?,¢",&",n",G") isa (&) —
Sasakian indefinite Finsler manifold, then from equation (5.4)

(1)

AVENST (XY, YY) = en=m AV (€6 (Y, YY)

SVxXV, YY) = end GV(XV YV),if AV(EV) 0.

7. If =0, B=0, a,p are constant functions defined on (M°)¥, (M°)¥,¢V,&V,nY,G") isa (¢) — B-
Kenmotsu indefinite Finsler manifold, then from equation (5.4)

(ﬁ)

ATENST KV, YY) = —en== AV €6V (Y, YY)

SVXY,YV) = — ¢ n(ﬁzlGH(xV, vV), if 4¥(£) 0.

8. If a =0, P=I, ap are constant functions defined on (M°)?, ((M°)?,¢V,&V,nY,G)is a
(¢) —Kenmotsu indefinite Finsler manifold, then from equation (5.4)

AV(EV)SV(XV, YV) - _ ( )AV(fV)GV(XV YV)

SV(XV, YY) = — en%)cﬂ(xv, YV),if 4¥(£")=0.

Theorem 5.3. Let (M°)Y,¢",&Y,1nV,G") be a generalized Ricci-recurrent trans-Sasakian indefinite Finsler
manifolds with cyclic Ricci tensor. If (M°®)Y, ¢V, &Y, nY,G") is one of (¢) — @ — Sasakian, (&) — Sasakian,
() — PB-Kenmotsu and (¢) —Kenmotsu manifolds with non-zero  AY (&) everywhere, then
(M%7, ¢V, &Y,1Y,G") is Einstein and Ricci symmetric.

If a.=0, B=0, a, S are constant functions defined on (M%), (M°)?,¢",&V,1n",GV) isa () — cosymplectic
indefinite Finsler manifold, then from equation (5.4)

AVENSYXV,Y")= 0
SVxXV, YY) = 0, if AV(E") =0,
Lemma5.2. If (M®)?,¢",&Y,1nV,G") be a generalized Ricci-recurrent (¢) — cosymplectic indefinite Finsler

manifolds with cyclic Ricci tensorand ~ non-zero A" (&") everywhere,  then((M®)?,¢",&",n",G")
is Ricci flat.

Example 5.1. Consider the structure of F3 = (R3, (R3)?, F*) indefinite Finsler manifold. (R3)%=R® \ {0} is
a real 6-dimensional C* manifold and TR3 is the tangent bundle of R3. A coordinate system in R3can be
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stated with {(U, @):xq,%,,x3}, where Uis an open subset of R3 ; for any x €U, ¢:U - R3is a
diffeomorphism of U onto ¢ (U), and ¢ (x) = (x4, x5, x3). The set of the local vector fields {i 8 9 }is

5x1’ 5x2’ 6x3

a basis in (T(R*)%)# and {aiyl 'aiyz 'aiy3} is a basis in (T( R*)%)". We get
V _ yV 9 v 9 14 0 H _ yH s H s H s
X=X gt X () gz + X3 () s X7 = X0 (0y) 5+ X2 (0 )) 57 + X5 () 55 for

any XV € (T(R3)%Vand X” € (T(R*))H. Thus, forany X€ T(R?)?, X = X{’(x,y)%+X}’(x,y)aiyi(

i =1, 2, 3). Consider a 7, 1-form, n=n"+1n" =", y)dx' + ;Y (x,y)6y" (i =1, 2, 3),
nH € (T*(R3)O)H and .',’V € (T*(R3)O)V

The vector fields

H_eté H_¢2 8 ph_ £8 _en
T 7 xgzext ' T2 T xgzexz ? T3 T -

are linear independent at every point of ((R3)°)". Let G be the Sasaki Finsler pseudo-metric given by
GH(Ef,§M) = GH(E[,Ef) = GM(EJ,§") =0
GH(E{-IIE{-I) = El'GH(Eé-I'EgI) =&, GH(EHIEH) =E£.
Let n* be the 1-form derscribed by
n?(Z") = GH(Z", &) = e GM(zEf' + 2B} + 2587, §M) =23, v Z" € (T(R®))™.
Consider the (1, 1) tensor field ¢ stated by
¢H(E{-I) = Eé-l '¢H(E£I) = _E{-I ’ ¢H(EH) = 0.
Then using the linearity of ¢, we have
ZH = ZIE{-I + ZzEé-I +Zg EH y WH = W]_E{-I + WzEé-I +W3 EH
¢ (@M = M (2. Ef' + z,EY + 23 8H) = 2 M (EY') + 2,9 (ES') + 25 ¢ (E7)
" (Z") = 2B} — zE{
" W) = p"(WEf' + WEF' + w3 &™) = wi ¢ (Ef) + wo 9™ (EF) + ws 7 (&)
" W) = wiE)' — woEf!
(@2 (2Z") = —2, B} — 2z Ef =-Z+nH(Z")¢H
Thus we get
GH(ql)H(ZH),(],')H(WH)) — GH(ZH, WH) —¢ UH(ZH) nH(WH)
v ZH e (T(R»)OH and v W € (T(R3)%)H. Thus the structure (((R®)", ¢, &1, nH, GH) define the
almost contact pseudo-metric Finsler structure on ((R3)%)",
Let V be the Levi-Civita connection with respect to pseudo-metric G*. Then we have
(Ef Ef1=0, [Ef,¢"=—_Ef, [Ef,§"] = - Ef.
Using Koszul’s formula, we have
26" (Vgngh, Ef) = —GH(Ef, 1", Ef 1) —GY(&", [Ef, E]) + G (EY! [ Ef, €"])
=2GH(—ZEf, EM).
X3

Thus,
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Venéh = —xigElH . VenEfl =0,
Again by using Koszul’s formula we obtain
26" (Vone®, EY) = —G"(EY, 1", ES' 1) —G" (6", [ Y, EF]) + GY (EY [ E4, €"])
= 2GH(—xi3 EX, EH).
Thus,
Vpnét = —xis Ef , VenE§ =0,
Also by using Koszul’s formula we obtain
267 (Vo Ef, §7) = GH (B [6%, ES' 1) +6 G™ L EF, EfD) — GH(Ef L E.¢" D=0,
Thus,
Ven Ef' =0, VpuEf'=0
Similarly we get
26H (Vyn Ef!, EYf) = — GM (B [Ef!, Ef 1) +G¥ (Ef LEf!, Ef) — GH(EF [Ef, Ef)

= ZGH(—X%ElH, Ef)=0.

Thus,
H _ _i H
VE:{'I E1 - x3 El
(3.17) further yields
Ven Ef = —xi EX.

3

If we use the equations we found
(VREM) = 1 Vpng® 42V g™ = (—x0) B = (x2) - B,
v X" e (T(R®)9),

The above equations tell us the almost contact pseudo-metric  Finsler
2¢

((R3)OY, pH, &1, nH, GH) satisfy (3.3) for a =0, 8 = =2 .

X3
With the help of the above results it can be verified that
1
H H H H _ H
RUCE], §M ¢ = =5 B
H H H H _ H
RUCES, §M ¢ = -5 B

RHCEH, EIYEE =0, RH(EH, EmYEF =0

31

manifold

es GH(RY(EL, §") &M, EF) + & GM(RM(EY, Ef) Efl, E3)+ &, GM(RM(EY, EZ) EF, Ef') =

SHCEH, EI =0,

&3 GT(RU(EY, §M) &7, §%) + & GH(RY(EY, Ef) ETY, §% )+ &, GH(RP(EY, Ef) Ef, M) =

SHCE{, 1) =0,
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e3 GH(RA(EY, EM) &8, 8) + ¢ GH(RP(EY, Ef)EY, E¥ )+ &, GH(RH(ES, E) EY, &) =
SH(EZ, &) =0,
SH(EH, ey =g GHRM(ES, €M) &, Ef) + e,GH (RP(EY, €M) €%, EJ)

1

x32
SHCEf, EfN) = S"(Ef, Ef)=——
3

SH(EH, EHY+ SH(EH, EHYy+ SH(gH gHy=_ 2

X32'
STCEY, E5N) = SH(Ef, §™)=S"(Ef, ¢) =0

(VynRM)(EL, §%) &% = -

& &
Te% B = as RYCEL € € = A" (CORMCEL, € 6"

&
533 Ef = —ag RUCES, §) € = A% (xR (Ef, £ ¢
3 3

(ViuRM)(Ef, £M) €M = —
A (XM =<a,
X3
) ) )
forany X" € (T(R)DH (X" =a; 5 +a,55+a355).
(ViuST)CEY, EF) = (ViuST)(EF, €M) = (ViuS™)(ES, €% =0

This implies that there exist a Ricci- recurrent trans- Sasakian ((e) —Kenmotsu) indefinite Finsler manifold of
dimension 3. Therefore, we have

SH(Ef, Ef) =—— &G (B, E)
3

fori=1,2,3,anda =0, = —? . Hence, M is an Einstein manifold.
3

Author Contributions

All authors contributed equally to this work. They all read and approved the final version of the
manuscript.

Conflicts of Interest

The authors declare no conflict of interest.

References

[1] M. D.Siddiqi, A.N. Siddiqui, O. Bahadir, Generalized Wintgen inequalities for submanifolds of trans-

Sasakian space form, Journal of the Mathematical Society of the Philippines, 44(1), (2021) 1-14.

[2] R. Prasad, U. K. Gautam, ]. Prakash, A. K. Rai, On (¢)-Lorentzian Trans-Sasakian Manifolds, GANITA,
69(2), (2019) 15-30.

[3] R. Prasad, . Prakash, On Generalized Ricci- Recurrent Indefinite Trans-Sasakian Manifolds, Journal
of International Academy of Physical Sciences, 18(4), (2014) 347-358.

[4] R. Prasad, S. Kishor and V. Srivastava, On generalized Ricci-recurrent (k, x) -contact metric
manifolds, Bull. Cat. Math. Soc., 105(6) (2013) 405-410.



A.F. Saglamer et al. / IKJM/ 7(1) (2025) 15-33 33

(5]
(6]
(7]
(8]
(9]
(10]

(11]

[12]

(13]

(14]

(15]

P.L. Antonelli, Handbook of Finsler geometry, Springer Science and Business Media, 2, 2003.

R. Miron, On Finsler Spaces, Proc. Nat. Semi. 2-Brasov,147, 1982.

M. Matsumoto, Foundations of Finsler geometry and special Finsler spaces, Kaiseisha Press, 1986.
B.B. Sinha, R.K. Yadav, Indian Journal of Pure and Applied Mathematics, 19(1), 27, 1988.

J. Szilasi, C. Vincze, Acta Mathematica Academiae Paedagogicae, 16, 33, 2000.

G.S. Asanov, Finsler Geometry, Relativity and Gauge Theories, Reidel Publication Com.,1985.

A. Bejancu and H.R. Farran, On the vertical bundle of a pseudo-Finsler manifold, International
Journal of Mathematics and Mathematical Sciences, 22(3), (1999) 637-642.

A. Bejancu and H.R. Farran, Geometry of pseudo-Finsler submanifolds. Vol. 527, Springer Science
and Business Medi, 2013.

A. Bejancu, H.R. Farran, Geometry of Pseudo-Finsler Submanifolds, Kluwer Academic Publishers,
London, 2000.

J.K. Beem, Indefinite Finsler spaces and timelike spaces, Canadian Journal of Mathematics, 22(5),
(1970) 1035-1039.

Saglamer, AF., Kilic, N., Caliskan, N., Kenmotsu Pseudo-Metric Finsler Structures, Bulletin of
Mathematical Analysis and Applications, 11(2), (2019)12-31.



