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IDEAL THEORY OF (m,n)-NEAR RINGS

Fahimeh MOHAMMADI! and Bijan DAVVAZ?

L2Department of Mathematical Sciences, Yazd University, Yazd, IRAN

ABSTRACT. The aim of this research work is to define and characterize a new
class of m-ary algebras that we call (m,n)-near rings. We investigate the
notions of i-R-groups, i-(m,n)-near field, prime ideals, primary ideals and
subtractive ideals of (m,n)-near rings. We describe the concept of homomor-
phisms between (m, n)-near rings that preserve the (m, n)-near ring structure,
and give some results in this respect.

1. INTRODUCTION

Polyadic groups were introduced in 1928 by W. Dornte . An important role in
n-group theory is the paper , for more details see . Then, n-ary operations
are used then in the study of (m,n)-rings @ and (m,n)-semirings .

Let A be a non-empty set. A map h: A™ — A is called an m-ary operation.
A non-empty set A with an m-ary operation h is called an m-ary groupoid that
is denoted by (A,h). The sequence z;, Zjt+1, ..., Zm is denoted by z™ where 1 <
7 S m. For all 1 S 7 S j S m, the phrase h(Zl,ZQ,...,Zi,ki_;,_l,...,kj,lj+1,...,lm)
is represented as h(zi,kg+1,l§”+1). In this case when k41 = kito = ... = k; =k,
it is expressed as h(z}, k(j’i),lj”j_l). An m-ary groupoid (A, h) is called an m-ary
semigroup if h is associative; that is,

Wz R0, 22ty = b () i,

for all 21,22,...,22m—1 € A where 1 < ¢ < j < m. An m-ary semigroupoid
(A h) is named an m-ary group if for all czfl,cﬁrhb € A exist 27 € A, such
that h(cll_l,zi,cﬁl) = b for every 1 < i < n. We say f is commutative if
h(z1, 22,y 2m) = W(2Zy(1)s Zn(2)s s Zn(m)), for every permutation n of {1,2,...,m}
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and 21, 29, ..., zm € A. An m-ary semigroup (A4, h) is called a semi-abelian or (1, m)-
commutative if h(z, ™2 k) = h(k,c™=2) 2), for all ¢, 2,k € A.

2. (m,n)-NEAR RINGS

We refer to [2}/4}/14], for details about near rings. In this section, we define the
(m,n)-near ring and give examples for it and present definitions of a;-(m,n)-near
ring, as-(m,n)-near ring, Ry, R., constant near ring, i-zero divisor, Z; ;(R). We
present some results in this respect.

Definition 1. Assume that A is a non-empty set and h,k be r-ary and s-ary
operations on A, respectively. In this case (A, h, k) is named an i-(r,s)-near ring,
if the following conditions hold:

(1) (A, h) is an r-ary group (not necessarily abelian),

(2) (A, k) is an s-ary semigroup,

(3) The s-ary operation k is i-distributive with respect to the r-ary operation

h,

where the definition of i-distributive condition is as follows: for every ci,ca, ..., Cp,
dy,ds....,dn € R, if i =n, then

k(P h(dy,day oydim)) = h(k(cP ™1 dr), k(P da), ooy k(P din)).

Ifi =1 then

k(h(dy,da,...;dm), cy) = h(k(dy, c5), k(da, cy), ..., k(dm, c5)).
If 1 <i < n then

k(ciilvh(dl,d%"'adm)ac_?+1) )

= h(k(ci™" di, ) k(T day €)oo KT dim, ).

Throughout this paper, we explain i-(m,n)-near ring by (m,n)-near ring. It is

clear that every (m,n)-ring [5] is an (m,n)-near ring.
Example 1. Assume that (H,l) is an m-ary group with the identity element 0 and
N(H)={h:H — H | hisa function}. Then (N(H),l,0) is an (m,2)-near
ring, where o is the composition of functions.

(1) We know (N(H),1) is an m-ary group ( not necessarily abelian,).
(2) It is clear that (N(H),o0) is a 2-ary semigroup.
(3) The 2-ary operation o is 1-distributive with respect to the m-ary operation
f.
We notice that in this (m,2)-near ring the 2-distributive law fails to retain. To
consider this, let d,dj,c; € H,b; # 0,1 <j<m,1<i<2andhg, : H — H,
he, : H — H for all g € H, by hq,(g9) = dj, he,(9) = ¢;. Now, fori =2, we have

[hC1 o (l(hduhdzv L hdm))](g> = he, (l((hd1 (g>7 ha, (g)’ o hd,, (g))
= he,(l(d1,da, ...;d)) = 1(d1,da, ...ydm),
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and

[l(hcl o hdl i hcl o hd27 s h01 © hdm)](g) = l(h‘c1 (hdl (g))7 hCl (hdz (g))7 i) hCl (hdl (g)))
:l(h(clgdl),hcl(dg), yhe, (dn))
=1U(e"™).

This shows that
[hcl © (l(hdl ? hd27 ct hdm))}(g) 7é [l(hcl © h’dl’ hCl © hdza ot hCl © hdm)}(g)

Fori =1, we have

(l(hduhdw ey hdm,)) © hCl (g)

(l(hd17hd27~-~7hd ))(Cl)
gghdl (c1); ha(c1), - ha,, (c1))

= dl;d27"'7 m)a
and
[l(hdl o hdlahdz OhCl"' o hcl)}( )
= U((ha, © he,)(9), (hdzohcl)( )s -5 (ha,, ©he,)(9))
=1((ha,)(c1), (hay)(c1), .; (ha,, )(c1))
=1(dy,da,...,dm).
Hence,

[(1(hay, hdys - ha,, ) © hey(9) = [1((ha, © he,), (hay © hey ), oo (ha,, © he,))](g)-
Therefore N(H) fails to satisfy the i-distributive for i = 2.

Example 2. Consider the additive group Zpy,. Then (Zpmn,h) is a group, where
h(ci,ca,yeeyem) = 1+ co + oo + ¢ We define k on Loy by k(c1,ca, ..., ) = c1,
for all c1,¢a, ..., € L. It is easy to see (Zpn, h, k) is an (m,n)-near ring. For
1 < i< n, we have

k(clv C2,y ...y Ci—1, h(d17d27 "'7dm)7 Ci+1, ~'~7cn) =

h(k(cl, C2y.eey Ci—1, d17Ci+1, ceey Cn), ceey k(cl, Coy ..oy Ci—1, dm7ci+1’ ceey Cn))
= h(c(m)) =mec
= i = 1.

Ifmn=m-—1, thenm =1 € Zyy,. Hence, for all 1 < i < n, (Zyn_1,h,k) is
i-distributive. For ¢ =1, we have

k(h(dl,dg, ...,dm)702, ...,Cn) = h(dl,dg, ,dm) = d1 + dg + ...+ dm
h(k(dl,CQ,...,Cn),k(dg,dQ,...,dn)7...,k(dm,cl,...,cn))
= h(dy,da,...;dpm) =di +do+ ... + dppy.

Consequently, for i =1, (Zmn-1,h, k) is 1-distributive.

Assume that A is an (m,n)-near ring. The element e € A is named an identity
element if k(e(=1,s,e(® D) = sforall s € A and 1 <i < n.

Example 3. We know (R, +,-) is an (m,n)-near ring with two binary operations
m-addition and n-multiplication. 1 is an identity element in (R, +,-).
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Assume that (A, h, k) is an (m,n)-near ring. m € A is named i-cancellable, if
forall 1 <i <mn, ¢,d; € A and k:(czfl,m,c?) = k(dlfam,d?), then ¢; = d; for
all 1 <4 <n. m # 0 is named an i-zero divisor, if there exist nonzero elements
€1,Cs ...,y € R such that k(ci™',m,c ;) = 0. An (m,n)-near ring (A, h, k) is
called integral near ring if it has no zero divisors. An i-(m,n)-near field is a non-
empty set P together with two binary operations h and k such that (P, h) is a group
(not necessarily abelian), (P, k) is a group and n-ary operation k is i-distributive
with respect to the m-ary operation h.

Example 4. Set of rational numbers with two binary operations h and k so that
k(dldea ceny dn) =d; and h(dla d27 7dm) =di+do+...+dn fOT d; € Q> (Qa ha k)
is an (m,n)-near field.
Definition 2. Let (A4, h, k) be an (m,n)-near ring,
(1) If for every e € A exists z € A such that e = k(2("~Y e, 2("=Y)) then A is
named an a1-(m,n)-near ring.
(2) If for every e € A—{0} exists = € A—{0} such that z = k(2("~V e, 2(n~1),
then A is named an as-(m,n)-near ring.
Example 5. (N(H),l,0) defined in Example (1| is an as-(m,n)-near ring.
Example 6. (Zn, h, k) defined in Example[] is an az-(m,n)-near ring.
Definition 3. Let (A, h, k) be an (m,n)-near ring,
(1) A subgroup (O,h) of an m-ary group (A, h) with the property k(O™) c M
is named an (m,n)-subnear ring of (A, h, k), It is shown by O < N.
(2) A subnear ring O of A is named i-invariant, if h(AC=1 0, Am=0) C O,
If O is i-invariant for all 1 < i < m, then O is named invariant.
Example 7. The triple (2Z, h, k) is an (m,n)-subnear ring of the (m,n)-near ring
(Z,h,k), that h(dy,da,...,dn) = di +da+ ... + dp, and k(e1,e2 + ...,e,) = €1 - €2
e €pe
Definition 4. Let (A, h,k) be an (m,n)-near ring and 0 is the identity element
of (A,h). Then, Ag = {r € A | k(0D r0m=9)) =0, 1 < s < n} is called
the zero symmetric part of A. In addition, A. = {r € R | k(0&=D 7 0=%)) =
r, 1 < s < n} is named a resistant part of A. An (m,n)-near ring A is named a
zero symmetric near ring if A = Ag. An (m,n)-near ring A is named a constant
(m,n)-near ring if A = A..
Lemma 1. Ay and A. are (m,n)-subnear rings of the (m,n)-near ring (A, h, k).
Proof. We show that Ag is a subgroup of A. If z1, x5, ..., 2, € Ag then
k(O(i_l),xj,O("_i)) =0for1<j<mand1<i<n.
Now, we have
k(00D h(x1, 22, ... 2y ), 007 ~)
= h(k(00Y, 21,00=9) k(06D 25,0"=D), . k(00D 2,,,0"7)) = 0.



1102 F. MOHAMMADI, B. DAVVAZ

Therefore, h(zy,xa,...xm) € Ag, and so (Ag, h) is a subgroup of (A, h, k). Next,
if we take y1,y2,...,yn € Ap, then for all 1 < i < n and 1 < j < n, we have
k(001 y;,0"=)) = 0. Then, we obtain

k(o(nil)’ k(yhva vyn)) = k(k(o(n71)7y1)7y27 ayn) = k(07y2a ey yn)
= k(k(o(n)),y% ,yn) = k(oa k(o(nil),yQ)ay% ,yn) = k(oa O7y37 7yn)
= .. =k(0" D y.)=0.

Therefore, k(y1,y2, .., Yn) € Ao, and so k(Aén)) C Ap. This shows that (A, h, k) is
an (m,n)-subnear ring of (m, n)-near ring (A4, h, k). We show that A, is a subgroup
of A. Let z1,x3, ..., 2y, € Ag. Then, we have k(O(ifl),xﬁO(”*i)) =z;jforl1<j<m
and 1 < ¢ <n. Now, we obtain
k(O(iil)v h('rh Z2, ~-~x7n)7 O(nil))
= h(z1,Z2, ..., Tim)-

This yields that h(xy,za,...2m) € A.. Hence, (A, h) is a subgroup of (4, h,k
Next, if y1,...,yn € Ac, then k(O(ifl),yj,O(”*i)) =y, forall 1 <i<n,1
j < n. This gives that k(0D k(y1, 2, ..., un)) = k(O™ D 41), 92, ..., yn)
kE(y1,y2,y -y Yn). Therefore k(y1,ya2, ..., yn) € Ac and k(Agn)) C A.. Hence, (Ag, h,
is an (m,n)-subnear ring of (m,n)-near ring (A, h, k).

~—

O 1l IA

Theorem 1. Let (A, h, k) be an (m,n)-near ring. If r € Ag is i-cancellable, then
r 15 not an i-zero divisor.

Proof. Suppose that r € Ag is i-cancellable and also r is an i-zero divisor, so
there exist nonzero elements dy,ds, ...,d,, € A such that k(di™ ', 7, d}, ) = 0. Since
r € Ay, it follows that k(d}™ ', r,d ) = 0 = k(00~Y 7, 00"=)). Again, since r is
i-cancellable, it follows that for all 1 <i < n, d; = 0, that it is a contradiction. []

Let (A, h, k) be an (m, n)-near ring. The center, Z; ;(A), is the subset of elements
in A that (¢, j)-commute with element of A. In the symbol, we can write:

Zij(A) ={beA|a,..,a, €Aand for j > i,
k(alfl, b,al') = k(alfl7aj,ai+1, e Gj1, b, a?_H)}.

Example 8. In E:mmple@, foralli,j €2,3,...,n, we have Z; ;(A) = A.

Suppose that (A, h, k) is an (m, n)-near ring. If (4, k) is commutative, then A is
named a commutative near ring. An element r € A is named idempotent element

if k(r(™) =r. An element r € A is named nilpotent element if k(r™) = 0.

Example 9. In Example@, for allr € Zppp, we have k(r™) = r, and so all elements
are idempotent. Moreover, Z,, has only one nilpotent element that is 0.

Suppose that (A, h, k) is an (m, n)-near ring. A subset S of A is named nilpotent
if £(S(™) =0. A subset S of A is named nill if every element of S is a nilpotent
element.



IDEAL THEORY OF (m,n)-NEAR RINGS 1103

Theorem 2. Assume that S is a subset of A. If S is nilpotent, then S is nill.

Proof. Assume that S is nilpotent. Then k(S(™) = 0. This gives that k(s(™) = 0
for all s € S. Hence, S is a nilpotent for all s € S, then S is nill. (]

Definition 5. Assume that (A, h, k) is an (m,n)-near ring and (W, h) be an m-
group with identity element 0 of (A, h). W is named an i-A-group if there exists a
mapping L : Wx, ..., xW xAX W x ... x W — W the image of

i—1 n—i
(r0D s 1)) e Wx, ., xW xAX W X .. x W — W,
i—1 n—i
for s € A and r € W, is denoted by I(r=1) s, 7("=0) = k(r0=1) s (=0 " satisfy-
ing the following conditions:
(1) k:(slfl,h(rl,rg, ...,rm),s?H) 4
= h’(kj(sll_lﬁ 1, SELJrl)v k(sll_la T2, S?J_rll)v ) k(sllzlv T"}S?Jrl))'
(2) k(tllila k_(zla 225 eey Zn)’ t?—i—l) = k(ﬁ; 71’ ’f(ﬁ:z ’ 2?7 )7 Zg—l+17 t?—&-l)
= k(tlfl,zf,k(z;‘+1,t§ﬁ),t?+s+1) foralll<I<i—1landl<s<n-—i,
forallsj,t; € W that 1 <i4,j <n. Forallr;,zz € Athat1 <i<mand1l <t <n,
we denote this i-A-group by AA... AW AA.. A.
—— =
i—1 n—i
Example 10. If we consider W = Z in Ezample[3, then W is an 1-Zyn-group.
By taking i = 1 in Definition[5, the conditions of the definition are satisfied,
k(h(rla T2y Tm)v Sg) = h(k(rlv 53)7 k(?”g, 5721)’ R k(rmv 5;)) - h(rla T2 .0y rm);
k(k(sh 52y 00y Sn)v tg) = k(sllv k(sln+lv t%—H)? t721+l) = S1-

In Deﬁnition if k(r0=1, g,r(»=0) =0 for all g € W yields r = 0, then W is a

faithful - A-group.
Example 11. In Ezample[d, Z,,, operates faithfully on Z.

Assume that (4, h, k) is an (m,n)-near ring. A subgroup H of an i-A-group
W is named an i-A-subgroup (written as H <4 W ), if it is closed under the
operation of A and k(rC=1 h,r(®=9) ¢ H for all * € A, h € H. Suppose that
Wy and Wy are two A-groups, s : Wi — W, is named i-A-homomorphism, if for
all 1,1y,....0, € Wy and for all r € A, s(h(l1,l2,...,0m)) = h(s(l1),s(l2), ..., s(Im))
and s(k(r@= 1, r=9)) = k(0D 5(1),r"=9). If H is the kernel of an i-A-
homomorphism, then it is named an i-A-normal subgroup and we write H <4 W.
Example 12. If h(dl,dg, ...,dm) =dy+do+ ... +dp, k(dl,dg, ,dn) =dy - dy-

“dp, then (R, h, k) is an (m,n)-near ring and Q (the set of rationales) is a
i-R-subgroup of R.

Assume that W is an i-A-group. W is named a unitary i-A-group if A be a near

ring with unity 1 so that k(1= 2, 1"=9) = z for all x € W.
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Example 13. If in Example di =1 forj € {1,2...,i — 1,i + 1,...,n}, then
EQG-D g 19y =1.1...-1-x-1-1-...-1 ==,

i—1 n—1

Theorem 3. In an ai-(m,n)-near ring for every a € A exist some s € A if
n=2+1, then

(1) k(s(i)’a(iﬂ)) = k(a(”l), S(i)),

(2) a=k(sD, k(sD, ..., k(sW,a,sD),.. s0) s0),

Proof. (1) Suppose that A is an a3-(m,n)-near ring and a € A. So there exists
s € R such that a = k(s a,s("=9). This implies that

k(s(i)v a(i+l)) = k(s(i)v a, a(l)) = k(s(l)a a, k(s(l)a a, S(l))7 a(i_l))
= k(a,a,a,a,5%,a0=3)) = .. = k(a1 5).

(2) We have

E(s® k(s@, ... k(5@ a,sD), ..., s0)) s0)
= k(5D k(s a,s1),s4) = a.
([l

A subnear ring M of a (m,n)-near ring A is named an as-subnear ring if for
every a € M exists an s € M so that n = 2i + 1, k(s(),a,5%)) = s.

Theorem 4. Suppose that A is an az-(m,n)-near ring. In this case

(1) Ewvery invariant subgroup W of A is an ag-subnear ring.
(2) Every ideal I of a zero symmetric ag-near ring A is an as-subnear ring.

Proof. (1) Take a € W — {0}. Since A is an «s-near ring there exists s € A
such that k(s(),a,5%)) = s. Now W is an invariant subgroup of A implies that
k(s a,s") € W. Then s € W. Consequently W is an ay-subnear ring.

(2) Assume that I is an ideal of the zero symmetric ap-near ring A. Let a € I —
{0}. Since A is an ap-near ring, so there exists s € A—{0} so that k(s a, s®) = s.
Now, we have k(s a,s®) € k((A— {0})®, T —{0},(A—{0})?) C I —{0}. The
desired result now follows. d

3. IDEALS AND HOMOMORPHISMS OF (m,n)-NEAR RINGS

We define the notions of ¢-ideal, zero near ring, prime ideal, semi-symmetric,
A(S), k-ideal, i-N-primary and i-P-primary in the (m,n)-near rings and assert a
few related theorems.

Assume that 7 is a non-empty subgroup of an (m,n)-near ring (A, h, k). Then I
is named a normal subgroup of A if for all a; € A and 51‘1—1, sii €A, 1<4,5<m,

- i—1 i—1
there is b; € I that h(s|™ ", ai, s711) = h(s]™ ", bj, 874 1).
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Definition 6. Suppose that I is a non-empty subset of an (m,n)-near ring (A, h, k).
In this case I is named an ideal of A if
(1) I is a normal subgroup of m-ary group (A, h), (I,h) is an m-ary group,
(2) for every ay,ag,...,an € A, k(a1 aip,,) €1,
(3) for all r1,..ciTj— 1,541, ey Tiny S15 00y Sj—1, Sjt15 oy Sn € A and 1 < k < n,
d € I, there exists | € I that
k(siilvh(rllcilada TIT+1)75?+1)
= h(k:(s{_l,rl, 5?4_1), k(s{_l,rg, 5?—&-1)’ ey k(s{_l, Th—1, s?+1), l
(s{_l,rk+1,8?+1), ...,k(sj_l,rn,s?+l)).
I is named an i-ideal of A if it satisfies (1) and (2) and I is named a
j-ideal of A for j # i if it satisfies (1) and (3).

If for every 1 < i < n, [ is an i-ideal, then [ is named an ideal of A.

Example 14. Let Z and Q be the set of integers and the set of rational num-
bers, respectively. Consider two (m,n)-near rings (Z,h,k) and (Q,h, k), where
h(dl,dg, R ...7dm) =dy+ds+..+d,, and k(dl,dg, ,dn) =dy-dy-...-dp_q-dy.
Then Z is an (m,n)-subnear ring of Q, but Z is not an ideal of the near ring Q.

Remark 1. If J1,Jo, ..., J,, and I1, 15, 1o, ..., I, are ideals of a near ring A, then
(1) h(ly,Is,...,I,) is an ideal of A,
(2) Jindan..NJy, is an ideal of A,
(3) k(J1,J2,...,Jn) is an ideal of A.

Assume that (A, h, k) is an (m, n)-near ring and I is an ideal. (A,h) is a group
and I is a normal subgroup. The quotient group (A/I, H, K) is defined. An m-ary
operation h on the cosets is defined by the m-ary operation h as follows:

H(h(dy,,d1y,.ydr,, 1)y ey A(dimy s dimgy ooy imy o5 1))

= h(h(d1,,d1,, .y d1,,_,,h(do,,doy,...,da, _,,h(ds,,dsy,...ds3,,_,,-..
h(d(m,l)l , d(m,l)z, ey d(mfl)m,lh(dml s dmz, . dmmi1 s I)))
An n-ary operation k on cosets is defined by the n-ary operation k as follows:
K(h(dh ) dlza ey dln_1 ’ I)’ sty h(dn1 ’ dnza ) dnn—1 ’ I))
= h(k(h(dy,,dry,s s dr, )y s R(dGi—1)y s d(i—1)ss - d(¢—1)(n,1)71), di,,
h(d i1y, Aiig1)as o (it 1)_ys L))oy B(diy s gy ooy 15 1)), o
k(h(dy,,diysesdiy, 5 D)y R(dGi—1), s d(i=1)s -y A(i—1)n 1> 1), d
h(d i1y, diigrys o Ait1ym_ys D))oy Bdny s dinyy ooy 1)), ).
Theorem 5. If I is an ideal in an (m,n)-near ring (A, h, k), then (A/I, H, K),

where the operations H and K are defined as above, has the structure of an (m,n)-
near ring.

T —19

Proof. We prove that H is well defined. Assume that
h(dila dim B3] dim_m I) = h(eila Cigyeey Cipyqs I)a
for 1 <4 <m. Then
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H(h(dy,,d1yys ey di, 1y D)y s B(dimy s gy ooy im0 1))

= h(h(d1,,d1,...,d1,, ,,h(da,,doy,...;da, _, h(ds,,dsy,...;ds ;...
R(dim—1)1> Am—1)ss s Am—1)p_1 P(dmy s ooy Ay 15 1))

= h(dy,,d1,, ..., ds h(dz,,day, ..., da, _,,h(ds,,dsy,...,ds, ;...
h(d(m—l)l ) d(m—l)ga ey d(m—l)m,la h(eml y€mgs oy €my, s I)))

= h(dy,,day,...ydr,,_, h(do,,doy,...,da, _,, h(ds,,dsy,....ds, ;..
h(d(m,1)1 5 d(mfl)ga ceey d(m71)7n71 5 h([, €mysCmags s Cmy, 1 )))

= h(dy,,dy,, ..., h(dl(m_l) yh(da,,day,.yda, _  h(ds,,dsy,...nds, .
h(h(d(m—l)l s d(m—l)ga veny d(m_l)m—l y I), h(eml s €mgy ey emm_l)...))

= h(dy,,d1y,...sdr,,_, h(da,,doy,.yda,, 1y, h(ds, dsy,.coyds, sy

h(h(e(m—l)l , 6(m_1)2, ceey 6(m_1)m71 y I), €miyCmgs ey 6m(m71) )))
vee = h(dll, d12, ceny dlm—l’ h(h(dgl, d22, ceey d2m71 5 I), 631 5 632, ceny 63m71)7 ceey

h(e(m—l)l 5 e(m_l)z, ceey e(m_l)m71 5 h(eml y€magy s €1 I)))

= h(dh; d12, ceey dl'rnfl’ h(h(egl, €25, -3 €2,, 1, I), €31,€35, 4y 637"71), ceey

h(E(m,l)l 5 6(m71)2, coey E(m,l)mil 5 h(€m1 y€mgy ey Compy 1y I)))
= h(dll, d12, veny d1m717 h(h([, €2,,€25y 0y egmil), €315 00y 63m71), ceey
h(e(m,l)l s e(m,l)z, ceey e(mfl)m_1 s h(€m1 y€may s €1 I)))
= h(h(dll ) dl2a ey dlm—1? I)a €2,,€25, -y e2m_1)a h(e317 L PRRTIPECH FUEPRR
h(e(m—1)1 s e(m_l)g, ceey e(m—l)m—1 s h(eml, Cmos oy Cmpn_19 I)))
= h(ell, €1y €1, 1> h(€21 3 €255 004,62, 1y h(egl 3€355009€3,, 1500y
h(e(m_l)l s e(m_1)2, ceey e(m_l)mfl y h(eml 3y €maoy oy €1y I)))

= H(h(e1,, €15y €1, 15 L)y s P(€mysCmay ey €mp_151))-

Since I is an ideal, then the operator k is well defined and since (A,h) is an
m-ary group so (A/I, H) is an m-ary group. Furthermore, since (A, k) is an n-ary
semigroup, it follows that (A/I, K) is an n-ary semigroup. The n-ary operation k
is i-distributive with respect to the m-ary operation h. Thus, the n-ary operation
k is i-distributive with respect to the m-ary operation H. ([l

m—17

An (m,n)- near ring (A, h,k) is named simple if A does not have non-trivial
ideals. A proper ideal I of (A, h,k) is named maximal if I C J C A and J
is an ideal of A implies that either I = J or J = A. A proper ideal I of an
(m,n)-near ring (A, h, k) is named prime, if for every ideals A;, Ao, ..., A, of A,
k(Ay, Ag, ..., A,) C Iimplies Ay CTor Ay CTor...or A, CI. A properideal I of
an (m,n)-near ring (A, h, k) is named weakly prime, if for any ideals A;, Ao, ..., A,
of A, {0} # k(Ay,As,...,A,) C I implies Ay C Tor Ay, C Tor .. or 4, C I.
Clearly, every prime ideal is weakly prime and (0) is always weekly prime ideal of
(A, h,k). An ideal I of an (m,n)-near ring (A, h, k) is named semi-symmetric if
k(z,z,...,z) € I, implies k((z), (2),...,(2)) C I.

——— —

n n

Theorem 6. For an ideal P of an (m,n)-near ring (A, h,k), the following state-
ments are equivalent:

(1) P is prime.
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(2) Ifd; ¢ P and 1 < i < n, then k({d1), (d2), ..., (dn)) € P.

Proof. To prove (1) = (2) assume P is a prime ideal and d; ¢ P for 1 < i < n. Then
(di) € P. It k({d1), (d2), ..., (dn)) C P, Pisaprimeideal, then (d;) C P or (dy) C P
or ... or (d,) C P. This is a contradiction. Hence, k({d1), (d2), ..., {dn)) € P. So
(1) = (2).

To prove (2) = (1), suppose that I3, I, ..., I, are ideals of R such that k(Iy, Io, ...,
I,,) C P. Assume that Iy, I, ..., I, € P, Then by (2), we have k(I, I>,...,I,) € P,
that is a contradiction. Hence , Iy C Por I C Por ... or I,, C P. So, P is a prime
ideal. The proof of (2) = (1) is completed. O

An (m,n)-near ring (A, h,k) is named a zero near ring if k(A, A4,..., A) = 0.
—_———

n
Assume that A is an (m,n)-near ring. The intersection of all prime ideals of A is
named the prime radical of A and is denoted by (A). For any proper ideal I of A,
the intersection of all prime ideals of A containing I is named the prime radical of
I and is denoted by P(I).

Lemma 2. FEvery integral (m,n)-near ring is prime.

Proof. Assume that (A, h, k) is an integral (m,n)-near ring. It is enough to show
(0) is a prime ideal. Let Iy, Io, ..., I,, be ideals of A such that k(I,...,1I,) C (0). If
either Iy = (0) or I = (0) or ... or I, = (0), then there is nothing to prove. If
possible, suppose that I; # (0) or Iz # (0) or ... or I,, # (0), then we can choose
0#£a1€l,0#ay €y, .., 0+#a, € I, such that k(ay,as,...,a,) = 0, which is
in contrast to the fact that A is integral. Therefore, either Iy = (0) or I = (0) or
.. or I, = (0). Thus, we proved that (0) is a prime ideal of A. Hence, A is a prime
(m,n)-near ring. O

Theorem 7. If the (m,n)-near ring (A, h, k) is simple, then either A is prime or
A is a zero (m,n)-near ring.

Proof. Assume that A is not a zero (m,n)-near ring. Then k(A™) # (0). We
prove that (0) is a prime ideal of A. Assume that I3, I, ..., I,, are ideals of A such
that k(I1, Is,...,I,) C (0). Since Iy, Is,...,I, are ideal of A and A is simple, so
I, I, ..., I, € {(0), A}. Then k(A™) C (I}, I3, ..., I,,) C (0). It is a contradiction.
Hence, I; = (0) or Iz = (0) or ... or I, = (0). Thus, (0) is a prime ideal of A. This
yields that A is a prime (m, n)-near ring. O

Theorem 8. If I is a semi-symmetric ideal of an (m,n)-near ring (A, h, k), then
P(I) is completely semiprime.

Proof. Suppose that k(a™) € P(I). So, k(k(a™)(™) € I. Because I is semi-
symmetric, (k(k(a(™)™)) C I C P(I), thus a € P(I). This implies that P(I) is
completely semiprime. ([l
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If I is a semi-symmetric ideal of a (m, n)-near ring (A, h, k), then
P(I)={z e A| k(z™) e I}.
An (m,n)-near ring A is named semi-symmetric if (0) is a semi-symmetric ideal

of A.
For any subset S of an (m, n)-near ring (A, h, k),

AS)={z eS| k(AD z, A=D) = {0}}.

Clearly, A(S) is an i-ideal of A. An ideal I of an (m, n)-near ring (A, h, k) is named
subtractive or k-ideal, if h(dy,ds,...,d,,) € I for any elements dy,ds,...,dpm—1 € T
and d,,, € A, then d,, € I.

Theorem 9. Let I be a k-ideal of an (m,n)-near ring (S, h,k) with 1 # 0. The
following statements are equivalent:

(1) I is a weakly prime ideal.
(2) If By, Bs, ..., By, are ideals of S such that {0} # k(By, Ba, ..., B,) C I, then
B; C I for somel <i<n.

Proof. Tt is straightforward. O

Theorem 10. Every ideal of (m,n)-near ring (S, h, k) is weakly prime if and only if
for any ideals By, Ba, ..., By, of S, k(B1, B2, ..., B,) = By or k(B1, Bs, ..., B,) = Bs
or .... or k(By,Ba,...,B,) = B, or k(By,Bs,...,B,) =0.

Proof. Assume that every ideal of S is weakly prime. Let By, Bs, ..., B, be ideals
of S and k(By, Ba,...,Bn) # S, so k(B1,Ba,...,By,) is weakly prime. If {0} #
k(Bl,BQ, ,Bn) Q ]C(Bl,B27 ...7Bn), then we have B1 g k(B17BQ, ,Bn) or Bg g
k(Bi1,Ba,...,By,) or ... or B, C k(By, Ba, ..., By,) (since k(By, Ba, ..., By,) is weakly
prime ideal of S), that is, By = k(B1, B2, ..., B,) or By = k(B1,Ba,...,B,) or ...
or Bn = k(Bl,BQ7...,Bn). If I{Z(Bl,BQ, 7Bn) = 57 then Bl = BQ = ... = Bn =5
whence S™ = S.

Conversely, let I be any proper ideal of S and let {0} # k(B;,Bs,...,B,) C I
for ideals By, Bs,..., B, of S. Then, either By = k(B;,Bs,...,B,) C I or By =
k(B1,Ba,...,B,) CIor ... or B, = k(B1,Ba,...,B,) C I O

Lemma 3. If P be a subtractive ideal of i-(m,n)-near ring (S,h,k) such that
2 <i < n, then P is a weakly prime ideal but it is not a prime ideal of (m,n)-near
ring S. Moreover, k(dy,ds,...,d,) = 0 for some dy,ds,...,d, & P, then we have
k(di—1, P"Y) = {0},

Proof. If i = 2, assume that k(dy, p} ') # 0, for some ¢y, ¢o,...,c,_1 € P. Then
0 # k(di, h(k(1,da,ds, ..., dy), (k(1, 1,2, e, ¢pe1)) D), 1002y € P,
Since P is a weakly prime ideal of S, it follows that dy € P or
h(k(1,d2,d3, ..., dy), (k(L,c1,co, ... cpo1)) ™~ D) € P,
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that is, dy € Pordys € P or ... or d, € P. It is a contradiction. Therefore
k(dy, P™=1) = {0}. Similarly, we can show that k(P,ds, P("=2)) = {0}.

If 3 < < n, suppose that k(d;_1,c} ™) # 0, for some c1, ca, ..., c,—1 € P. Then,
we have

0 7é k(1i727 diflv h((k(CZan ]-7 Ciyeens Cnfl))i727 k(d§727 ]-7 d;n)v
(k(c} 2,1, ¢p 1) =i+ D) 1n=i) ¢ P,

) 4y &g

Since P is a weakly prime ideal of S, it follows that d;_; € P or
h((k(e72 1, )0 k(d % 1, d7), (k(e 72,1, 67 h) =) e P,

)+ &g

that is, d; € P or do € P or ... or d, € P. It is a contradiction. Therefore, we
derive that k(d;_y, P~ D) = {0}. O

Theorem 11. Suppose that P is a k-ideal in an i-(m,n)-near ring (S, h, k). If P
is weakly prime ideal but not prime, then P™ = {0}.

Proof. Assume that k(cy, ¢, ..., ¢,,) # 0 for some ¢y, ¢, ..., ¢, € P and k(dy,da, ..., d,) =
0 for some dy,ds, ...,d, & P, where P is not a prime ideal of S. Hence
0# k(dzi_Qv h(dmpzm_l)v i 1)
= h(k(dy, da, ... di—1,di, dig1, .o dp), (k(d7T pi, dPy )™ D) € P
Hence either dy € Por ... ord;—y € Pord;y; € Por ... ord, € P or
h(d;, ¢ 1) € P, thus either d; € P or dy € P or ... or d, € P, that it is a

(2

contradiction. Hence P = {0}. O

Corollary 1. Assume that P is a weakly prime ideal of (m,n)-near ring (S, h, k).
If P is not a prime ideal of S, then P C Nil S, where Nil S denotes the set of all
nilpotent element of S.

A k-ideal in a commutative (m,n)-near ring (S, h, k) satisfying that P™ = {0}.

Lemma 4. Assume that | is a homomorphism of (m,n)-near ring (S1,h,k) onto
(m,n)-near ring (Sa, ', k). Then each of the following statements is true:

(1) If Y is an ideal (k-ideal) in Sy, then [(Y) is an ideal (k-ideal) in Ss.

(2) If W is an ideal (k-ideal) in So, then |~ (W) is an ideal (k-ideal) in S;.

Proof. Tt is straightforward. [

Theorem 12. Ifl:S; — Sy is a homomorphism of (m,n)-near rings and P is
a prime ideal in Sy, then I=1(P) is a prime ideal in Si.

Proof. By Lemma [4] [71(P) is an ideal of (S1,h, k). If k(di,da, ...,d,) € I71(P),
then I(k(dy,dz,...,d,)) € P implies k' (I(dy),l(dz2),...,l(d,)) € P. Hence P is a
prime ideal of Sy therefore it follows that either I(dy) € P or I(ds) € P or ... or
I(d,) € P and thus either dy € [71(P) or dy € ["}(P) or ... or d,, € ["*(P). Thus
[71(P) is a prime ideal of Sj. O
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Theorem 13. If (S,h, k) be an (m,n)-near ring such that S = (di,da, ..., dy) for
k = max{n,m}, is a finitely generated ideal of S, Then each proper k-ideal A of S
is included in a maximal k-ideal of S.

Proof. Assume that 3 is the set of all k-ideals B of S satisfying A C B C 5, that
is partially ordered by inclusion. Take a chain {B; | i € I} in 8. Then B =
U B; is a k-ideal of S, because if dy,ds, ..., d,—1, h(d1,ds, ...,d,) € B then by the
definition of B, there is 41,2, ...,%,—1,7 € I such that dy € B;,,ds € B,,,...,dn—1 €
B, ,,h(di,ds,...,d,) € Bj, as B; partially ordered by inclusion, then B; C B;, or
B;, C Bj;. Without reduce totality of problem assuming B;,, B,,, ..., B;,_, C Bj.
So di,da, ...,dn—1,h(d1,ds, ...,d,) € Bj because Bj is a k-ideal. Thus d,, € B; and
B; C B then d, € B so B is a k-ideal and S = (di,ds, ..., d;) implies B # S and
hence B € 8. So by Zorn’s lemma, § has a maximal element. (Il

Corollary 2. Let (S, h, k) be an (m, n)-near ring with identity 1. Then each proper
j-tdeal of S is included in a mazimal j-ideal of S.

Proof. The proof is immediate by taking S = (1). O

Lemma 5. If C, D be two j-ideals of an (m,n)-near ring (S, h, k), then C N D is
a j-ideal.

Proof. Let C,D be two j-ideals of S, then by definition j-ideal, C' and D are
subgroups of m-ary group (S, h). so C'N D is a subgroup of m-ary group (S, h). It
is enough to prove for every dy, ds, ...,d, € S, k(d’ffl, CND,d;,,) € CND. because
C'is a j-ideal, k(d{™',C N D,d}, ) C k(d}™",C,dp,,) C C and because D is a j-
ideal, k(d{~',CND,dy.,) C k(di~',D,d}, ) C D. therefore k(d}™',CND,d} ) C
cCnD. O

Definition 7. An equivalence relation p on an (m,n)-near ring (S, f,g) is called
a congruence on S if for any ay,as, ..., Qm, b1,ba, ..., b, € S such that apb, then for
all<i<nandl <j<m:

(1) f(a’_Jl_la a, a’??l»l)pf(qjl_lﬂ b7 aﬁl);

(2) g(bi™" a, b 1)pg(by", b, b7 ).
Let p be a congruence on an (m,n)-near ring (S, f,g). Then, the congruence class

of &, S is denoted by xp and is defined by xp ={y € S | (z,y) € p}. The set of all
congruence classes of S is denoted by S/p.

Theorem 14. Let (S,h, k) be an (m,n)-near ring, then (S/p,h,k) is an (m,n)-
near ring under the operations

h(dlpa d2pa ey dmp) = h(dla d27 ceey dm)Pa
k(dlpa d2pa EE) dnp) = k(dla d27 (a3} dn)pa

where dy,ds, ...,d,, € S is called quotient near ring.
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Proof. Let d1p,dap, ..., dom—1p, €1p, €2p, ..., €mp be elements of S/p. Then for each
1<i<j<m,
h(dip,dap, ...,di—1p, h(dip, dit1p; s dimti=1P)s dinti s dmtit1P; d2m—1p)
= h(dip,dap,...,dj—1p, h(djp, dj11p; ..., At j—1P)s At j s At j 105 s d2m—1p)-
So, the addition is associative on S/p. Similarly, the multiplication is associative,
too. Finally, in order to show that the right i-distributivity, we have
k(dip,dap, ...,di—1p, h(e1p, e2p, ..., emp), dix1p, dix2p, ..., dnp)
= h(k(dlpa d2pa B3] diflpa €1p, di+1Pa () dnp)v
k(dip,dop,...;di—1p, €2p,dix1py ..., dnp),
oy k(dipydap, oy dim1py €mpydig1py oy dnp)).
Therefore, we derive that S/p is an (m,n)-near ring. O

Lemma 6. If (A, h,k) be an (m,n)-near ring with 1 # 0. Then A has at least one
j-maximal ideal.

Proof. Since {0} is a proper j-ideal of A, the set A of all proper j-ideals of A is
not empty. Of course, the relation of inclusion, C, is a partial order on A, and by
using Zorn’s lemma to this partially ordered set, a maximal j-ideal of A is just a
maximal member of the partially ordered set (A, Q). O

Now, we define the concept of a homomorphism between (m,n)-near rings and
assert some theorems in this respect.

Definition 8. A mapping n from the (m,n)-near ring (A, h, k) into the (m,n)-near
ring (A, W', k') will be named a homomorphism if for each dy,da, ...,d,, € R

(1) (k(d,da, ... dn))n = K ((d1)n, (d2), ..., (dn)n),

(2) (h(dlv da, ..., dm))n = h/((dl)na (d2)777 o0y (dm)n)

A homomorphism 7 from the (m,n)-near ring (A4, h, k) onto the (m, n)-near ring
(A’, R, k') is named maximal if for each d € A’ there exists ¢g € n~1({d}) such that
h(y, ker(n)™=1) C h(cq, ker(n)™=1) for each y € n~*({d}) and ker(n) = {y €
A | yn =0}

Lemma 7. Suppose that n is a homomorphism from the (m,n)-near ring (A, h, k)
onto the (m,n)-near ring (A, W', k'). If n be maximal, then ker(n) is a Q-ideal,
where Q = {ca}acar-

Proof. Tt is clear that (J,c 4 h(cq, ker(n)(™=1) = A. Let ¢q and ¢, be different ele-
ments in Q and d # b. Let h(cg, ker(n)™ V)N h(cy, ker(n)™=1) # (). Thus, there
exist ky, ko, ..o, k1, k), kb, ..., k. € ker(n) such that h(cq, K" ™Y) = h(cy, K7 H).
Thus,

d = H(can, k1n, .. km-1n) = (h(ca, K7*"))n = (h(co, k'7 ™" ))n
= h/(cbn’ kllna ) k;n—ln) =b.

This is a contradiction. Hence, we derive that ker(n) is a Q-ideal. (]
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Lemma 8. Let A, A’, n and Q be stated in Lemma@ and Cd,,Cdys -+, Cdyy s Cdpsy D€
elements in Q.
(1) Ifh(h(cdlacdzv ...,Cdm), ker(n)(mil)) C h(cdm+1aker(n)(mil))v then
h'(dy,da, ..., dn) = dmy1.
(2) If h(k(cq, , Cdys -y Ca,, ), ker(n)m=1) h(cdwl,ker(n)(m’l)), then
K'(dy,da,...,dn) = dpyr.

Proof. (1) Since

h(Ca,,Cdys s Cap) € h(R(cay, Cays-onycay, ), ker(n) ™)
C h(eq ker(n)(mfl)),

m—+17?

it conforms that there are k1, ko, ..., k;n—1 € ker(n) such that h(cq,, Cdys .-y Cd,,) =
h(ca,, ., k7"""). Thus, we get

h/(dlv dQ, ceey dm) = h/(cdlnv Cdy 1], 13 Cdm77) = (h’(cd17 Cdyy ey Cdm))n
= (h(cd7n+1’ kin_ ))77 = h/(cderlnv k1777 E) km—ln) = dm+1~

(2) We have

k(cdl ? Cd27 R Cdn) 6 h(k(cdl I’ CdZ’ ) Cdn)’ ker(n)(m_l)) g h(cd’n+1 ’ kET(T])(m_l))’
so there exist k1, k2, ..., kn—1 € ker(n) such that k(ca,, Cay, s Ca,, ) = hlca, 1, k7).
Thus, we obtain

k/(dl, an X dn) = k,(cd1777 Cdy 1, 17 Cdnﬂ) = (k(cdl’ Cdyy eny Cdn))n
= (h(cdn+17k1n_ ))77 = h/(cdn+1n7 k‘ﬂ?y ceey km—ln) = dn—i—l-

This completes the proof. O
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