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1. Introduction

Fast [1] gave short description of statistical convergence 1951. Schoenberg [2] investigated
statistical convergence as a summability method and outlined several fundamental properties associated
with it. This concept has been applied by many researchers under different names to measurement
theory, locally convex spaces, summability theory, Banach spaces, trigonometric series in Fourier
analysis and theory of fuzzy set ([3],[4],[5],[6]). The concept of statistical convergence depend on the

density subsets of the set M. The natural density of a subset K of M is defined by
. 1
§(K) = ?}@;;|{k < n:k € K}, if the limit exists, where the vertical bars indicate number of the

elements in {k < n:k € K}.

If x is a sequence such that satisfies feature P for all k apart from a set of naturally density zero,
then we say that X satifies P for "almost all X" and we shortened this by "a. a. k"

Fuzzy set theory, which is a very valuable logic with accuracy, was first introduced by Zadeh [7]
in 1965. The applications of this theory span various fields, including fuzzy topological spaces, fuzzy
measurements, fuzzy mathematical programming, and fuzzy logic. The concept of fuzzy number
sequence is first encountered in Matloka’s paper [8].

Matloka [8] defined the concept of bounded and convergent sequences of fuzzy numbers and
studied their some properties. Since then, many studies on sequences of fuzzy numbers have been made
and studies on this subject are still ongoing ([9], [10], [11], [12], [13], [14]).

A fuzzy number is fuzzy set Z: R — [0,1] with the following properties:

i) Z is normal, that is, there exists an Zo € & such that Z(z,) = 1;
i)z is fuzzy convex, that is, for zZteR and
0=<A<1,EZ(Az+ (1—-A)t) =2 min[Z(z),Z(t)];
ifi) Z is upper semicontinuous;
iv) suppZ = cl{z € R: Z(z) > 0}, or denoted by [Z]°, is compact.
The definition & —level set [Z]® of a fuzzy number is determined by
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(2]¢ = {{z ER:Z(z) = a}, ifa € (0,1]
~ lsuppz, ifa = 0.

It is evident that Z is a fuzzy number is necessary and sufficient for [Z]“ is a closed interval for
each @ € [0,1] and [Z]* # ©. The set of all fuzzy number sequences will be denoted as L(R). The
distance between two fuzzy numbers £ and T, we use the metric

d(Z,T) = sup dg([Z]% [T]7)

D=m=l

LetZ% = [E“,ER] andT™ = [E“fﬁ]. Then, the Hausdorff metric is characterized by

}

It is known that € is a metric on L(R), and (L(R).d) is a complete metric space.

Nuray and Savas [15] defined the concept of statistical convergence for sequences of fuzzy
numbers. A sequence Z = (Z,.) of fuzzy numbers is a function Z: W — L(IR). Let Z = (Z,) be a
sequence of fuzzy numbers. Then the sequence £ = (Z,) fuzzy numbers, is called statistically
convergent to the fuzzy number Z; if foreach £ = 0

d ([2]%,[T]%) = max{|g=f —re| |2 -7

r

lim §|{k < n:d(Z,.2Z,) = e}l = 0.

n—*oa

The set of all fuzzy number sequences demonstrating statistically convergent will be denoted as
S(F).
Cakalli [16] defined the concept of 2 —statistically convergence. Subsequently, many authors

have done a great deal of work on p — statistical convergence([17],[18],[19],[20],[21],[22]). The aim of
this paper is to extend the investigation conducted by Cakall1 [16].

2. Main Results

In this section, we present the concepts of p —statistically convergence for sequences of fuzzy
numbers, strong (wp (F)) summability for sequences of fuzzy numbers and p —Cauchy statistically

convergence for sequences of fuzzy numbers. We also provide several results pertaining to these
concepts.

Definition 2.1. Let (Z,) be a fuzzy number sequence, the sequence Z = (Z;) is is called
p —statistically convergent to the fuzzy number Zj, if

1
lim —|{k <n:d(Z;,Z,) =€} =0

n-o Py

for each € > 0, where p = (p,,) is a non-decreasing sequence for each n € Z* tending to oo such that
limsup 22 < o, Ap, = 0(1) and AZ,, = Zy 1 — Zy, for eachn € Z*.
n

In this case, either S, (F) —limZ, = Z, or Zy — Z, (Sp (F)) is used as a notation. The set of all
fuzzy number sequences demonstrating p-statistical convergence will be denoted as S, (F). If for each
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n € N p = (p,) = n, the concept of being p —statistically convergent is equivalent to being statistically
convergent.

Definition 2.2. Let (Z;,) be a fuzzy number sequence, the sequence Z = (Z;,) is is called strong
p —convergent (or (wp(F)) —convergent) to Z,, if
n
1
lim — Y d(Z,Z,) = 0.

n—oo
k=1

In this case, either (wp(F)) —limZ, = Z, or zlim Zy = Z, (wp(F)) is used as a notation. The

set of all fuzzy number sequences demonstrating strong p —convergent will be denoted as (wp (F)).

Theorem 2.1 Let (Z;,) and (T} ) be two fuzzy numbers sequences, p = (p,,) is a non-decreasing
sequence for each n € Z* tending to co such that limsup 2% < o, Ap, = 0(1) and AZy, = Zy .y — Zy,
n

for eachn € Z*. Then
() Z, = Zo (s,, (F)) and ¢ € C implies (cZ;) —~ ¢Z, (sp (F)),

(i) Z = Z, (sp (F)) and T, > T, (sp (F)) implies (Z, + T},) = (Zo + Ty) (sp (F)).

Proof. (i) For ¢ = 0, the proof is clear. Let ¢ # 0, the inequality leads to the proof

1 1 £
(ke < med(cZicZo) 2 el < {1 < n:d (2, 20) = E}|

n

(ii) Let Z, - Z, (Sp (F)) and T, » T, (Sp (F)), we can write

1
— |{k <n: d(Zk + Tk'ZO + To) > g}l

n

< |fk < msd@zo) = Y+ | < md B0 2 3)

for each € >0 and thus if Z, - Z, (SP(F)) and T, = Ty (Sp(F)) then (Zp, +Ty) = (Zy +
7o) (S, (F)).
Definition 2.3 Let (Z,) be a fuzzy number sequence, the sequence Z = (Z) is called

S, (F) —Cauchy sequence if there exists a subsequence (z k'(n)) of Z such that k'(n) < n for every n,
lim Zy1 ) = Zo and foreach e > 0

n—oo

1
lim — [{k < n:d(Zy, Zyrny) = €} = 0,

n-0 Py

where p = (p,,) is non-decreasing sequence for each n € Z* tending to oo such that limsup% < oo,
n

Ap, = 0(1) and AZ,, = Z,,q — Z, foreachn € Z*.
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Theorem 2.2. The subsequent statements are mutually equivalent:
(i) (Z,,) is a p —statistical convergence,
(i) (Z,) is a p —Cauchy statistical convergence,
(iii) (Z) is a sequence of fuzzy numbers for which there is a p —statistically convergent sequence
of fuzzy numbers T such that Z,, = Ty, a.a.k.

Theorem 2.3 Let (Z,) be a fuzzy number sequence, the sequence Z = (Z;) is
S, (F) —convergent a necessary and sufficient condition is that (Z,) is an S, (F) —Cauchy sequence.

Proof. Let's consider Zj is an S, —Cauchy sequence. For each ¢ > 0, we can say

1 1 £
Mk < d(Z Zo) 2 €l < (ke < n:d (2 Zir i) 2 §}|

n

+i|{k <n: d(Zk'(n)'ZO) a §}|

Hence, we get Z,, - Z, (Sp (F)).
The proof to the contrary is obvious.

Theorem 2.4 Let (Z,) be a fuzzy number sequence, p = (p,,) is non-decreasing sequence for
each n € Z* tending to o such that limsup% <o, Ap, =0Q1)and AZ,, = Z,,1 — Z, foreachn €
n

Z*. If for each n € N, liminf (22) > 1, then S(F) < 5, (F).
Proof. Let's consider Z,, —» Z,(S(F)), the following inequality leads to the proof, for every ¢ >

1 1
= |k < n:d(Z Zo) 2 €| = %"p— Itk < n:d(Zy, Zo) = €}l

n

1
> o {k <n:d(Zy, Zy) = €}.

n

Theorem 2.5. Let (Z;) be a fuzzy number sequence, p = (p,,) and ¢ = (g,,) be two sequences
such that p,, < o,, forall n € N. If liminf(Z—;‘) > 0,then S, (F) € S,(F).

Proof. Suppose that Z,, - Z, (Sp (F)), the following inequality leads to the proof, for every ¢ >

1 1
Ml < mid(Z,20) 2 6} < Z—"p—l{k <n:d(Zy, Z) = €}l

n nrFn

Corollary 2.1 Let (Z;,) be a fuzzy number sequence, p = (p,,) and o = (9,,) be two sequences
such that p,, < o,, forall n € N. If liminf(Z—”) > 0,then S(F) < S, (F) c S, (F),

Theorem 2.6. If (Z) = Zo (w, (F)), then (i) = Zo (S, (F)).
Proof. Suppose that (Z;) — Z, (wp(F)), for € > 0, we can write
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n

n n
1 1
> iy =—| > d@Z)+ ) A2 |
Pn e~ Pn

k=1 k=1
d(Zy,Zg)ze d(Zy,Zg)<e
n
1
= — Z d(Zy, Zo)
Pn

k=1
Ad(Zy,Zy)ze

1
> ep—l{k <n:d(Zy, Zy) = €}

n

If we take the limit for n - oo, we have

1
llm —l{k < n:d(Zk,Zo) > g}l = 0

n-o Py
Thus, the desired outcome is obtained.

Corollary 2.2 Let (Z;) be a fuzzy number sequence. If (Z;) — Zy(n — o), then (Z;) -

2o (S,(F))-
The opposite of the Theorem 2.6 and Corollary 2.2 aren’t true, mostly. For example, let the Z =
(Z;) sequence be as follows:

k 2—2k 2k—2
ZE[ ,3]1

K+2- k2 k o
ko 4k +2 th+2y ), k=

- Z + ) VA [ 1] ] (n = 1I2P )
Zi(n)={ k+2" k+2 k J

0, otherwise

z—2, z € [2,3]

—z+4, z€[34] }:=ZO ifk # n3

\0, otherwise

If we choose (p,,) = n,
3

1 n
— Wk <n:d(Zy,Zy) = €}| = % - 0(n > o).
n
Moreover,

n
1
= @0 Z0) = o (n > )
Pne=
S0, Z, is not (wp(F)) convergent Z,,.
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