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ABSTRACT. This paper considers centralizers of the Lie superalgebra s[(0,n)
over prime characteristic fields. Using homological methods, the centralizers
of the even and odd parts of s[(0,n) in the generalized Witt Lie superalgebra

are calculated and a summary of their structural properties is provided.
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1. Introduction

The Lie superalgebra (see [1]) is a generalization of Lie algebras and an im-
portant part of the Lie theory. It not only occupies a very important position in
mathematics, but also has general applications in modern physics. In theoretical
physics, the Lie superalgebra is a Lie algebra with Zs-graded which can be used to
study supersymmetric phenomena (see [2],[9]). In addition, the deformation the-
ory of the universal enveloping algebra in the Lie superalgebra makes a significant
contribution to the study of quantum supergroup theory in physics.

At present, the study of non-modular Lie superalgebra has achieved quite sys-
tematic results (see [11]). However, there is still a lot of research space for modular
Lie superalgebras (see [14],[15]). We know that centralizers play an important role
in the study of group structure (see [4],[5]) and the Lie superalgebra is a linearized
object of the Lie supergroup, so it also has centralizers. In the literature [6],[8],[13],
the centralizers of gl(0,3), gl(m,n), s1(0,3) in the generalized Witt Lie superalge-
bras are studied respectively.

Since the Lie superalgebra can be represented by an adjoint representation, it

can be considered a natural module of its subalgebra. Therefore, the centralizer
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can be equivalently regarded as a zero cohomology group (see [10],[12]). This paper
is inspired by references (see [6],[7]) and we use homological methods to discuss
the centralizers of Lie superalgebras in the generalized Witt Lie superalgebra W.
We believe that our findings contribute significantly to the understanding of non-
modular Lie superalgebras and have implications for the study of supersymmetric

phenomena in modern physics.

2. Preliminary
Let F be a field of prime characteristic, Yo = {1,2,...,m}, Y1 ={1,2,...,n},
By = {(i1,d2,...,ix) | 1 <y <idp < -+ <ip < nj,

B= UZ:O Bj. The structure of the generalized Witt Lie superalgebra over a prime

characteristic field is as follows (see [3]):

W=wo®w,
where
T+n T+n
w = @ w; = @ spang {x(a)quk ||| + |u] =i, € A(m,n,t),u € B,k € YO} ,
i=0 i=0
T+n T+n
w = @wj = @ spang {x(o‘)fudb | la] + Ju] = j,a € A(m,n,t),u € B,b e Yl} :
§=0 j=0

The canonical basis of the Lie superalgebra sl(0, n) is {{,dy, &idi — &i+1di+1}, where

¢veEY,q#v,i=1,...,n—1.

Definition 2.1. In a Lie algebra L and the L-module A if
O, A) 2 oL, A) 2 oYL, A) s

(where n € N| the angle code increases as the arrow progresses.) satisfies:
Indn—1 =0 (Vn e N); d(a)(xr) =z.a (Vz € L, Va € A),

where the L-module homomorphism §,, (Vn € N) is the coboundary operator, then

this chain is said to be a cochain.

Definition 2.2. Let L be a Lie superalgebra, A be an L-module,
H"(L,A) = Kerd,/ (Imd,_1)
is called an n-dimensional cohomology of L with the coefficient in its module A.

According to the definition, the following lemmas are clearly stated.
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Lemma 2.3. For all L-module A, the centralizers of L in A is

Ca(L)=H"(L,A)={acAlz-a=0, x€L}.

Lemma 2.4. Suppose that A is an L-module and Ay, As,..., A are submodules
of A such that A = A1 P AP --- P Ax. Then
k

H™(L,A) = @P(L, 4;), neN.

i=1
3. The centralizer Cy (s[(0,n))

Firstly, we consider Cy,(s[(0,n)).
Proposition 3.1. The centralizers of sl(0,n) in wq is
Cuuo (51(0,n)) = HY(s1(0,n),wo) = spany {x(a)Dk |la| =1, k€ Yo}.

Proof. According to wy = spang {X(O‘)S‘Dk | |af + Ju| =1, k € Yy}, suppose that

F=> cxmD, + > gin&iDe.

k,IE€Y0 keYy jEV:
If ¢ # v, then
[Eqdu, 1 =D guobeDi = 0.
keYo
If ¢ = v, then
[G1dy — &ada, f1 = Y gikéaDe — > garbaDi = 0,
keYo k€Yo
[G1dy — Eads, f] = D gieéaDi — Y gar€aDi = 0.
keYo k€Yo
Similarly,
[G1dy = &ndn, f1 = D 91661 Dk — Y gnrnDi = 0.
keYo k€Yo
Therefore,
gin=g12="""=0im =921 =022 ="""=0g2m =" =gn1 = = Gnm = 0,
as desired. O

Proposition 3.2. The centralizers of sl(0,n) in wy is

Cuw, (51(0,n)) = H(s1(0,n),w;) = spany {90(0‘)D,c |la| =2, k€ Yo}.
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Proof. Suppose that

f= Z CpkT1Tp D, + Z Zgizkfjiﬂle-i- Z Z R 1865 D

k,l,peYy k,leYy jEY, k€Yy i,jEY]

It follows from ¢ # v that [£,d,, f] = 0. If ¢ = v, then [&1dy — &dy, f] = 0, ¢ =

1,...,n. By calculating the coefficients, the conclusion is proved. O
Proposition 3.3. The centralizers of sl(0,n) in w; is
Cu, (81(0,n)) = H°(s1(0,n), w;) = spang {x(o‘)Dk |la|=i+1, k€ YO} .
Proof. According to induction, drawing conclusions is straightforward. (I
From Proposition 3.3 and Lemma 2.4, it follows that:
Theorem 3.4. The centralizers of Lie superalgebras in w is
Cw(s1(0,n)) = H(sl(0,n),w) = spang {J:(O‘)D,c | € A(m,t), k € Yo}.
Next, we will investigate C,,(sl(0,n)).
Proposition 3.5. The centralizers of sl(0,n) in wy is
Clo (81(0,m)) = HO(s1(0,n),wo) = spang {&pdy | b€ Y1} .

Proof. According to wg = spang {X(O‘)fudb | la| + |u| =1, b€ Y1}, suppose that

F=Y20cwmd, + Y giplids-
beY: LEYy bjeYy
If ¢ # v, then
[quv» f] = Z gubqub - Z gqujdv + Z Clql'ldv =0.

beyy JEYL €Yy

If ¢ = v, then

[§1d1 — &ada, f] = Z g1é1dy — Z g2v&2dp + Z gje;da

beYy, bey; JEYY
- E gi1&id1 + E cpxidy — E cnidy =0,
JEYL €Yo leYy

[€1dy — &3ds, f] = Z givéidp — Z 93v&3dp + Z g5385d3

beY: beYy JEYL

- Z gin&ida + Z astids — Z enrdy = 0.

JEY: IS LEY)
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Similarly,
[fldl - gndnv f] = Z lefldb - Z gnbgndb + Z gjngjdn
beYL beYL jevy
= > gin&id+ Y cumidy — Y cnmidy = 0.
JEYY LEY) lEY)
Therefore, ¢;; =0, g;; =0, 4, j € Yy if i # j, as desired. a

Proposition 3.6. The centralizers of s{(0,n) in w; is
Co, (s1(0,n)) = H°(s1(0,n),w;1) = spang {x(a)rfu_<b>§bdb [laf +|u—(d)|=1, be Yl} .

Proof. Suppose that

f= Z Z CipbT1Tpdp + Z Zgﬂbﬁjxldb+ Z hijb&i& ds.

bey: LpeYo bjEY1 IEY, bijeYs
It follows from ¢ # v that [§,d,, f] = 0. If ¢ = v, then [&1dy — &dy, f] = 0, ¢ =
1,...,n. By calculating the coefficients, the conclusion is proved. O

Proposition 3.7. The centralizers of sl(0,n) in w; is

Cw (SI(O’TL)) = HO(SZ(Ovn)aWi>

= spany {x(o‘)fu’@&,db ol +lu— ()| =i+1, be Yl} .
Proof. According to induction, drawing conclusions is straightforward. O

From Proposition 3.7 and Lemma 2.4, it follows that:

Theorem 3.8. The centralizers of sI(0,n) in w is
C.,(s1(0,n)) = H°(s1(0,n),w)
= spany {x(a)§“_<b>§bdb [0<|a|+|u—(b)| <m4+n—-1, be Yl} .
From Theorem 3.4, Theorem 3.8 and Lemma 2.4, it follows that:

Theorem 3.9. The centralizers of sI(0,n) in W is

Cw (s1(0,n)) = HO(s1(0,n), W) = HO(sl(0,n), w) & H(s1(0,n), w)
= spang {x(a)Dkax(a)€U7<b>€bdb} )
where o € A(m,t), 0 <|a|+ul <m+n—-1, ke, beY.

The conclusion gives the centralizers of sI(0,n) in the generalized Witt Lie
superalgebra W. This contributes to the study of the structure of the Lie superal-
gebra s(0,n).
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