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Abstract. This paper considers centralizers of the Lie superalgebra sl(0, n)

over prime characteristic fields. Using homological methods, the centralizers

of the even and odd parts of sl(0, n) in the generalized Witt Lie superalgebra

are calculated and a summary of their structural properties is provided.

Mathematics Subject Classification (2020): 17B40, 17B56, 17B05

Keywords: Centralizer, Lie superalgebra, zero cohomology group

1. Introduction

The Lie superalgebra (see [1]) is a generalization of Lie algebras and an im-

portant part of the Lie theory. It not only occupies a very important position in

mathematics, but also has general applications in modern physics. In theoretical

physics, the Lie superalgebra is a Lie algebra with Z2-graded which can be used to

study supersymmetric phenomena (see [2],[9]). In addition, the deformation the-

ory of the universal enveloping algebra in the Lie superalgebra makes a significant

contribution to the study of quantum supergroup theory in physics.

At present, the study of non-modular Lie superalgebra has achieved quite sys-

tematic results (see [11]). However, there is still a lot of research space for modular

Lie superalgebras (see [14],[15]). We know that centralizers play an important role

in the study of group structure (see [4],[5]) and the Lie superalgebra is a linearized

object of the Lie supergroup, so it also has centralizers. In the literature [6],[8],[13],

the centralizers of gl(0, 3), gl(m,n), sl(0, 3) in the generalized Witt Lie superalge-

bras are studied respectively.

Since the Lie superalgebra can be represented by an adjoint representation, it

can be considered a natural module of its subalgebra. Therefore, the centralizer
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can be equivalently regarded as a zero cohomology group (see [10],[12]). This paper

is inspired by references (see [6],[7]) and we use homological methods to discuss

the centralizers of Lie superalgebras in the generalized Witt Lie superalgebra W .

We believe that our findings contribute significantly to the understanding of non-

modular Lie superalgebras and have implications for the study of supersymmetric

phenomena in modern physics.

2. Preliminary

Let F be a field of prime characteristic, Y0 = {1, 2, . . . ,m}, Y1 = {1, 2, . . . , n},

Bk = {⟨i1, i2, . . . , ik⟩ | 1 ≤ i1 < i2 < · · · < ik ≤ n} ,

B =
⋃n

k=0 Bk. The structure of the generalized Witt Lie superalgebra over a prime

characteristic field is as follows (see [3]):

W = w ⊕ ω,

where

w =

π+n⊕
i=0

wi =

π+n⊕
i=0

spanF

{
x(α)ξuDk | |α|+ |u| = i, α ∈ A(m,n, t), u ∈ B, k ∈ Y0

}
,

ω =

π+n⊕
j=0

ωj =

π+n⊕
j=0

spanF

{
x(α)ξudb | |α|+ |u| = j, α ∈ A(m,n, t), u ∈ B, b ∈ Y1

}
.

The canonical basis of the Lie superalgebra sl(0, n) is {ξqdv, ξidi − ξi+1di+1}, where
q, v ∈ Y1, q ̸= v, i = 1, . . . , n− 1.

Definition 2.1. In a Lie algebra L and the L-module A if

. . . → Cn−1(L,A)
δn−1−−−→ Cn(L,A)

δn−→ Cn+1(L,A) → . . .

(where n ∈ N, the angle code increases as the arrow progresses.) satisfies:

δnδn−1 = 0 (∀n ∈ N); δ0(a)(x) = x.a (∀x ∈ L, ∀a ∈ A),

where the L-module homomorphism δn (∀n ∈ N) is the coboundary operator, then

this chain is said to be a cochain.

Definition 2.2. Let L be a Lie superalgebra, A be an L-module,

Hn(L,A) = Kerδn/ (Imδn−1)

is called an n-dimensional cohomology of L with the coefficient in its module A.

According to the definition, the following lemmas are clearly stated.



142 LIWEN YU AND KELI ZHENG

Lemma 2.3. For all L-module A, the centralizers of L in A is

CA(L) = H0(L,A) = {a ∈ A| x · a = 0, x ∈ L} .

Lemma 2.4. Suppose that A is an L-module and A1, A2,. . . , Ak are submodules

of A such that A = A1

⊕
A2

⊕
· · ·

⊕
Ak. Then

Hn(L,A) =

k⊕
i=1

(L,Ai), n ∈ N.

3. The centralizer CW (sl(0, n))

Firstly, we consider Cw(sl(0, n)).

Proposition 3.1. The centralizers of sl(0, n) in w0 is

Cw0(sl(0, n)) = H0(sl(0, n), w0) = spanF

{
x(α)D

k
| |α| = 1, k ∈ Y0

}
.

Proof. According to w0 = spanF
{
X(α)ξuDk | |α|+ |u| = 1, k ∈ Y0

}
, suppose that

f =
∑

k,l∈Y0

clkxlDk
+

∑
k∈Y0

∑
j∈Y1

gjkξjDk.

If q ̸= v, then

[ξqdv, f ] =
∑
k∈Y0

gvkξqDk = 0.

If q = v, then

[ξ1d1 − ξ2d2, f ] =
∑
k∈Y0

g1kξ1Dk −
∑
k∈Y0

g2kξ2Dk = 0,

[ξ1d1 − ξ3d3, f ] =
∑
k∈Y0

g1kξ1Dk −
∑
k∈Y0

g3kξ3Dk = 0.

Similarly,

[ξ1d1 − ξndn, f ] =
∑
k∈Y0

g1kξ1Dk −
∑
k∈Y0

gnkξnDk = 0.

Therefore,

g11 = g12 = · · · = g1m = g21 = g22 = · · · = g2m = · · · = gn1 = · · · = gnm = 0,

as desired. □

Proposition 3.2. The centralizers of sl(0, n) in w1 is

Cw1
(sl(0, n)) = H0(sl(0, n), w1) = spanF

{
x(α)D

k
| |α| = 2, k ∈ Y0

}
.
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Proof. Suppose that

f =
∑

k,l,p∈Y0

clpkxlxpDk
+

∑
k,l∈Y0

∑
j∈Y1

gilkξjxlDk +
∑
k∈Y0

∑
i,j∈Y1

hijkξiξjDk.

It follows from q ̸= v that [ξqdv, f ] = 0. If q = v, then [ξ1d1 − ξtdt, f ] = 0, t =

1, . . . , n. By calculating the coefficients, the conclusion is proved. □

Proposition 3.3. The centralizers of sl(0, n) in wi is

Cwi(sl(0, n)) = H0(sl(0, n), wi) = spanF

{
x(α)D

k
| |α| = i+ 1, k ∈ Y0

}
.

Proof. According to induction, drawing conclusions is straightforward. □

From Proposition 3.3 and Lemma 2.4, it follows that:

Theorem 3.4. The centralizers of Lie superalgebras in w is

Cw(sl(0, n)) = H0(sl(0, n), w) = spanF

{
x(α)D

k
| α ∈ A(m, t), k ∈ Y0

}
.

Next, we will investigate Cω(sl(0, n)).

Proposition 3.5. The centralizers of sl(0, n) in ω0 is

Cω0
(sl(0, n)) = H0(sl(0, n), ω0) = spanF {ξbdb | b ∈ Y1} .

Proof. According to ω0 = spanF
{
X(α)ξudb | |α|+ |u| = 1, b ∈ Y1

}
, suppose that

f =
∑
b∈Y1

∑
l∈Y0

clbxldb
+

∑
b,j∈Y1

gjbξjdb.

If q ̸= v, then

[ξqdv, f ] =
∑
b∈Y1

gvbξqdb −
∑
j∈Y1

gjqξjdv +
∑
l∈Y0

clqxldv = 0.

If q = v, then

[ξ1d1 − ξ2d2, f ] =
∑
b∈Y1

g1bξ1db −
∑
b∈Y1

g2bξ2db +
∑
j∈Y1

gj2ξjd2

−
∑
j∈Y1

gj1ξjd1 +
∑
l∈Y0

cl2xld2 −
∑
l∈Y0

cl1xld1 = 0,

[ξ1d1 − ξ3d3, f ] =
∑
b∈Y1

g1bξ1db −
∑
b∈Y1

g3bξ3db +
∑
j∈Y1

gj3ξjd3

−
∑
j∈Y1

gj1ξjd1 +
∑
l∈Y0

cl3xld3 −
∑
l∈Y0

cl1xld1 = 0.
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Similarly,

[ξ1d1 − ξndn, f ] =
∑
b∈Y1

g1bξ1db −
∑
b∈Y1

gnbξndb +
∑
j∈Y1

gjnξjdn

−
∑
j∈Y1

gj1ξjd1 +
∑
l∈Y0

cnlxldn −
∑
l∈Y0

cl1xld1 = 0.

Therefore, cij = 0, gij = 0, i, j ∈ Y1 if i ̸= j, as desired. □

Proposition 3.6. The centralizers of sl(0, n) in ω1 is

Cω1
(sl(0, n)) = H0(sl(0, n), ω1) = spanF

{
x(α)ξu−⟨b⟩ξbdb | |α|+ |u− ⟨b⟩| = 1, b ∈ Y1

}
.

Proof. Suppose that

f =
∑
b∈Y1

∑
l,p∈Y0

clpbxlxpdb +
∑

b,j∈Y1

∑
l∈Y0

gjlbξjxldb +
∑

b,i,j∈Y1

hijbξiξjdb.

It follows from q ̸= v that [ξqdv, f ] = 0. If q = v, then [ξ1d1 − ξtdt, f ] = 0, t =

1, . . . , n. By calculating the coefficients, the conclusion is proved. □

Proposition 3.7. The centralizers of sl(0, n) in ωi is

Cωi
(sl(0, n)) = H0(sl(0, n), ωi)

= spanF

{
x(α)ξu−⟨b⟩ξbdb | |α|+ |u− ⟨b⟩| = i+ 1, b ∈ Y1

}
.

Proof. According to induction, drawing conclusions is straightforward. □

From Proposition 3.7 and Lemma 2.4, it follows that:

Theorem 3.8. The centralizers of sl(0, n) in ω is

Cω(sl(0, n)) = H0(sl(0, n), ω)

= spanF

{
x(α)ξu−⟨b⟩ξbdb | 0 ≤ |α|+ |u− ⟨b⟩| ≤ π + n− 1, b ∈ Y1

}
.

From Theorem 3.4, Theorem 3.8 and Lemma 2.4, it follows that:

Theorem 3.9. The centralizers of sl(0, n) in W is

CW (sl(0, n)) = H0(sl(0, n),W ) = H0(sl(0, n), w)⊕H0(sl(0, n), ω)

= spanF
{
x(α)D

k
, x(α)ξu−⟨b⟩ξbdb

}
,

where α ∈ A(m, t), 0 ≤ |α|+ |u| ≤ π + n− 1, k ∈ Y0, b ∈ Y1.

The conclusion gives the centralizers of sl(0, n) in the generalized Witt Lie

superalgebra W . This contributes to the study of the structure of the Lie superal-

gebra sl(0, n).

Acknowledgement. The authors would like to thank the referee for the valuable

suggestions and comments.



THE CENTRALIZER OF sl(0, n) 145

Disclosure statement. The authors report there are no competing interests to

declare.

References

[1] B. DeWitt, Supermanifolds, Second edition, Cambridge Monogr. Math. Phys.,

Cambridge University Press, Cambridge, 1992.

[2] P. Fayet and S. Ferrara, Supersymmetry, Phys. Rep., 32C(5) (1977), 249-334.

[3] G. Hochschild and J.-P. Serre, Cohomology of Lie algebras, Ann. of Math. (2),

57 (1953), 591-603.

[4] N. Jacobson, Lie Algebras, Interscience Tracts in Pure and Applied Mathe-

matics, Interscience Publishers, New York-London, 1962.

[5] N. Jacobson, Lie Algebras, Republication of the 1962 original, Dover Publica-

tions, New York, 1979.

[6] J. Q. Liu, Q. G. Qian and K. L. Zheng, The centralizer of sl(0, 3) in the gen-

eralized Witt Lie superalgebra over fields of prime characteristic, J. Northeast

Normal Univ. (Natural Science Edition), 52(1) (2020), 10-12. (Chinese)

[7] J. Q. Liu, Q. G. Qian and K. L. Zheng, Centralizers of sl(2, 1) and sl(1, 2)

in the generalized Witt Lie superalgebra over fields of prime characteristics,

Journal of Harbin University of Science and Technology, 26(1) (2021), 144-

148. (Chinese)

[8] D. Mao and K. L. Zheng, Centralizer of general linear Lie superalgebra in

generalized Witt Lie superalgebra, J. Jilin Univ. Sci., 60(1) (2022), 27-34. (Chi-

nese)

[9] R. Mokhtari, R. Hoseini Sani and A. Chenaghlou, Supersymmetry approach

to the Dirac equation in the presence of the deformed Woods-Saxon potential,

Eur. Phys. J. Plus, 134 (2019), 446 (7 pp).

[10] J. J. Rotman, An Introduction to Homological Algebra, 2nd ed, Universitext,

Springer, New York, 2009.

[11] M. Scheunert, The Theory of Lie Superalgebras. An Introduction, Lecture

Notes in Math., 716, Springer, Berlin, 1979.

[12] M. Scheunert and R. B. Zhang, Cohomology of Lie superalgebras and their

generalizations, J. Math. Phys., 39(9) (1998), 5024-5061.

[13] L. Y. Tian, Y. Hou and K. L. Zheng, The centralizer of gl(0, 3) in the gener-

alized Witt Lie superalgebra over fields of prime characteristic, Natur. Sci. J.

Harbin Normal Univ., 32(2) (2016), 5-7. (Chinese)

[14] Y. Zhang, Finite-dimensional Lie superalgebras of Cartan type over fields of

prime characteristic, Chinese Sci. Bull., 42(9) (1997), 720-724.



146 LIWEN YU AND KELI ZHENG

[15] Q. Zhang and Y. Zhang, Derivation algebras of the modular Lie superalgebras

W and S of Cartan-type, Acta Math. Sci. Ser. B (Engl. Ed.), 20(1) (2000),

137-144.

Liwen Yu and Keli Zheng (Corresponding Author)

Department of Mathematics

School of Science

Northeast Forestry University

150040 Harbin, China

e-mails: 3078824015@qq.com (L. Yu)

zhengkl@nefu.edu.cn (K. Zheng)


	1. Introduction 
	2. Preliminary
	3. The centralizer CW(sl(0,n))
	toReferences

