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1. Introduction

In this note we will consider certain 3-blocks with an elementary abelian defect
group D of order 9. Such blocks were first studied systematically by Kiyota [4].
He identified 11 different types of these blocks, depending on the structure of the
relevant inertial quotient, its action on D and a certain 2-cocycle. For some cases
he determined the numbers of irreducible ordinary and Brauer characters in these
blocks; for other cases these are unknown even today.

Here we will be concerned with one of these 11 types. In this case the block B
is nonnilpotent, its inertial quotient is a Klein four group, and it contains a unique
irreducible Brauer character and precisely 6 irreducible ordinary characters. In
the following, we consider B as an algebra over an algebraically closed field & of
characteristic 3. Then the basic algebra A of B is a symmetric local k-algebra of
dimension 9 which has a center of dimension 6. Moreover, A and B are, of course,
Morita equivalent. The isomorphism type of A, and thus the Morita equivalence
class of B, was determined by Kessar in [3].

It is the purpose of this paper to revisit some of her arguments and to provide
variations and simplifications of her methods. Some of these simplifications come
from additional properties of the blocks in question which were not used in [3]. We
hope that our variations may prove to be useful in more general situations. Some
of our methods are inspired by [11], the master’s thesis of the third author written

under the guidance of the first author.
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We also point out a little mistake in Proposition 5.5 of [3]. However, Kessar
assures us that this mistake does not influence the correctness of the main result in
[3]. The starting point of Kessar was as follows. Suppose that G is a finite group
such that the group algebra kG has a block B with elementary abelian defect group
D of order 9. Let b be the Brauer correspondent of B in Ng(D), again a block
with defect group D. Using a result of the first author [7], she shows that the basic
algebra C of b has generators x,y and defining relations 2° = y® = xy +yx = 0 (cf.
p. 491 of [3]). Her goal is then to show that A and C are isomorphic. This then
ensures that B and b are Morita equivalent.

A result by Puig and Usami [10] shows that B and b are perfectly isometric.
This implies that A, B,b and C' have isomorphic centers; in particular, we have
Z(A) =2 Z(C). In order to show that A = C' we are going to use the following fact:
a® € K(A) = [A, A], for a € J(A). This holds because the defect group D of B has
exponent 3, as will be explained in more detail in Section 2 below. This property
was not used in [3]; it simplifies some of the proofs and some of the defining relations
of our algebras.

We also use the fact that finitely generated modules over group algebras have a
finite complexity (cf. [1]). As the referees of an earlier version of this paper pointed
out, this is the first instance where this method is used to show that certain algebras
cannot be blocks of finite groups. We hope that it will turn out to be useful in other
situations as well.

We now give an outline of the paper. In Section 2, we present some preliminary
results that will be applied in later sections. In Section 3, we investigate a symmetric
k-algebra A of dimension 9 with symmetrising linear form A, over an algebraically
closed field k of characteristic 3. We suppose that A is local with radical .J := J(A)
and socle S := S(A). We assume that Z := Z(A) is isomorphic to Z(C) where C
is as above, and that a® € K := K(A), for a € J. We will see that there are several
possibilities for A, given by Proposition 3.2, Proposition 3.4 (and Remark 3.5) and
Proposition 3.6. The algebras in Proposition 3.2 and Proposition 3.6 are both
unique (up to isomorphism) while the algebra in Proposition 3.4 depends on a
parameter v € k.

In Section 4 we will see that the unique simple module for the algebra in Propo-
sition 3.2 has infinite complexity, and in Section 5 we will prove the same thing for
the algebra in Proposition 3.6. So these two algebras cannot come from blocks of
finite groups. Thus our block B has to be Morita equivalent to one of the algebras
in Proposition 3.4 (and Remark 3.5). We also show that the unique simple module

for the algebras in Proposition 3.4 has complexity 2. Hence these algebras cannot
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be distinguished by complexity arguments. Thus at this point one has to fall back

on the arguments in [3], making use of the algebraic group Aut(A).

2. Preliminaries

Let k be an algebraically closed field and let R be a finite-dimensional k-algebra.
We denote by Z(R) the center of R and by K(R) = [R, R] the subspace of R
generated by all elements [r, s] = rs — sr (r,s € R). Moreover, we denote by J(R)
the (Jacobson) radical and by S(R) the (left) socle of R. If R is symmetric then
S(R) is also the right socle of R. An ideal I will always be a two-sided ideal. In
this case we write I < R. In this section we collect some known results that will be

used in the sequel.

Lemma 2.1. Let I be an ideal in R, and let m,n € N such that m < n. Suppose
that 1™ /1™t is spanned by the residue classes of the products ;1 ...x;n (i =
1,...,d) where z;; € I for alli,j. Then I"T™/I"*™F1 js spanned by the residue
classes of the products Tj1...TjmTi1.. Tin (i,j = 1,...,d). In particular, we
have

dim (1™ /Y < (dim (17 /17T1))2.

Proof. This is Lemma E of [6]. O

Lemma 2.2. Let R be symmetric and local. If dim(J(R)"/J(R)"*') =1 for an
n € N then J(R)"! C Z(R).

Proof. This is Lemma G of [6]. O

Lemma 2.3. Let G be a finite group, and let B be a block of the group algebra kG
with defect group D. Suppose that char(k) = p > 0, and denote the exponent of D
by p¢. Moreover, let A be any k-algebra Morita equivalent to B. Then a?” € K(A)
fora e J(A).

Proof. For n € Ny we define T,,(B) := {x € B : 2" € K(B)} (resp. for A).
Then one can show (cf. item (9) of [8]) that T(B) :=Y_."  Tn(B) = J(B) + K(B)
holds (resp. for A). Using this, Theorem J in [5] shows that z*° € K(B) for every
x € J(B). Then Corollary 5.3 in [2] implies that also zP° € K(A) for z € J(A). O

Lemma 2.4. Let char(k) = 3, and let C be the k-algebra with generators x,y and

3 =xy+yxr =0. Then the elements 1, z,y, x2, xy, y?, vy,

defining relations x° =y
xy?, 22y? form a k-basis of C. Moreover, the elements 1, x2, 12, %y, vy?, 2y? form
a k-basis of Z(C), and J(Z(C))? = ka*y®. In addition, the elements vy, xy?, x°y>

form a k-basis of S(Z(C)), and the elements xy, x*y, xy? form a k-basis of K(C).
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Proof. These assertions can be obtained by straightforward computations. O

3. Some symmetric local algebras of dimension 9

In this section k will denote an algebraically closed field of characteristic 3, and
A will be a symmetric local k-algebra of dimension 9, with symmetrising linear form
A. Weset J := J(A) and S := S(A), and we assume that Z := Z(A) is isomorphic
to Z(C) where C is as in Lemma 2.4. We also suppose that a3 € K := K(A) for
acJ.

For a subspace U of A we set UL := {a € A : A(aU) = 0}. It is well-known
that Z+ = K and J* = S. Moreover, for any ideal I of A, I is the (left or right)
annihilator of I in A, and thus an ideal in A. We start by proving some general
properties of A (cf. 3.3, 3.4 and 3.5 in [3]).

Lemma 3.1. The following properties hold:

(i) J(Z)< A, J(Z)K =0 and J(Z)> = S.
(i) J(2)+K=J(Z)+J?>=J(2)+J(Z)r = S(Z)* <A and dim S(Z)*+ = 6.
(iii) J2 € Z,dim J? € {5,6},dim J3 = 3,dim J* =1 and J® = 0.
(iv) ab+ba € Z for a,b € J; in particular a®> € Z for a € J.
v) BP=J(2)J=S2)=(KNZ)®S<LAK®S<IA and dim(K © S) = 4.
(vi) There is a € J such that a® ¢ J*; in particular, a®> ¢ J* and a ¢ J>.

Proof. (i) For z € J(Z), we have Zz = kz+J(Z)z C kz+J(Z)?. Hence dim Zz <
1+ dimJ(Z)? = 2, by Lemma 2.4. Thus A := A/(Az)* is a symmetric local
k-algebra, and dim A = dim Az < 5. Hence Theorem B in [6] shows that A is
commutative, i.e. K C (Az)* and therefore AzK = 0.

This proves that AJ(Z)K = 0, so that AJ(Z) C K+ = Z. Hence AJ(Z) C
ZNJ=J(Z)ie. J(Z)=AJ(Z)<d A, and J(Z)? Q A. Since dim J(Z)? = 1 this
implies that J(Z)? = S.

(ii) Since S(Z2) = ZNJ(Z)t = Kt N J(Z)* = (K + J(Z))* we have

dim(K + J(Z)) =dimA —-dimS(Z) =9—-3=6

by Lemma 2.4. Since S(Z) C J(Z), we also have S(Z) = J(Z)NJ(Z)* = (J(Z)* +
J(Z))* < A and thus S(Z)* < A.

Now A = k1 + J implies that K = [A,A] = [J,J] € J? and J(Z) + K C
J(Z) + J2. Assume that dim(J(Z) + J?) > 6. Since dim J = 8 this would imply
J=J(Z)+ J* + kx for some z € J. Hence A = Z + kx + J?> = Z[z| + J? = Z[z]
by Proposition 5.2 in [9]. Hence A would be commutative, a contradiction.

We conclude therefore that J(Z) + K = J(Z) + J>.



ALGEBRAS RELATED TO A CLASS OF 3-BLOCKS OF DEFECT 2 5

(iii) By (i) and (ii), we have J(Z)J? C J(Z)(J(Z) + J?) = J(Z)(J(Z) + K) =
J(Z)2 = S. Thus J(Z)J? = 0 and J® C J(Z)*; in particular, dim J3 < 4.
By (ii), we also have dim(Z + J?) = 7 > dim Z; in particular, J?> ¢ Z. Thus
Lemma 2.2 implies that dim J3/J4 > 2, so that dimJ3 > 3, 1 < dimJ* < 2 and
dim J*/J% = 1. Hence J* C Z by Lemma 2.2. Thus J* C J(Z)N J(Z)* = S(Z)
by (ii); in particular, dim J3 = 3 by Lemma 2.4. Hence dim J* = 1, J% = 0 and
5 < dimJ? <6.

(iv) First we assume that ¢* ¢ Z for some ¢ € J. In case ¢ € kc? + Z we have
c—ac® € ZNnJ = J(Z) for some a € k. Hence multiplication with (1 — ac)~!
yields the contradiction ¢ € J(Z). Thus we must have ¢ ¢ kc? + Z; in particular,
dim(ke+ kc® + Z) = 8. We write A = ke+ kc? + kd + Z with d € A and obtain the
contradiction K = [kc+ kc? + kd, ke + kc? + kd)] = k[c,d] + k[c?,d]. Thus ¢ € Z for
c€ J. Hence ab+ba = (a +b)? —a®? —b*> € Z for a,b € J.

(v) By (i), we have J(Z)2J = §J = 0, so that J(2)J C J(Z)*NJ(Z) = S(Z) by
(ii). In the proof of (iii), we observed that J? C S(Z). Since dim J* = 3 = dim S(Z)
this implies J? = S(Z). We write J = kz + ky + J(Z) + J? with x,y € J. Then

K = [kx + ky + J? kx + ky + J?] C klx,y] + J* C k[z,y] + J(Z) = kay + J(2)
by (iv). Thus J =kx + ky+ J(Z) + K = ka + ky + kxy + J(Z) and
I3 C ka® + kaPy + kayx + kyx? + kay? + kyxy + kyPz + ky + J(2)J.

Since x2,y? € J(Z) we have x3, 22y, yx?, vy?, y?z,y> € J(Z)J. Moreover, we have
ryr = (zvy + yr)r — yz? € J(Z)J, and similarly yay € J(Z)J. Hence we obtain
S(Z)=J3=J(Z)J. By (ii), we have
S(Z)=JZ)+K)Yr =J2)*nKt=UnZ2)*nz=0UJ+2z2YnzZ
=S+K)NZ=S+(KNnZ)=Sa&(KNZ),

for otherwise dim .S = 1 would give the contradiction S C K NZ C K C Ker(\).

Since KNS =0and (K +S5)t =K+tNS+t=2ZnJ=J(Z) <A the assertion
follows.

(vi) We assume that a® € J* = Sforalla € J. Thena® € KNS =0,ie a®>=0
for all a € J. Hence for a,b € J, (iv) implies

0= (a=+b)® = a®+a®b+aba +ba® + ab® + bab + b*a + b* = +aba F a*b + bab — ab®

so that bab = ab? = b?a. Thus, in the situation above, we have [z, zy| = 2?y—zyr =

0 and [y, zy] = yry — xy? = 0. Hence zy € Z N J = J(Z), a contradiction. O

Now we distinguish the two cases dim J? =5 and dim J? = 6.



6 B. KULSHAMMER, P. LANDROCK AND S. REINHARDT

Proposition 3.2. In case dimJ? = 5 the algebra A has a k-basis of the form
Lz,y, 2,22, zy, 23, 2%y, 2* where yr = —zy,y?> = 22,22 =2 and 0 = 22 = 20 =

yz = zy = 23y.

Proof. By Lemma 3.1 (vi), there is x € J\J? such that 2% ¢ J3 and 23 ¢ J*. Then
x ¢ J(Z)+ J?since (c+d)?=c2+d>=0+0=0force J(Z),de J? Lety € J
such that J = kx+ky+J(Z)+J?. Then, as in the proof of Lemma 3.1 (v), we have
J = kx+ky+kry+J(Z), A = kx+ky+kay+Z and K = klz, y|Dk[z, zy]|Bkly, 2y].
Let z € J(Z) such that J(Z) + J? = kz + J?. Since dim(J? N Z) = 4, we also have
J N Z =ka? @ J3. Thus J? = ka? + kay + kyz + ky?> + J3 = kay + (J? N Z) =
kx? + kxy + J>. Since zy + yx € J2 N Z there is o € k such that zy + yz = ax?
(mod J3). Setting 3’ := y + ax we obtain: xy’ + y'z = xy + yr — az? € J3. We
may therefore replace y by ¢y’ and thus assume that zy + yx € J*. (Note that this
replacement does not affect the other conditions placed upon z,y, z.)

Since J3 = kx® @ kx%y ® J* by Lemma 2.1, there are a, 3 € k such that zy +
yr = ax® + Ba’y (mod J*). Then 2’ := z + Ba? and y = y + ax? satisfy
2y +y'2 = xy + ax® + Brly + yx + ax® + Byz? = 0 (mod J*). Hence we can
replace (z,y) by (2/,7') and thus assume that zy 4+ yx € J*. (We point out again
that this replacement does not affect the other conditions placed upon z,y, z.)

We now have [r,y] = 2y —yz = 22y (mod J*) and therefore 0 = 222[x,y] = 23y
by Lemma 3.1 (i). Hence J* = ka* + kx®y = kaz* by Lemma 2.1. We conclude
that zy + yz = ax* for some o € k. Setting 3 := y + ax® we obtain: xy’ +y'z =
2y +yr +axt + azx = 0 = 23y’. We can therefore replace y by v’ and assume that
vy +yr = 0 = 23y. (We stress again that this change does not affect our other
conditions on x,y, z. In the future, we will not mention these things explicitly.)

As before, we have J3 = ka® @ ka?y @ kat. Since [y, vy] = yry — 2y? = 29>
and [y,2y] ¢ S we conclude that y?> ¢ J3. On the other hand, we have y? €
Z N J? = ka? + J3. Replacing y by a scalar multiple, if necessary, we may assume
that y?> = 22 (mod J?); in particular, we have 22y? = z*. Moreover, there are
a, 3,7 € k such that y? = 22 + ax? + Bx?y + yz*. Then 2y? = 22 + ax* where
zy?, 23 € K. Thus ax* € KNS =0,ie a=0.

Similarly, we have y®> = 22y + Bz?y? = 2%y + Ba* where 3>, 2%y € K since
[z, 2y] = 2%y — vyx = 22%y. Thus Bz* € KNS =0,ie B=0.

Setting y' := y + /yzy we obtain: (y')* = y* + A (yzy + zy?) + yayzy =
2 yat—yaPy? = 22, wy' +y'c = zy+yzr+/y(2?y+ayz) = 0 and 23y’ = 0. Hence

we may replace y by ¢’ and therefore assume that zy + yx = 0 = 23y = y? — 22.
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Now I := kx @ ky @ kx> @ kxy @ kx® @ kay @ ka* < A. Thus I+ < A and
dimI*+ = 2. If @ € I NI then there are «a,f3,7v,0,6,(,n € k such that a =
az+By+yr?+dxy+ex® +(x?y+nzt. Hence 0 = xa = ax?+ fry+yzd+6x2y+ex?,
iie. « =3 =7 =20 = ¢ =0. Furthermore, we have 0 = ay = (z%y? = (2?, i.e.
¢=0.

This shows that IN T+ = S. Thus dim(I +1+) =7+2—-1=28,ie. [+t =J.
Let 2/ € I'* such that J = k2’ + 1. Since 2’1 = 0 = Iz’ we have 2’ € Z. Since
J? C I this implies that 2/ ¢ J?. We may therefore replace z by 2’ and assume
that z € I+.

Then 22 € S = ka* by Lemma 3.1 (i). In case 22 = 0 we would have the
contradiction z € J+ = § C I. Thus we must have 2% # 0. Hence we replace z by
a scalar multiple and therefore assume that 22 = 2*. So we finally have a basis of
the desired form. O

Next we turn to the case dim J2 = 6.

Lemma 3.3. In case dim J? = 6 there are x,y € J such that J = kx @ ky @ J?
and (vy +yx € J> or y? € J3).

Proof. By Lemma 3.1, there are x,y € J such that 22 ¢ J3 and J = kx ® ky & J2.
Then

J? = ka® + kxy + kyx + ky? + J° = kay + ka? + ky? + k(xz + )2 + T3

Since dim J? = 6 this implies that dim(kz? +ky? +k(z+y)?>+J3) > 5 = dim J(Z).
Thus J(Z) = kx? + ky? + k(z +y)? + J3, by (iv) and (v) of Lemma 3.1. Replacing
y by x + y, if necessary, we may assume: J(Z) = ka? + ky? + J3.

Then there are o, 3 € k such that xy + yr = az? + By? (mod J3). We may
agsume that a # 0 or § # 0; for otherwise the result follows. Without loss of
generality, we may assume that o # 0. Replacing y by o'y, if necessary, we may
assume that a = 1.

In case 8 # 1 we set o’ := x + oy and ' := z + Ty where 0 := 2+ /1 — 8 and
7:=2—+/1— . Then we also have J = ka2’ @ ky’ ® J? and

2y +y'a’ = 22° + (0 +7) (wy+ya) +207my° = 207 +ay+yr+26y° =0 (mod J?).

Thus we may replace (z,y) by (2/,y’) and obtain the assertion.
Finally, let 8 = 1 and set 3 := y —x. Then J = kz @ ky’ ® J? and (y')? =
y? —yx — xy + 22 € J3. Thus we can replace y by 3’ and obtain the assertion. [
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Note that U := {a®?+ J3 : a € J} is a linear subspace of J2/J?3 in case zy + yr €
J3, but not in case y?> € J3. Thus the two cases distinguished in Lemma 3.3 are

essentially different. Now we treat these two cases separately.

Proposition 3.4. Let x,y € J such that J = kx ® ky ® J? and zy + yx € J>.
Choosing x and y appropriately, the elements 1,x,y, 2, xy, y%, 2%y, 2y%, 2%y? form
a k-basis of A with 0 = xzy + yr = 23y = xy® = 23 — Bry? = 3> — vy where
B €{0,1} and v € k.

Proof. Our hypothesis implies that J? = ka2 + kxy + kyz +ky* + J2 = kay+ J(Z)
and A =7 @ kx & ky @ kxy. Thus K = k[z,y] & klz,zy] @ kly,zy] and K N Z =
klz,zy] & kly, zy]. Hence J3 = (KNZ)& S = klx, zy] ® kly, 2y & S where [z, zy] =
—z%y (mod J*) and [y, xy] = xy?® (mod J*). Therefore J* = ka%y @ kxy? @ J*. In
particular, there are «, 3 € k such that zy + yz = az?y + Bry? (mod J*). Setting
2 =z + az? and ¢ =y + fy? we obtain J = k2’ @ ky' ® J? and

'y + ' = xy +yr + a(z®y +y2?) + Bxy® +y*x) =0 (mod J?).

We can therefore replace (z,y) by (z’,%’) and then assume that zy + yz € J4.
Now 23y = 2?yx = —z3y implies that 23y = 0. Thus J* = kx3y+kx?y? = ka?y?
by Lemma 2.1. In particular, there exists a € k such that zy+yx = axz?y?. Setting
y' = y+axy? we get: xy’ +y'z = vy +yx +a(z?y? +2%y?) = 0. Therefore we may
replace y by 3 and assume that zy = —yz. Now zy° = yry? = —29°, i.e. 2y =0.
Since 23 € K NZ = ka?y ® kay? there are «, B € k such that 2° = az?y + Bry?.
Then 0 = 2%y = ax?y?, ie. a = 0 and 2 = Bxy®. Replacing y by /By, if
necessary, we may assume that 5 € {0,1}. Similarly, there exist v, € k such that
y3 = yx?y + dxy?. Then 0 = x> = d2%y?, i.e. § =0 and 33 = y22y. ]

Remark 3.5. (i) In case f = 0 we can replace x by \/yx, if necessary, and thus
assume that v € {0,1}.

(ii) Thus let 8 = 1. In case v = 0 we can exchange x and y and are then back
in the case f = 0. Thus we may assume vy # 0.

In case v = 1 we get 2t = 2%y? = y*, ie. 22(2? —y?) = 0 = y*(2® — y?). But
then z2 — y? € S(Z) = J3, a contradiction.

Hence we may assume that 0 # v # 1. Note that our results here differ slightly
from those in [3]. The reason is a mistake in [3]; one of the changes of bases there
is misleading since it is in conflict with earlier assumptions. However, the author of

[3] stresses that this mistake has no influence on the correctness of the main result.

Using the fact that (Cz + ny)® = (38 + (n?)ay? + (Pn + ndy)z?y for (,n € k
one shows that W := {a+J? : a € J,a® € J*} is a point in case = 1,0 # v # 1,
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a line in case f = 0,7 = 1 and a union of two distinct lines in case § = v = 0.
It remains to prove that in case 8 = 1,0 # ~ # 1 different choices of 7 lead to
non-isomorphic algebras. Thus suppose that we have two k-algebras A, A with
k-bases 1,z,y, 2%, zy, y2, 22y, zy?, 2%y? and 1,2, 7, 32, 27, §°, £27, 5%, 329> respec-

tively. Suppose also that the relations 0 = zy + yz = 2%y = zy® = 2% — 29? =

y? —yxly and 0 = & + 9% = 39 = #° = 3% — 2§ = §° — 422§ hold where
7,5 € k\ {0,1}. Finally, suppose that f: A — A is an isomorphism of k-algebras,
and set J := J(A), J := J(A). Using the relations zy + yz = 0 and &j + §Z = 0
one easily gets that either f(kz + J?) = ki + J? and f(ky + J?) = kj + J>,
or f(kx 4+ J?) = kij+ J? and f(ky + J?) = ki 4+ J>. Then, using the relations
22 —2y? =0 =y> — yx?y and 7% — 7% = 0 = > — A&7 one concludes that v = 7
in both cases.

We now consider the remaining case.

Proposition 3.6. Let z,y € J such that J = kx ® ky ® J? and y> € J3. Choosing
x and y appropriately, the elements 1,x,y, x2, zy, yx, x°, xyx, * form a k-basis of

A with 0 = y? = 2%y = yx? = yaxy — 23,

Proof. Our hypothesis implies that J? = ka? @ kxy ® kyx © J3. As before, we
conclude that A = Z & kx & ky & kxy and K = klz,y] ® klz, vy] ® kly, zy] where
0 % [y, 7y] = yzy (mod J4),i.e. yzry ¢ S. Since y-yxy = 0 we must have ryxy # 0,
so that J* = kxyxy. Since the case zyx € kyzy+J* would lead to the contradiction
zyzry = 0, we must have J? = kaxyzr © kyxy & J*.

Thus there are o, 3 € k such that 2%y = azyz + Byzry (mod J*). Then 0 =
2?y? = awyry implies that o = 0. Setting 2’ := x — By we obtain (2')%y =
2?y—Byxry =0 (mod J*). Hence we may replace x by 2’ and assume that 2%y € J*.

Again, there are a, 3 € k such that 2*> = azyr + Byzy (mod J*). Since 0 =
23y = axyzy we conclude that o = 0. Since J(Z) = ka? ® k(xy +yx) ® J> we must
have 22 ¢ S(Z), by Lemma 3.1 (v). Since 2%(zy + yz) = 23y + 2%y =0+0 =0
this implies #* # 0; in particular, we have 2® ¢ J* and therefore 3 # 0. Now we
can replace y by /By and assume that 8 = 1. Thus x> — yxy € J*.

Now we have J? = kx?@kryr®ka*. Hence the elements 1, z,y, 22, zy, yz, 23, Ty,
x* form a basis of A, and there exists a € k such that z?y = ax*. Setting 3’ =
y—azx? we have 22y’ = 0, and 2® —y/2y = 2% —yay+axdy+ayx® = 23 —yaxy € JA
We may therefore replace y by ¢’ and then assume that o = 0. Thus we now have
%y = 0.

Hence there are o, 3 € k such that 4> = az® + Bryr (mod J*). Then y* =
Bryry € KNS =0, so that 8 =0 and y? = az® (mod J*). Suppose that a # 0.
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Then we set 2’ := az and y’ := ay. Hence we have (y')? = o323 = (2/)? (mod J*)
and y'2'y’ = o2 = (2/)® (mod J*) and, moreover, (2')%y’ = 0. Thus we can
replace (x,y) by («’,y’) and therefore assume that o = 1. Thus together we may
assume that a € {0,1}.

Let v € k such that yry = 2% + vz, Since K contains 2% and [y,zy] =
yry — zy? = 2% + y2* — az? we must have (y — a)z* € KNS = 0, so that
v =a.

Let B € k such that 32 = az® + Bz*. We set v/ := y + Bayz. Then 1,2,y 22,
xy = zy,y'r = yx, 23, xy’c = zyx,z* form a basis of A with z2y = 0 = 2°,
(v')? = az® and y'zy’ = 23 + ax*. Thus we may replace y by 3’ and therefore
assume that § = 0.

Suppose that a = 1. We set ¢/ := y + 2y + yx. Then 1,2,y , 22, zy = zy +
xyz,y'r = yxr + zyx, 23, xy'c = xyr, vt form a basis of A with 22y’ = 0,2° = 0,
(v')? = 0 and y'xy’ = x3. Thus we may replace y by ' and therefore assume that
a=0. (]

Hence we are now left with the algebras in Proposition 3.2, in Proposition 3.4
and Remark 3.5, and in Proposition 3.6. It is easy to verify that these algebras are
indeed local and symmetric, satisfy a® € K for a € J, and have a center isomorphic
to Z(C). In the next sections, we are going to compute the complexity of their

unique simple module.

4. The algebra in Proposition 3.2

The following proposition which was kindly provided by J. F. Carlson shows that
the algebra A of Proposition 3.2 leads to a contradiction. The argument here differs

considerably from the one in [3] which made use of the outer automorphism group
of the k-algebra A.

Proposition 4.1. Let k be a field (of arbitrary characteristic), and let A be a split
local k-algebra such that the following conditions hold:
(1) There are x,y,z € J(A) such that z + J(A)%y + J(A)? 2 + J(A)? are
k-linearly independent in J(A)/J(A)?, and
(2) 2zz=zx=yz=2y=0.
Then there are a minimal projective resolution

P2 p 2 py 2 g 0

of the trivial A-module k = A/ J(A) and, for i € Ng, an A-basis €;1,...,¢€;n, of P;
with the following properties:
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(a) If i = 2m is even then n; > 2™ and ze;1,...,2e;am € K; := Ker(yp;).
(b) Ifi=2m+1 is odd thenn; > 2" and xe; 1,ye;1,- .., T om,Ye;om € K; 1=
Ker(p;).

Proof. Suppose first that ¢ = m = 0. Then we set Py := A and let ¢g = € :
A —— k be canonical. Moreover, we set ng := 1 = 2° and eo,1 = 1. Then
o : Py — k is a projective cover, and zeg 1 € J(A) = K.

Now suppose that we have already constructed Fp,...,P; and q,...,p; with
the desired properties. If ¢ = 2m is even then P; has an A-basis e;1,...,€;n,
such that n; > 2" and ze;1,...,2€;2m € K;. Since ¢; : P, — K;_1 is a
projective cover, we have K; = Ker(p;) C J(A)P;. Thus also J(A)K; C J(A)?P;.
Since ze; 1 + J(A)%P;,. .., ze;am + J(A)?P; are k-linearly independent in J(A)P;/
J(A)?P;, so are ze; 1 + J(A)K;, ..., ze;9m + J(A)K; in K,;/J(A)K,. Thus there

are a projective cover ¢;y1 @ Py — K; and an A-basis €;11,1,...,€11,n,.,
of Pi41 such that n;41 > 2™ and @;11(eip1,;) = ze;; for j = 1,...,2™. Hence
Yit1(xeit1,;) = zze; ; = 0 and @;1(yeiq1,5) = yze;; =0 for j =1,...,2™, and

we have constructed a projective cover ;41 : P41 — K; with the desired
properties.

Finally, if i = 2m + 1 is odd then P, has an A-basis e; 1,...,€; », such that n; >
2™ and we;1,Y€i1, ..., T 9m,ye;om € K;. As before, we have J(A)K; C J(A)*P;.
Since we; 1+ J(A)2P;,ye; 1 +J(A)2 P, ..., xe;om + J(A)2P;, ye; om +J(A)? P are k-
linearly independent in J(A)P;/J(A)?P;, so are xe; 1+ J(A)Ki,ye; 1 + J(A)K,, ...,
xejom +J(A)K;, ye; om +J(A)K; in K;/J(A)K;. Hence there are a projective cover
Yi+1: Piyy —— K; and an A-basis €;411,...,€i41,n,,, of Pi11 such that n, ., >
2T and i (eip12j—1) = we;j and @ip1(eip,25) = yeiy; for j = 1,...,2™.
Therefore ;11(zeit11,2j—1) = zxe; ; = 0 and @;1(2€,41,25) = zye; j = 0 for j =
1,...,2™ ie zejj1,1,...,2€i412m+1 € K1 = Ker(p;41). So we have constructed
a projective cover ;11 : P41 — K; with the desired properties also in this

case. O

Remark 4.2. In the situation above we have dim P; > (dim A)2/2) for i € Ny.
In particular, the sequence (dim P;)$2, grows exponentially. Thus the algebra A
cannot be Morita equivalent to a block of a group algebra; for otherwise the se-
quence (dim P;)$2, would have polynomial growth since finitely generated modules
over blocks of finite group algebras have finite complezity (cf. [1], for example).

In the next section, we will show that also the unique simple module over the
k-algebra of Proposition 3.6 has infinite complexity. Thus it cannot be Morita

equivalent to a block of a group algebra.
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5. The algebra in Proposition 3.6

In this section, k£ will again be an algebraically closed field of characteristic 3, and
A will be the k-algebra of Proposition 3.6. Thus A has a k-basis 1, z,y, 22, zy, yz, 2>,
xyz, z* with relations 0 = y? = 2%y = y2? = yry — 3. We are going to show that
the unique simple A-module A/J = k has infinite complexity. First we observe that
the (left) A-module Ay is spanned over k by the elements y = 1-y, 2y = 2 -y, 23 =
yx -y, x* = zyx - y. In particular J? -y # 0. We will denote a minimal projective

resolution of k by

P, : P p gy 2k 0.

Moreover let K, := Ker(p,—1) for n € N and Ky := k. We remind the reader

that for each n € N the map ¢,, factors into a projective cover P, —= K,, of

K, followed by the inclusion map K,“— P,_; . Hence we get the following

\
/

picture with short exact sequences on the diagonals:

We observe that in our case, since A is a local k-algebra, every P, for n € Ny is

P2

isomorphic to a finite direct sum of copies of A. Moreover, since @y can be chosen
as the natural projection of A onto A/J = k, we obtain Py = A, K1 = J and JK; =
J?%. Using this we obtain K;/JK; = k(y + JK) ® k(x + JK;). Therefore we may
choose P; := A%, Let By = {ey,ea} be an A-basis of Py, i.e. P = Ae; @ Aey. Then
1: P1 — Py can be chosen to be the map defined by 1 (aie; +aseq) := a1y + asx
for a;,as € A. Doing so we observe that ye;,z%e; € Ker(p;) = Ko and that
p1(e1) =y and pi(e2) = 2.
In the remaining part of this section we will inductively show that for n € N the

number N, of indecomposable direct summands of P, can be bounded from below
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by the n-th Fibonacci number (which is true for n = 1 by the above calculations).
Since the Fibonacci sequence is of exponential (and not of polynomial) growth this
will show the claim we made on the complexity of the A-module k.

In view of this let us fix some m € N and assume we have already constructed

the following part of a minimal projective resolution of k:

P, —p, 2 g A

As mentioned before let N,, for n € N be the number of indecomposable direct sum-
mands of P,, i.e. P, & AN~ for n € N. Let us denote by B,, = {ej,e2,...,en, } an
A-basis of P,,, so that we have P,,, = Ae;®Aes®- - -BAey,,. Since ¢, is a projective
cover of K, we obtain K,,11 = Ker(¢m) C JP,,, and therefore JK,, 1 C J2P,,.
In particular the fact that A has Loewy length 5 yields J? - JK,,.1 C J°P,, = 0.
That means every element of JK,,; is necessarily annihilated by .J. Finally let

Qs B € Ng with 3, < «ay, be such that the following conditions hold:

(i) yer,yea,...,yen,, € Kpi1.
(ii) a?e1,x?eq,...,2%es, € Kpi1.
(iii) There exists an A-basis By,,—1 = {d1,...,dn,, _,} of Py,_1 with the following
two properties:
o pn(e;)=yd;fori=1,..., Bn.
o If for ¢ > B, we have p,,(¢e;) = Ejy:mfl a; jd; with a; ; € J for j =
1,...,Np_1, then for j =1,..., 5, we even have q; ; € kz + J2.
The third item from the above list might seem quite confusing at start. The essence
of it is that we obtain restrictions on the occurring coefficients a; ; in the decom-
position of image elements of ¢, with regard to B,,_; for certain preimages. Note
that we may always assume that a; ; € J since we have Im(p,,) = Ker(opn—_1) C
TPt = @507 (Jdy).

From our calculations before one readily checks that conditions (i)-(iii) hold for
m = 1 with a7 = 1 = 1 (take By = {1} and B; = {e1, e} in the notation
from before). Next we will check that under the assumptions (i)-(iii) we have
yer,yea, ..., Yeq,, ¢ JKmi1 and x%eq, x%es, ..., x%ep, & JKpi1. As we remarked
in the beginning of this section, we have J? - ye; # 0 for each i = 1,..., .
Since, on the other hand, we noticed that J? annihilates JK,,,; we immedi-
ately get that ye; ¢ JK,,41 for i = 1,...,a,,. Hence it remains to show that
z?e1,x%es,...,2%5, ¢ JKni1. Let us therefore fix some j € {1,...,8,} and
assume that m2ej € JK,,+1- Then, in particular, we have x2ej € JKynt1ej. Next

we will show that this forces xe; € Kp,yie; + kyxe; + kryzre;. In view of this
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let us assume that ze; ¢ K,,41e; + kyze; + kxyzre;. We have ye; € K, 41e; by
(i) and z%e; € Kp,41€; by (ii). Since Ay + Az? = ky + ka? + kzy + ka3 + ka?
we obtain (ky + kz? + kzy + ka3 + ka')e; C K,,41e;. Using this and our as-
sumption on x we conclude that xe; + s ¢ K, q1e; for any s € (ky + J?)e;. For
if zej + s € Kyq1e; for some s € (ky + J?)e; then we could write s = s’ + s”
with s’ € (ky + ka? + kzy + ka® + ka*)e; C Kppiej and s” € (kyx + kzyz)e;.
Hence we had ze; + s’ € K,,y1e; but then ze; € Kp,11€; + kyze; + kxyxe;, a
contradiction. Taking into consideration the fact that K,,+1 C JFP,, we infer that
Kit1ej C (ky + J?)e;. But this implies that z%e; € JK,,11e; C (kzy + J3)e;j,
a contradiction. This shows that we; € Ky, y1e; + kyxre; + kxyxe;, so that there
are £ € Ky,q1 and A\, € k with ze; = &e; + Ayxe; + pryzre;. Hence € is of the

following form:

£ = (x — \yx — pryx)e; + Z Wee
ej#e€Bm,
with certain w, € J for e € B,,\{e;}. Applying ¢y, to the element £ € K,,+1 and
using the first part of (iii) yields

0=m(&) = (wy — \a® —pa)d; + Y wepmle
5375563771

In particular we obtain, by using (iii) again,

(zy — Az —um Z Wepm (€
ej#e€Bp,

Now
== D weai;]d

i=Bm+1

with a; ; being the elements we introduced in (iii) when decomposing ¢, (e;) into an
A-linear combination of the elements in 5,,_1. Because we have we, € J and a; ; €
kz + J? for i > f3,, this last chain of equalities implies zyd; € (kz? + kyx + J3)d;,

clearly a contradiction. This shows that

® yey,yey, ..., Yeq,, € Km+1\JKm+1a and
° LE2€1, 1’262, ey xzegm S Km+1\JKm+1.

If we can now show that the cosets of yer,yea, ..., ye,,, and z?e1,xes, ..., x2ep,,
are linearly independent in K, 1/JK,+1, then the factor module K, y1/J Kt
has a k-basis consisting of the union of the cosets of the elements yes,...,yeq,,,

z2eq, ... ,xQeﬁm and those of some other elements ry,...,r; € K,,+1 with [ € Np.
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Let us therefore assume that

QU Bm
Z Aiye; + Z/Lix2€i € JKmt1
i=1 i=1
for some Aq,...,Aq,,, 41,518, € k. Multiplying this inclusion with zyz and

using that J3 annihilates J K,,+1 we obtain:

Qo
E /\il‘4€i =0
i=1

and hence A\y = --- = A,,, = 0 since the e; are A-linearly independent. Thus we
have

Bm

Z,uixQei e JK 41

i=1
Multiplying this with e; from the right we obtain p;z%e; € JK41e; for j =
1,...,Bmn. But now, apart from the coefficient p;, we are in the exact same situ-
ation as before when we were indirectly showing that wgej ¢ JKp41. Using the
same argument as in that case shows that p; must be zero since else we obtain a

contradiction. Hence p1q = -+ = ug,, = 0 and this shows that we can write
Kpt1/JKmi1 = kyer @ - - @ kye,,, @ kxle; @ --- @ kaZes,, © k1 @ - @ k77,

where for s € K,,11 we denote the coset s + JK,,,+1 by 5.
Since B, is an A-basis of P, and r1,...,7 € Kjp11 C JP, = @;V:’"l(Jej) we

can write
Nm
ri =y bije
j=1

with b;; € J for i = 1,...,l and j = 1,..., Ny,. Writing b, ; = b ;y + b} ; with
b‘;{j € k and b;d €kx+J?>fori=1,...,land j =1,...,q,, we may replace r; by
Ty — Z;‘gl bajyej for i = 1,...,l. On the level of cosets this just induces a change
of basis of Kp41/JKpmt1. We may hence assume that the A-coefficients b; ; belong
tokr+J2fori=1,....,land j=1,..., .

We can now construct a projective cover P, 11 of K,,,+1. For this we set Np,41 1=
m+Bm+land Py, := ANm+1. Note that Ny,41 > am +Bm. Fixing some A-basis

Bm+1 = {fl, f2, ey meJrl} Of Pm+1 we have

Pry1=Af1® ©Afa,, ®Afan+1© - ©Afan+8m DAfam+Bmt1 @ QAN 1
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We obtain a projective cover @11 @ Ppy1 — K41 by setting
Om41(fi) =ye; fori=1,... anm,
Omi1(fa,, i) = x%e; for i =1,..., Bpm,
Omt1(fam48,+i) =1 fori=1,...,1,

and extending this A-linearly to all of P,, 1. From this we immediately infer:

Cm1(yfi) =ylei=0fori=1,...,am,
@m—i—l(yfi) = (yIQ)ei—(xm =0fori=ay, + 1. . 0, + ﬂmv
Omi1(Z2f;) = (@®y)e; =0for i =1,..., ap,
so that
yfuyfe, - Yfam+8, € Kmyo and
x2f1ax2f27 “ee 7x2f(xm S Km+2
hold. In view of the definition of «,, and f,, we set a1 = am + B and

Bm+1 = . Then conditions (i) and (ii) are fulfilled for m + 1 instead of m and
Byny1 instead of By,. Using the "old" A-basis B, = {e1,ea,...,en,, } of P, and

Bm+1 = ., we see that also (iii) holds for m + 1:

e By definition of ¢,,+1 we have @,,41(fi) = ye; for i = 1,..., ayy,.

2¢; and 22 €

e For i = 1,..., B, we have, by definition, ©m+1(fa,,+i) = ¢
kx + J? for every such i. For i = 1,...,] we have, again by definition,
Om+1(fam+8,+i) = Ti. But we had written r; = Z;v:’"l b; je; and chosen
the r; so that b; ; € kx + J2for j=1,...,am.

Now we are in the same situation as before and we can apply induction. Hence we

have oy =1, f1 = 1 and for any n € N:
Qnt1 = Qn + Bn,
Brt1 = an,
Npy1 > an + Bn.

Since the sequence (o, )52, is the shifted Fibonacci sequence by the upper recursion,
and we have N1 > «, for n € N, the claim on the number of indecomposable

summands of P, follows. We have thus shown:

Proposition 5.1. Let A be the k-algebra of Proposition 3.6. Then the unique

simple A-module has infinite complexity.
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6. The algebras in Proposition 3.4

In this section, k will again be an algebraically closed field of characteristic 3,
and A will be one of the k-algebras in Proposition 3.4. Thus A has a k-basis
1,z,y, 22, vy, y?, 2%y, xy?, 2%y? with relations zy +yx =0, 23y = 0, zy®> = 0, 23 =
Bxy?, y> = vxy where 8,7 € k. By Remark 3.5 we may assume that one of the
following holds:

(I) p=0and y€{0,1}, or

(I) =1and v € k\{0,1}.
For these types of symmetric algebras we want to calculate the complexity of the
trivial A-module k& which is also the maximal possible complexity occurring among

all finite dimensional A-modules. We will show even more, namely:

Proposition 6.1. The unique simple A-module A/J = k has complexity 2 given
that By # 1.

Since in either of the cases (I) and (II) we always have 8+ # 1 this will show:

Corollary 6.2. The unique simple A-module A/J = k has complexity 2 in both
case (1) and case (II).

Before we start we observe the following:

Remark 6.3. (i) The case 8 =~ = 0 actually leads to an algebra which is Morita-
equivalent to a block of a group algebra with defect group C32. It is well known that
for this block the mazximal complexity is 2.

(ii) Assuming By # 1 we can leave out the two relations x3y = 0 and xy> = 0
in the definition of A at the beginning of this section since these follow from the
relations 3 = Bxy? and y® = ya?y. For we have 23y = fxy® = Byady and
xy® = vady = yBxyd. Bringing everything on one side and dividing by 1 — 37 in

each of these two equations yields x>y = 0 resp. xy> = 0.

Moreover we observe that the given relations on A imply the following additional

identities which will frequently be used later on:

2(2® = By?) = (a® — By*)z = 0,
y(a® — By?) = (2 — By )y = (1 — By)a’y,
2(y2® — %) = (ya? —y*)e = (By — Day?,
y(v2® —y?) = (va® —y*)y = 0.



18 B. KULSHAMMER, P. LANDROCK AND S. REINHARDT

Now we will calculate the first two terms of a minimal projective resolution

P.I P2 P1 PO k 0

of the trivial A-module k. In order to do this we consider the short exact sequence

0—>K1:J—>A£>K0=k‘—>07

where g is just the canonical projection of A onto A/J = k. Clearly K;/JK; =
kT @ ky, where T resp. ¥ are the images of = resp. y in K;/JK;. Using this we
get the second term of the minimal projective resolution by considering the short
exact sequence

¥1

0 Ky A2 K 0.

Let e1, eo denote the standard A-basis of P, := A2. Then (1 may be defined by
the rule aje; + azes — a1z + asy for aj,as € A. With dim(K,) = dim(A?) —
dim(K7) = 10 and a short calculation we easily see that Ko has the k-basis
(22— By?)er, 2%yer, v2y2er, (ya® —y?)ea, zyPeq, 12y°es, yei +xes, xyer +a2eq, yie —
ryeq, xy’e; — x2yes and using J = Ax + Ay we obtain Ko/J K, = km@
k(a2 = y%)es @ kyer + wes.

With the notation given above we will now continue to define projective covers
wn for n > 2 and therefore compute a complete minimal projective resolution of
k. Doing this we will obtain that for each n > 0 the projective module P,, can be
chosen to be A"*L. Therefore there is a minimal projective resolution of k of the

form

P2 1 ¥o

A3 A2 A k 0,

and this shows that k has complexity 2.

For now let n > 1 be a fixed natural number. Denote the standard A-basis of
A"l by ey, ..., e,y1 and the standard A-basis of A" by dy,...,d,. We can define
the map ¢, : A"t — A" by defining it on the set {e1,...,e,11} and extending
this A-linearly to all of A"T1. We set ¢,(e;) := €, for i = 1,...,n + 1 where

e, ... e, €A™ are defined as follows:
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(1) If n = 4q for some ¢ € N then

ey = (xz - ﬂy2)d1
ey = (y2® —y°)ds
€amrs = Ydamy1 — Tdam 3
mta = Tdamt2 — Ydamia
Chmts 1= (va® — y*)damss + (2% — BY*)dam+s
€hmas = (% = BY*)damsa + (V2 — y*)damro

eﬁlq+1 = (’YxQ - y2)d4q71 + (_1)q(x2 - ﬁyz)délq

(2) If n =4g+ 1 for some g € N then

e} == wdy

eh = yds
hmis = Ydams1 — (2 = BY*)damys
hmia = Tdamios — (V2% = Y*)damaa
€hmis = (V22 = y*)damys + Tdamys
imis = (2% = BY?)damia + ydame

eilq+2 = (xZ - ﬁy2)d4q + (_l)qyd4q+1

(3) If n =4q+ 2 for some g € Ny then

e = (2* = py*)ds
¢y = (y2? — y*)d
Chmts = Ydamy1 + Tdam 3
€hmia = Tldami2 + Ydamya
imys = (8° = y*)damis + (2% — BY?)damys
Cimse = (@2 = BY ) damia + (V2% — y*)dam 6

€igrs = Ydagr1 + (=1) wdagro

form=0,...
form=0,...
form=0,...
form=0,...
form=0,..
form=0,...
form=0,...
form=0,...
form=0,...
form=0,...
form=0,...
form=0,...

,q—1

19
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(4) If n = 4q + 3 for some ¢q € Ny then

€} == —wdy

ey = —yds
eilm+3 = ydgmy1 — (332 - ﬁyQ)d4m+3 form=0,...,q
s = Tdami2 — (V2% = Y*)dama form=0,...,q—1
Ehmss = (12" = y?)damis — Tdamas form=0,...,q—1
hmre = (2° = BY)damtsa — Ydams form=0,...,q—1

621q+4 ‘= adagr2 — (=1)%(ya® — y2)d4q+3
We now show by induction that

An+1 Pn An $Pn—1 Y2

P11 $o

A? A k 0 (%)

is part of a minimal projective resolution of k. For n = 1 we have already done this

above and since we have Ka/JKy = k(a2 — fy?)e1 @ k(ya? — y2)ex @ kye; + zeq,
the claim also holds true for n = 2. Thus let n > 2, and suppose that we have
already shown that () is part of a minimal projective resolution of k. We need to
show that

Y1 %o

A? A k 0 (xx)

An+2 Pn+1 An+1 Pn An Pn—1 Y2

is also part of a minimal projective resolution of k. Hence it suffices to prove that
©n 0 @ny1 = 0 and that ¢, 1 A2 — K, := Ker(y,) is a projective cover. In
order to show these facts we distinguish the cases (1),. .., (4). We will only consider
the cases (1) and (2) since, up to some signs and the calculation of the last element
en41, case (3) is analogous to case (1) and case (4) is analogous to case (2). First

we note that the exactness of (%) implies that

9 +1 :n=2r—1forsomer N

)

9r +8 :n =2r for some r € Ny

which can be shown by induction.
Now let us consider case (1), i.e. n = 4q for some ¢ € N. Then dim(K,+1) =

18g + 8. One checks that the following 18¢ + 8 elements are contained in K, ; and
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k-linearly independent:

2 2 2 2.2
xrey,r e, rye,r yey,xry e1,xr Y ey,
2 2 2 2.2
Y€, XYE2,Y €2,T YE2,TY €2,T Y €2,
2.2
7y eamys
2.2
Ty eqmis (M=
2 2 2.2
TYCam+5, T Y€am+5, LY €4m+5, T Y €4m+5 (
2 2 2.2
TYC4m+65 L YCam+6, LY €4m+6,T Y €4m+6 (
2 2 2 2
yer — (z° — By“)es,yer + (By — 1)z yes,
2 2 2 2
zey — (yx® —y”)es, x%ex + (1 — By)xy ey,

(v2? — ¥y )eams + Teamys, (By — Dxy eamss + v2eamss (m=0,...,¢—1),
(2® = BYy?)eamta + Yeamre, (1 = BY)2*Yeamra + ¥ eamrs (m=0,...,q—2),
yeamts — (2% = By eami7, v eamrs + (By — Da’yeamir (m=0,...,q—2),
zeamis — (V2% — Y )eamis, teamye + (1 = By)ay’eams (m=0,...,q - 2),

(372 - 53/2)64(1 + (—1)qy€4q+1, (1 - 5’7)%2?]64(] + <_1)qy264q+1-

Again, using J = Ax + Ay, we can extract the following k-basis of JK, 11

consisting of 14q + 6 elements from this list:

2 2 2 2,2
xr-ep,rYyer,r Yey,xryY €1,r Y €1,

2 2 2 2,2
TYE2,Y €2,T YE2,TY €2,T Y €2,

2 2
LY eam+s (m=0,...,¢—1),
2 9
7Y eqmra (m=0,...,9—1),
2 2 2.2 —0 1
TYCam+5, L YCam+5, LY €am+5, L Y Cam+5 (m =U,...,q4— )v
2 2 2 2 ~0 9
TYCam+6, L YCam+6: LY Cam+6, LY €am+6 (m=0,...,q—2),

y’er + (By — 1)z’yes,
z?es + (1 — By)zy’es,

(By — Dayeam+s + 22eam+s (m=0,...,q—1),
(1 = By)ayeamra + Y eamso (m=0,...,¢—2),
Y eamys + (87 — Da’yeamyr (m=0,...,q9—2),
22eqmais + (1 — BY)ryesmys (m=0,...,q—2),

(1 - 67)$2y64q + (_1)qy264q+1~



22 B. KULSHAMMER, P. LANDROCK AND S. REINHARDT

Hence the cosets of the following 4¢q + 2 elements form a k-basis of K, 1/JKp41

and therefore prove the proposition for case (1):

f1 = e,
f2/ = yea,
Fimis = Yeams1 — (2% — By*)eam+s
i = Teamia — (Y27 — y*)eama
I
2
fzim+5 = (’WQ — Y )eam43 + Teamys
. 2 2
Simie = (&° — BY)eamya + Yeam+e

f4q+2 = (xQ - 592)64&1 + (=1)%yesqy1-

Finally we consider case (2), i.e. n = 4q + 1 for some ¢ € N. Then dim(K,,4+1) =
18¢+ 10 and as before one checks that the following 18¢+ 10 elements are contained

in K, 41 and k-linearly independent:

2 2 2 2,2 2 2 2 2,2
(1’ _ﬂy )elax ye1,xr Yy eq, (’Y.’IJ -y )62u$y €2,T7Y €2,
2 2.2 2 2 2
TY €am+43, LY €am+3, T YCam+44, T Y €4m+4 (m = Oa ceeq = 1)3
2 2,2 2 2,2
T Yt 5, T Y Comt5, TY Cam+6,T Y €amte (M =0,...,q—1),
2 2 2 2
yer + zeg, xyer + x7e3, Yy el — ryes, rY-e; — royes,

2 2 2 2
Teg + yeq, x7ea + TYey, TYe2 — Y ey, X Yes — TY ey,

(v2? — y*)eamis + (2% — ByHeames (m=0,...,q—1),

(2® = By eamia + (v2% —y*)eamss  (m=0,...,9 1),
Yedmis + Tedmit, TYeamis + T2eamir (m=0,...,q—2),

YV eamss — TYCamat, Y amis — T2Yeamyr (M =0,...,q—2),
Tsmi6 + Yedmi8, T2Comi6 + TYeamis (M =0,...,q—2),
TYeamt6 — Y eamis, T Yeamss — Y €amys  (m=0,...,q—2),

yeagr1 + (—1)%xeag i, wyeagin + (—1)72%eaq o,

yPeagr1 — (—1)xyeagro, vyesgr — (—1) 0 yeaqyo.
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Now the following 14q + 7 elements form a k-basis of JK,11:

2 2 2 2 2 2
Tryey,ry ey, xY €2,Tr Y €2,

2 2 2 2 2, 2
TY Cam+3, T Y €am+3, T YCam+4, T Y €oam+4 (m = 07 ey g — 1)7

2 2 2 2 2 2
T Yeam45, T Y €am 15, TY €4m16,T Y €am+6 (m=0,...,¢—1),

2 2 2 2
zyey + x7e3, y e — Tyes, Ty el — T7yes,
2 2 2 2
z ez + xyeq, TYes — Y es, x7yes — Ty ey,
2
TYCam+5 + T Cam+7
2 2 2
Y €am+5 — XYCam+7, LY Cadm+5 — X YCam+7
2
ZT”€4m+6 + TYCam+g
2 2 2
TYCam+6 — Y €am+8, T Y€aym46 — LY €4m48
2 2

ryesqr1 + (—1)%wesqpo, Y esqrr — (1) wyesqyo,

2 2
zy“esgr1 — (—1)27yeqqt2.

Thus the cosets of the following 4q + 3 elements form a k-basis of K, 1/JKp41

and therefore prove case (2):

fi= (932 - ﬂy2)617
fs = (v — y?)eq,
fé/Lm+3 = Yeqm41 T Teqm43
fé/lm-&-4 ‘= Tlam+2 T YCamt4a
Fimas = (12" = y*)eamis + (2% = BY*)eams
Fimye = (@ = BY?)eamya + (V2> — Y*)eamas

fiq+3 = yeaqr1 + (—1) zesqyo.
This finishes the proof.
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