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Abstract. Let R(G) be the character ring of a finite group G. We consider

the question whether the representation type of R(G) is finite or infinite. We

show that if R(G) is representation-finite, then exp(G) is cube-free and the

Sylow subgroups of G are cyclic, elementary-abelian, or nonabelian of order

8. Moreover, we give further necessary as well as some sufficient conditions on

the structure of G for the finiteness of the representation type of R(G).
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1. Introduction

LetG be a finite group andR(G) be the character ring ofG, i.e. the Grothendieck

ring of the semiring of complex characters of G with canonical addition and mul-

tiplication induced by the tensor product of characters. The aim of this article is

to determine the representation type of R(G) only by information on the group

structure of G.

It is not difficult to show R(G) = Z[Irr(G)] where Irr(G) denotes the set of

irreducible (complex) characters of G. Thus, R(G) is a Z-order in the Q-algebra

Q⊗Z R(G). That is why we can apply the well-developed representation theory of

orders (see e.g. [12]). This approach has been pursued successfully for the determi-

nation of the representation type of the group ring ZG of G [3, 23, 24, 31] and the

Burnside ring of G [35]. Since ZG and R(G) are isomorphic for an abelian group G,

we obtain that R(G) is representation-finite if and only if all Sylow subgroups of G

are cyclic and the exponent exp(G) of G is cube-free.

For a nonabelian group G, the structure of R(G) differs from the structure of

ZG. However, we have strong criteria for the finiteness of the representation type

of a commutative order. Jones has established a local-global principle [31] and

Jacobinski as well as Drozd and Rŏıter proved that for a Dedekind ring R with

quotient field K, the representation type of a separable commutative R-order Λ

can be read off the structure of the Λ-module Λ′/Λ where Λ′ denotes the maximal

R-order in K⊗R Λ [16, 30] (see also [22] for the proof of this result).
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We will see how these criteria can be applied to determine the representation

type of R(G) in Section 2. There, we recall some properties of the maximal order

R(G)′ and construct special functions in R(G)′. This leads to a reduction of our

problem to a question on the rational p′-sections of G. In particular, we obtain

that R(G) has infinite representation type if G contains an element of order p3 for

some prime p.

In Section 3, we show that if R(G) is representation-finite, then G has at most

one nonabelian composition factor and we determine all possible isomorphism types

a component of G may have. Afterwards, we prove that if R(G) has finite repre-

sentation type, then the Sylow p-subgroups of G are cyclic of order at most p2,

elementary-abelian, or nonabelian of order 8. We follow the same approach as

Costantini and Jabara did in [10] where groups in which any two cyclic subgroups

of the same order are conjugate are considered. Here, the classification of finite

simple groups is used several times.

In Section 4, we try to find sufficient conditions for R(G) having finite represen-

tation type. At first, we show that if G has only cyclic Sylow subgroups, then R(G)

is representation-finite if and only if |G| is cube-free. Next, we consider groups with

elementary-abelian Sylow p-subgroups. We will not get complete results there, but

these results will be sufficient to prove that for a group G of odd order, R(G) has

finite representation type if and only if all Sylow subgroups of G are cyclic of order

≤ p2. We close by giving a list of properties which a group of even order whose

character ring is representation-finite must have.

2. Reduction on rational p′-sections

At first, we fix some notation used in this paper. Throughout this article, G is

a finite group with character ring R(G). For g, h ∈ G, we write g ∼G h or simply

g ∼ h if g and h are conjugate in G. The conjugacy class of g is clG(g) and CG(g)

denotes the centralizer of g in G. For a subgroup H ≤ G, NG(H) is the normalizer

and CG(H) the centralizer of H in G.

Recall that for a prime p and some g ∈ G, there exist unique elements x, y ∈ G
such that g = xy = yx, the order of x is a power of p, and the order of y is prime

to p. Then, x is called the p-part of g and y is the p′-part of g. We will write

gp for the p-part and gp′ for the p′-part of g in the following. Moreover, we can

define an equivalence relation on G where g, h ∈ G are equivalent if and only if

gp and hp are conjugate in G. The equivalence classes are called p-sections of G.

Analogously, we obtain an equivalence relation on G if we replace gp by gp′ and hp

by hp′ respectively. Here, the equivalence classes are called p′-sections of G.
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The notations in connection with characters coincide with the notations in [29].

Additionally, we write 1 for the trivial character of a finite group and set ζn = e2πi/n

for n ∈ N. If K is an algebraic number field, OK denotes the ring of integers of K.

Moreover, for a finite field extension L/K and x ∈ L, we write NL/K(x) for the norm

of x and TrL/K(x) or just Tr(x) for the trace of x. Finally, if R is a Dedekind ring

with quotient field K and Λ is an R-order in a separable commutative K-algebra

A, then Λ′ denotes the maximal R-order in A. For a prime ideal p of R, we set

Λp = Rp ⊗R Λ for the localization at p. We say that Λ is representation-finite

if there exist only finitely many isomorphism classes of indecomposable Λ-lattices.

Recall that a Λ-lattice is a finitely generated Λ-module which is projective as an

R-module.

As mentioned in the introduction, we will make use of some strong general results

on the representation type of orders, for example of the following.

Theorem 2.1 (Jacobinski/Drozd-Rŏıter). Let R be a Dedekind domain whose quo-

tient field K is a global field or the completion of a global field. Let A be a separable

commutative finite-dimensional K-algebra, and Λ be an R-order in A. The order Λ

is representation-finite if and only if

(1) for the Λ-module Λ′/Λ, there exists a generating set consisting of two ele-

ments,

(2) the Λ-module rad(Λ′/Λ) is cyclic.

However, in general, it will not suffice to set Λ = R(G) and apply the theorem

since it might be too complicated to find a minimal generating system for the R(G)-

module R(G)′/R(G) or rad(R(G)′/R(G)) respectively. A more promising way is

to combine Theorem 2.1 with the local-global principle of Jones [31]. This leads to

the following result [36].

Corollary 2.2 (Reichenbach). Let R be a Dedekind domain whose quotient field K
is a global field or the completion of a global field. Let A be a separable commutative

finite-dimensional K-algebra, and Λ be an R-order in A. Moreover, let a ∈ R such

that aΛ′ ⊆ Λ for the maximal R-order Λ′ in A. Then, Λ has finite representation

type if and only if for any prime ideal p of R containing aR, the Rp-order Λp is

representation-finite.

In this article, we are going to determine the representation type of R(G) by

applying Corollary 2.2 with R = Z, K = Q, and Λ = R(G). Hence, for certain

primes p, we have to determine the respective representation type of the Z(p)-order

R(G)p. This can be done by applying Theorem 2.1 with R = Z(p), K = Q, and

Λ = R(G)p.
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Most of the assumptions of Theorem 2.1 and Corollary 2.2 are clearly satisfied

in these cases. It remains to show that Q ⊗ R(G) (we always write ⊗ for ⊗Z in

this article) as well as Q ⊗Z(p)
R(G)p are separable algebras, and that there exists

a positive integer a such that aR(G)′ ⊆ R(G). The first assertion follows from the

fact that Q(ζ|G|)⊗R(G) is a split semisimple Q(ζ|G|)-algebra. The second assertion

holds due to [20] where |G| ·R(G)′ ⊆ R(G) has been shown. This also means that

we only have to consider the prime divisors of |G| in the following.

As we have already seen, the maximal order R(G)′ plays an important role in

our approach. That is why we recall some facts about R(G)′. The general theory

of orders yields that R(G)′ consists of those functions of Q⊗R(G) whose values on

the elements of G are algebraic integers. This leads to a further description which

gives more information on the structure of R(G)′. Here, we make use of the notion

of Q-classes of G.

For g ∈ G, the Q-class of g is the set of all elements of G which are Q-conjugate

to g. Let n := exp(G). We say that the elements g, h ∈ G are Q-conjugate in G if

an integer z with gcd(z, n) = 1 and some σ ∈ Gal(Q(ζn)/Q) with σ(ζn) = ζzn exist

such that g and hz are conjugate in G. This definition is due to Berman who has

introduced the more general notion of K-classes for a field K whose characteristic

is either 0 or prime to |G| [1, 2]. In the case K = Q this yields the Q-classes of G

as defined above.

We remark that in general, a Q-class of G is not a rational conjugacy class of G.

A conjugacy class C of G is a rational conjugacy class if and only if C is already

a Q-class. It can easily be seen that two elements g, h ∈ G are Q-conjugate if and

only if the cyclic subgroups 〈g〉 and 〈h〉 are conjugate.

As for the conjugacy classes of G, we can define p-sections and p′-sections for

the Q-classes of G. The group Gal(Q(ζn)/Q) acts on the conjugacy classes of G

by σ(clG(x)) = clG(xt) for σ ∈ Gal(Q(ζn)/Q), x ∈ G, and the well defined integer

t satisfying 1 ≤ t ≤ n as well as σ(ζn) = ζtn. If S is a union of conjugacy classes

C1, . . . , Ck, we set σ(S) = σ(C1) ∪ . . . ∪ σ(Ck) accordingly. Thus, Gal(Q(ζn)/Q)

also acts on the p-sections and the p′-sections of G respectively. We are interested

in the p′-sections primarily.

Definition 2.3. Let p be a prime, S be a p′-section ofG, and G := Gal(Q(ζexp(G))/Q).

Then, we call,
⋃
σ∈G σ(S) a rational p′-section of G.

This means that a rational p′-section of G is a p′-section of Q-classes. Two

elements g, h ∈ G lie in the same rational p′-section if and only if 〈gp′〉 and 〈hp′〉
are conjugate in G. In particular, a rational p′-section can contain nonrational

conjugacy classes.
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We assign algebraic number fields to the conjugacy classes and the Q-classes of G

as follows. Let C1, . . . , Ck be the Q-classes of G and let C1, . . . , C` be the conjugacy

classes of G such that Ci ⊆ Ci for i = 1, . . . , k. For xi ∈ Ci, we set Q(Ci) =

Q(χ(xi) : χ ∈ Irr(G)). Obviously, this definition is independent of the choice of xi.

Moreover, we get Q(Ci) = Q(Ci) if we set Q(Ci) = Q(χ(yi) : χ ∈ Irr(G)) for some

yi ∈ Ci. These definitions give rise to a Q-algebra
⊕k

i=1Q(Ci) where the product of

two elements is given by component-wise multiplication. By using this, we obtain

an alternative description for R(G)′ [20].

Theorem 2.4. Let C1, . . . , Ck be the Q-classes of G, and {x1, . . . , xk} be a set of

representatives of these Q-classes with xi ∈ Ci for i = 1, . . . , k. Then, we have an

isomorphism of Q-algebras

Q⊗R(G)→
k⊕
i=1

Q(Ci) , a⊗ ψ 7→ (aψ(x1), . . . , aψ(xk)) .

This yields an isomorphism

R(G)′ ∼=
k⊕
i=1

OQ(Ci) .

Remark 2.5. The determination of the degree of the field extension Q(Ci)/Q is

a crucial part in the proof of Theorem 2.4. This uses the fact that given a con-

jugacy class C of G and some x ∈ C, there is a canonical isomorphism between

Gal(Q(ζ|〈x〉|)/Q(C)) and NG(〈x〉)/CG(x) (see e.g. [34]).

Using the description
⊕k

i=1OQ(Ci) instead of R(G)′ has a significant advantage.

While for ϕ, η ∈ R(G)′, it is difficult to decompose ϕη into a linear combination

of the irreducible characters of G, the product of a, b ∈
⊕k

i=1OQ(Ci) with a =

(a1, . . . , ak) and b = (b1, . . . , bk) is just ab = (a1b1, . . . , akbk). That is why we

identify the class functions in R(G)′ with elements of
⊕k

i=1OQ(Ci) and the class

functions in Q⊗R(G) with elements of the algebra
⊕k

i=1Q(Ci) in the following.

This leads us to the question which elements of Z(p) ⊗
⊕k

i=1OQ(Ci) also lie in

R(G)p if p is a prime dividing |G|. We are going to answer this question for some

special integer-valued class functions which have nonzero values on only a few Q-

classes in Lemmas 2.6 and 2.7. Prior to this we need to introduce further notation.

Let S be a union of Q-classes of G. For a ring T of algebraic numbers, we define

ChT (S) :=

{
ψ =

∑
χ∈Irr(G)

aχχ : aχ ∈ T, ψ(z) = 0 for z /∈ S
}
.

Moreover, we set Ch(S) := ChZ(S).
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Lemma 2.6. Let p be a prime and S := {x ∈ G : p - |CG(x)|}. Then,

R(G)′p ∩ ChQ(S) = ChZ(p)
(S) .

Proof. Let ε = ζexp(G), and {z1, . . . , zk} be a transversal for the conjugacy classes

contained in S. It suffices to show that any ϕ1 ∈ Ch(S) satisfying ϕ1(zi) ∈ pZ[ε],

i = 1, . . . , k, has the form ϕ1 = pϕ2 for some ϕ2 ∈ Ch(S). Suppose ϕ1(zi) = pri

for some ri ∈ Z[ε], i = 1, . . . , k. For g ∈ G, let ϑg be the function with ϑg(x) = 1 if

x ∈ G is conjugate to g and ϑg(x) = 0 else. Then, the orthogonality relations yield

ϑg =
1

|CG(g)|
∑

χ∈Irr(G)

χ(g−1)χ .

That is why

ϕ1 =

k∑
i=1

priϑzi = p
∑

χ∈Irr(G)

(
k∑
i=1

ri
|CG(zi)|

χ(z−1
i )

)
χ .

The denominators of the inner sums are coprime to p by assumption. Applying this

and ϕ1 ∈ Ch(S), we conclude that the inner sums are contained in Z respectively.

Hence,

ϕ2 :=
∑

χ∈Irr(G)

(
k∑
i=1

ri
|CG(zi)|

χ(z−1
i )

)
χ

is an element of Ch(S) with ϕ1 = pϕ2. �

By Lemma 2.6, we do not need to consider the Q-classes of G containing elements

whose centralizers have orders coprime to p when we determine the representation

type of R(G)p. We partition the remaining classes into p′-sections.

Lemma 2.7. Let p be a prime, and x ∈ G be an element whose order is not divisible

by p. Then, the function νx with

νx(g) =

1, gp′ lies in the Q-class of x

0, else

is contained in R(G)p.

Proof. Let g ∈ G with gp′ = x, and Sg be the Q-class of g. Then, Sg can be

partitioned into conjugacy classes C1, . . . , Ck. Let y1, . . . , yk ∈ G be representatives

of C1, . . . , Ck. For the function ϑSg of G with ϑSg (y) = 1 for y ∈ Sg and ϑSg (y) = 0
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for y ∈ G \ Sg, we obtain

ϑSg =

k∑
i=1

ϑyi =

k∑
i=1

1

|CG(g)|
∑

χ∈Irr(G)

χ(y−1
i )χ =

1

|CG(g)|
∑

χ∈Irr(G)

(
k∑
i=1

χ(y−1
i )

)
χ

=
1

|CG(g)|
∑

χ∈Irr(G)

 ∑
σ∈Gal(Q(clG(y1))/Q)

σ
(
χ(y−1

1 )
)χ

=
∑

χ∈Irr(G)

TrQ(clG(y1))/Q
(
χ(y−1

1 )
)

|CG(g)|
χ .

The coefficients of the irreducible characters in this sum all lie in Q, whence ϑSg ∈
R(G)′p.

Let S denote the rational p′-section of x in G. Then, S is a union of Q-classes

S1, . . . ,S` of G. Thus, νx = ϑS1 + . . . + ϑS` where ϑSj (h) = 1 for h ∈ Sj and

ϑSj (h) = 0 for h ∈ G \ Sj , j ∈ {1, . . . , `}. Since each ϑSj is contained in R(G)′p, νx

also lies in R(G)′p.

Let ε be an rth root of unity where r is the p′-part of |G|, and p be a maximal ideal

in Z[ε] containing p. Then, the function ν̃x given by ν̃x(g) = 1 if gp′ is conjugate to

x in G and ν̃x(g) = 0 else lies in (Z[ε])p ⊗R(G) by [29, Lemma 8.19]. Hence, for a

transversal {x̃1, . . . , x̃r} of the conjugacy classes contained in the Q-class of x, we

get νx = ν̃x̃1 + . . .+ ν̃x̃r . This implies νx ∈ R(G)′p ∩ ((Z[ε])p ⊗R(G)) = R(G)p. �

Remark 2.8. By Lemma 2.7, the function ϕ ∈ Q⊗R(G) lies in R(G)p if and only

if νxϕ lies in R(G)p for any p′-element x ∈ G. For rational p′-sections S1, . . . ,Sk,

if

α1, β1 generate the R(G)p-module (R(G)′p ∩ ChQ(S1))/(R(G)p ∩ ChQ(S1)) ,

...

αk, βk generate the R(G)p-module (R(G)′p ∩ ChQ(Sk))/(R(G)p ∩ ChQ(Sk)) ,

then α1 + . . .+ αk and β1 + . . .+ βk generate the R(G)p-module

(R(G)′p ∩ ChQ(S1 ∪ . . . ∪ Sk))/(R(G)p ∩ ChQ(S1 ∪ . . . ∪ Sk)) .

Analogously, the radical of R(G)′p/R(G)p is cyclic if and only if for each ratio-

nal p′-section S, the R(G)p-module rad((R(G)′p ∩ ChQ(S))/(R(G)p ∩ ChQ(S))) is

cyclic. Thus, the representation type of R(G)p can be determined by considering

the rational p′-sections of G separately.

These observations yield a necessary condition for R(G) having finite represen-

tation type.
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Theorem 2.9. Let p be a prime, and S be a rational p′-section of G contain-

ing a + 1 different Q-classes. Then, any generating system of the R(G)p-module

R(G)′p/R(G)p contains at least a elements.

Proof. Let ε = ζexp(G), C1, . . . , Ca+1 be the Q-classes in S, and x1 ∈ C1, . . . , xa+1 ∈
Ca+1. As in the proof of Lemma 2.7, we can show that there exist functions ϕj ∈
R(G)′p with ϕj(x) = 1 for x ∈ Cj and ϕj(x) = 0 for x ∈ G \ Cj , j = 1, . . . , a + 1.

Certainly, the ϕj do not lie in R(G)p since for xj ∈ Cj and xk ∈ Ck, j 6= k, we have

ϕj(xj) 6≡ ϕj(xk) (mod p) for a maximal ideal p of Z[ε] containing p.

We choose ψ1, . . . , ψn ∈ R(G)′p such that ψ1 + R(G)p, . . . , ψn + R(G)p are gen-

erators of the R(G)p-module R(G)′p/R(G)p. Then, for any j ∈ {1, . . . , a + 1}, we

can find λ1,j , . . . , λn+1,j ∈ R(G)p such that λ1,jψ1 + . . . + λn,jψn + λn+1,j = ϕj .

We define

F : R(G)′p → (Z[ε]/p)a+1, ϑ 7→ (ϑ(x1) + p, . . . , ϑ(xa+1) + p) .

Then, F (ϕ1), . . . , F (ϕa+1) are linearly independent in the Z[ε]/p-vector space

(Z[ε]/p)a+1, i.e. F (ϕ1),. . . , F (ϕa+1) form a basis of this vector space. Moreover,

the F (λi,j) induce multiplications with scalars in (Z[ε]/p)a+1 since λi,j(x) ≡ λi,j(y)

(mod p) for x, y ∈ S. Therefore, F (ψ1), . . . , F (ψn), F (1) also generate the vector

space (Z[ε]/p)a+1 and we conclude n ≥ a. �

Corollary 2.10. Let G have a rational p′-section containing at least four Q-classes

for some prime p. Then, R(G) has infinite representation type. In particular, the

character ring of a group whose exponent is not cube-free has infinite representation

type.

Next, we focus our attention on certain functions in R(G)′p which are defined by

their values on the p-parts of the elements of G.

Definition 2.11. Let p be a prime dividing |G|. For a positive integer i, we define

the class function µi by

µi(g) :=

1, |〈gp〉| = pi

0, else
for g ∈ G.

Lemma 2.12. Let p be a prime dividing |G|, and k be the largest integer such that

pk divides exp(G). Then, µi ∈ R(G)′p \R(G)p for i = 0, . . . , k.

Proof. It is clear that µi lies in R(G)′p for i = 1, . . . , k since similarly to νx in

Lemma 2.7, we can regard µi as a function on the Q-classes of G. If µi was also

contained in R(G)p, then µi(g) ≡ µi(gp′) (mod p) would hold for any g ∈ G where

p denotes a maximal ideal of Z[ζexp(G)] containing p. Now, there exists an element
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x ∈ G of order pi, whence µi(x) ≡ 1 6≡ 0 ≡ µi(1) (mod p) for i > 0. Moreover,

G contains an element y of order p so that µ0 does also not lie in R(G) because

µ0(y) ≡ 0 6≡ 1 ≡ µ0(1) (mod p). �

We conclude this section by proving a kind of an orthogonality relation for the

characters of G. From this, we obtain functions in R(G)′ which are nonzero only on

a certain cyclic subgroup of G (and its conjugates in G) or only on the generators

of this subgroup (and their conjugates) respectively.

Lemma 2.13. Let x ∈ G, and ε be an |〈x〉|th root of unity. Moreover, let aχ(x)(ε)

be the multiplicity of the linear character λ ∈ Irr(〈x〉) in χ〈x〉 such that λ(x) = ε.

Then, for g ∈ G,∑
χ∈Irr(G)

aχ(x)(ε)χ(g)

=


|CG(g)|
|〈x〉| ·

∑
σ∈Gal(Q(ζ|〈g〉|)/Q(clG(g)))

σ(εk) , g ∼G xk for some k ∈ Z

0 , else

=


|NG(〈g〉)|·|CG(x)|
|NG(〈x〉)|·|〈x〉| ·

∑
σ∈Gal(Q(ζ|〈x〉|)/Q(clG(x)))

σ(εk) , g ∼G xk for some k ∈ Z

0 , else.

.

Proof. Let λ ∈ Irr(〈x〉) be the character with λ(x) = ε. Then,∑
χ∈Irr(G)

aχ(x)(ε)χ(g) =
∑

χ∈Irr(G)

〈χ, λ〉〈x〉χ(g) =
∑

χ∈Irr(G)

1
|〈x〉|

∑
h∈〈x〉

λ(h)χ(h−1)χ(g)

=
1

|〈x〉|
∑
h∈〈x〉

λ(h)
∑

χ∈Irr(G)

χ(h−1)χ(g) =
1

|〈x〉|
∑
h∈〈x〉
h∼Gg

λ(h)|CG(g)|

=


|CG(g)|
|〈x〉|

∑
σ∈Gal(Q(ζ|〈g〉|)/Q(clG(g)))

σ(εk) , g ∼G xk for some k ∈ Z

0 , else

=


|Gal(Q(ζ|〈g〉|)/Q(clG(g)))|
|Gal(Q(ζ|〈x〉|)/Q(clG(x)))| ·

|CG(g)|
|〈x〉| ·

∑
σ∈Gal(Q(ζ|〈x〉|)/Q(clG(x)))

σ(εk) , g ∼G xk for a k ∈ Z

0 , else

=


|NG(〈g〉)|·|CG(x)|
|NG(〈x〉)|·|〈x〉| ·

∑
σ∈Gal(Q(ζ|〈x〉|)/Q(clG(x)))

σ(εk) , g ∼G xk for some k ∈ Z

0 , else.

�
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3. Sylow subgroups of groups whose character rings have finite

representation type

We want to ascertain what the Sylow subgroups of G can look like if R(G) is

representation-finite. We start with a trivial lemma which we will apply in several

proofs to get reductions.

Lemma 3.1. Let N be a normal subgroup of G. Then, for any prime p, the number

of Q-classes of p-elements in G/N does not exceed the number of Q-classes of p-

elements in G. Moreover, if x ∈ G is a p-element, then the Q-class of x in G

contains at least as many conjugacy classes as the Q-class of xN in G/N .

Proof. Clearly, if g, x, y ∈ G are such that gxg−1 = y, then gNxNg−1N =

gxg−1N = yN . Thus, if C1, . . . , Ck are the conjugacy classes of G, then C1, . . . , Ck

are the conjugacy classes of G/N with Ci = Cj for some i 6= j possibly. Addition-

ally, any p-element x ∈ G/N has a preimage x ∈ G which is also a p-element. �

For the abelian Sylow subgroups of G, it is easy to get a very restrictive assertion.

Theorem 3.2. Let p be a prime and P ∈ Sylp(G) be abelian. If R(G) has finite

representation type, then P is cyclic of order ≤ p2 or elementary-abelian.

Proof. Suppose P is neither cyclic of order p2 nor elementary-abelian. We show

that G has at least four Q-classes of p-elements in G.

Since P is abelian, two elements of P are conjugate in G if and only if they are

conjugate in NG(P ). That is why we assume PEG. By Corollary 2.10, exp(P ) ≤ p2

if R(G) has finite representation type. Thus, P is isomorphic to a direct product

A := Z1× . . .×Zr of cyclic groups Z1, . . . , Zr of order p or p2. In the following, we

identify A and P .

Suppose |Zi| = p and |Zj | = p2 for some i, j ∈ {1, . . . , r}. W.l.o.g. let i = 1

and j = 2. We write Z1 = 〈z1〉 and Z2 = 〈z2〉. Then, there is no x ∈ A such that

xp = (z1, 1, . . . , 1) whereas (1, z2, 1, . . . , 1)p = (1, zp2 , 1, . . . , 1). Hence, (z1, 1, . . . , 1)

and (1, zp2 , 1, . . . , 1) lie in different Q-classes of G. This implies that the Q-classes

of 1, (z1, 1, . . . , 1), (1, zp2 , 1, . . . , 1) and (1, z2, 1, . . . , 1) in G are pairwise disjoint.

Finally, we assume P ∼= Cnp2 for some integer n with n ≥ 2. Then, P contains

exactly p2n−1− (pn−1) = pn(pn−1) elements of order p2, that means P contains

exactly pn−1(pn − 1)/(p − 1) cyclic subgroups of order p2. If G has at most three

Q-classes of p-elements, then these cyclic subgroups are conjugate in G. Thus, G

acts transitively on the setM of cyclic subgroups of order p2 of G. For H ∈M, this

yields a bijection G/stabG(H)→M. Now, P is contained in stabG(H), so p does

not divide |G : stabG(H)|. On the other hand, p divides |M| = pn−1(pn−1)(p−1).

This contradicts |G : stabG(H)| = |M|. �
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3.1. Nonabelian composition factors. In this section, we consider the possible

number and the possible isomorphism types of the nonabelian composition factors

of a group G whose character ring has finite representation type. Moreover, we will

show that if G has a component, then this must be a Hall subgroup of G.

As usual, we write F (G) for the Fitting subgroup of G and E(G) for the layer of

G. The generalized Fitting subgroup is denoted by F ∗(G). Moreover, we use the

notation in the Atlas [8] for the finite simple groups except for the classical groups.

We write PSL(n, q) for the projective special linear group of degree n over a field of

q elements and PSU(n, q) for the projective special unitary group of degree n over

a field of q2 elements. Finally, Sp(2n, q) is the (nonprojective) symplectic group of

degree 2n over a field of q elements.

Lemma 3.3. Let G be a group of even order such that R(G) has finite representa-

tion type. Then, there is only one class of involutions in G.

Proof. The conjugacy class of an involution coincides with its Q-class in G. Hence,

G contains at most two conjugacy classes of involutions. Moreover, if G has an

element of order 4, then all involutions of G are conjugate.

Let P ∈ Syl2(G) with exp(P ) = 2, i.e. P is elementary-abelian. We assume that

there are two classes of involutions in G. Then, there are also two classes C1, C2

of involutions in NG(P ). For x ∈ C1, we get |C1| = |NG(P ) : CNG(P )(x)|. Since

P ≤ CNG(P )(x), this implies that |C1| is odd. However, |C2| is odd by the same

argument, so |P | = 1 + |C1| + |C2| is odd. This is impossible as P is a nontrivial

2-group. �

Lemma 3.4. Let G be a nonsolvable group with at most three Q-classes of 2-

elements. Then, there is no normal subgroup in G which is isomorphic to a direct

product of two or more nonabelian simple groups.

Proof. Suppose G possesses a normal subgroup N = S1 × . . . × Sn where each

Si is a nonabelian simple group. Then, we find involutions t1 ∈ S1, . . . , tn ∈ Sn

by the Theorem of Feit and Thompson. Certainly, the orders of the centralizers

of (t1, . . . , tn) and (t1, . . . , tn−1, 1Sn) in G are different. Hence, (t1, . . . , tn) and

(t1, . . . , tn−1, 1Sn
) are not conjugate in G.

Now, G contains at least two conjugacy classes of involutions. Thus, there are

no further classes of involutions and no element of order 4 in G since G has at

most three classes of 2-elements. That is why G contains exactly two classes of

involutions and the Sylow 2-subgroups of G are elementary-abelian. But then, the

same arguments as in the proof of Lemma 3.3 would yield that there is some Sylow

2-subgroup of odd order in G. �
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Proposition 3.5. Let G be a group whose character ring has finite representation

type. Then, G has at most one nonabelian composition factor.

Proof. Suppose G is not solvable. Since R(G) has finite representation type, G

has at most three Q-classes of 2-elements. Moreover, Lemma 3.1 yields that each of

the groups G/F (G), (G/F (G))/F (G/F (G)), etc. has also at most three Q-classes

of 2-elements.

Thus, we may assume that F ∗(G) = E(G) is a direct product of simple groups

and G contains at most three Q-classes of 2-elements. By Lemma 3.4, F ∗(G)

is simple, and since CG(F ∗(G)) ≤ F ∗(G), we obtain CG(F ∗(G)) = 1. Hence,

G/F ∗(G) is isomorphic to a subgroup of Out(F ∗(G)) which is solvable by the

Schreier conjecture. �

Now, we want to answer the question what a component of G can look like if

R(G) is representation-finite. For this, we need two Lemmas which can be found

in [44].

Lemma 3.6 (Yamaki). Let G be a nonabelian simple group in which all involutions

are conjugate. Then, G is isomorphic to one of the following groups:

(1) Alternating groups: A5, A6, A7,

(2) Groups of Lie-Type: PSL(2, q), PSL(3, q), PSL(4, q), PSU(3, q), PSU(4, q),
3D4(q), G2(q), 2G2(32n+1), 2B2(22n+1),

(3) Sporadic groups: M11, M22, M23, J1, J3, McL, O′N , Ly, Th.

Lemma 3.7 (Yamaki). There exists no finite simple group G such that G has more

than one conjugacy class of involutions and all involutions in G are conjugate under

Aut(G).

Theorem 3.8. Let N be a nonabelian quasisimple normal subgroup of a group G

whose character ring has finite representation type. Then, gcd(|N |, |G : N |) = 1

and N is isomorphic to one of the following groups:

(1) PSL(2, q) where q > 2 is even and q2 − 1 is cube-free,

(2) PSL(2, q) where q > 3 is odd and none of the integers q, q + 1 and q − 1 is

divisible by 16 or the third power of an odd prime,

(3) SL(2, p) where p > 2 is an odd prime and p+1 as well as p−1 are cube-free,

(4) A7,

(5) J1.

Proof. At first, we assume that N is simple and consider the isomorphism type of

N . By the Lemmas 3.3 and 3.7, we conclude that N is one of the simple groups in

the list of Lemma 3.6. Moreover, the involutions of N and G\N are not conjugate,

so Lemma 3.3 yields that there is no involution in G\N . In addition, if N contains
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an element of order 4, then G/N has odd order since otherwise, G would have four

Q-classes of 2-elements in contradiction to Corollary 2.10.

Now, we go through the list of Lemma 3.6 step by step.

• A5, A6, A7

Each of these groups occurs in the list above since A5
∼= PSL(2, 5) and A6

∼=
PSL(2, 9).

• PSL(2, q)

Let N ∼= PSL(2, q) with q even. Then N contains elements of order q − 1 and

q+ 1 respectively. Hence, q−1 and q+ 1, or equivalently q2−1, must be cube-free.

We set N ∼= PSL(2, q) with q = pk where p is odd. Then, there are elements

of order (q − 1)/2 and (q + 1)/2 respectively in N . Thus, q + 1 and q − 1 are not

divisible by 16 or the third power of a prime.

Suppose k ≥ 3. Then, N contains exactly two conjugacy classes of elements of

order p. We choose representatives x and y of these classes. The automorphism

group of N is described in [43] for instance. We obtain that G contains a subgroup

isomorphic to PGL(2, q) if x and y are conjugate in G. However, the image of the

diagonal matrix diag(1,−1) ∈ GL(2, q) in PGL(2, q) has order 2. Hence, PGL(2, q)

has two classes of involutions and only one of them contains elements of N . Con-

sequently, G has also two classes of involutions in contradiction to the assertion of

Lemma 3.3. That is why x and y lie in different conjugacy classes of G.

If q ≡ 1 (mod 4), the character table of PSL(2, q) shows χ(1) ≡ χ(x) ≡ χ(y)

(mod p2) for any χ ∈ Irr(N), so χ(1) ≡ χ(x) ≡ χ(y) (mod p2) for any χ ∈ Irr(G).

Therefore, the functions ϕ1 and ϕ2 with

ϕ1(g) =


p, g ∼ x

p, g ∼ y

0, else

and ϕ2(g) =


p, g ∼ x

−p, g ∼ y

0, else

lie in rad(R(G)′p) \R(G)p.

Suppose there exist α ∈ rad(R(G)′p) and η1, η2, ψ1, ψ2 ∈ R(G)p such that ϕ1 =

η1α + ψ1 and ϕ2 = η2α + ψ2. Then, ϕ2(x) 6≡ ϕ2(y) (mod p2) implies α(x) 6≡ α(y)

(mod p2) since η2(x) ≡ η2(y) (mod p2) and ψ2(x) ≡ ψ2(y) (mod p2). On the other

hand, we have (ϕ1 − ψ1)(x) ≡ (ϕ1 − ψ1)(y) (mod p2). Now, η1α(x) ≡ η2α(y)

(mod p2) which yields that p divides η1(x) and η1(y). But then, η1α(1) ≡ η1α(x)

(mod p2). However, (ϕ1−ψ1)(1) 6≡ (ϕ1−ψ1)(x) (mod p2) because ψ1(1)−ψ1(x) is

divisible by p2 whereas ϕ1(1) 6≡ ϕ1(x) (mod p2). Consequently, rad(R(G)′p/R(G)p)

is not cyclic, so R(G) would have infinite representation type.

We can argue similarly in the case q ≡ 3 (mod 4). Let p be the maximal ideal

in OQ(
√
p) containing p. Then, χ(1) ≡ χ(x) ≡ χ(y) (mod p3) for any χ ∈ Irr(N).
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Obviously, the same congruences hold for χ ∈ Irr(G). Thus, the functions ϕ1 and

ϕ2 with

ϕ1(g) =


p, g ∼ x

p, g ∼ y

0, else

and ϕ2(g) =


√
−p, g ∼ x

−
√
−p, g ∼ y

0, else

lie in rad(R(G)′p)\R(G)p. Analogously to the case q ≡ 1 (mod 4), we can show that

there exist no α ∈ rad(R(G)′p) and η1, η2, ψ1, ψ2 ∈ R(G)p such that ϕ1 = η1α+ ψ1

and ϕ2 = η2α + ψ2. This implies that rad(R(G)′p/R(G)p) is not cyclic, so the

representation type of R(G) would be infinite.

• PSL(3, q) and PSU(3, q)

The character tables of PSL(3, q) and PSU(3, q) have been determined in [39]. If

q is odd, then PSL(3, q) and PSU(3, q) contain elements of order 8. Hence, N cannot

be isomorphic to one of these groups. Let q be even. Since PSU(3, 2) is solvable

and PSL(3, 2) ∼= PSL(2, 7), we may assume q > 2. Then, the Sylow 2-subgroups

of PSU(3, q) are Suzuki 2-groups of type B. We will show in Lemma 3.16 that the

character ring of a group whose Sylow 2-subgroups are Suzuki 2-groups of type B,

C, or D has infinite representation type. Thus, we only have to consider the groups

PSL(3, q), q > 2 even.

At first, let N ∼= PSL(3, q) with q ≡ 2 (mod 3). Moreover, let ζ be a root of unity

of order q − 1. Then, the elements x, y, z ∈ N corresponding to the images of the

diagonal matrices X = diag(ζ, ζ, ζ−2), Y = diag(ζ, ζ2, ζ−3) and Z = diag(ζ, ζ−1, 1)

in PSL(3, q) lie in three different Q-classes of N . Now, |CN (x)| is even whereas

|CN (y)| and |CN (z)| are odd, so x is neither Q-conjugate to y nor to z in G.

Moreover, z and z−1 are conjugate in N while y and y−1 lie in different conjugacy

classes of N . Since N contains elements of order 4, |G : N | is odd. This implies

that y and z are not Q-conjugate in G, so G has at least three Q-classes of elements

of order q− 1. For some prime ` dividing q− 1, this yields that G contains at least

four Q-classes of `-elements.

Next, we suppose N ∼= PSL(3, q) with q ≡ 1 (mod 3). Then, N has three Q-

classes of elements of order 4. These classes must form a single Q-class in G. The

outer automorphisms of N can be found in [43]. We obtain that G contains a

subgroup isomorphic to PGL(3, q).

We identify N with PSL(3, q). The elements

X :=

1

ω

ω2

 , Y :=

ω ω

ω2

 , and Z :=

ω 1

ω

ω2
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lie in GL(3, q) for some 1 6= ω ∈ Fq with ω3 = 1. Obviously, their images X,Y , Z

in PGL(3, q) are different. Moreover, these images are pairwise not Q-conjugate in

PGL(3, q), since Z is not Q-conjugate to any diagonal matrix in GL(3, q) (see [40]),

and det(X) = 1 6= det(Y ).

Certainly, the Q-class of X in G contains exactly the elements of order 3 in N .

Thus, X cannot be Q-conjugate to Y or Z in G. If Y and Z were also not Q-

conjugate in G, then G would contain at least four Q-classes of 3-elements. On the

other hand, if Y and Z were Q-conjugate in G, then G/N would act transitively

on the set of the Q-classes of Y and Z. But then, |G/N | would be even which is

impossible since N contains elements of order 4.

• PSL(4, q) and PSU(4, q)

For q odd, the groups PSL(4, q) and PSU(4, q) contain elements of order 8.

Hence, N is not isomorphic to one of these groups. Moreover, if q is even, then

there exist two conjugacy classes of involutions in PSL(4, q) and PSU(4, q) respec-

tively [17, 18]. The Lemmas 3.7 and 3.3 now yield that N is not isomorphic to such

a group.

• 3D4(q)

The conjugacy classes of the groups 3D4(q) have been determined in [13]. In

particular, we learn from this article that 3D4(q) contains elements of order 8.

Thus, N 6∼= 3D4(q).

• G2(q)

The groups G2(q) also possess elements of order 8 as we can detect from [33] (for

q odd) and [9] (for q even). Thus, N 6∼= G2(q).

• 2G2(32n+1)

Suppose N ∼= 2G2(32n+1). Then, the Sylow 3-subgroups of N are nonabelian

of exponent 9, and two Sylow 3-subgroups P1, P2 ∈ Syl3(N) either coincide or

intersect trivially [42]. Additionally, Z(P1) and P1 \ Z(P1) contain elements of

order 3. Consequently, G would have at least four Q-classes of 3-elements, so the

representation type of R(G) would be infinite.

• 2B2(22n+1)

Suppose N ∼= 2B2(22n+1) and P ∈ Syl2(N). By [41], we get |P | = |Z(P )|2 and

the involutions of P are permuted transitively by a cyclic subgroup of N . This

implies that P is a Suzuki 2-group of type A [26]. In Lemma 3.15, we will show

that R(H) has infinite representation type if H is a finite group whose Sylow 2-

subgroups are Suzuki 2-groups of type A. Since |G/N | is odd, R(G) would have

infinite representation type.
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• Sporadic groups

Let N be isomorphic to a sporadic group in the list of Lemma 3.6. Each of the

groups M11, M22, M23, J3, McL, O′N , Ly, and Th possesses elements of order 8.

Hence, N ∼= J1.

After considering simple groups N , we now assume that N is quasisimple with

Z(N) 6= 1. For a prime p, Lemma 3.1 yields that N/Z(N) has at most as many

Q-classes of p-elements as N does. That is why N/Z(N) is isomorphic to PSL(2, q),

A7, J1, PSU(3, q) (q > 2 even), or 2B2(22n+1).

The Schur multipliers of PSL(2, 2n) (n > 2), J1, and 2B2(22n+1) (n > 1) are

trivial. Thus, N/Z(N) cannot be isomorphic to one of these groups. The Schur

multiplier of 2B2(8) is isomorphic to C2
2 . If N/Z(N) ∼= 2B2(8) and Z(N) 6= 1,

then G would possess more than three Q-classes of 2-elements. Similarly, for some

even prime power q > 2, a central extension of PSU(3, q) has either Sylow 2-

subgroups which are Suzuki 2-groups of type B or contains more than three Q-

classes of 2-elements. Since PSL(2, 4) ∼= PSL(2, 5), it remains to consider the cases

N/Z(N) ∼= A7 and N/Z(N) ∼= PSL(2, q) with q > 3 odd.

Suppose N/Z(N) ∼= A6 or A7. Then, N/Z(N) contains two Q-classes of ele-

ments of order 2 and 3 respectively. Moreover, the Schur multiplier of N/Z(N) is

isomorphic to C6. If both of the Q-classes of elements of order 3 in N were con-

jugate in G, then |G/N | would be even. But this implies that G has at least four

Q-classes of 2-elements since A6 as well as A7 contain elements of order 4. Hence,

G would contain more than three Q-classes of 2-elements or 3-elements respectively

if Z(N) 6= 1 and N/Z(N) ∼= A6 or A7.

Suppose N/Z(N) ∼= PSL(2, q) with q > 3 odd. Since PSL(2, 9) ∼= A6, we may

assume q 6= 9. Then, the Schur multiplier of N/Z(N) is isomorphic to C2, whence

N ∼= SL(2, q). If q = pk with k ≥ 3, then the same arguments as for PSL(2, q) would

yield that R(G) has infinite representation type. Furthermore, SL(2, q) contains

elements of order q+ 1 and q− 1 respectively, so q+ 1 and q− 1 must be cube-free.

However, p2 − 1 is divisible by 8 for any odd prime p. Thus, we conclude that q is

already prime.

Lastly, we show gcd(|N |, |G : N |) = 1. Since N is isomorphic to one of the

groups PSL(2, q), SL(2, p), A7 or J1, there is no nontrivial element of odd order in

N which centralizes a Sylow 2-subgroup of N . As already mentioned, G \N does

not contain any involution.

Let p be an odd prime and suppose that there exist p-elements x ∈ N and

y ∈ G\N . If y commutes with every element of N , then y and xy lie in different Q-

classes of G because xy does not centralize any Sylow 2-subgroup of G. Certainly,
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neither y nor xy is conjugate to a power of x. Hence, G would have at least four

Q-classes of p-elements.

Obviously, there is also no element of order 4 in G \N which centralizes N since

its square would lie in N . Thus, any element of G \N whose order is not prime to

|N | acts nontrivially on N by conjugation.

As is well known, Out(J1) = 1 and Out(A7) ∼= C2. Since A7 possesses elements

of order 4, we conclude immediately G = N if N is isomorphic to J1 or A7.

Let ` be an odd prime and N ∼= PSL(2, `f ). Then, the outer automorphism

group of N has order 2f . We have already seen that f ≤ 2 and G has no subgroup

isomorphic to PGL(2, `f ). Hence, for f = 1, there is no element in G \ N acting

nontrivially on N . Moreover, if f = 2, then any element of G \ N which acts

nontrivially on N would be a 2-element. However, N contains elements of order 4

in this case. That is why |G : N | is odd.

Likewise, there is no element in G \N acting nontrivially on N if N ∼= SL(2, `),

since any nontrivial automorphism of odd order of SL(2, `) induces a nontrivial

automorphism of odd order of PSL(2, `).

Finally, suppose N ∼= PSL(2, 2f ). Then, the outer automorphism group of N is

a cyclic group of order f . We have to exclude that p divides f and one of 2f + 1 or

2f − 1. We show that in this case, 2f + 1 or 2f − 1 is even divisible by p2. Hence,

G would have at least four Q-classes of p-elements.

Let p divide f and 2f − 1. Then, there exists a positive integer k such that

f = kp. Thus, 2k ≡ (2k)p ≡ 2f ≡ 1 (mod p). That is why the first and the second

factor of

2kp − 1 =
(
2k − 1

)
·
(
2k(p−1) + 2k(p−2) + . . .+ 2k + 1

)
=
(
2k − 1

)
·
p−1∑
i=0

(
2k
)i

are both divisible by p, whence p2 divides 2f − 1.

Now, let p divide f and 2f + 1. Clearly, we can find a positive integer k such

that f = kp. Then, −2k ≡ (−2k)p ≡ −2f ≡ 1 (mod p). Again, both factors of

2kp + 1 =
(
2k + 1

)
·
(
2k(p−1) − 2k(p−2) +− . . .− 2k + 1

)
=
(
2k + 1

)
·
p−1∑
i=0

(
−2k

)i
are divisible by p, so p2 divides 2f + 1.

Thus, we have excluded all cases with gcd(|N |, |G : N |) > 1 and the theorem is

proved. �

Corollary 3.9. Let G be a group such that R(G) has finite representation type,

and N be a nonabelian quasisimple normal subgroup of G. Let p be an odd prime

which divides |N |. Then, the Sylow p-subgroups of G are abelian.
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Proof. By Theorem 3.8, the Sylow p-subgroups of G coincide with the Sylow p-

subgroups of N . That is why we just go through the list of Theorem 3.8. The Sylow

p-subgroups of PSL(2, q) are elementary-abelian or cyclic depending on whether q

is a power of p or not. Likewise, the Sylow p-subgroups of SL(2, q) are cyclic if q

is prime. Moreover, it is well known that the Sylow p-subgroups of A7 and J1 are

also abelian. �

The character rings of the groups in the list of Theorem 3.8 have indeed finite

representation type. For a group G of this list, Theorem 4.6, which we will prove

in Section 4.1, yields that R(G)p has finite representation type if the Sylow p-

subgroups of G are cyclic. Hence, we only have to consider such primes p for which

the Sylow p-subgroups of G are not cyclic.

Let G be any group of the list in Theorem 3.8, and p be a prime such that

the Sylow p-subgroups of G are not cyclic. Looking at the character table of

G, we observe that any rational p′-section of G has at most two Q-classes and

each Q-class is already a conjugacy class (see Appendix respectively [8] for J1).

Moreover, it is easy to show that rad(R(G)′p/R(G)p) is cyclic for G ∼= PSL(2, p2)

and that rad(R(G)′2/R(G)2) is cyclic for G ∼= PSL(2, pf ) with f ∈ {1, 2}. Finally,

rad(R(A7)′2/R(A7)2) and rad(R(A7)′3/R(A7)3) are cyclic as well. This yields the

following assertion.

Corollary 3.10. The quasisimple groups whose character rings have finite repre-

sentation type are exactly the following:

(1) PSL(2, q) where q > 2 is even and q2 − 1 is cube-free,

(2) PSL(2, q) where q > 3 is odd and none of the integers q, q + 1 and q − 1 is

divisible by 16 or the third power of an odd prime,

(3) SL(2, p) where p > 2 is an odd prime and p+1 as well as p−1 are cube-free,

(4) A7,

(5) J1.

Theorem 3.8 states what a component of a nonsolvable group G can look like if

R(G) is representation-finite. One may ask the same question for the nonabelian

composition factor of G. With similar arguments as in the proof of Theorem 3.8,

one can show that such a composition factor is isomorphic to one of the groups in

the list of this theorem or PSL(2, pk) with k > 2. The author expects that there

is no group G with a composition factor isomorphic to PSL(2, pk) with k > 2 such

that R(G) is representation-finite, but has not been able to prove this yet.

3.2. Sylow 2-subgroups. Now, we want to find a list of 2-groups which can

occur as Sylow 2-subgroups of G if R(G) has finite representation type. We need

to introduce some more notations for the statement of our results. We call a group
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homocyclic if it is a direct product of cyclic groups of the same order. As usual,

D8 and Q8 stand for the dihedral and the quaternion group of order 8 respectively.

Moreover, we recall that a Suzuki 2-group P is a nonabelian 2-group with more than

one involution whose automorphism group has a cyclic subgroup which permutes

the involutions of P transitively. Higman has classified the Suzuki 2-groups and

showed Ω1(P ) = Z(P ) = P ′ = Φ(P ) for any Suzuki 2-group P [26]. Here, Φ(P )

is the Frattini subgroup of P and Ω1(P ) is the subgroup of P generated by all

involutions of P . Furthermore, one can show that Suzuki 2-groups are resistant [11].

In several of the following proofs we use the classification of finite transitive

linear groups by Huppert and Hering [25, 28].

Theorem 3.11 (Huppert, Hering). Let p be a prime, n be a positive integer, and

H ≤ GL(n, p) act transitively on the elements of Fnp \ {0}. Then, H is isomorphic

to a group G which satisfies one of the following:

(1) G ≤ ΓL(pn),

(2) SL(k, q)EG and pn = qk for some k ∈ N with k > 1,

(3) Sp(k, q)EG and pn = qk for some k ∈ 2N,

(4) G2(q)′ EG, p = 2 and 2n = q6,

(5) p = 3, n = 2 and Q8 EG,

(6) n = 2, p ∈ {5, 7, 11, 23} and SL(2, 3)EG,

(7) n = 2, p ∈ {11, 19, 29, 59} and SL(2, 5)EG,

(8) p = 3, n = 4 and either SL(2, 5) E G or S E G where S is extraspecial of

order 32,

(9) p = 2, n = 4 and G ∼= A6 or G ∼= A7,

(10) p = 3, n = 6 and G ∼= SL(2, 13),

(11) p = 2, n = 6 and G ∼= PSU(3, 3).

Here, the semilinear group

ΓL(pn) =
{
f ∈ Hom(Fpn ,Fpn) : f(x) = aσ(x) for suitable a ∈ F×pn and

σ ∈ Gal(Fpn/Fp)
}

comes into play. This group has a normal subgroup

ΓL0(pn) = {f ∈ Hom(Fpn ,Fpn) : f(x) = ax for some a ∈ F×pn} ∼= F×pn

with factor group ΓL(pn)/ΓL0(pn) ∼= Gal(Fpn/Fp). Hence, ΓL(pn) is isomorphic

to the semidirect product F×pn o Gal(Fpn/Fp). Additionally, we will be interested

in the subgroups of ΓL(pn) acting transitively on the one-dimensional subspaces of

Fnp .
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Lemma 3.12. Let p be a prime, n ∈ N, and G be a subgroup of ΓL(pn) acting

transitively on the one-dimensional subspaces of Fnp . For any prime pi which divides

d := gcd((pn − 1)/(p − 1) , p − 1), let ri ∈ Z be the largest number such that prii
divides p− 1. Then, exp(G) is divisible by

pn − 1

p− 1
·
∏
pi∈P
pi | d

prii .

Proof. The action of ΓL0(pn) on Fnp corresponds to the conjugation action of the

group

H :=

{(
a 0

0 1

)
: a ∈ F×pn

}
on the group V :=

{(
1 x

0 1

)
: x ∈ Fpn

}
.

The elements of H whose orders divide p − 1 correspond to multiplications with

elements from F×p . Hence, an element of a proper subgroup of H whose order is no

multiple of
pn − 1

p− 1
·
∏
pi∈P
pi | d

prii

cannot map the element X :=

(
1 1

0 1

)
on an element of the form Y j :=

(
1 jy

0 1

)
for a generator y of F×pn and some j ∈ {1, . . . , p− 1}.

Certainly, we get α(1) = 1 for any automorphism α ∈ Gal(Fpn/Fp). Let S be

the set of subgroups of ΓL(pn) which are generated by elements of Gal(Fpn/Fp)
and elements of a subgroup of ΓL0(pn) whose order is no multiple of

pn − 1

p− 1
·
∏
pi∈P
pi | d

prii .

Then, S does not contain a subgroup of ΓL(pn) which acts transitively on the one-

dimensional subspaces of Fnp . However, the exponent of any subgroup of ΓL(pn)

not lying in S is divisible by

pn − 1

p− 1
·
∏
pi∈P
pi | d

prii ,

whence the same holds for the exponent of G. �

Remark 3.13. Analogously, one can show that the exponent of a subgroup of

ΓL(pn) which acts transitively on Fnp \ {0} is a multiple of pn − 1.

The following lemma will help us to exclude the Suzuki 2-groups of type A as

Sylow 2-subgroups of a group whose character ring has finite representation type.
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Lemma 3.14. Let P ∈ Syl2(G) be a Suzuki 2-group of type A. Then, the elements

of order 4 of G are nonreal.

Proof. Since Suzuki 2-groups are resistant, an element x ∈ P of order 4 is conjugate

to x−1 in G if and only if x and x−1 are conjugate in NG(P ). Moreover, |NG(P ) : P |
is odd. Therefore, x and x−1 are conjugate in G if and only if there exists some

y ∈ P such that yxy−1 = x−1. Recall that P is isomorphic to

A(n,Θ) :=


1 a b

0 1 aΘ

0 0 1

 : a, b ∈ F2n


for a positive integer n and some 1 6= Θ ∈ Aut(F2n) of odd order. Obviously,1 a b

0 1 aΘ

0 0 1


−1

=

1 a b+ a1+Θ

0 1 aΘ

0 0 1

 .

Let A ∈ A(n,Θ) be an element of order 4. Then, we can find a, b ∈ F2n with a 6= 0

such that

A =

1 a b

0 1 aΘ

0 0 1

 .

If A and A−1 were conjugate in A(n,Θ), then there would exist c, d ∈ F2n with1 a b+ a1+Θ

0 1 aΘ

0 0 1

 =

1 c d

0 1 cΘ

0 0 1


1 a b

0 1 aΘ

0 0 1


1 c d+ c1+Θ

0 1 cΘ

0 0 1



=

1 a+ c b+ d+ aΘc

0 1 aΘ + cΘ

0 0 1


1 c d+ c1+Θ

0 1 cΘ

0 0 1



=

1 a d+ c1+Θ + acΘ + c1+Θ + b+ d+ aΘc

0 1 aΘ

0 0 1



=

1 a b+ acΘ + aΘc

0 1 aΘ

0 0 1

 ,

i.e. there would exist some c ∈ F2n with a1+Θ = aΘc + acΘ. In particular, c 6= a.

Now,

a1+Θ = aΘc+ acΘ ⇔ 1 = a−1c+ a−ΘcΘ ⇔ (a−1c)Θ = 1 + a−1c .
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This means that

(a−1c)Θ2

= (1 + a−1c)Θ = 1 + 1 + a−1c = a−1c ,

but this yields a contradiction since Θ has odd order. �

Lemma 3.15. Let P ∈ Syl2(G) and suppose R(G) has finite representation type.

Then, P is not isomorphic to a Suzuki 2-group of type A.

Proof. We assume that P is a Suzuki 2-group of type A. Then, the elements of

order 4 of G are nonreal by Lemma 3.14. Since Z(P ) = P ′ = Ω1(P ), any linear

character λ ∈ Irr(P ) can only attain the values ±1 on the elements of order 4 of

P . Moreover, χ(z) = ±χ(1) for z ∈ Z(P ) and χ ∈ Irr(P ). Since the degree of

any nonlinear χ ∈ Irr(P ) is a 2-power, the values of χ lie in the maximal ideal of

OQ(i) = Z[i] which contains 2, i.e. in (1 + i)Z[i].

Let x ∈ P be an element of order 4. If χ is the character afforded by the

nonlinear irreducible representation % of P , then the above yields that all eigenvalues

of %(x2) coincide and they are either 1 or −1. Hence, all eigenvalues of %(x) are

either contained in {1,−1} or in {i,−i}. Thus, χ(x) is even contained in the ideal

generated by 2. This implies ψ(x) ∈ Z+2Z[i] for any nonlinear irreducible character

ψ ∈ Irr(G). Additionally, there exists some ϕ ∈ Irr(G) with ϕ(x) /∈ R because x is

nonreal. Hence, Q(clG(x)) = Q(i). We conclude that the function ϕx with

ϕx(g) =


1 + i, g ∼G x

1− i, g ∼G x−1

0, else

lies in rad(R(G)′2) \R(G)2. Clearly, the function ϕ1 with ϕ1(1) = 2 and ϕ1(g) = 0

else is also contained in rad(R(G)′2) \R(G)2.

By our assumption, the R(G)2-module rad(R(G)′2/R(G)2) is cyclic. Thus, we

find α ∈ rad(R(G)′2) and η1, η2, ξ1, ξ2 ∈ R(G)2 with η1α+ξ1 = ϕ1 and η2α+ξ2 = ϕx.

Since α(x) and ϕx(x) are contained in (1+i)Z[i], the same holds for ξ2(x). However,

this implies ξ2(x) ∈ 2Z[i], whence α(x) ∈ (1 + i)Z[i] \ 2Z[i].

Moreover, we have (η1α+ξ1)(x) = ϕ1(x) = 0. Similarly to the above, this yields

ξ1(x) ∈ 2Z[i]. Thus, η1α(x) ∈ 2Z[i]. Since α(x) ∈ (1 + i)Z[i] \ 2Z[i], this gives

η1(x) ∈ (1 + i)Z[i], so η1(1) ∈ 2Z. Certainly, α(1) lies also in 2Z and we conclude

η1α(1) ≡ 0 (mod 4). Therefore, ξ1(1) ≡ 2 (mod 4).

Since x2 ∈ Z(P )∩P ′, we get ψ(1) ≡ ψ(x2) (mod 4) for any ψ ∈ Irr(P ). That is

why χ(1) ≡ χ(x2) (mod 4) for any χ ∈ Irr(G) because χP is a Z-linear combination

of irreducible characters of P . This implies ξ1(x2) ≡ ξ1(1) ≡ 2 (mod 4).
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On the other hand, η1α(x2) is divisible by 4 since η1(x2) is even and α is con-

tained in rad(R(G)′2). But this yields (η1α + ξ1)(x2) ≡ 2 6≡ 0 ≡ ϕ1(x2) (mod 4),

so P cannot be a Suzuki 2-group of type A. �

However, the remaining Suzuki 2-groups can also not occur as Sylow 2-subgroups

of G if R(G) is representation-finite.

Lemma 3.16. Let P ∈ Syl2(G) and suppose R(G) has finite representation type.

Then, P is not isomorphic to a Suzuki 2-group of type B, C, or D.

Proof. We assume that P is a Suzuki 2-group of type B, C, or D, so |P | = |Z(P )|3.

Since R(G) is representation-finite, all elements of order 4 of G are conjugate in

G. As mentioned above, Suzuki 2-groups are resistant, whence there is only one

conjugacy class of elements of order 4 in NG(P ).

Let x ∈ P be an element of order 4. It suffices to show χ(1) ≡ χ(x2) ≡ χ(x)

(mod 4) for all χ ∈ Irr(G). Then, it can be easily seen that for any α ∈ R(G)′2,

there do not exist η1, η2, ξ1, ξ2 ∈ R(G)2 such that the equations

(η1α+ ξ1)(g) =


2, g = 1

0, g ∼ x2

0, g ∼ x

and (η2α+ ξ2)(g) =


0, g = 1

2, g ∼ x2

0, g ∼ x

hold simultaneously. Thus, it already suffices to show ψ(1) ≡ ψ(x2) ≡ ψ(x)

(mod 4) for all ψ ∈ Irr(NG(P )). It is clear that for ϑ ∈ Irr(P ), ϑ(1) ≡ ϑ(x2)

(mod 4) because Z(P ) = P ′ and P is a 2-group. Therefore, we only have to con-

sider the elements of order 4.

We choose n such that |Z(P )| = 2n. Then, P/P ′ ∼= C2n
2 whence |{λ ∈ P :

λ(1) = 1}| = 22n. This gives |CP (x)| ≥ 22n. Let j ∈ N be such that |CP (x)| = 2j ,

so |clP (x)| = 23n−j with j ≥ 2n. Now,

23n = |P | = |Z(P )|+ |P \ Z(P )| = 2n + 23n−j(2j − 2j−2n) .

This shows that P contains exactly 2j − 2j−2n = 2j−2n(22n − 1) conjugacy classes

of elements of order 4. Since NG(P )/CG(P ) is a group of odd order which acts

transitively on these classes, we conclude j = 2n, i.e. |CP (x)| = 22n. Thus, for any

nonlinear character ϑ ∈ Irr(P ), we get ϑ(x) = 0. Hence, any irreducible character

of P/Z(P ) has the form λ̂ with λ̂(yZ(P )) := λ(y) for all y ∈ P where λ is a linear

character of P , and if λ1, λ2 are linear characters of P with λ1 6= λ2, then λ̂1, λ̂2

are irreducible characters of P/Z(P ) with λ̂1 6= λ̂2.

Certainly, NG(P )/CG(P ) acts transitively on the nontrivial elements of P/Z(P ).

Thus, NG(P )/CG(P ) is a subgroup of ΓL(22n) by Theorem 3.11. Furthermore,

exp(NG(P )/CG(P )) is divisible by 22n−1. Consequently, P/Z(P )oNG(P )/CG(P )
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contains a subgroup isomorphic to A4. But if t ∈ A4 is an involution, then we

have ϕ(1) ≡ ϕ(t) (mod 4) for any ϕ ∈ Irr(A4). This yields ϕ(Z(P )) ≡ ϕ(xZ(P ))

(mod 4) for all ϕ ∈ Irr(P/Z(P )oNG(P )/CG(P )).

Finally, the action of an element h ∈ NG(P )/CG(P ) on a character λ̂ ∈ Irr(P/Z(P ))

corresponds to the action of a preimage h̄ ∈ NG(P ) of h on λ because

λ̂h(yZ(P )) = λ̂(hyZ(P )h−1) = λ(h̄yh̄−1) = λh̄(y) .

This implies ψ(1) ≡ ψ(x) (mod 4) for all ψ ∈ NG(P ) and we are done. �

With these preparations, we are able to prove our main theorem of this section.

Theorem 3.17. Let G be a group of even order whose character ring has finite

representation type. Then, every Sylow 2-subgroup of G is isomorphic to one of the

following groups:

(1) Cn2 for some n ≥ 1 such that 2n − 1 is cube-free,

(2) C4,

(3) Q8,

(4) D8.

Proof. Let P ∈ Syl2(G). If E(G) 6= 1, then E(G) is a Hall subgroup of G by

Theorem 3.8. Therefore, P is a Sylow 2-subgroup of E(G) and we can write G =

E(G) o H for a suitable subgroup H. By Proposition 3.5, G contains only one

nonabelian composition factor, so Theorem 3.8 yields that P is either elementary-

abelian or isomorphic to Q8 or D8.

From now on, we do not suppose that R(G) is representation-finite, but make

the following weaker assumptions:

(1) G has at most three Q-classes of 2-elements,

(2) P is not isomorphic to a Suzuki 2-group of type A,

(3) if E(G) 6= 1, then P is isomorphic to one of the groups in the list above.

Suppose G is not solvable and E(G) = 1. The Sylow 2-subgroups of G/O2′(G) are

isomorphic to P and by Lemma 3.1, G/O2′(G) contains at most as many Q-classes

of 2-elements as G does. Thus, we may assume O2′(G) = 1, so either E(G) 6= 1 or

F ∗(G) = O2(G). Since the case E(G) 6= 1 has already been discussed, we suppose

F ∗(G) = O2(G).

Since G is not solvable, O2(G) is a proper subgroup of P . The elements of

P \ O2(G) are certainly not conjugate to the nontrivial elements of O2(G). Thus,

there is only one Q-class in G which contains nontrivial elements of O2(G), i.e.

the nontrivial elements of O2(G) form a single conjugacy class. Hence, G acts
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transitively on O2(G) \ {1}. Moreover, CG(O2(G)) = O2(G), so G/O2(G) is iso-

morphic to a transitive linear group. Additionally, there is only one conjugacy class

of nontrivial 2-elements in G/O2(G).

By Theorem 3.11, the only possibility is that G/O2(G) contains a normal sub-

group isomorphic to SL(2, 2m) where m satisfies O2(G) ∼= C2m
2 . But then, there

exists an involution in G\O2(G) by [10, Lemma 4.2]. Lemma 3.3 then implies that

R(G) has infinite representation type. Thus, F ∗(G) 6= O2(G) if G is not solvable.

Now, suppose G is solvable. If P has only one involution, then, due to Burnside,

P is isomorphic to a cyclic group or a generalized quaternion group. All of these

groups except C2, C4 and Q8 have exponents divisible by 8, so P is isomorphic to

C2, C4 or Q8.

Finally, we assume that P has more than one involution. By Thompson, P

is homocyclic or isomorphic to a Suzuki 2-group (see [27]). By the Lemmas 3.15

and 3.16, P cannot be a Suzuki 2-group. This implies that P is homocyclic, whence

P is elementary-abelian by Theorem 3.2. Thus, there is some n such that P ∼=
Cn2 . We have already seen in Lemma 3.3 that all involutions of P are conjugate.

Therefore, G/CG(P ) acts transitively on P \ {1}. Now, Theorem 3.11 yields that

G/CG(P ) is a subgroup of ΓL(2n), so exp(G/CG(P )) is a multiple of 2n − 1 by

Lemma 3.12. It follows immediately that 2n − 1 is cube-free. �

For each 2-group P in the list of Theorem 3.17, there is a group G such that P

is a Sylow 2-subgroup of G and R(G) is representation-finite. For P ∈ {C2, C4},
we can choose G = P , for P = Q8, we can take G = SL(2, 3), and if P = D8,

then the conditions are satisfied for G ∼= PSL(2, 7). Moreover, for P = Cn2 and

G = Cn2 o C2n−1, the representation type of R(G) is finite if and only if 2n − 1 is

cube-free.

3.3. Sylow subgroups of odd order. After the determination of the possible

Sylow 2-subgroups of a group G whose character ring has finite representation type,

we consider the Sylow subgroups of odd order of G. Finally, we will prove that these

Sylow subgroups are abelian in Theorem 3.20.

Lemma 3.18. Let p be an odd prime, P ∈ Sylp(G) be nonabelian, and R(G)

be representation-finite. If G has exactly three Q-classes of p-elements, then all

nontrivial elements of Z(P ) are conjugate in G.

Proof. At first, we show that all elements of Z(P ) \ {1} are contained in one of

the two Q-classes which consist of nontrivial p-elements.

If G has a component whose order is divisible by p, then E(G) contains a Sylow

p-subgroup of G by Theorem 3.8. However, Corollary 3.9 then yields that P is

abelian. Thus, p - |E(G)|. That is why G/E(G) has Sylow p-subgroups isomorphic



72 TIM FRITZSCHE

to P and by Lemma 3.1, G/E(G) has at most as many Q-classes of p-elements as

G has. Moreover, for x ∈ G, the conjugacy class of xE(G) in G/E(G) is rational if

the conjugacy class of x in G is rational.

That is why we may assume E(G) = 1 in the following. Since the Sylow p-

subgroups of G/Op′(G) are isomorphic to P , we further assume Op′(G) = {1}.
Lemma 3.1 again yields that G/Op′(G) contains at most as many Q-classes of p-

elements as G does and that the image of a rational conjugacy class of G is a

rational conjugacy class of G/Op′(G).

Hence, we suppose F ∗(G) = Op(G), so CG(Op(G)) ≤ Op(G). If Op(G) < P ,

this implies Z(P ) ≤ Op(G). Since the elements of P \ Op(G) are not conjugate

to the elements of Op(G) in G, G has two Q-classes of nontrivial p-elements and

only one of these classes contains elements of Op(G) ≥ Z(P ). On the other hand,

if Op(G) = P , then P is normal in G, whence Z(P ) is normal in G. Since P is

nonabelian, P \ Z(P ) 6= ∅ and none of the elements of P \ Z(P ) is Q-conjugate to

an element of Z(P ).

Thus, it remains to show that the Q-class of G which contains the nontrivial

elements of Z(P ) is a rational conjugacy class. As is well known, there exists a

nontrivial element z ∈ Z(P )∩P ′. We show that z lies in a rational conjugacy class

of G.

Suppose the conjugacy class of z in G is not rational. We denote the maximal

ideal of OQ(clG(z)) containing p by p.

For any linear character λ ∈ Irr(P ), we have λ(z) = 1 because z ∈ P ′. Moreover,

for every ψ ∈ Irr(P ), there is some k ∈ Z such that ψ(z) = ψ(1) ·ζkp since z ∈ Z(P ).

Certainly, ψ(1) is a power of p. The restriction of χ ∈ Irr(G) to P can be written

as χP = a1ψ1 + . . . + arψr for suitable a1, . . . , ar ∈ Z and ψ1, . . . , ψr ∈ Irr(P ).

Let ψ1, . . . , ψm denote the nonlinear characters of this linear combination, and

ψm+1, . . . , ψr denote the linear characters. For j = 1, . . . ,m, choose kj ∈ {0, . . . , p−
1} such that ψj(z) = ψj(1) · ζkjp , and dj ∈ N such that ψj(1) = dj · p. Then,

χ(1)− χ(z) =

m∑
j=1

aj(ψj(1)− ψj(z)) +

r∑
j=m+1

aj(ψj(1)− ψj(z))

=

m∑
j=1

aj
(
pdj − pdjζkjp

)
=

m∑
j=1

ajdjp
(
1− ζkjp

)
.

Let P be the maximal ideal in Z[ζp] containing p. Then, each summand of the sum

above lies in pP. Hence, χ(1) − χ(z) ∈ pp. Since [Q(clG(z)) : Q] > 1, the ideal

pOQ(clG(z)) is contained in p2. This implies χ(1) ≡ χ(z) (mod p3). Therefore, any

function η ∈ R(G)p with η(z) ∈ p satisfies η(1) ≡ η(z) (mod p3). That is why for
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a generator π of p, the functions ϕ1, ϕ2 ∈ R(G)′p with

ϕ1(g) =

π, g ∼ z

0, else
and ϕ2(g) =

π2, g ∼ z

0, else

lie in rad(R(G)′p) \R(G)p.

Let α ∈ rad(R(G)′p) and η1, η2, ξ1, ξ2 ∈ R(G)p with η1α+ξ1 = ϕ1 and η2α+ξ2 =

ϕ2. Since α(z) ∈ p, we conclude ξ1(z) ∈ p. But then, ξ1(z) is even contained in p3,

so α(z) ∈ p \ p2.

Analogously, ξ2(z) ∈ p, so ξ2(z) ∈ p3. Thus, η2α(z) ∈ p2 \ p3. But this yields

η2(z) ∈ p \ p2 which is impossible since η2 ∈ R(G)p. Hence, the R(G)p-module

rad(R(G)′p/R(G)p) is not cyclic, so R(G) has infinite representation type. This

contradiction shows that the Q-class of z is already a conjugacy class. �

In the proof of Lemma 3.18, we have shown implicitly that G contains at least

(and therefore exactly) three Q-classes of p-elements if P is nonabelian and R(G) is

representation-finite. Thus, we could remove the assumption in Lemma 3.18 that

G has exactly three Q-classes of p-elements.

Before we prove our main theorem of this section, we remark that the group

SL(2, 5) can only act trivially on a cyclic group since the automorphism group of

a cyclic group is solvable while SL(2, 5) is nonsolvable and perfect. Moreover, we

recall a result due to Shult [38].

Theorem 3.19 (Shult). Let P be a p-group such that Aut(P ) acts transitively on

the subgroups of order p of P . Then, P is abelian or a 2-group.

Theorem 3.20. Let p be an odd prime, and P ∈ Sylp(G). If R(G) has finite

representation type, then P is abelian.

Proof. Suppose P is nonabelian and R(G) has finite representation type. As in

the proof of Lemma 3.18, we conclude p - |E(G)|. That is why we only consider

the case p - |E(G)| in the following.

From now on, we do not assume that R(G) is representation-finite, but make

the following weaker assumptions:

(1) G has at most three Q-classes of `-elements for any prime `,

(2) all elements of Z(P ) are conjugate in G,

(3) the Sylow 2-subgroups of G appear in the list of Theorem 3.17.

Let P be nonabelian. If E(G) 6= 1, then the Sylow p-subgroups of G/E(G) are

isomorphic to P and G/E(G) has at most as many Q-classes of p-elements as G

has. Moreover, for any p-element x ∈ G, the conjugacy class of xE(G) in G/E(G)

is rational if the conjugacy class of x in G is rational.
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We can obtain similar assertions for G/Op′(G). That is why we assume E(G) = 1

and Op′(G) = 1 in the following. This yields F ∗(G) = Op(G), so CG(Op(G)) ≤
Op(G).

At first, we consider the case Op(G) < P . Since CG(Op(G)) ≤ Op(G), we get

Z(P ) ≤ Op(G). It is clear that none of the elements of P \ Op(G) is conjugate to

an element of Op(G). Thus, there is only one Q-class in G containing elements of

P \Op(G). Similarly, all nontrivial elements of Op(G) are Q-conjugate. Moreover,

the nontrivial elements of Z(G) are conjugate in G, so G acts transitively on Op(G)\
{1}. Together with Theorem 3.19, this implies that Op(G) is elementary-abelian

and G/Op(G) is isomorphic to one of the groups in the list of Theorem 3.11. Prior

to going through this list, we make some more general considerations.

(1) Let m be a positive integer such that Op(G) ∼= Cmp . Then, the number of p-

elements in G\Op(G) is divisible by pm. Suppose the Sylow p-subgroups of

G/Op(G) are cyclic and G \Op(G) contains an element of order p. For any

x ∈ P ∩ (G \Op(G)), p2 divides |CG(x)| since Z(P ) ≤ Op(G). Therefore,

|clG(x)| = |G : CG(x)| 6≡ 0 (mod pm) .

The Q-class of x in G contains exactly r · |clG(x)| elements for a suitable

r ∈ {1, . . . , p − 1}. This implies that pm does not divide the number of

elements in the Q-class of x. Hence, the elements of order p lie in at least

two different Q-classes. But then, G would have at least four Q-classes of

p-elements.

(2) Suppose Op(G) ∼= C2
p and the Sylow p-subgroups of G/Op(G) are elemen-

tary-abelian of rank ` > 1. Let Q = P/Op(G) ∈ Sylp(G/Op(G)). We

choose generators x1, . . . , x` of Q. Additionally, we denote the cyclic sub-

groups of order p of Op(G) by Z1, . . . , Zp+1. Since Z(P ) ≤ Op(G), Q

acts trivially on one of these cyclic groups, say Zp+1. On the other hand,

none of the nontrivial elements of Q can act trivially on Op(G) because

CG(Op(G)) ≤ Op(G). Thus, any nontrivial element of Q induces a cyclic

permutation of Z1, . . . , Zp. W.l.o.g. we have x1Z1x
−1
1 = Z2. Since x2 also

permutes Z1, . . . , Zp cyclically, we can find some j ∈ {1, . . . , p − 1} such

that xj2Z2x
−j
2 = Z1. But then, xj2x1 centralizes Zp+1 and Z1, i.e. xj2x1 acts

trivially on Op(G). This contradicts CG(Op(G)) ≤ Op(G).

(3) Let Op(G) ∼= Cmp again. Suppose that each element of order p of Op(G)

has a centralizer of odd order in G, and there exists an element of order p

in G/Op(G) which commutes with an involution of G/Op(G). Then, there

is an element x̄ of order 2p in G/Op(G). Thus, a preimage x of x̄ in G has

order 2p or 2p2. If |〈x〉| = 2p2, then any element of G \Op(G) would have
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order p2, whence x2p ∈ Op(G). But then, |CG(x2p)| would be odd whereas

x has even order. This implies that G\Op(G) contains elements of order p.

Now, we go through the list of Theorem 3.11. Let Op(G) ∼= Cmp . We assume

that G/Op(G) acts on Op(G) as a subgroup of ΓL(pm) ∼= Cpm−1 o Cm on Fmp , so

G/Op(G) ∼= Cr o Cs with r | pm − 1 and s | m. Since this action is transitive,

G/Op(G) contains an involution. Moreover, p divides |G/Op(G)|, whence p | s. If

|Cr| is even, then |Z(G/Op(G))| is clearly even as well. On the other hand, if |Cs|
is even, then there exist x, y ∈ Cs such that |〈x〉| = p, |〈y〉| = 2 and xy = yx.

In both cases, G \ Op(G) contains elements of order p by (3). Obviously, the

Sylow p-subgroups of G/Op(G) are cyclic, so G possesses at least four Q-classes of

p-elements by (1).

Let k ≥ 2 and suppose G/Op(G) contains a normal subgroup isomorphic to

SL(k, q). Then, k = 2 and q is a prime number by Theorem 3.8, so m = 2. Due

to (2), G/Op(G) has cyclic Sylow p-subgroups. Since G/Op(G) has a subgroup

isomorphic to SL(2, p), each element of order p of G/Op(G) has a centralizer of

even order. We conclude that G \ Op(G) contains elements of order p by (3). But

now, (1) yields that G has at least four Q-classes of p-elements.

In the case that G/Op(G) has a normal subgroup isomorphic to Sp(k, q) (with

pm = qk, k ∈ 2N), we also obtain m = 2. Thus, the same arguments as above show

that this situation cannot arise as well.

Suppose p = 3, O3(G) ∼= C2
3 , and G/O3(G) has a normal subgroup isomorphic to

Q8. Then, Z(G/O3(G)) contains an element of order 2. By (3) and (1), the Sylow 3-

subgroups of G/O3(G) cannot be cyclic. Moreover, they are not elementary-abelian

of rank > 1 by (2), so this case can also be excluded.

Suppose p ∈ {5, 7, 11, 23}, Op(G) ∼= Cp2 , and G/Op(G) contains a normal sub-

group H ∼= SL(2, 3). Then, G/Op(G) has cyclic Sylow p-subgroups by (2). Cer-

tainly, Z(G/Op(G)) contains the involution in H. Now, (3) and (1) yield that G

has at least four Q-classes of p-elements.

We can argue similarly in the case that p ∈ {11, 19, 29, 59}, Op(G) ∼= Cp2 , and

G/Op(G) contains a normal subgroup isomorphic to SL(2, 5). From (2), we obtain

that G/Op(G) has cyclic Sylow p-subgroups. Since an element of order p can only

act trivially on SL(2, 5), G/Op(G) has elements of order 2p. Applying (3) and (1),

this shows that there are more than three Q-classes of p-elements in G.

Suppose p = 3 and O3(G) ∼= C4
3 . By Theorem 3.17, G/O3(G) has no normal

Sylow 2-subgroup which is an extraspecial group of order 32. Thus, G/O3(G) has

a normal subgroup H ∼= SL(2, 5). The action of H on O3(G) \ {1} is not transitive;

O3(G) \ {1} splits into two orbits under this action. Hence, G/O3(G) can only act
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transitively on O3(G) \ {1} if (G/O3(G))/H has even order. But then, G/O3(G)

would have at least four Q-classes of 2-elements.

Finally, if p = 3, O3(G) ∼= C6
3 , and G/Op(G) ∼= SL(2, 13), we conclude that G

would have at least four Q-classes of 3-elements by (3) and (1) as above.

That is why we may assume P E G. Recall that all nontrivial elements of

Z(P ) are conjugate and all elements of P \ Z(P ) lie in the same Q-class of G.

By Theorem 3.19, Z(P ) as well as P/Z(P ) are elementary-abelian and we have

exp(P ) = p. Since all nontrivial elements of Z(P ) are conjugate in G, there is no

subgroup 1 < H < Z(P ) which is normal in G. This yields Z(P ) ≤ P ′. On the

other hand, P/Z(P ) is abelian, whence Φ(P ) ≤ Z(P ). Due to this and exp(P ) = p,

we get P ′ = Φ(P ) = Z(P ), i.e. P is special.

Let Z(P ) ∼= Ckp and P/Z(P ) ∼= C`p. Since all elements of P \Z(P ) lie in the same

Q-class of G, we get |CP (x)| = |CP (y)| for x, y ∈ P \Z(P ). We choose j such that

|CP (x)| = pj . Thus, the conjugacy classes of P which contain elements of P \Z(P )

have length pk+`−j . Now,

pk+` = 1 · pk + pk+`−j (pj − pj−`) ,
so there are exactly pj − pj−` = pj−`(p` − 1) conjugacy classes in P containing

elements of P \ Z(P ). That is why the number of these conjugacy classes is not

divisible by p if and only if j = `. Clearly, the same holds for the number of the

corresponding Q-classes of P . It is necessary that p does not divide the number

of these Q-classes: G permutes these classes transitively. If M is the set of these

classes, there is a bijection between M and G/stabG(C) for some C ∈ M. Since P

lies in stabG(C), p cannot divide |G : stabG(C)| = |M|. This gives |CP (x)| = p` for

x ∈ P \ Z(P ), whence

|{[x, y] : y ∈ P}| = pk+`

|CP (x)|
=
pk+`

p`
= pk = |Z(P )| .

Since P ′ = Z(P ), this means that for all z ∈ Z(P ), there exists some y ∈ P with

z = [x, y].

Let H be a maximal subgroup of Z(P ). Certainly, we have exp(P/H) = p. For

z ∈ Z(P ) \H, we have just seen that there are x, y ∈ P with z = [x, y]. This yields

zH ∈ (P/H)′, so (P/H)′ = Z(P )/H is cyclic. Moreover, for every x ∈ P \ Z(P ),

there exists some y ∈ P such that [x, y] ∈ Z(P ) \ H. Hence, xH /∈ Z(P/H) and

we conclude Z(P/H) = Z(P )/H, i.e. Z(P/H) = (P/H)′ ∼= Cp. Consequently,

the group P/H is extraspecial. From the classification of extraspecial p-groups, we

obtain at once that ` is even.

Now, P/Z(P ) is an elementary-abelian group of even rank whose cyclic sub-

groups are permuted transitively by G/Z(P ). By Theorem 3.11 and since G has at
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most three Q-classes of p-elements, G/CG(P ) acts on P/Z(P ) either as a subgroup

of ΓL(p`) on F`p or as one of the sporadic transitive linear groups if |P/Z(P )| = 34

or p ∈ {3, 5, 7, 11, 19, 23, 29, 59} where P is an extraspecial group of order p3 with

exponent p.

At first, we assume that G/CG(P ) acts on P/Z(P ) as a subgroup of ΓL(p`) on

F`p. By Lemma 3.12, the exponent of G/CG(P ) is divisible by

p` − 1

p− 1
·
∏
pi∈P
pi | d

prii

where d := gcd((pn − 1)/(p − 1) , p − 1) and the ri are the largest integers such

that prii divides p − 1. However, ` is even, so (p` − 1)/(p − 1) is also even. Thus,

exp(G/CG(P )) is divisible by 8, i.e. G/CG(P ) has an element of order 8. This is

clearly impossible.

Hence, |P/Z(P )| = 34 or P is extraspecial of order p3 with exponent p where

p ∈ {3, 5, 7, 11, 19, 23, 29, 59}.

(1) If |P/Z(P )| = 32, then G/CG(P ) has a normal subgroup isomorphic to Q8.

Since all elements of order 4 of G are conjugate, G \ P must contain an

element of order 3. But then, G has at least four Q-classes of 3-elements.

(2) Suppose |P/Z(P )| = 34. Since |G/CG(P )| is not divisible by 3, G/CG(P )

has a normal subgroup which is isomorphic to an extraspecial group of

order 32. However, this group is not in the list of Theorem 3.17.

(3) For p ∈ {7, 23}, if all cyclic subgroups of P/Z(P ) are conjugate, then

G/CG(P ) must contain an element of order 8.

(4) Let p = 5, so G/CG(P ) has a normal subgroup H ∼= SL(2, 3). By our

assumptions, G/CG(P ) acts transitively on Z(P ). However, SL(2, 3) can

only act trivially on a cyclic group of order 5 since any element of order 4

of SL(2, 3) is a product of two elements of order 3. Thus, |(G/CG(P ))/H|
must be even, whence there are more than three Q-classes of 2-elements in

G.

(5) For p = 11, G/CG(P ) contains a normal subgroup H isomorphic to SL(2, 3)

or SL(2, 5). As above, G/CG(P ) must act transitively on Z(P ), but SL(2, 3)

and SL(2, 5) can only act trivially on C11. Thus, there are too many Q-

classes of 2-elements in G if G/CG(P ) acts transitively on Z(P ).

(6) If p = 19 and all nontrivial elements of Z(P ) are conjugate in G, then

G/CG(P ) contains an element of order 9. Moreover, G/CG(P ) has a normal

subgroup H ∼= SL(2, 5). Let x ∈ G/CG(P ) be an element of order 9.

Suppose x3 ∈ H. Then, x3 cannot centralize a Sylow 2-subgroup of H.

Since the Sylow 2-subgroups of H are isomorphic to Q8, there is no Sylow
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2-subgroup of H which is normalized by x. However, this is impossible since

H has exactly five Sylow 2-subgroups. Consequently, x3 /∈ H, so G/CG(P )

has at least two Q-classes of elements of order 3 and at least one Q-class of

elements of order 9. Hence, G has at least four Q-classes of 3-elements.

(7) For p = 29, G/CG(P ) contains a normal subgroup H ∼= SL(2, 5). Since

SL(2, 5) can only act trivially on C29, G contains at least four Q-classes of

2-elements if all elements of Z(P ) \ {1} are conjugate in G.

(8) Finally, G/CG(P ) has a normal subgroup H ∼= SL(2, 5) if p = 59, so the

same arguments as for p = 29 apply.

We conclude that G/CG(P ) cannot act on P/Z(P ) as one of the transitive linear

groups. Thus, R(G) cannot be representation-finite if G has a nonabelian Sylow

p-subgroup for some odd prime p. �

From Theorems 3.2 and 3.20, it follows immediately that for an odd prime p, the

Sylow p-subgroups of G are cyclic or elementary-abelian if R(G) is representation-

finite.

4. Structure of groups whose character rings are representation-finite

In the previous section, we have focused on necessary conditions on G for R(G)

having finite representation type. Now, we try to find sufficient conditions. For an

odd prime p, we know that the Sylow p-subgroups of G are cyclic of order ≤ p2 or

elementary-abelian. We consider these two cases separately.

4.1. Cyclic Sylow subgroups. Let p be a prime. For a cyclic group C of order

p or p2, the group ring of C is representation-finite. Since the group ring and the

character ring of a finite abelian group are isomorphic, R(C) has finite representa-

tion type as well. This may suggest that R(H)p is representation-finite for a finite

group H with cyclic Sylow p-subgroups of order p or p2 respectively. We will show

that this assertion holds if H satisfies an additional condition.

We start with the possible number of Q-classes in the rational p′-sections of a

finite group with cyclic Sylow p-subgroups.

Lemma 4.1. Let P ∈ Sylp(G) be cyclic of order pa for some positive integer a.

Suppose for any x ∈ P , two p′-elements y1, y2 ∈ CG(x) are Q-conjugate in G if and

only if they are conjugate in NG(〈x〉). Then, any rational p′-section of G has at

most a+ 1 different Q-classes.

Proof. Since P is cyclic, any two p-elements of the same order are Q-conjugate in

G. Thus, it remains to show that g, h ∈ G are Q-conjugate if gp and hp as well as

gp′ and hp′ are Q-conjugate.
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Let x ∈ P . We consider the Q-classes of a rational p′-section in NG(〈x〉) whose

elements have p-parts which are Q-conjugate to x, i.e. the p-parts have the same

order as x. Let x1y1 and x2y2 be elements of such Q-classes, that means x1, x2 ∈
〈x〉, y1, y2 ∈ NG(〈x〉), p - |〈y1〉| = |〈y2〉|, xiyi = yixi for i = 1, 2, and y1 is

Q-conjugate to y2 in NG(〈x〉). Then, there exist a g ∈ NG(〈x〉) and some σ ∈
Gal(Q(ζexp(NG(〈x〉)))/Q) whose order is coprime to p such that σ(gy1g

−1) = y2.

Thus, we can find some b ∈ Z with gcd(b, p) = 1 such that σ(gx1y1g
−1) = xby2

because any element of NG(〈x〉) with order |〈x〉| already lies in 〈x〉. Moreover, since

gcd(|〈x〉|, |〈y2〉|) = 1, there is a τ ∈ Gal(Q(ζexp(NG(〈x〉)))/Q) with τ(xby2) = x2y2.

This implies that x1y1 and x2y2 are contained in the same Q-class of NG(〈x〉).
Hence, each rational p′-section of NG(〈x〉) has at most one Q-class whose elements

have p-parts with the same order as x.

Now, any element of G which commutes with x is already contained in NG(〈x〉).
Thus, any Q-class of G which contains an element with p-part x also contains a

Q-class of NG(〈x〉). On the other hand, any element of G has a conjugate whose

p-part lies in P . Since all elements of order |〈x〉| in P are contained in 〈x〉, any

Q-class whose elements have p-parts with order |〈x〉| has a representative lying in

NG(〈x〉). But in NG(〈x〉), any p′-section has at most one Q-class with elements

whose p-parts have order |〈x〉| by the arguments above. Since two p′-elements

y1, y2 ∈ NG(〈x〉) are conjugate in G if and only if they are already conjugate in

NG(〈x〉), we conclude that two elements lie in the same Q-class of G if their p-parts

and p′-parts are Q-conjugate respectively. �

If G has cyclic Sylow subgroups and exp(G) is cube-free, then Lemma 4.1 yields

that it only depends on the character values of G whether R(G)p is representation-

finite for some prime divisor p of |G|.

Lemma 4.2. Let P ∈ Sylp(G) be cyclic, and g ∈ G be such that 〈g〉 E G. If

ϑ ∈ Irr(〈g〉) is invariant in G, then there is some χ ∈ Irr(G) with χ〈g〉 = eϑ such

that p - e.

Proof. We choose Q ≤ G such that Q/〈g〉 ∈ Sylp(G/〈g〉). Then, Q/〈g〉 is cyclic,

whence we can find some ϑ̃ ∈ Irr(Q) with ϑ̃〈g〉 = ϑ (see e.g. [29]). For the induced

character ϑ̃G of ϑ̃ we obtain that p does not divide ϑ̃G(1) = |G : Q|. Thus, ϑ̃G

has a constituent χ ∈ Irr(G) whose degree is coprime to p. Frobenius reciprocity

yields 〈χQ, ϑ̃〉 = 〈χ, ϑ̃G〉 6= 0 so that 〈χ〈g〉, ϑ〉 6= 0. Now, ϑ is invariant in G and we

conclude χ〈g〉 = eϑ with e = χ(1). �

Lemma 4.3. Let C be a Q-class of G, g ∈ C, and χ1, . . . , χn be the irreducible

characters of G. Then, any element of Z(p) ⊗ OQ(C) is already contained in

Z(p)[χ1(g), . . . , χn(g)].
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Proof. Let χ ∈ Irr(NG(〈g〉)), and ψ ∈ Irr(〈g〉) be a constituent of χ〈g〉. By

a theorem of Clifford, we get χ〈g〉 = eχ
∑t
i=1 ψi where ψ = ψ1, . . . , ψt are the

conjugates of ψ in NG(〈g〉). We denote the inertia group of ψ in NG(〈g〉) by

ING(〈g〉)(ψ). From Lemma 4.2, we know that there exists some ψ̃ ∈ Irr(ING(〈g〉)(ψ))

with ψ̃〈g〉 = eψψ and p - eψ. By applying Clifford’s theorem again, we obtain

(ψ̃NG(〈g〉))〈g〉 = eψ
∑t
i=1 ψi. Since p - eψ, there is a function in R(NG(〈g〉))p whose

restriction to 〈g〉 coincides with
∑t
i=1 ψi.

We have shown the following: if M1, . . . ,Mk are the equivalence classes of irre-

ducible characters of 〈g〉 with respect to NG(〈g〉)-conjugation and if Sj :=
∑
ϕ∈Mj

ϕ

for j = 1, . . . , k, then the restriction of a character of NG(〈g〉) to 〈g〉 is a Z-linear

combination of the Sj and Sj ∈ R(NG(〈g〉))p for j = 1, . . . , k. In particular, we

obtain Q(clNG(〈g〉)(g)) = Q(S1(g), . . . , Sk(g)) and any |〈g〉|th root of unity is a

summand of exactly one of the Sj and appears only once there.

Let j ∈ {1, . . . , k}. We have Sj(ngn
−1) = Sj(g) for any n ∈ NG(〈g〉) by con-

struction. Moreover, hgh−1 is certainly not contained in NG(〈g〉) if h ∈ G\NG(〈g〉).
Hence, for the induced function SGj , we get

SGj (g) =
1

|NG(〈g〉)|
∑
h∈G

Sj(hgh
−1)◦ =

1

|NG(〈g〉)|
· |NG(〈g〉)|Sj(g) = Sj(g) .

Since SGj ∈ R(G)p, this yields Z(p)[S1(g), . . . , Sk(g)] ⊆ Z(p)[χ1(g), . . . , χn(g)].

On the other hand, for any i ∈ {1, . . . , n}, the restriction of χi to NG(〈g〉) is a

Z-linear combination of irreducible characters of NG(〈g〉). Therefore,

Z(p)[χ1(g), . . . , χn(g)] ⊆ Z(p)[S1(g), . . . , Sk(g)]

and we conclude

Z(p)[S1(g), . . . , Sk(g)] = Z(p)[χ1(g), . . . , χn(g)] .

This also shows Z(p)⊗OQ(C) = Z(p)⊗OQ(S1(g),...,Sk(g)). Moreover, OQ(S1(g),...,Sk(g))

and Z[S1(g), . . . , Sk(g)] coincide because OQ(ζ|〈g〉|) = Z[ζ|〈g〉|]. This implies Z(p) ⊗
OQ(C) = Z(p)[S1(g), . . . , Sk(g)] and finally, we obtain

Z(p) ⊗OQ(C) = Z(p)[χ1(g), . . . , χn(g)]. �

Theorem 4.4. Let P ∈ Sylp(G) be cyclic of order ≤ p2. Suppose for any x ∈
P , two p′-elements y1, y2 ∈ CG(x) are Q-conjugate in G if and only if they are

conjugate in NG(〈x〉). Then, µ0 and µ1 generate the R(G)p-module R(G)′p/R(G)p.

Proof. From Remark 2.8, we know that it suffices to show that for any rational

p′-section S, the R(G)p-module (R(G)′p ∩ChQ(S))/(R(G)p ∩ChQ(S)) is generated

by the restrictions of µ0 and µ1 on S.
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Let S be an arbitrary rational p′-section of G, and y ∈ S be a p′-element. By

Lemma 4.1, S contains at most three Q-classes. From the proof of this lemma,

we further obtain that any two elements of S of the same order are Q-conjugate.

Thus, there is a p-element x ∈ G such that y, xpy, and xy are representatives of

the Q-classes in S. We note that xpy = y or even xy = y are possible. In such

cases, S contains less than three Q-classes.

We show that the R(G)p-module (R(G)′p ∩ ChQ(S))/(R(G)p ∩ ChQ(S)) is gen-

erated by µ0νy and µ1νy. Since µ0 + µ1 + µ2 is the trivial character of G and

νy ∈ R(G)p by Lemma 2.7, the function µ2νy = νy−µ0νy−µ1νy lies in 〈µ0νy, µ1νy〉.
Hence, for any Q-class C contained in S, the function ϕ ∈ R(G)′p ∩ ChQ(S) with

ϕ(g) = 1 for g ∈ C and ϕ(g) = 0 for g ∈ S \ C is also generated by µ0νy and µ1νy.

Thus, 〈µ0νy, µ1νy〉 contains the functions µiνyχ for i = 0, 1, 2 and any χ ∈ Irr(G).

That is why it suffices to show that for any Q-class C of S, the elements of Z(p)⊗
OQ(C) are already contained in Z(p)[χ1(g), . . . , χn(g)] where g ∈ C and χ1, . . . , χn

are the irreducible characters of G. But this is a direct consequence of Lemma 4.3

what completes the proof of the theorem. �

After we have shown that there exists a generating system of size 2 for the R(G)p-

module R(G)′p/R(G)p where G is a group satisfying the assumptions of the theorem

above, we have to prove that the R(G)p-module rad(R(G)′p/R(G)p) is cyclic.

We consider the maximal order R(G)′p
∼=
⊕k

i=1 Z(p) ⊗ OQ(Ci) where C1, . . . , Ck
are the Q-classes of G. The maximal ideals of R(G)′p are the ideals of the form

((1), . . . , pi, . . . , (1)) with a maximal ideal pi of Z(p) ⊗ OQ(Ci), i = 1, . . . , k (see

e.g. [37]). Recall that any prime ideal of OQ(Ci) contains exactly one prime p ∈ Z
and that the maximal ideals of Z(p) ⊗OQ(Ci) are in bijection to the prime ideals of

OQ(Ci) containing p. Since OQ(Ci) has only finitely many prime ideals containing p,

we conclude that Z(p) ⊗OQ(Ci) is a principal ideal domain.

Now, we consider the cyclotomic fields Q(ζn) with n = pam, pa > 2, and p - m.

Let P ⊆ OQ(ζn), P ⊆ OQ(ζm), and p ⊆ OQ(ζpa ) be prime ideals lying over (p) ⊆ Z
such that P lies over P as well as p. Since p is unramified in OQ(ζm), we obtain the

following inequalities for the ramification indices:

ϕ(pa) = [Q(ζn) : Q(ζm)] ≥ e(P/P) = e(P/P)e(P/(p))

= e(P/(p)) = e(P/p)e(p/(p)) = e(P/p) · ϕ(pa) ≥ ϕ(pa) .

Hence, e(P/(p)) = ϕ(pa). Moreover, p is fully ramified over (p). Thus, p is the

only ideal of OQ(ζpa ) which lies over (p), so p = (1 − ζpa). Clearly, for pa = 2, we

also obtain p = (2) = (1− ζ2) if p is the prime ideal in OQ(ζ2) = Z lying over (2).

The radical of Z(p) ⊗ OQ(ζn) is the intersection of all maximal ideals of Z(p) ⊗
OQ(ζn). Since (1−ζpa) is the only maximal ideal in Z(p)⊗OQ(ζpa ), the ideal (1−ζpa)
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of Z(p)⊗OQ(ζn) is contained in this radical. Suppose, the radical is of the form (α)

with (1 − ζpa) ( (α). Then (α) would be the only maximal ideal in Z(p) ⊗ OQ(α).

This would yield e((α)/(p)) > e((1− ζpa)/(p)) = ϕ(pa) which is impossible.

Analogously, for a subfield L of Q(ζn) and K = L ∩ Q(ζpa), we obtain that a

generator of the radical of Z(p) ⊗ OK is also a generator of the radical of Z(p) ⊗
OL. Let g ∈ G be an element of order n, and λ be a generator of Irr(〈gn/pa〉).
Then, (1 − λ)(g) generates the radical of Z(p) ⊗ OQ(cl〈g〉(g)). Thus, the radical of

Z(p)⊗OQ(clG(g)) is (u((1−λ)(g))b) for a suitable unit u ∈ OQ(cl〈g〉(g)) and a suitable

positive integer b. These preparations will help us to prove the following theorem.

Theorem 4.5. Let P ∈ Sylp(G) be cyclic of order ≤ p2. Suppose for any x ∈
P , two p′-elements y1, y2 ∈ CG(x) are Q-conjugate in G if and only if they are

conjugate in NG(〈x〉). Then, the R(G)p-module rad(R(G)′p/R(G)p) is cyclic.

Proof. Let g ∈ G be an element of p′-order, and S be the rational p′-section of g

in G. By Remark 2.8, it suffices to show that the R(G)p-module

rad((R(G)′p ∩ ChQ(S))/(R(G)p ∩ ChQ(S)))

is cyclic. Let m := |〈g〉|. We have the partition S = C0 ∪ C1 ∪ C2 where Ci
contains exactly the elements of order pim of S, i = 0, 1, 2. Possibly, C2 = ∅ or even

C1 = C2 = ∅. The nonempty Ci are the Q-classes of G contained in S by Lemma 4.1.

In the case C1 = C2 = ∅, Lemma 2.6 yields that there is nothing to show. Thus,

we assume that p divides |CG(g)|, so C1 6= ∅.
By the assertions prior to this theorem, (p) is the radical of Z(p)⊗OQ(C0). Hence,

pνgµ0 generates rad((R(G)′p ∩ ChQ(C0))/(R(G)p ∩ ChQ(C0))). Certainly, the func-

tions pνg, pνgµ1, and pνgµ2 are also contained in rad(R(G)′p ∩ ChQ(S)) (if C2 = ∅,
then µ2 = 0). Since pνgµ0 = −pνgµ1−pνgµ2 +pνg, we only have to find a generator

of

rad((R(G)′p ∩ ChQ(C1 ∪ C2))/(R(G)p ∩ ChQ(C1 ∪ C2))) .

At first, we suppose C2 = ∅. Let χ1, . . . , χn denote the irreducible characters of G,

and g1 ∈ C1. By Lemma 4.3, we obtain Z(p) ⊗ OQ(C1) = Z(p)[χ1(g1), . . . , χn(g1)].

Additionally, Z(p) ⊗ OQ(C1) is a principal ideal domain, whence there exists an

element π which generates the radical of Z(p) ⊗ OQ(C1). Therefore, the function

η ∈ rad(R(G)′p ∩ChQ(S)) with η(g1) = π and η(h) = 0 for h ∈ G \ C1 generates the

R(G)p-module

rad((R(G)′p ∩ ChQ(S))/(R(G)p ∩ ChQ(S))) .

In particular, this module is cyclic.

Now, suppose C2 6= ∅. We choose g1 ∈ C1 and g2 ∈ C2 as well as generators π1, π2

of the radicals of Z(p) ⊗OQ(C1) and Z(p) ⊗OQ(C2) respectively. Again, there exists
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a class function η1 with η1(g1) = π1 and η1(h) = 0 for h ∈ G \ C1. It suffices to

show that the class function η2 with η2(g2) = π2 and η2(h) = 0 for h ∈ G \ C2 is

contained in the module generated by η1.

To prove this, we show that the function ϕ ∈ R(G)′p with ϕ(g1) = π1, ϕ(g2) = π2

and ϕ(x) = 0 for x /∈ C1 ∪ C2 (so ϕ = η1 + η2) lies in R(G)p. By a theorem of

Brauer [4], this holds if and only if ϕE ∈ R(E)p for any elementary subgroup E ≤ G.

Since the Sylow p-subgroups of G are cyclic and ϕ(h) = 0 for h ∈ G \ (C1 ∪ C2),

we only have to consider the cyclic subgroups of G which contain g1. Moreover,

we may assume that any of these cyclic subgroups whose order is divisible by p2

contains g2 as well.

Let C < G be such a cyclic subgroup with p2 - |C|. Then, 〈g1〉 ∈ Sylp(C). Let

λ be a generator of Irr(C), so π1 = u((1 − λ|C|/p)(g1))b for suitable u ∈ OQ(ζp)

and b ∈ N. Since C is cyclic, {χ(g1) : χ ∈ Irr(C)} contains an integral basis of

OQ(ζp), whence there is a virtual character α of C with α(g1) = u. Moreover,

(1 − λ|C|/p)(h) = 0 for any p-regular element h ∈ C, and any p-singular element

h1 ∈ C which satisfies ν1C
(h1) 6= 0 is a Q-conjugate of g1. This yields

ϕC = α · ν1C
· (1− λ|C|/p)b ∈ R(C)p .

Finally, let C ≤ G with g2 ∈ C. We set M := {i : 1 ≤ i < p2, g2 is conjugate to gi2}.
If g2 and gi2 are conjugate inG, then χC(g2) = χC(gi2) holds for any character χ ofG.

Since the prime ideal of OQ(clG(g2)) containing p is fully ramified,
(
(1−ζp2)(1−ζip2)

)
divides (π2). Moreover, (π2)e = (p) where e coincides with the degree of the

field extension Q(clG(g2))/Q. By Remark 2.5, this degree equals the number of

conjugacy classes of G which are contained in the Q-class of g2. This implies

e = (p2 − p)/|M |.
Thus, (π2) is a product of |M | ideals of norm p with respect to Q(ζp2)/Q, so

(π2) =
(∏

i∈M
(
1− ζip2

))
. Analogously, (π1) =

(∏
i∈M

(
1 − ζip

))
. This product

also runs over all i ∈ M because |M | divides p − 1. Otherwise, NG(〈g2〉) would

contain an element of order p which does not lie in 〈g2〉, so the Sylow p-subgroups

of G would not be cyclic.

Let λ be a generator of Irr(C) such that λ|C|/p
2

(g2) = ζp2 . Then, 1− λj|C|/p2 ∈
R(C) for an arbitrary integer j and we get(

1− λj|C|/p
2
)

(g1) = 1− ζjp ,
(
1− λj|C|/p

2
)

(g2) = 1− ζjp2 , and(
1− λj|C|/p

2
)

(x) = 0 for any p-regular element x ∈ C .

Hence, ν1C
·
∏
i∈M

(
1 − λi|C|/p2

)
∈ R(C)p. That is why ϕC is also an element of

R(C)p and we conclude ϕ ∈ R(G)p. �

Theorems 4.4 and 4.5 yield the following result at once.
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Theorem 4.6. Let G be a group with cyclic Sylow p-subgroups of order ≤ p2.

Suppose for any p-element x, two p′-elements y1, y2 ∈ CG(x) are Q-conjugate in G

if and only if they are conjugate in NG(〈x〉). Then R(G)p is representation-finite.

In particular, the character ring of a group of cube-free order which has only

cyclic Sylow subgroups has finite representation type.

4.2. Elementary-abelian Sylow subgroups. We have just seen that if G has a

cyclic Sylow p-subgroup P , then it mainly depends on the order of P whether R(G)p

is representation-finite. However, if G has elementary-abelian Sylow p-subgroups,

we need more information on the structure of G to determine the representation

type of R(G)p. For instance, the character ring of C2
2 has infinite representation

type because C2
2 has three Q-classes of elements of order 2. Otherwise, R(A4)2 is

representation-finite although the Sylow 2-subgroup of A4 is elementary-abelian of

rank 2.

In the following, we try to find conditions on G so that R(G) has finite repre-

sentation type. By Corollary 2.10, G has exactly one or exactly two Q-classes of

elements of order p. We consider both of the cases separately.

4.2.1. Groups with exactly one Q-class of elements of order p. Let p be a prime

and p be a maximal ideal in OQ(ζ|G|) containing p. It is well known that for any

χ ∈ Irr(G), we have χ(x) ≡ χ(y) (mod p) if x, y ∈ G are elements with xp′ = yp′

(see e.g. [29]). This result can be refined if G has elementary-abelian Sylow p-

subgroups and all cyclic subgroups of order p of G are conjugate. At first, we

consider a special case where the refinement has been shown by K. Haberland. The

general case will then follow easily.

For the proof of the refinement, we need a result due to Stickelberger which can

be found in [5] or [6, 7] for instance.

Theorem 4.7 (Stickelberger). Let q be a power of p, and ` be an integer with

0 < ` < q − 1, and ` =
n−1∑
j=0

`jp
j, 0 ≤ `j < p, be the p-adic representation of `.

Moreover, let

Γ` :=
∑
α∈F×q

α−`ζTr(α)

for some pth root of unity ζ with Tr = TrFq/Fp
. Then,

Γ` ≡ −
(1− ζ)`0+...+`n−1

`0! · . . . · `n−1!

(
mod (1− ζ)`0+...+`n−1+1

)
in Z(p)[ζ].
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Lemma 4.8 (Haberland). Let p > 2, k ≥ 2, P be the additive group of Fpk , and

C be a subgroup of the multiplicative group of Fpk . Moreover, let

G :=

{(
a x

0 1

)
: a ∈ C, x ∈ P

}
,

u ∈ G be an element of order p, and p be the maximal ideal in OQ(clG(u)) containing

p. If G has only one conjugacy class of subgroups of order p, then χ(1) ≡ χ(u)

(mod pk) for any χ ∈ Irr(G).

Proof. We set

V :=

{(
1 x

0 1

)
: x ∈ P

}
∼= P and H :=

{(
a 0

0 1

)
: a ∈ C

}
∼= C .

Obviously, G is the semidirect product V o H where H acts transitively on the

cyclic subgroups of V .

The number of cyclic subgroups of V is (pk−1)/(p−1) since we can regard P as

an Fp-vector space of dimension k. The stabilizer of Fp in the multiplicative group

F×
pk

is C ∩ F×p . If |C| = n, then this stabilizer has d := gcd(n, p− 1) elements and

the orbit of Fp has length n/d. Since H acts transitively on the cyclic subgroups of

V , the orbit length n/d is a multiple of (pk−1)/(p−1), whence n = (pk−1)t/(p−1)

with d | t ≤ p− 1.

It is easy to show that G is a Frobenius group with kernel V and complement

H. Therefore, the conjugacy classes of G have the following representatives:

(1) 1G,

(2) P1, . . . , P(p−1)/t where each Pi is of the form

(
1 x

0 1

)
with x ∈ Fp,

(3) C1, . . . , C(pk−1)t/(p−1) where each Cj is of the form

(
a 0

0 1

)
with a ∈ C.

Since G′ = V , we get all linear characters of G by extending the linear characters

of H: if λ ∈ Irr(C), we regard λ as a linear character of H. Then, we get a linear

character χ ∈ Irr(G) by χ(g) := λ(h) where g = vh with v ∈ V and h ∈ H. Hence,

for a linear character χ ∈ Irr(G), we have already shown the assertion of the lemma.

Since G is a Frobenius group with kernel V , we get the remaining (p − 1)/t

irreducible characters of G by inducing irreducible characters of V . At first, we

consider the irreducible characters of P . Let µp denote the (complex) pth roots of

unity. The trace form

P × P → Fp → µp , (x, y) 7→ TrF
pk
/Fp

(xy) 7→ ζTr(xy)
p
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is nondegenerate, whence any irreducible character of P can be expressed with the

help of this trace form. More precisely, Irr(P ) = {λx : x ∈ P} where λx is given by

λx : P → µp , y 7→ ζTr(xy)
p .

We write λ̃x for the respective character of V which corresponds to X :=

(
1 x

0 1

)
,

i.e. λ̃x(Y ) := λx(y) for Y :=

(
1 y

0 1

)
. Since the conjugacy classes of elements of

order p in G are represented by matrices whose upper right entry lies in F×p , we

only have to consider the induced characters λ̃Gx with X ∈ {P1, . . . , P(p−1)/t}, i.e.

x ∈ F×p , and we only have to consider their values on the elements Y :=

(
1 y

0 1

)
with Y ∈ {P1, . . . , P(p−1)/t}, i.e. y ∈ F×p . For the respective irreducible character

χx ∈ Irr(G), we obtain (besides χx(1) = (pk − 1)t/(p− 1) and χx(g) = 0, g /∈ V )

χx(Y ) = λ̃Gx (Y ) =
1

|V |
∑
g∈G

λ̃◦x(gY g−1) =
∑
g∈H

λ̃x(gY g−1)

=
∑
a∈C

λx(ay) =
∑
a∈C

ζTr(xay)
p =

∑
a∈C

ζxyTr(a)
p =

∑
a∈C

(
ζxyp
)Tr(a)

.

Hence, we have to show χx(1G) ≡ χx(Y ) (mod pk). Since Q(clG(Y ))/Q is a field

extension of degree (p− 1)/t, we have p = (1− ζp)t ∩OQ(clG(Y )) (we regard (1− ζp)
as an ideal in OQ(ζp)). Thus, we must show

pk − 1

p− 1
· t ≡

∑
a∈C

(
ζxyp
)Tr(a) (

mod (1− ζp)tk
)
.

For i = 1, . . . , (p − 1)/t, all Pi lie in one cyclic group, so each of χx(P1), . . . ,

χx(P(p−1)/t) can be transferred by Galois automorphisms of Q(clG(Y ))/Q into each

other. That is why it suffices to prove

pk − 1

p− 1
· t ≡ s1 (mod pk) for s1 =

∑
a∈C

ζTr(a)
p .

Let M ≤ F×p be the subgroup which satisfies F×
pk

=
⊎

m∈M
mC. For m ∈M , we set

s(m) :=
∑

a∈m−1C

ζTr(a)
p =

∑
a∈C

ζmTr(a)
p .

Moreover, let N ≤ Irr(F×
pk

) be the subgroup containing the irreducible characters

of the multiplicative group of Fpk which are trivial on C. Then, |N | = (p − 1)/t.

For ψ ∈ N , we have the Gaussian sum

Γ(ψ) :=
∑
α∈F×

pk

ψ(α)ζTr(α)
p =

∑
m∈M

∑
a∈C

ψ(ma)ζmTr(a)
p =

∑
m∈M

ψ(m)s(m) .
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That is why we can regard the function Γ̃ with Γ̃(ψ) := Γ(ψ̄) as Fourier transform

of s. This yields

s1 = s(1G) =
1
p−1
t

∑
ψ∈N

ψ(1G)Γ(ψ) =
t

p− 1

∑
ψ∈N

Γ(ψ) .

Since we only consider such characters ψ which are trivial on C, we have ψ(α) = α−`

for α ∈ F×
pk

and some

` ∈
{
pk − 1

p− 1
· t · r : r ∈

{
0, 1, . . . ,

p− 1

t
− 1
}}

.

Since the trace is a surjective group homomorphism, we obtain

Γ(1) =
∑
a∈F×

pk

ζTr(a)
p = −1 +

∑
a∈F

pk

ζTr(a)
p = −1

for the trivial character. Let ψ ∈ N be a nontrivial character, so

Γ(ψ) = Γ` =
∑
α∈F×

pk

α−`ζTr(α)
p

for some

` ∈
{
pk − 1

p− 1
· t · r : r ∈

{
1, 2, . . . ,

p− 1

t
− 1
}}

.

Then, we can write

` =
pk − 1

p− 1
· t · r = tr(1 + . . .+ pk−1)

for an r ∈ {1, 2, . . . , (p− 1)/t− 1}. By Theorem 4.7, this implies

Γ` ≡ −
(1− ζp)ktr

((tr)!)k
(
mod (1− ζp)ktr+1

)
where this is a congruence equation in Z(p)[ζp]. Hence,

Γ` ≡ 0
(
mod (1− ζp)kt+1

)
for ` ∈

{
pk − 1

p− 1
· t · r : r ∈

{
2, 3, . . . ,

p− 1

t
− 1
}}

.

This gives

s1 −
pk − 1

p− 1
· t =

t

p− 1

∑
ψ∈N

Γ(ψ)− pk − 1

p− 1
· t ≡ t

p− 1

(
−1− (1− ζp)kt

(t!)k
− pk + 1

)

≡ − t

p− 1
·
(

(1− ζp)tk

(t!)k
+ pk

) (
mod (1− ζp)kt+1

)
.

Consequently,
(
(1− ζp)tk

)
divides (s1 − (pk − 1)t/(p− 1)). Since p = ((1− ζp)t) ∩

OQ(clG(g)), we obtain (pk− 1)t/(p− 1) ≡ s1 (mod pk), that means χx(1G) ≡ χx(Y )

(mod pk). �



88 TIM FRITZSCHE

Theorem 4.9. Let P ∈ Sylp(G) be elementary-abelian of order pk ≥ p3. If G has

only one Q-class of elements of order p and if the elements of order p in G are

nonrational, then R(G) has infinite representation type.

Proof. Clearly, the assumptions imply that p is odd. Let x be an element of order

p. Due to the classification of transitive linear groups, G contains a subgroup H

which is isomorphic to a subgroup of ΓL(pk), contains x, and has exactly as many

conjugacy classes of elements of order p as G has. Moreover, we assume that H is

a minimal subgroup of G satisfying these properties.

At first, suppose H is isomorphic to some group considered in Lemma 4.8. Then,

for any irreducible character χ ∈ Irr(H), we have χ(1) ≡ χ(x) (mod pk) where p is

the maximal ideal of OQ(clH(x)) = OQ(clG(x)) containing p. Therefore, η(1) ≡ η(x)

(mod Pk) for any η ∈ R(H)p where P is the maximal ideal of Z(p) ⊗ OQ(clH(x)).

The restriction of a class function of G to H is a class function of H, whence we

even get η(1) ≡ η(x) (mod Pk) for η ∈ R(G)p.

Obviously, there are functions ϕ1, ϕ2 ∈ R(G)′p with ϕ1(x) ∈ P \ P2, ϕ2(x) ∈
P2 \P3, and ϕ1(g) = 0 = ϕ2(g) for any g ∈ G with |〈g〉| 6= p. Suppose there exists

an α ∈ rad(R(G)′p) which generates the R(G)p-module rad(R(G)′p/R(G)p). Then,

we can find η1, η2, ξ1, ξ2 ∈ R(G)p such that η1α + ξ1 = ϕ1 and η2α + ξ2 = ϕ2.

Since the values η1(1), η2(1), ξ1(1), and ξ2(1) are rational, each of them is either

contained in Pk or does not lie in P. Thus, each of η1(x), η2(x), ξ1(x), and ξ2(x)

is also either contained in Pk or does not lie in P by Lemma 4.8.

Now, η1(x)α(x)+ξ1(x) = ϕ1(x) ∈ P\P2. Since α(x) ∈ P, we also get ξ1(x) ∈ P,

that means ξ1(x) ∈ Pk. This yields α(x) ∈ P \P2. Moreover, η2(x)α(x) + ξ2(x) =

ϕ2(x) ∈ P2 \ P3. Since α(x) ∈ P, we get ξ2(x) ∈ P, so ξ2(x) ∈ Pk. However, α

does not lie in P2, whence η2(x) is an element of P\P2. This is clearly impossible,

that means the R(G)p-module rad(R(G)′p/R(G)p) is not cyclic and we conclude

that R(G) has infinite representation type.

We are left with the case that H is not isomorphic to some group considered in

Lemma 4.8. This means that H is isomorphic to K := Ckp o
(
C(pk−1)t/((p−1)m) o

Cm

)
for suitable positive integers t and k with gcd(k, p − 1) | t | p − 1 and m | k.

We show that χ(1) ≡ χ(x) (mod pk) also holds in this case for any χ ∈ Irr(G).

Let L be the subgroup of FkpoΓL(pk) which is isomorphic to Ckp oC(pk−1)t/(p−1).

The conjugacy classes of elements of order p in L coincide with the conjugacy classes

of elements of order p in

M := Ckp o
(
C pk−1

p−1 t
o Cm

)
≤ Fkp o ΓL(pk)
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because the Galois automorphisms of Fpk fix the subfield Fp. Since H has only one

Q-class of elements of order p, the conjugacy classes of elements of order p in M

and K coincide as well.

Let λ ∈ Irr(Ckp ). Then, λK(y) = λL(y) because |K| = |L| and the elements

y, z ∈ Ckp are conjugate in K if and only if they are conjugate in L. This implies

λK(1) ≡ λK(y) (mod pk). Thus, for ψ ∈ Irr(H), we have ψ(1) ≡ ψ(x) (mod pk),

whence χ(1) ≡ χ(x) (mod pk) for any χ ∈ Irr(G). With the same arguments as in

the case that H is isomorphic to one of the groups considered in Lemma 4.8, we can

show now that the R(G)p-module rad(R(G)′p/R(G)p) is not cyclic. This completes

the proof of the theorem. �

Corollary 4.10. Let P ∈ Sylp(G) be elementary-abelian of order pk ≥ p3. If R(G)

is representation-finite and G has only one Q-class of elements of order p, then

pk − 1 is cube-free and all nontrivial elements of P are conjugate in G.

Proof. Due to Theorem 4.9 and the classification of the finite transitive linear

groups, one of the following applies.

(1) The action of NG(P )/CG(P ) on P corresponds to the action of ΓL(pk) on

Fkp. Then, by Remark 3.13, the exponent of G is divisible by pk−1. Hence,

pk − 1 must be cube-free if R(G) is representation-finite.

(2) P ∼= C4
3 and NG(P )/CG(P ) acts as one of the sporadic transitive linear

groups on P . Then, G contains an extraspecial 2-group H of order 25.

However, there are involutions in H which do not commute, whence H is

no subgroup of a Suzuki 2-group. Therefore, the Sylow 2-subgroups of G do

not occur in the list of Theorem 3.17, so R(G) has infinite representation

type. �

On the other hand, for any elementary-abelian group P of order pk > 1 with pk−1

cube-free, there exists a group G such that P ∈ Sylp(G) and R(G) is representation-

finite: the cyclic group Cpk−1 acts regularly on the nontrivial elements of P if this

action corresponds to the action of ΓL0(pk) on Fkp. Moreover, Cpk−1 is a cyclic

Frobenius complement of G := P o Cpk−1, so G satisfies the conditions above.

Since 8 divides p2k− 1 for any positive integer k, Corollary 4.10 implies that the

Sylow p-subgroups of G cannot be elementary-abelian of even rank > 2 if G has

only one Q-class of elements of order p and R(G) is representation-finite. In the

following, we will consider the case that the Sylow p-subgroups of G are elementary-

abelian of order p2.

Proposition 4.11. Let P ∈ Sylp(G) be elementary-abelian of order p2, and R(G)

be representation-finite. If all subgroups of order p are conjugate in G, then all

elements of order p are conjugate in G and we have p ∈ {2, 5, 11, 29, 59}.
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Proof. If p = 2, then the assertion is certainly satisfied. That is why we assume

that p is odd. Then, 8 divides p2 − 1, so G would possess an element of order 8 if

NG(P )/CG(P ) would act on P as ΓL(p2) acts on F2
p. This would yield that R(G)

has infinite representation type.

Consequently, G contains a subgroup which is isomorphic to a sporadic 2-transiti-

ve group and we obtain p ∈ {5, 7, 11, 19, 23, 29, 59}. For p ∈ {7, 23}, by using GAP,

we obtain immediately that G contains an element of order 8 if all subgroups of

order p are conjugate in G.

Let p = 19. The Sylow 3-subgroups of C2
19 o (C9 × SL(2, 5)) are isomorphic to

C9 × C3. Thus, R(G) has infinite representation type if G has such a subgroup.

Both of the groups H1 := C2
19o (C3×SL(2, 5)) and H2 := C2

19oSL(2, 5) contain

three conjugacy classes of elements of order 19 respectively. Let C be one of these

classes, x ∈ C, and p be the maximal ideal in OQ(C) containing 19. With the help

of GAP, we can verify that χ(1) ≡ χ(x) (mod p2) holds for any χ ∈ Irr(H1) or χ ∈
Irr(H2) respectively. Additionally, there exist irreducible characters ψ1 ∈ Irr(H1)

and ψ2 ∈ Irr(H2) and some σ ∈ Gal(Q(C)/Q) such that any irreducible character

of Hi is rational on x or is one of ψi(x), σ(ψi(x)), σ2(ψi(x)), i = 1, 2.

Now, we are able to show that the R(Hi)19-module rad(R(Hi)
′
19/R(Hi)19), i ∈

{1, 2}, is not cyclic. Suppose α is a generator of this module. Then, α(x) ∈ P \P2

where P is the maximal ideal of Z(19) ⊗ OQ(C). However, for any η ∈ 〈α〉, we

have η(x) = r · α(x) + s with suitable r, s ∈ Z(19). Thus, there is no such η

with η(x) = σ(α(x)). Otherwise, the class function ϕ with ϕ(x) = σ(α(x)) and

ϕ(h) = 0 for h ∈ Hi of order 6= 19 lies in rad(R(Hi)
′
19)\R(Hi)19. In particular, the

R(G)19-module rad(R(G)′19/R(G)19) is not cyclic so that R(G) would have infinite

representation type.

Each of the proper subgroups 6= H1, H2 of C2
19 o (C9 × SL(2, 5)) whose order

is divisible by 192 has more than one Q-class of elements of order 19. Hence, the

Sylow 19-subgroups of G cannot be elementary-abelian of rank 2.

Next, let p = 5. Since there is no proper subgroup of C2
5oSL(2, 3) containing the

normal subgroup of order 25 in which all cyclic subgroups of order 5 are conjugate,

there is nothing to show in this case.

Suppose p = 11. The group C2
11oSL(2, 5) does not have a proper subgroup with

only one Q-class of elements of order 11 whose order is divisible by 112, so there is

again nothing to show. However, C2
11o (C5×SL(2, 3)) contains exactly one proper

subgroup H with such properties: the subgroup isomorphic to C2
11oSL(2, 3). Let p

denote the maximal ideal in OQ(clH(x)) containing 11. Then, for x ∈ H of order 11

and χ ∈ Irr(H), we get χ(1) ≡ χ(x) (mod p3). Similar to the proof of Theorem 4.9,

we conclude that the R(H)11-module rad(R(H)′11/R(H)11) is not cyclic. Thus, the
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R(G)11-module rad(R(G)′11/R(G)11) can only be cyclic if G contains a subgroup

isomorphic to C2
11 o (C5 × SL(2, 3)) besides H.

The cases p = 29 and p = 59 are analogous. The only proper subgroup H of

C2
29 o (C7 × SL(2, 5)) with a single Q-class of elements of order 29 whose order is

divisible by 292 is isomorphic to C2
29oSL(2, 5). If x ∈ H is of order 29, χ ∈ Irr(H),

and p denotes the maximal ideal in OQ(clH(x)) containing 29, then we even get

χ(1) ≡ χ(x) (mod p6).

Finally, there is only one proper subgroup H in C2
59o(C29×SL(2, 5)) whose order

is divisible by 592 and whose cyclic subgroups of order 59 are all conjugate. This

subgroup is isomorphic to C2
59oSL(2, 5). For x ∈ H of order 59, χ ∈ Irr(H), and the

maximal ideal p in OQ(clH(x)) containing 59, we obtain χ(1) ≡ χ(x) (mod p6). �

For any elementary-abelian p-group P of order p2 with p ∈ {2, 5, 11, 29, 59},
there is in fact a group G such that R(G) is representation-finite and P ∈ Sylp(G).

Certainly, R(A4) is representation-finite. Moreover, it is easy to verify that the

character rings of the sporadic 2-transitive groups

C2
5 o SL(2, 3), C2

11 o (C5 × SL(2, 3)), C2
11 o SL(2, 5),

C2
29 o (C7 × SL(2, 5)) and C2

59 o (C29 × SL(2, 5))

have finite representation type respectively because all nontrivial elements of the

respective elementary-abelian normal subgroup are conjugate.

Furthermore, the arguments in the proof of Proposition 4.11 yield that G must

contain one of these 2-transitive groups if P ∈ Sylp(G) has order p2, all subgroups

of order p are conjugate in G, and R(G) is representation-finite.

Up to now, we have only considered conditions on the elements of order p of

a group G with elementary-abelian Sylow p-subgroup if R(G)p is representation-

finite. In general, these conditions do not suffice to determine whether R(G)p has

finite representation type. This can be illustrated by the following examples.

Example 4.12.

(1) Let G = (C2
5 × C2

11) o C12 where C12 acts on C2
5 as the subgroup of index

2 in ΓL0(52) on F2
5, and C12 acts on C2

5 as the subgroup of index 10 in

ΓL0(112) on F2
11. Then, for any prime divisor p of |G|, there are at most

three Q-classes of p-elements in G. However, G contains 240 conjugacy

classes of elements of order 55. Hence, for x ∈ G of order 5, there are at

least three Q-classes of elements of order 55 in the rational 11′-section of x.

Consequently, any generating system of the R(G)11-module R(G)′11/R(G)11

possesses at least three elements. This cannot be shown if one considers only

the elements of order 11.
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(2) Let G = (C3
3 ×C5)oC52 where the cyclic subgroup of order 52 acts transi-

tively on the nontrivial elements of C3
3 as well as the nontrivial elements of

C5. Then, G has only one conjugacy class of elements of order 3 and ele-

ments of order 5 respectively. However, there are two conjugacy classes of

elements of order 15 in G. The only nonreal values of irreducible characters

of G on these two classes are (1±3
√
−15)/2. That is why the R(G)3-module

rad(R(G)′3/R(G)3) is not cyclic, whence R(G) has infinite representation

type.

The second example shows that R(G) can have infinite representation type even

if G has a normal subgroup N with gcd(|N |, |G : N |) = 1 such that R(N) as well

as R(G/N) have finite representation type (choose N = C5 in the example).

On the other hand, it is clear that for a normal subgroup N EG, R(N) can have

infinite representation type if R(G) is representation-finite (choose G = A4, N = C2
2

for instance). Hence, there will not be any reduction theorems which connect the

representation type of R(G) and the representation type of the character ring of

some normal subgroup of G.

4.2.2. Groups with exactly two Q-classes of elements of order p. The case that

G has exactly two Q-classes of elements of order p is more complicated than the

previous case. The reason for this is that only if we assume G to be solvable we have

an analogous classification to Theorem 3.11 which applies in our case. Nonetheless,

we can prove some general results. Since a finite group with an elementary-abelian

Sylow 2-subgroup cannot contain exactly two conjugacy classes of involutions, we

assume that p is an odd prime in this section.

Lemma 4.13. Let P ∈ Sylp(G) be elementary-abelian of order pk ≥ p3. If

G has two rational conjugacy classes of elements of order p, then R(G) is not

representation-finite.

Proof. It is clear that R(G) has infinite representation type if G has more than

three Q-classes of p-elements. That is why we suppose that C1 and C2 are the Q-

classes of G containing elements of order p. Moreover, the elements of C1 and C2
are rational.

We are going to show that the R(G)p-module rad(R(G)′p/R(G)p) is not cyclic.

Certainly, the function ϕ1 with ϕ1(1) = p and ϕ1(g) = 0 for g ∈ G \ {1} lies in

R(G)′p \ R(G)p. If % is the regular character of G, then ϕ1 = p/|G| · %. Therefore,

pk−2ϕ1 ∈ R(G)′p \R(G)p and we have 〈ϕ1,1〉 = p/|G|.
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Let x ∈ P ∩ C1. By Lemma 2.13, there exists a character ψ of G satisfying

ψ(g) =


|CG(g)|
|〈x〉| ·

∑
σ∈Gal(Q(ζ|〈g〉|)/Q(clG(g)))

σ(1) , g ∼G xk for some k ∈ Z

0, else

=


|CG(g)|
|〈x〉| ·

|NG(〈g〉)|
|CG(g)| , g ∼G xk for some k ∈ Z

0, else

=


|NG(〈g〉)|
|〈x〉| , g ∼G xk for some k ∈ Z

0, else
.

Lemma 2.13 further yields 〈ψ,1〉 = 1. Thus, the function

ϕ2 :=
p2

|NG(〈x〉)|

(
ψ − |G|

p2
ϕ1

)
,

i.e. ϕ2(g) = p for g ∼G x and ϕ2(g) = 0 for g �G x, is also contained in R(G)′p \
R(G)p and we obtain

〈ϕ2,1〉 =
p2

|NG(〈x〉)|
− |G|
|NG(〈x〉)|

· p
|G|

=
p2

|NG(〈x〉)|
− p

|NG(〈x〉)|
=

p

|CG(x)|
.

Similarly, for y ∈ P ∩ C2, the function ϕ3 with ϕ3(g) = p for g ∼G y and ϕ3(g) = 0

for g �G y lies in R(G)′p \R(G)p.

Let χ ∈ Irr(G). Then, p divides χ(x)−χ(1) because clG(x) is rational. Suppose

χ(x)− χ(1) ≡ rp (mod pk) (1)

for some r ∈ Z with gcd(r, p) = 1. Then, we find ϕ ∈ R(G)p such that 0 ≤
(χ− ϕ)(1) < pk, (χ− ϕ)(x)− (χ− ϕ)(1) ≡ rp (mod pk), and (χ− ϕ)(y) = 0 since

1, pk−1ϕ1, and pk−1ϕ2 lie in R(G). For the function η := ν1(χ− ϕ) ∈ R(G)p, this

gives

η(g) =


ap, g = 1

bp, g ∼G x

0, else

where a, b ∈ {0, 1, . . . , pk−1 − 1} are integers such that bp − ap ≡ rp (mod pk).

Hence, we can write η = aϕ1 + bϕ2, so

〈η,1〉 = a〈ϕ1,1〉+ b〈ϕ2,1〉 =
ap

|G|
+

bp

|CG(x)|
=
p(a+ b · |clG(x)|)

|G|
.

Since η ∈ R(G)p, the numerator p(a+ b · |clG(x)|) is divisible by pk, whence

a+ b · |clG(x)| ≡ 0 (mod pk−1) . (2)
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Additionally,

〈η, χ〉 =
1

|G|
· (η(1)χ(1) + |clG(x)|η(x)χ(x)) =

apχ(1) + |clG(x)| · bpχ(x)

|G|
.

Here, the numerator is also divisible by pk, so

aχ(1) + |clG(x)|bχ(x) ≡ 0 (mod pk−1) .

According to the equations (1) and (2), we replace χ(1) by χ(x) − rp and a by

−b|clG(x)|. This yields

0 ≡ −b|clG(x)| · (χ(x)− rp) + b|clG(x)|χ(x) ≡ pbr|clG(x)| (mod pk−1) .

Now, |clG(x)| = |G : CG(x)| is coprime to p because P is abelian. Since r is also

coprime to p by assumption, we obtain b ≡ 0 (mod pk−2). By applying equation (2)

again, we also get a ≡ 0 (mod pk−2). However, this is a contradiction to bp− ap ≡
rp (mod pk).

Hence, for every χ ∈ Irr(G), we have χ(1) ≡ χ(x) (mod p2). Analogously, we

obtain χ(1) ≡ χ(y) (mod p2) for χ ∈ Irr(G). This implies η(1) ≡ η(x) ≡ η(y)

(mod p2) since η ∈ R(G)p.

Suppose the R(G)p-module rad(R(G)′p/R(G)p) is generated by α ∈ rad(R(G)′p)\
R(G)p. Then, we can find η1, η2, η3, ξ1, ξ2, ξ3 ∈ R(G)p with η1α+ξ1 = ϕ1, η2α+ξ2 =

ϕ2, and η3α+ ξ3 = ϕ3. We consider the ring homomorphism

F : R(G)′p → (Z/p2Z)3, ϑ 7→
(
ϑ(1) + p2Z, ϑ(x) + p2Z, ϑ(y) + p2Z

)
.

Since ηi and ξi lie in R(G)p, there exist a1, a2, a3, b1, b2, b3 ∈ Z such that F (ηi) =

(ai+p2Z, ai+p2Z, ai+p2Z) and F (ξi) = (bi+p2Z, bi+p2Z, bi+p2Z) for i = 1, 2, 3.

Let F (α) = (x+p2Z, y+p2Z, z+p2Z) with x, y, z ∈ Z. Then, we have the equations

(a1x+ b1, a1y + b1, a1z + b1) ≡ (p, 0, 0) (mod p2) , (3)

(a2x+ b2, a2y + b2, a2z + b2) ≡ (0, p, 0) (mod p2) , (4)

(a3x+ b3, a3y + b3, a3z + b3) ≡ (0, 0, p) (mod p2) . (5)

From equation (3), we obtain a1y + b1 ≡ a1z + b1, i.e. a1(y − z) ≡ 0 (mod p2).

Now, y−z is not divisible by p2 since a2(y−z) ≡ p (mod p2) by equation (4). This

gives a1 = pã1 and b1 = pb̃1 with ã1, b̃1 ∈ Z.

A similar analysis of the equations (4) and (5) yields a2 = pã2, b2 = pb̃2, a3 =

pã3, and b3 = pb̃3 with ã2, b̃2, ã3, b̃3 ∈ Z. But then, the equations

(ã1x+ b̃1, ã1y + b̃1, ã1z + b̃1) ≡ (1, 0, 0) (mod p) ,

(ã2x+ b̃2, ã2y + b̃2, ã2z + b̃2) ≡ (0, 1, 0) (mod p) ,

(ã3x+ b̃3, ã3y + b̃3, ã3z + b̃3) ≡ (0, 0, 1) (mod p)
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must hold simultaneously. This is impossible since otherwise (x, y, z) and (1, 1, 1)

would generate the Z/pZ-vector space (Z/pZ)3. That is why we conclude that the

R(G)p-module rad(R(G)′p/R(G)p) is not cyclic, whence R(G) has infinite represen-

tation type. �

The assumption |P | ≥ p3 in Lemma 4.13 is necessary. It is easy to show that

the character ring of G = C2
3 o C4 where C4 acts on C2

3 as a subgroup of ΓL0(32)

on F2
3 is representation-finite. A further example is given by the character ring of

G = C2
7 o SL(2, 3) where G is isomorphic to a subgroup of the sharply 2-transitive

permutation group of degree 49 which is not isomorphic to C2
7 o ΓL0(72).

Next, we want to prove a lemma similar to Lemma 4.8. Therefore, we only

consider such groups G where NG(P )/CG(P ) acts on an elementary-abelian Sylow

p-subgroup P of G as a subgroup of ΓL0(P ) on Fpk . If G has exactly two Q-classes

of elements of order p and |P | = pk, then it is clear that k must be even.

Lemma 4.14. Let k ≥ 2 be even, P be the additive group of Fpk , and C be a

subgroup of the multiplicative group of Fpk . Moreover, suppose

G :=

{(
a x

0 1

)
: a ∈ C, x ∈ P

}
has exactly two Q-classes of elements of order p. Let u ∈ G be an element of order

p, and p be the maximal ideal in OQ(clG(u)) containing p. If u is not conjugate to

u−1, then χ(1) ≡ χ(u) (mod pk) for any χ ∈ Irr(G). On the other hand, if u is

conjugate to u−1, then χ(1) ≡ χ(u) (mod pk/2) for any χ ∈ Irr(G).

Proof. At first, we assume that u is not conjugate to u−1. We set

V :=

{(
1 x

0 1

)
: x ∈ P

}
∼= P and H :=

{(
a 0

0 1

)
: a ∈ C

}
∼= C

so that G = V oH. As in the proof of Lemma 4.8, we obtain

n := |C| = pk − 1

2(p− 1)
· t with gcd(n, p− 1) | t ≤ p− 1 .

Since the elements of order p in G are nonreal, none of the matrices in H has upper

left entry −1. Therefore, |H| is odd. Since (pk − 1)/2(p − 1) is even for p ≡ 3

(mod 4), we conclude p ≡ 1 (mod 4).

As in Lemma 4.8, G is a Frobenius group with kernel V and complement H.

The conjugacy classes of G have the following representatives:

(1) 1G,

(2) P1, . . . , P(p−1)/t where each Pi has the form

(
1 x

0 1

)
for some x ∈ Fp,
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(3) P(p−1)/t+1, . . . , P2(p−1)/t where each Pi has the form

(
1 x

0 1

)
for some x /∈

Fp,

(4) C1, . . . , C(pk−1)t/2(p−1) where each Cj has the form

(
a 0

0 1

)
with a ∈ C.

Again, the linear characters of G are extensions of the linear characters of H. For

a linear character χ ∈ Irr(G), there exists a linear character λ ∈ Irr(H) such that

χ(g) = λ(h) if g = vh with v ∈ V and h ∈ H. Hence, the assertion of the lemma is

trivial for linear characters.

The nonlinear irreducible characters of G can be gained by induction of the

irreducible characters of V . Any irreducible character of V is of the form λ̃x where

X :=

(
1 x

0 1

)
lies in {P1, . . . , P2(p−1)/t} and λ̃x(Y ) = ζ

Tr(xy)
p for Y ∈ V with

Y =

(
1 y

0 1

)
. Obviously, we have λ̃Gx (1) = (pk − 1)t/2(p − 1) and λ̃Gx (g) = 0 if

g /∈ V . For Y ∈ {P1, . . . , P2(p−1)/t} with upper right entry y, we obtain

λ̃Gx (Y ) =
1

|V |
∑
g∈G

λ̃◦x(gY g−1) =
∑
g∈H

λ̃x(gY g−1) =
∑
a∈C

λx(ay) =
∑
a∈C

ζTr(xay)
p .

We regard (1− ζp) as an ideal in OQ(ζp). Then, we have to show

pk − 1

2(p− 1)
· t ≡

∑
a∈C

ζTr(axy)
p

(
mod (1− ζp)tk

)
.

For i = 1, . . . , (p − 1)/t, all Pi are contained in one cyclic group. Thus, each of

the values λ̃Gx (P1),. . . , λ̃Gx (P(p−1)/t) can be transferred by Galois automorphisms

of Q(clG(P1))/Q into each other and for these Pi, we only have to show (pk −
1)t/2(p − 1) ≡ sx

(
mod (1− ζp)kt

)
with sx =

∑
a∈C ζ

Tr(ax)
p . Similarly, we can

choose P(p−1)/t+1, . . . , P2(p−1)/t such that for i = (p − 1)/t + 1, . . . , 2(p − 1)/t,

all Pi are contained in a certain cyclic group. Hence, if z is the upper right

entry of P2(p−1)/t, then for these Pi, it suffices to show (pk − 1)t/2(p − 1) ≡
sxz
(
mod (1− ζp)kt

)
with sxz =

∑
a∈C ζ

Tr(axz)
p .

Let M ⊆ F×
pk

be a transversal for the cosets F×
pk
/C. We can regard M as a

subset of F×
pk

as well as a group. For m ∈M , we define

s(m) :=
∑

a∈m−1C

ζTr(a)
p =

∑
a∈C

ζTr(ma)
p .

Moreover, let N ≤ Irr(F×
pk

) be the subgroup of the irreducible characters of F×
pk

which are trivial on C, so |N | = 2(p− 1)/t. For ψ ∈ N , we have the Gaussian sum

Γ(ψ) :=
∑
α∈F×

pk

ψ(α)ζTr(α)
p =

∑
m∈M

∑
a∈C

ψ(ma)ζTr(ma)
p =

∑
m∈M

ψ(m)s(m) .
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Since N contains exactly the characters of F×
pk

which correspond canonically to the

irreducible characters of F×
pk
/C, we can regard N as the set of irreducible characters

of M . With this approach, the function Γ̃ given by Γ̃(ψ) := Γ(ψ̄) is the Fourier

transform of s, whence

sx = s(x) =
t

2(p− 1)

∑
ψ∈N

ψ(x)Γ(ψ) and sxz = s(xz) =
t

2(p− 1)

∑
ψ∈N

ψ(xz)Γ(ψ) .

We only consider characters ψ which are trivial on C, so ψ(α) = α−` for α ∈ F×
pk

and some

` ∈
{
pk − 1

2(p− 1)
· t · r : r ∈

{
0, 1, . . . ,

2(p− 1)

t
− 1
}}

.

For the trivial character, we get

1(x)Γ(1) = 1(xz)Γ(1) =
∑
a∈F×

pk

ζTr(a)
p = −1 +

∑
a∈F

pk

ζTr(a)
p = −1 .

If ψ ∈ N is a nontrivial character, then we obtain

Γ(ψ) = Γ` =
∑
α∈F×

pk

α−`ζTr(α)
p

for a suitable

` ∈
{
pk − 1

2(p− 1)
· t · r : r ∈

{
1, 2, . . . ,

2(p− 1)

t
− 1
}}

.

If r is even, then ` has the form ` = (pk − 1)tb/(p − 1) = tb(1 + . . . + pk−1) for

some b ∈ {1, 2, . . . , (p − 1)/t − 1}. Each of these b satisfies tb < p, whence the

coefficients of the p-adic representation of ` can be read off this decomposition at

once. Consequently, the sum of these coefficients equals ktb and is minimal for

b = 1.

If r is odd, then ` = (pk−1)t(2b+1)/2(p−1) for some b ∈ {0, 1, . . . , (p−1)/t−1}.
Moreover, t is odd, i.e. t = 2w + 1 for some integer w ≥ 0. This yields

` =
pk − 1

2(p− 1)
· (2w + 1) · (2b+ 1) = (2w + 1)(2b+ 1) · 1 + . . .+ pk−1

2

= (4bw + 2(b+ w) + 1) · p+ 1

2
·
(
1 + p2 + . . .+ pk−2

)
=

(
(2bw + b+ w)(p+ 1) +

p+ 1

2

)
·
(
1 + p2 + . . .+ pk−2

)
=

(
2bw + b+ w +

p+ 1

2
+ (2bw + b+ w)p

)
·
(
1 + p2 + . . .+ pk−2

)
.
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Since (2w + 1)(2b+ 1) = tr ≤ 2(p− 1)− t < 2(p− 1), we obtain

2bw + b+ w =
4bw + 2(b+ w)

2

<
4bw + 2(b+ w) + 1

2
=

(2w + 1)(2b+ 1)

2
=
tr

2
< p− 1 ,

so 2bw+b+w+(p+1)/2 < 2p. In the case 2bw+b+w+(p+1)/2 < p, the coefficients

of the p-adic representation of ` can be directly read off the decomposition above.

For 2bw + b+ w + (p+ 1)/2 ≥ p, we get

` = (c+ (2bw + b+ w + 1)p) ·
(
1 + p2 + . . .+ pk−2

)
for some c < p. Then, the coefficients of the p-adic representation of ` can be

read off this equation. In the first case, the coefficients of the odd powers of p are

≥ (p+ 1)/2, in the second case, this holds for the coefficients of the even powers of

p. Thus, in both cases, the sum of the coefficients is at least

k

2
· p+ 1

2
=
k(p+ 1)

4
.

Since p ≡ 1 (mod 4) and t is an odd divisor of p− 1, t also divides (p− 1)/4. This

implies k(p+ 1)/4 > kt. Therefore, Theorem 4.7 yields Γ` ≡ 0
(
mod (1− ζp)kt+1

)
in Z(p)[ζp] for

` ∈
{
pk − 1

p− 1
· t · r : r ∈

{
1, 3, 4, . . . ,

2(p− 1)

t
− 1
}}

.

Moreover, for r = 2, we get the congruence equation

Γ` ≡ −
(1− ζp)kt

(t!)k
(
mod (1− ζp)kt+1

)
in Z(p)[ζp]. This gives

sx −
pk − 1

2(p− 1)
· t =

t

2(p− 1)

∑
ψ∈N

ψ(x)Γ(ψ)− pk − 1

2(p− 1)
· t

≡ t

2(p− 1)

(
−1− ζd2(p−1)/t ·

(1− ζp)kt

(t!)k
− pk + 1

)
≡ − t

2(p− 1)
·
(
ζd2(p−1)/t ·

(1− ζp)tk

(t!)k
+ pk

) (
mod (1− ζp)kt+1

)
for some d ∈ Z such that ψ(x) = ζd2(p−1)/t. Analogously, we get

sxz −
pk − 1

2(p− 1)
· t ≡ − t

2(p− 1)
·
(
ζd2(p−1)/t ·

(1− ζp)tk

(t!)k
+ pk

) (
mod (1− ζp)kt+1

)
if we choose d ∈ Z such that ψ(xz) = ζd2(p−1)/t. In particular,

sx −
pk − 1

2(p− 1)
· t and sxz −

pk − 1

2(p− 1)
· t
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are contained in
(
(1− ζp)tk

)
. This proves the first assertion of the lemma.

The case that u and u−1 are conjugate in G can be dealt with analogously. The

only difference is that in this case, t is even, i.e. t = 2w for some positive integer

w. With the same notations as above, we obtain

Γ(ψ) = Γ` =
∑
α∈F×

pk

α−`ζTr(α)
p

for a suitable

` ∈
{
pk − 1

2(p− 1)
· t · r : r ∈

{
1, 2, . . . ,

2(p− 1)

t
− 1
}}

.

Since t = 2w, this yields ` = wr(1+. . .+pk−1) for some r ∈ {1, 2, . . . , (p−1)/w−1}.
This gives Γ` ≡ 0

(
mod (1− ζp)1+kt/2

)
for

` ∈
{
pk − 1

2(p− 1)
· t · r : r ∈

{
2, 3, . . . ,

2(p− 1)

t
− 1
}}

as well as Γ` ≡ −(1− ζp)kt/2/(w!)k
(
mod (1− ζp)1+kt/2

)
for r = 1. The remaining

part of the proof is analogous to the first case. �

Proposition 4.15. Let P ∈ Sylp(G) be elementary-abelian of order pk ≥ p2, G

contain exactly two Q-classes of elements of order p, and NG(P )/CG(P ) act on P

as a subgroup of ΓL(pk) on Fkp.

(1) If k > 2, then R(G) has infinite representation type.

(2) If k = 2 and |NG(P )/CG(P )| is odd, then R(G) has infinite representation

type.

Proof. Applying Lemma 4.14, the proof of this proposition is analogous to the

proof of Theorem 4.9. We only remark that for k = 2 and |NG(P )/CG(P )| odd,

the radical rad(R(G)′p/R(G)p) is also not cyclic. Let x, y ∈ P be representatives of

the Q-classes of G containing elements of order p. The maximal ideal P of Z(p) ⊗
OQ(clG(x)) coincides with the maximal ideal of Z(p) ⊗ OQ(clG(y)). By Lemma 4.14,

there is no function α ∈ rad(R(G)′p) such that there exist η1, η2, ξ1, ξ2 ∈ R(G)p sat-

isfying η1(x)α(x)+ξ1(x) ∈ P\P2, η1(y)α(y)+ξ1(y) = 0, η2(x)α(x)+ξ2(x) = 0, and

η2(y)α(y) + ξ2(y) ∈ P \P2. Consequently, the R(G)p-module rad(R(G)′p/R(G)p)

is not cyclic. �

The assumption in Proposition 4.15 that |NG(P )/CG(P )| is odd for k = 2 is

necessary as the following example shows.

Example 4.16. Let P ∼= C2
5 , C ∼= C6, and G = P o C where C acts on P as a

subgroup of ΓL0(52) on F2
5. For an element x ∈ G of order 5, it is easy to show

that (1 +
√

5)/2 lies in Z[χ(x) : χ ∈ Irr(G)], so Z[χ(x) : χ ∈ Irr(G)] coincides
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with OQ(clG(x)) = OQ(
√

5). Since G has exactly two Q-classes of elements of order

5, the functions α1, α2 ∈ R(G)′5 with α1(1) = 1, α1(g) = 0 for 1 6= g ∈ G, and

α2(x) = 1, α2(g) = 0 for g ∈ G \ clG(x) generate the R(G)5-module R(G)′5/R(G)5.

Moreover, we can find y ∈ G \ clG(x) of order 5 such that the function ϕ with

ϕ(x) = 2
√

5, ϕ(y) =
√

5, and ϕ(g) = 0 for g ∈ G \ P is contained in R(G).

Since rad
(
Z(5) ⊗ OQ(

√
5)

)
= (
√

5), the function β which is given by β(x) =
√

5

and β(g) = 0 for g ∈ G \ clG(x) generates the R(G)5-module rad(R(G)′5/R(G)5).

Finally, for p ∈ {2, 3}, the Sylow p-subgroups of G are cyclic of order p and C is a

self-normalizing TI-subgroup of G, whence R(G) is representation-finite.

Remark 4.17. Foulser [19] and Dornhoff [14] have classified the solvable primitive

permutation groups of rank 3. These groups are listed in [19, Theorem 1.1] and are

partitioned in three classes there. The first class consists of the subgroups of the

semilinear groups. The second class contains the finite set of remaining groups

which are also vector space primitive and the third class contains the groups which

are vector space imprimitive. If G is a group in the third class acting on a respective

vector space V , then the orbits of G on V \{0} are (V1∪V2)\{0} and V \ (V1∪V2)

for suitable subspaces V1, V2 of V with V = V1 ⊕ V2. Moreover, stabG(Vi) acts

transitively on Vi for i = 1, 2.

Let G be solvable with elementary-abelian p-subgroup P of order pk ≥ p2 such that

G has exactly two Q-classes of elements of order p. If NG(P )/CG(P ) acts on P as a

subgroup of a group in the first class, then Proposition 4.15 is applicable. Moreover,

if NG(P )/CG(P ) acts on P as a subgroup of a group in the second class and R(G)

is representation-finite, then it is not difficult to show that P o NG(P )/CG(P ) is

isomorphic to C2
7 oSL(2, 3) or C23o (C11×SL(2, 3)) where both of these groups are

subgroups of exceptional doubly transitive groups. However, if NG(P )/CG(P ) acts

on P as a subgroup of a group in the third class, it seems to be difficult to answer

the question whether R(G) is representation-finite in general.

Example 4.18. Let P ∼= C2
7 , H ∼= C9 o C4 be nonabelian, and G = P o H

where H acts as a subgroup of a group in the third class of the theorem of Foulser

such that G has exactly two Q-classes of elements of order 7 (G coincides with the

group SmallGroup(1764,64) in GAP). Then, one of these Q-classes is already a

conjugacy class whereas the other Q-class, say C, splits into three conjugacy classes.

Let p be the maximal ideal in OQ(C) containing 7. Then, for all x ∈ C and all χ ∈
Irr(G), we have χ(1) ≡ χ(x) (mod p2). Thus, R(G)7 has infinite representation

type. We remark that the elements of order 7 are real in G.
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If P ∈ Sylp(G) is an elementary-abelian group of order pk ≥ p2, NG(P )/CG(P )

does not act on P as a subgroup of ΓL(pk) on Fkp, and G has exactly two Q-

classes of elements of order p, then several examples suggest that R(G) can only be

representation-finite if k = 2 and both of the Q-classes of elements of order p of G

are already conjugacy classes. However, this is merely a conjecture.

Example 4.19. We consider the group G = C2
11 o Q12 where Q12 is the dicyclic

group of order 12 and Q12 acts on C2
11 such that G has exactly two Q-classes of

elements of order 11. For any x ∈ G of order 11 and any χ ∈ Irr(G), the congruence

χ(1) ≡ χ(x) (mod p2) holds where p is the maximal ideal in OQ(clG(x)) containing

11. Thus, R(G)11 has infinite representation type although the elements of order

11 are real in G.

On the other hand, the character ring of G = C2
11 o (C5 × Q12) where C5 acts

nontrivially on C2
11 and Q12 acts on C2

11 as above has finite representation type.

This follows immediately from the structure of the character table of G.

A further example is given by the group G = C2
7 o SL(2, 3) which has only two

Q-classes of elements of order 7, but is no subgroup of a 2-transitive group. For a

nonrational element x ∈ G of order 7, we get χ(1) ≡ χ(x) (mod p2) if χ ∈ Irr(G)

and p denotes the maximal ideal in OQ(clG(x)) containing 7. Hence, R(G)7 has

infinite representation type.

There are several other examples for groups G with an elementary-abelian Sylow

p-subgroup P of order ≥ p2 such that G has exactly two Q-classes of elements of

order p and at least one of these Q-classes is no conjugacy class. The respective

actions of NG(P )/CG(P ) on P differ, but in any example the author has considered,

R(G) has infinite representation type.

4.3. General assertions. Now, we want to combine the results of the previous

sections. Prior to this, we give a proposition which is independent of the structure

of the Sylow subgroups of G.

Proposition 4.20. Let G1, G2 be finite groups with gcd(|G1|, |G2|) = 1. Then,

R(G1 × G2) is representation-finite if and only if R(G1) and R(G2) have finite

representation type.

Proof. It is clear that R(G1×G2) has infinite representation type if one of R(G1)

and R(G2) is not representation-finite. That is why we assume that R(G1) and

R(G2) are representation-finite.

Let x1 ∈ G1 and x2 ∈ G2, and let A1, . . . , Am and B1, . . . , Bn be the conjugacy

classes of G1 and G2 respectively. Then, the conjugacy classes of G1×G2 are AiBj

with i = 1, . . . ,m and j = 1, . . . , n. Hence, for some prime divisor p1 of |G1|, the
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rational p′1-section of (x1, 1G2
) in G1 × G2 has exactly as many Q-classes as the

rational p′1-section of x1 in G1. If p2 is a prime divisor of |G2|, then the rational

p′2-section of (x1, 1G2) in G1×G2 contains exactly as many Q-classes as the rational

p′2-section of 1G2
in G2. Similar assertions hold for x2.

Let C be the Q-class of (x1, x2) in G1 × G2, and Ci be the Q-class of xi in Gi,

i = 1, 2. As is well known, the irreducible characters of G1 ×G2 are the characters

ψ × ϕ with ψ ∈ Irr(G1) and ϕ ∈ Irr(G2). Therefore, any class function of G1 ×G2

is a product of a class function of G1 with a class function of G2.

Obviously, we have Q(C1) ⊆ Q(ζ|G1|) and Q(C2) ⊆ Q(ζ|G2|). Since the discrimi-

nants of Q(ζ|G1|) and Q(ζ|G2|) are coprime, this yields

OQ(C) = OQ(C1)OQ(C2) . (6)

Let p be a prime with p | |G1|, S1 be the rational p′-section of x1 in G1, and S be

the rational p′-section of (x1, x2) in G1 × G2. Since |G1| is coprime to |G2|, the

function νx2
of G2 with νx2

(x2) = 1 and νx2
(g) = 0 for g ∈ G2 \ C2 lies in R(G2)p

by Lemma 2.7. Due to this and (6), if α1 is a generator of the R(G1)p-module

(R(G1)′p∩ChQ(S1))/(R(G1)p∩ChQ(S1)), then α1×νx2 generates the R(G1×G2)p-

module

(R(G1 ×G2)′p ∩ ChQ(S))/(R(G1 ×G2)p ∩ ChQ(S)) .

The same assertion for α1 × νx2 and α2 × νx2 holds if α1 and α2 generate the

R(G1)p-module (R(G1)′p ∩ ChQ(S1))/(R(G1)p ∩ ChQ(S1)).

We can argue analogously to show that the R(G1 ×G2)p-module

rad((R(G1 ×G2)′p ∩ ChQ(S))/(R(G1 ×G2)p ∩ ChQ(S)))

is cyclic if the R(G1)p-module rad((R(G1)′p ∩ ChQ(S1))/(R(G1)p ∩ ChQ(S1))) is

cyclic. Since R(G1) is representation-finite, we conclude that R(G1×G2)p has also

finite representation type.

The same arguments show that for a prime divisor ` of |G2|, R(G1 × G2)` is

representation-finite. Thus, R(G1 ×G2) has finite representation type. �

Remark 4.21. If some prime p divides gcd(|G1|, |G2|), then there are at least three

Q-classes of elements of order p in G1 ×G2. That is why R(G1 ×G2) has infinite

representation type in this case.

Theorem 4.22. Let G be a group of odd order. Then, the following are equivalent:

(1) R(G) has finite representation type,

(2) |G| is cube-free and all Sylow subgroups of G are cyclic.

Proof. Theorem 4.6 yields the implication (2) ⇒ (1) at once. Thus, we assume

that R(G) is representation-finite. Suppose G has a (noncyclic) elementary-abelian
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Sylow p-subgroup P for some prime p. Since |G| is odd, the nontrivial elements

of P are nonreal. By Corollary 4.10 and Proposition 4.11, G has exactly two Q-

classes of elements of order p. Now, G is solvable, so NG(P )/CG(P ) acts on P as a

subgroup of a group listed in the classification theorem of Foulser and Dornhoff (see

Remark 4.17). Since |G| is odd, NG(P )/CG(P ) cannot act on P as a subgroup of

a group in the second class. Moreover, if NG(P )/CG(P ) acted on P as a subgroup

of a group in the first class, then R(G) would have infinite representation type by

Proposition 4.15.

Suppose NG(P )/CG(P ) acts on P as a subgroup H of a group in the third class

on a vector space V with |V | = pk. Then, we get the decomposition V = V1 ⊕ V2

for suitable subspaces V1, V2 of V such that H acts on (V1 ∪ V2) \ {0} as well as

V \ (V1 ∪ V2). Now, |G| is odd whence H acts on Vi as a subgroup of ΓL(|Vi|) for

i = 1, 2. Suppose |Vi| = p` for some i ∈ {1, 2} and some ` > 1, and let Q < P be the

subgroup corresponding to Vi. Then, for x ∈ Q, χ ∈ Irr(G), and the maximal ideal

p of OQ(clG(x)) containing p, we obtain χ(1) ≡ χ(x) (mod p`) as in Section 4.2.1.

Since x is nonreal, this yields that R(G) would have infinite representation type.

That is why |P | = p2 and the orbits of the action of NG(P )/CG(P ) on P \ {1}
have size 2(p−1) and p2−1−2(p−1) = (p−1)2. But this means that NG(P )/CG(P )

permutes transitively the cyclic groups of order p corresponding to V1 and V2.

Clearly, this is impossible because |G| is odd. �

Theorem 4.22 and Proposition 4.20 give an algorithm for the determination of the

representation type of R(G). If |G| is odd, then we apply Theorem 4.22. Otherwise,

we write G = G1 ×G2 for subgroups G1, G2 ≤ G such that |G1| is even and there

are no subgroups H,K of G1 with G1 = H×K. Then, R(G) is representation-finite

if and only if gcd(G1, G2) = 1 and R(G1) as well as R(G2) are representation-finite.

Thus, the crucial part is to determine the representation type of R(G1).

In the previous sections, we have mainly considered the abelian Sylow p-subgroups

of such a group G1. One may also ask for properties G1 must have if G1 has a

nonabelian Sylow 2-subgroup P and R(G1)2 is representation-finite. With respect

to the action of NG1(P ) on P , the answer is easy to find since G1 contains at

most three Q-classes of 2-elements. Thus, the examples following Theorem 3.17

yield minimal groups G such that the Sylow 2-subgroups of G are in the list of this

theorem and R(G) is representation-finite. That is why G1 contains one of these

minimal groups if P 6= D8 and R(G1) has finite representation type. For P ∼= D8,

if R(G1) is representation-finite, then G1 has a subgroup isomorphic to PSL(2, p)

with p ≡ ±7 (mod 16) where p ± 1 is not divisible by the third power of an odd

prime. Altogether, we get the following result.
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Theorem 4.23. Let G be a group of even order such that there exist no proper

subgroups G1, G2 with G = G1×G2. Then, R(G) is representation-finite if for any

prime divisor p of |G| and any P ∈ Sylp(G), one of the following applies.

(1) P is cyclic of order p or p2.

(2) P ∼= Ckp for some odd integer k ≥ 3 where pk − 1 is cube-free, all elements

of order p are conjugate in G, and NG(P )/CG(P ) has a cyclic subgroup of

order pk − 1.

(3) P ∼= C2
p , G has exactly two Q-classes of elements of order p, and

(i) both of the Q-classes are also conjugacy classes, or

(ii) the elements of order p are real, p + 1 is not divisible by 16, and

NG(P )/CG(P ) has a cyclic subgroup of order (p+ 1)/2.

(4) P ∼= C2
p , p ∈ {2, 5, 11, 29, 59}, all elements of order p are conjugate in

G, and NG(P )/CG(P ) has a normal subgroup isomorphic to C3 (p = 2),

SL(2, 3) (p = 5), C5 × SL(2, 3) (p = 11), SL(2, 5) (p = 11), C7 × SL(2, 5)

(p = 29), or C29 × SL(2, 5) (p = 59).

(5) P ∼= Q8 and G has a subgroup isomorphic to SL(2, 3).

(6) P ∼= D8 and G has a subgroup isomorphic to PSL(2, q) for some q ≡ ±7

(mod 16) where q ± 1 is not divisible by the third power of an odd prime.

(7) P ∼= Ckp for some k ≥ 2, G has exactly two Q-classes of elements of order

p, at least one of these Q-classes is no conjugacy class, and NG(P )/CG(P )

does not act on P as a subgroup of ΓL(pk) on Fkp.

We have seen that for each i ∈ {1, . . . , 6}, there exists a group G with a Sylow

p-subgroup P such that G and P satisfy all conditions of part i in the theorem

above and R(G) has finite representation type. The author presumes that this

does not hold for part 7, i.e. R(G) has infinite representation type if G and some

P ∈ Sylp(G) satisfy all conditions of part 7 of Theorem 4.23.

In Section 4.2.1, we have seen that it is not enough to consider only the rational

p′-section of p-elements of a group with elementary-abelian Sylow p-subgroups.

Similar problems arise for the rational 2′-sections of a group G as in Theorem 4.23

if the Sylow 2-subgroups of G are noncyclic. For instance, let G = (C2
2 ×C7)oC3

where C3 centralizes none of the elements of order 2 or 7 respectively. If S denotes

the Q-class of elements of order 14, then a bit lengthy calculation shows that each

generating system of the R(G)2-module (R(G)′2 ∩ ChQ(S))/(R(G)2 ∩ ChQ(S)) has

at least four elements. We remark that the R(G)2-module rad(R(G)′2/R(G)2) is

cyclic. Hence, R(G) has infinite representation type, but the reason for this is not

the same as the reason for R((C3
3 × C5)o C52) having infinite representation type

in Example 4.12. Analogously (considering the Q-class of elements of order 28), we
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can show that R((Q8 × C7) o C3) has infinite representation type where C3 acts

nontrivially on both Q8 and C7.

The groups (C2
2 ×C7)oC3, (Q8 ×C7)oC3 have one property in common with

the groups of Example 4.12. If G is one of these four groups, there is some prime p

such that G has a noncyclic Sylow p-subgroup P satisfying CG(NG(P )) < CG(P ).

Possibly, this can be generalized as follows: if G has an elementary-abelian Sylow

p-subgroup P or a Sylow 2-subgroup P 6= D8 as in Theorem 3.17 and if there

exists some H ≤ NG(P ) such that H/P ∼= NG(P )/CG(P ) and CG(H) < CG(P ),

then R(G) has infinite representation type. However, this conjecture is based on

only a few examples and these examples suggest that it will be hard to prove the

conjecture (in case it holds). Surely, groups with Sylow 2-subgroups isomorphic to

D8 have to be considered separately since D8 is not resistant.
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Appendix – character tables

Apart from the character tables of PSL(2, q) and SL(2, q) which can be found

in [15] and [32] respectively, the following character tables can be determined with

GAP. The numbers in the first line of a table give the orders of the elements of a

transversal for the conjugacy classes. Solely, the columns of the character tables of

PSL(2, q) and SL(2, q) are indexed by elements.

Quasisimple groups.

• A7

1 2 31 32 4 5 6 7±

χ1 1 1 1 1 1 1 1 1

χ2 6 2 0 3 0 1 −1 −1
χ3,+ 10 −2 1 1 0 0 1 −1±

√
−7

2

χ3,− 10 −2 1 1 0 0 1 −1∓
√
−7

2

χ4 14 2 2 −1 0 −1 2 0

χ5 14 2 −1 2 0 −1 −1 0

χ6 15 −1 3 0 −1 0 −1 1

χ7 21 1 −3 0 −1 1 1 0

χ8 35 −1 −1 −1 1 0 −1 0

• PSL(2, q) with q ≡ 0 (mod 2)

1 2 Aj Bk

χ1 1 1 1 1

χ2,` q − 1 −1 0 −ζk`q+1 − ζ−k`
q+1

χ3 q 0 1 −1
χ4,m q + 1 1 ζjmq−1 + ζ−jm

q−1 0

|〈A〉| = q − 1, |〈B〉| = q + 1,

j = 1, . . . , q−2
2
, k = 1, . . . , q

2
, ` = 1, . . . , q

2
, m = 1, . . . , q−2

2

• PSL(2, q) with q ≡ 1 (mod 4)

1 p± 2 Aj Bk

χ1 1 1 1 1 1

χ2,+
q+1
2

1±√q

2
(−1)(q−1)/4 (−1)j 0

χ2,−
q+1
2

1∓√q

2
(−1)(q−1)/4 (−1)j 0

χ3,` q − 1 −1 0 0 −ζk`(q+1)/2 − ζ−k`
(q+1)/2

χ4 q 0 1 1 −1
χ5,m q + 1 1 2 · (−1)m ζjm(q−1)/2 + ζ−jm

(q−1)/2 0

|〈A〉| = q−1
2
, |〈B〉| = q+1

2
,

j = 1, . . . , q−5
4
, k = 1, . . . , q−1

4
, ` = 1, . . . , q−1

4
, m = 1, . . . , q−5

4
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• PSL(2, q) with q ≡ 3 (mod 4)

1 p± 2 Aj Bk

χ1 1 1 1 1 1

χ2,+
q−1
2

−1±
√
−q

2
(−1)(q−3)/4 0 (−1)k+1

χ2,−
q−1
2

−1∓
√
−q

2
(−1)(q−3)/4 0 (−1)k+1

χ3,` q − 1 −1 2 · (−1)`+1 0 −ζk`(q+1)/2 − ζ−k`
(q+1)/2

χ4 q 0 −1 1 −1
χ5,m q + 1 1 0 ζjm(q−1)/2 + ζ−jm

(q−1)/2 0

|〈A〉| = q−1
2
, |〈B〉| = q+1

2
,

j = 1, . . . , q−3
4
, k = 1, . . . , q−3

4
, ` = 1, . . . , q−3

4
, m = 1, . . . , q−3

4

• SL(2, q)

1 2 p± 2p± Aj Bk

χ1 1 1 1 1 1 1

χ2,+
q−ε
2

− (q−ε)
2

−ε±√εq

2

ε∓√εq

2
(1−ε)(−1)j

2
(1+ε)(−1)k+1

2

χ2,−
q−ε
2

− (q−ε)
2

−ε∓√εq

2

ε±√εq

2
(1−ε)(−1)j

2
(1+ε)(−1)k+1

2

χ3,+
q+ε
2

(q+ε)
2

ε±√εq

2

ε±√εq

2
(1+ε)(−1)j

2
(1−ε)(−1)k+1

2

χ3,−
q+ε
2

(q+ε)
2

ε∓√εq

2

ε∓√εq

2
(1+ε)(−1)j

2
(1−ε)(−1)k+1

2

χ4,` q − 1 (−1)`(q − 1) −1 (−1)`+1 0 −ζk`q+1 − ζ−k`
q+1

χ5 q q 0 0 1 −1
χ6,m q + 1 (−1)m(q + 1) 1 (−1)m ζjmq−1 + ζ−jm

q−1 0

|〈A〉| = q − 1, |〈B〉| = q + 1, ε = (−1)(q−1)/2,

j = 1, . . . , q−3
2
, k = 1, . . . , q−1

2
, ` = 1, . . . , q−1

2
, m = 1, . . . , q−3

2

Subgroups of 2-transitive groups.

• C2
3 o C4

1 2 4± 31 32

χ1,k 1 (−1)k (±i)k 1 1

χ2,1 4 0 0 1 −2
χ2,2 4 0 0 −2 1

k = 1, . . . , 4

• C2
5 o C6

1 2 3j 6j 51,± 52,±

χ1,k 1 (−1)k ζjk3 (−ζj3)k 1 1

χ2,+ 6 0 0 0 1±
√
5 −3±

√
5

2

χ2,− 6 0 0 0 1∓
√
5 −3∓

√
5

2

χ3,+ 6 0 0 0 −3±
√
5

2
1∓
√
5

χ3,− 6 0 0 0 −3∓
√
5

2
1±
√
5

j = 1, 2, k = 1, . . . , 6
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• C2
7 o SL(2, 3)

1 71 72 2 4 3j 6j

χ1,k 1 1 1 1 1 ζjk3 ζjk3
χ2,k 2 2 2 −2 0 −ζjk3 ζjk3
χ3 3 3 3 3 −1 0 0

χ4,1 24 3 −4 0 0 0 0

χ4,2 24 −4 3 0 0 0 0

j = 1, 2, k = 1, 2, 3

• C2
19 o SL(2, 5)

1 19j 2 4 3 6 5± 10±

χ1 1 1 1 1 1 1 1 1

χ2,+ 2 2 −2 0 −1 1 −1±
√
5

2
1∓
√
5

2

χ2,− 2 2 −2 0 −1 1 −1∓
√
5

2
1±
√
5

2

χ3,+ 3 3 3 −1 0 0 1±
√
5

2
1±
√
5

2

χ3,− 3 3 3 −1 0 0 1∓
√
5

2
1∓
√
5

2

χ4,± 4 4 ±4 0 1 ±1 −1 ∓1
χ5 5 5 5 1 −1 −1 0 0

χ6 6 6 −6 0 0 0 1 −1
χ7,k 120 σj+k(α) 0 0 0 0 0 0

j = 1, 2, 3, k = 1, 2, 3, σn ∈ Gal(Q(ζ19)/Q), σn(ζ19) = ζ2
n

19 ,

α = 3ζ19 − 2ζ419 − 2ζ619 + 3ζ719 + 3ζ819 − 2ζ919 − 2ζ1019 + 3ζ1119 + 3ζ1219 − 2ζ1319 − 2ζ1519 + 3ζ1819

• C2
23 o (C11 × SL(2, 3))

1 231 232 2 4 3i 6i 11j 22j 44j 33i,j 66i,j

χ1,k 1 1 1 1 1 ζik3 ζik3 ζjk11 ζjk11 ζjk11 (ζi3ζ
j
11)

k (ζi3ζ
j
11)

k

χ2,k 2 2 2 −2 0 −ζik3 ζik3 2ζjk11 −2ζjk11 0 −(ζi3ζj11)k (ζi3ζ
j
11)

k

χ3,` 3 3 3 3 −1 0 0 2ζj`11 3ζjk11 −ζj`11 0 0

χ264,1 264 11 −12 0 0 0 0 0 0 0 0 0

χ264,2 264 −12 11 0 0 0 0 0 0 0 0 0

i = 1, 2, j = 1, . . . , 10, k = 1, . . . , 33, ` = 1, . . . , 10
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• C2
59 o SL(2, 5)

1 59j 2 4 3 6 5± 10±

χ1 1 1 1 1 1 1 1 1

χ2,+ 2 2 −2 0 −1 1 −1±
√
5

2
1∓
√
5

2

χ2,− 2 2 −2 0 −1 1 −1∓
√
5

2
1±
√
5

2

χ3,+ 3 3 3 −1 0 0 1±
√
5

2
1±
√
5

2

χ3,− 3 3 3 −1 0 0 1∓
√
5

2
1∓
√
5

2

χ4,± 4 4 ±4 0 1 ±1 −1 ∓1
χ5 5 5 5 1 −1 −1 0 0

χ6 6 6 −6 0 0 0 1 −1
χ7,k 120 σj+k(α) 0 0 0 0 0 0

j = 1, . . . , 29, k = 1, . . . , 29, σn ∈ Gal(Q(ζ59)/Q), σn(ζ59) = ζ2
n

59 ,

α = ζ59 − 2ζ259 − ζ359 + ζ459 + ζ559 − ζ659 − ζ759 − 2ζ859 + 3ζ1059 + 2ζ1159 − 2ζ1259 + ζ1459 − ζ1659 − ζ1759
+ ζ1959 + 2ζ2159 − 2ζ2259 − ζ2359 + 2ζ2559 − 2ζ2659 + 2ζ2859 + ζ2959 + ζ3059 + 2ζ3159 − 2ζ3359 + 2ζ3459

− ζ3659 − 2ζ3759 + 2ζ3859 + ζ4059 − ζ4259 − ζ4359 + ζ4559 − 2ζ4759 + 2ζ4859 + 3ζ4959 − 2ζ5159 − ζ5259 − ζ5359
+ ζ5459 + ζ5559 − ζ5659 − 2ζ5759 + ζ5859

Further groups.

• C2
11 oQ12

1 111,j 112,j 2 4± 3 6

χ1,k 1 1 1 (−1)k (±i)k 1 (−1)k

χ2,± 2 2 2 ±2 0 −1 ∓1
χ3,1,` 12 σj+`(α) σj+`(β) 0 0 0 0

χ3,2,` 12 σj+`(β) σj+`(α) 0 0 0 0

j = 1, . . . , 5, k = 1, . . . , 4, ` = 1, . . . , 5, σn ∈ Gal(Q(ζ11)/Q), σn(ζ11) = ζ2
n

11

α = ζ11 + ζ211 + 2ζ311 + 2ζ411 + 2ζ711 + 2ζ811 + ζ911 + ζ1011

β = 2 + 3ζ11 + ζ411 + ζ511 + ζ611 + ζ711 + 3ζ1011

• C2
11 o (C5 ×Q12)

1 111 112 2 4± 3 6

χ1,k 1 1 1 (−1)k (±i)k 1 (−1)k

χ2,` 2 2 2 2(−1)` 0 −1 (−1)`+1

χ3,1 60 5 −6 0 0 0 0

χ3,2 60 −6 5 0 0 0 0

5j 10j 15j 20±,j 30j

χ1,k ζjk5 (−ζj5)k ζjk5 (±iζj5)k (−ζj5)k

χ2,` 2ζj`5 2(−ζj5)` −ζj`5 0 −ζj`5
χ3,1 0 0 0 0 0

χ3,2 0 0 0 0 0

j = 1, . . . , 4, k = 1, . . . , 20, ` = 1, . . . , 10
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• C2
7 o SL(2, 3) (SmallGroup(1176,214) in GAP)

1 71 72,i 2 4 3j 6j 21i,j

χ1,k 1 1 1 1 1 ζjk3 ζjk3 ζjk3
χ2,k 2 2 2 −2 0 −ζjk3 ζjk3 −ζjk3
χ3 3 3 3 3 −1 0 0 0

χ4,k,` 8 1 σi+`(α) 0 0 2ζjk3 0
(
ζ2

i+`

7 + ζ6·2
i+`

7

)
· ζjk3

χ5 24 −4 3 0 0 0 0 0

i = 1, 2, 3, j = 1, 2, k = 1, 2, 3, ` = 1, 2, 3,

σn ∈ Gal(Q(ζ7)/Q), σn(ζ7) = ζ2
n

7 , α = ζ7 + 3ζ37 + 3ζ47 + ζ67

• C2
7 o (C9 o C4) (SmallGroup(1764,64) in GAP)

1 71 72,j 2 4± 3 9k 6 18k 21± 21j,`

χ1,r 1 1 1 (−1)r (±i)r 1 1 (−1)r (−1)r 1 1

χ2,± 2 2 2 ±2 0 2 −1 ±2 ∓1 2 2

χ2,s,± 2 2 2 ±2 0 −1 %k+s(α) ∓1 ±%k+s(α) −1 −1
χ3 12 5 −2 0 0 12 0 0 0 5 −2
χ4,+ 12 5 −2 0 0 −6 0 0 0 −5±7

√
−3

2
1

χ4,− 12 5 −2 0 0 −6 0 0 0 −5∓7
√
−3

2
1

χ5,t 12 −2 σj+t(β) 0 0 12 0 0 0 −2 σj+t(β)

χ6,u 12 −2 σj+u(β) 0 0 −6 0 0 0 1 τ3`+j+u(γ)

j = 1, 2, 3 k = 1, 2, 3, ` = 1, 2, r = 1, . . . , 4, s = 1, 2, 3, t = 1, 2, 3, u =
1, . . . , 6,

%n ∈ Gal(Q(ζ9)/Q), %n(ζ9) = ζ2
n

9 , α = ζ9 + ζ−1
9 ,

σn ∈ Gal(Q(ζ7)/Q), σn(ζ7) = ζ2
n

7 , β = ζ7 − 2ζ27 − 2ζ57 + ζ67 ,

τn ∈ Gal(Q(ζ21)/Q), τn(ζ21) = ζ2
n

21 , γ = 2ζ221 + 2ζ421 + 2ζ521 + 2ζ721 + 2ζ1021 + ζ1121 + ζ1721

• (C2
2 × C7)o C3 (C3 acts nontrivially on both C2

2 and C7)

1 2 3i 7± 14+,j 14−,j

χ1,k 1 1 ζik3 1 1 1

χ2 3 −1 0 3 −1 −1
χ3,+ 3 3 0 −1±

√
−7

2
ζ7 + ζ27 + ζ47 ζ37 + ζ57 + ζ67

χ3,− 3 3 0 −1∓
√
−7

2
ζ37 + ζ57 + ζ67 ζ7 + ζ27 + ζ47

χ4,`,+ 3 −1 0 −1±
√
−7

2
ζ3·2

j+`

7 − ζ5·2
j+`

7 − ζ6·2
j+`

7 ζ2
j+`

7 − ζ2·2
j+`

7 − ζ4·2
j+`

7

χ4,`,− 3 −1 0 −1∓
√
−7

2
ζ2

j+`

7 − ζ2·2
j+`

7 − ζ4·2
j+`

7 ζ3·2
j+`

7 − ζ5·2
j+`

7 − ζ6·2
j+`

7

i = 1, 2, j = 1, 2, 3, k = 1, 2, 3, ` = 1, 2, 3
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• (C3
3 × C5)o C52 (C52 acts transitively on both C3

3 and C5)

1 3 5 15± 2 4± 6 13j 26j 52j,± 65j

χ1,k 1 1 1 1 (−1)k (±i)k 1 ζjk13 (−ζj13)k (±iζj13)k ζjk13
χ2,` 4 4 −1 −1 0 0 0 4ζj`13 0 0 −ζj`13
χ3,± 26 −1 26 −1 ±26 0 ∓1 0 0 0 0

χ4,+ 52 −2 −13 1±3
√
−15

2
0 0 0 0 0 0 0

χ4,− 52 −2 −13 1∓3
√
−15

2
0 0 0 0 0 0 0

j = 1, . . . , 12, k = 1, . . . , 52, ` = 1, . . . , 13

• (Q8 × C7)o C3 (C3 acts nontrivially on both Q8 and C7)

1 2 3i 4 6i 7± 14±

χ1,k 1 1 ζik3 1 ζik3 1 1

χ2,k 2 −2 −ζik3 0 ζik3 2 −2
χ3 3 3 0 −1 0 3 3

χ4,+ 3 3 0 3 0 −1±
√
−7

2
−1±

√
−7

2

χ4,− 3 3 0 3 0 −1∓
√
−7

2
−1±

√
−7

2

χ5,`,+ 3 3 0 −1 0 −1±
√
−7

2
−1±

√
−7

2

χ5,`,− 3 3 0 −1 0 −1∓
√
−7

2
−1∓

√
−7

2

χ6,+ 6 −6 0 0 0 −1±
√
−7 1∓

√
−7

28+,j 28−,j

χ1,k 1 1

χ2,k 0 0

χ3 −1 −1
χ4,+ ζ7 + ζ27 + ζ47 ζ37 + ζ57 + ζ67
χ4,− ζ37 + ζ57 + ζ67 ζ7 + ζ27 + ζ47

χ5,`,+ ζ2
j+`

7 − ζ2·2
j+`

7 − ζ4·2
j+`

7 ζ3·2
j+`

7 − ζ5·2
j+`

7 − ζ6·2
j+`

7

χ5,`,− ζ3·2
j+`

7 − ζ5·2
j+`

7 − ζ6·2
j+`

7 ζ2
j+`

7 − ζ2·2
j+`

7 − ζ4·2
j+`

7

χ6,+ 0 0

i = 1, 2, j = 1, 2, 3, k = 1, 2, 3, ` = 1, 2, 3
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